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NUMERICAL SOLUTIONS OF FUZZY NONLINEAR INTEGRAL
EQUATIONS OF THE SECOND KIND
M. OTADI AND M. MOSLEH

Abstract. In this paper, we use the parametric form of fuzzy numbers, and
an iterative approach for obtaining approximate solution for a class of fuzzy
nonlinear Fredholm integral equations of the second kind is proposed. This
paper presents a method based on Newton-Cotes methods with positive coefficient. Then we obtain approximate solution of the fuzzy nonlinear integral
equations by an iterative approach.

1. Introduction
The solutions of integral equations have a major role in the ﬁeld of science
and engineering. Since few of these equations can be solved explicitly, it is often
necessary to resort to numerical techniques which are appropriate combinations
of numerical integration and interpolation [6, 25]. There are several numerical
methods for solving linear Volterra integral equation [11, 33] and system of nonlinear
Volterra integral equations [7]. Kauthen in [23] used a collocation method to solve
the Volterra- Fredholm integral equation numerically. Borzabadi and Fard in [9]
obtained a numerical solution of nonlinear Fredholm integral equations of the second
kind.
The concept of fuzzy numbers and fuzzy arithmetic operations were ﬁrst introduced by Zadeh [35], Dubois and Prade [13]. We refer the reader to [21] for more
information on fuzzy numbers and fuzzy arithmetic. The topics of fuzzy integral
[2, 3] and fuzzy integral equations (FIE) which growing interest for some time, in
particular in relation to fuzzy control, have been rapidly developed in recent years.
The fuzzy mapping function was introduced by Chang and Zadeh [10]. Later,
Dubois and Prade [14] presented an elementary fuzzy calculus based on the extension principle also the concept of integration of fuzzy functions was ﬁrst introduced
by Dubois and Prade [14]. Babolian et al. and Abbasbandy et al. in [1, 5] obtained
a numerical solution of linear Fredholm fuzzy integral equations of the second kind,
while ﬁnding an approximate solution for the fuzzy nonlinear kinds
∫ b
k(s, t, X(t))dt,
X(s) = y(s) +
a

is more diﬃcult and a numerical method in this case can be found in [8].
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In this paper, we present a novel and very simple numerical method based upon
iterative methods for solving fuzzy nonlinear Fredholm integral equations of the
second kind.
2. Preliminaries
In this section the basic notations used in fuzzy calculus are introduced. We
start by deﬁning the fuzzy number.
Definition 2.1. A fuzzy number is a fuzzy set u : R1 −→ I = [0, 1] such that (see
[24])
i. u is upper semi-continuous;
ii. u(x) = 0 outside some interval [a, d];
iii. There are real numbers b and c, a ≤ b ≤ c ≤ d, for which
1. u(x) is monotonically increasing on [a, b],
2. u(x) is monotonically decreasing on [c, d],
3. u(x) = 1, b ≤ x ≤ c.
The set of all fuzzy numbers (as given in Deﬁnition 2.1) is denoted by E 1 . An
alternative deﬁnition which yields the same E 1 is given by Kaleva [22, 26].
Definition 2.2. A fuzzy number u is a pair (u, u) of functions u(r) and u(r),
0 ≤ r ≤ 1, which satisfy the following requirements:
i. u(r) is a bounded monotonically increasing, left continuous function on (0, 1]
and right continuous at 0;
ii. u(r) is a bounded monotonically decreasing, left continuous function on (0, 1]
and right continuous at 0;
iii. u(r) ≤ u(r), 0 ≤ r ≤ 1.
A crisp number r is simply represented by u(α) = u(α) = r, 0 ≤ α ≤ 1. The set
of all fuzzy numbers is denoted by E 1 . This fuzzy number space as shown in [12],
can be embedded into the Banach space B = C[0, 1] × C[0, 1].
For arbitrary u = (u(r), u(r)), v = (v(r), v(r)) and k ∈ R we deﬁne addition and
multiplication by k as
(u + v)(r) = (u(r) + v(r)),
(u + v)(r) = (u(r) + v(r)),
ku(r) = ku(r), ku(r) = ku(r), if k ≥ 0,
ku(r) = ku(r), ku(r) = ku(r), if k < 0.

Definition 2.3. For arbitrary fuzzy numbers u, v, we use the distance (see [19])
D(u, v) = sup0≤r≤1 max{|u(r) − v(r)|, |u(r) − v(r)|}

and it is shown that (E 1 , D) is a complete metric space [31].
Definition 2.4. Let f : [a, b] −→ E 1 , for each partition P = {t0 , t1 , . . . , tn } of [a, b]
and for arbitrary ξi ∈ [ti−1 , ti ], 1 ≤ i ≤ n suppose
Rp =

∑n

i=1

f (ξi )(ti − ti−1 ),

∆ := max{|ti − ti−1 |, i = 1, 2, . . . , n}.
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The deﬁnite integral of f (t) over [a, b] is
∫

b

f (t)dt = lim∆−→0 Rp
a

provided that this limit exists in the metric D (see [17, 19]).
If the fuzzy function f (t) is continuous in the metric D, its deﬁnite integral exists
[19] and also,
∫b
∫b
( a f (t; r)dt) = a f (t; r)dt,

∫b
∫b
( a f (t; r)dt) = a f (t; r)dt.

3. Fuzzy Integral Equation
In this section, we consider the nonlinear Fredholm integral equations of the
∫ b
second kind (see [20])
(1)
X(s) = y(s) +
k(s, t, X(t))dt,
a

where k is an arbitrary given kernel function and y(s) is a given function of s ∈ [a, b].
If y(s) is a crisp function, then the solution of above equation is crisp as well.
However, if y(s) is a fuzzy function this equation may only possess fuzzy solution.
Suﬃcient condition for the existence of the solution of the equation of the second
kind, where y(s) is a fuzzy function, are given in [8].
For solving equation (1) we may replace equation (1) by the equivalent system
∫

∫

b

X(s) = y(s) +

b

k(s, t, X(t))dt = y(s) +
∫a b

X(s) = y(s) +

F (s, t, X, X))dt,
∫ab
G(s, t, X, X))dt,

k(s, t, X(t))dt = y(s) +
a

(2)

a

which possesses a unique solution (X, X) ∈ B, which is a fuzzy function, i.e. for
each s, the pair (X(s; r), X(s; r)) is a fuzzy number.
The parametric form of the equation (2) is given by
∫

b

F (s, t, X(t; r), X(t; r))dt,

X(s; r) = y(s; r) +
a

∫
X(s; r) = y(s; r) +

b

G(s, t, X(t; r), X(t; r))dt

(3)

a

for r ∈ [0, 1]. In most cases, however, analytical solution to equation (3) may not
be found and a numerical approach must be considered.
4. The Newton-Cotes Method
We replace the interval [a, b] by a set of discrete equally spaced grid points
a = s0 < s1 < . . . < sn = b
at which the exact solution (X(s; r), X(s; r)) is approximated by some (x(s; r), x(s; r)).
The exact and approximate solutions at si , 0 ≤ i ≤ n are denoted by Xi (r) =
(X i (r), X i (r)) and xi (r) = (xi (r), xi (r)), respectively. The grid points at which
the solution is calculated are
si = s0 + ih, h = (b − a)/n; 1 ≤ i ≤ n.
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Then for the grid points on [a, b], we have
∫b
X i (r) = y i (r) + a F (si , t, X(t; r), X(t; r))dt,
∫b
X i (r) = y i (r) + a G(si , t, X(t; r), X(t; r))dt, i = 0, 1, . . . , n.

(4)

The Newton-Cotes method is given by (see [4])
∫ b
n
∑
Z(t)dt =
wj Z(tj ) + O(hν )

(5)

a

j=0

where Z is F and G alternatively and ν depends upon the used method of NewtonCotes with positive coeﬃcient for estimating of the integral in equation (5). By
virtue of equation (5) we obtain
∑n
X i (r) ≈ y i (r) + j=0 wj F (si , tj , X j (r), X j (r)),
∑n
X i (r) ≈ y i (r) + j=0 wj G(si , tj , X j (r), X j (r)), i = 0, 1, . . . , n.
(6)
Following equation (6) we deﬁne

∑n
xi (r) = y i (r) + j=0 wj F (si , tj , xj (r), xj (r)),
∑n
xi (r) = y i (r) + j=0 wj G(si , tj , xj (r), xj (r)), i = 0, 1, . . . , n.
The polygon curves

(7)

x(s; h; r) , {[s0 , x0 (r)], [s1 , x1 (r)], }, . . . , [sn , xn (r)]},
x(s; h; r) , {[s0 , x0 (r)], [s1 , x1 (r)], }, . . . , [sn , xn (r)]}

(8)

are the approximates to X(s; r) and X(s; r), respectively, over the interval s0 ≤
s ≤ sn .
Let F (s, t, u, v) and G(s, t, u, v) be the functions F and G of equation (2) where
u and v are constants and u ≤ v. In other words F (s, t, u, v) and G(s, t, u, v) are
obtained by substituting X = (u, v) in equation (2). The domain where F and G
are deﬁned is therefore
M = {(s, t, u, v)|a ≤ s, t ≤ b, −∞ < v < +∞, −∞ < u ≤ v}.
Theorem 4.1. Let F (s, t, u, v) and G(s, t, u, v) belong to C 1 (M ) and let the partial
1
derivatives of F, G be bounded over M by L > 0 and L < 2(b−a)
. Then, for arbitrary
fixed r : 0 ≤ r ≤ 1,
max0≤i≤n {D(Xi , xi )} = D(Xp , xp ) ≤

O(hν )
.
1 − 2L(b − a)

Proof. Let

and

∑
ν
X p (r) = y p (r) + n
j=0 wj F (sp , tj , X j (r), X j (r)) + O(h ),
∑
ν
X p (r) = y p (r) + n
j=0 wj G(sp , tj , X j (r), X j (r)) + O(h ), i = 0, 1, . . . , n

(9)

∑
xp (r) = y p (r) + n
j=0 wj F (sp , tj , xj (r), xj (r)),
∑n
xp (r) = y p (r) + j=0 wj G(sp , tj , xj (r), xj (r)), i = 0, 1, . . . , n.

(10)
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j=0
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wj [F (sp , tj , X j (r), X j (r))

−F (sp , tj , xj (r), xj (r))] + O(hν ),
∑
X p (r) − xp (r) = n
j=0 wj [G(sp , tj , X j (r), X j (r))
−G(sp , tj , xj (r), xj (r))] + O(hν ), i = 0, 1, . . . , n.

Then

|X p (r) − xp (r)| ≤ 2L

∑n
j=0

wj max{|X j (r) − xj (r)|,

|X j (r) − xj (r)|} + O(h ) ≤ 2Lmax{|X p (r) − xp (r)|,
ν

∑
ν
|X p (r) − xp (r)|} n
j=0 wj + O(h ),
∑n
|X p (r) − xp (r)| ≤ 2L j=0 wj max{|X j (r) − xj (r)|,
|X j (r) − xj (r)|} + O(hν ) ≤ 2Lmax{|X p (r) − xp (r)|,
∑
ν
|X p (r) − xp (r)|} n
j=0 wj + O(h ), i = 0, 1, . . . , n.

Since in every Newton-Cotes formula

∑n

D(Xp , xp ) ≤

j=0

wj = b − a,

O(hν )
.
1 − 2L(b − a)



Corollary 4.2. D(Xp , xp ) vanishes when h −→ 0.
So far, we came to the nonlinear equation system (7) with a special form that
let us oﬀer a numerical approach for obtaining the approximate solution.
5. The Numerical Approach
Iterative methods are widely used for ﬁnding approximate solution of nonlinear equations systems (see [34]). The nonlinear equations system (7) also has a
structure that permits to approximate its solution by an iterative method. For
this purpose, we apply a successive substitution, similar to Jacobi method of solving linear equations systems and thereby deﬁne an iterative process leading to the
sequence of vectors xk and xk , where the components of the vectors satisfy the
iteration formulas,
(k+1)

xi

(r) = y i (r) +

(k+1)

xi

(r) = y i (r) +

∑n

(k)

(k)

(k)

(k)

j=0

wj F (si , tj , xj (r), xj (r)),

j=0

wj G(si , tj , xj (r), xj (r)),

∑n

i = 0, . . . , n, k = 0, 1, . . . .

(11)

However, we should ﬁrst study the conditions that guarantee the convergence of
the approximate solution.
Theorem 5.1. Considering assumptions of Theorem 4.1, the produced sequence
x(k) from the iteration process (11) tends to the exact solution of (7), say x∗ , for
any arbitrary fuzzy initial vector x(0) .
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Proof. By (7) and (11) we have,
(k+1)

xi

(r) − x∗i (r) =

(k+1)

xi

(r) − x∗i (r) =

∑n

wj [F (si , tj , xj (r), xj (r)) − F (sp , tj , x∗j (r), x∗j (r))],
(k)

j=0

∑n

j=0

(k)

wj [G(si , tj , xj (r), xj (r)) − G(si , tj , x∗j (r), x∗j (r))],
i = 0, 1, . . . , n,
(k)

(k)

and according to the conditions of Theorem 4.1,
(k+1)

|xi

(r) − x∗i (r)| ≤ 2LD(xp , x∗p )

(k+1)

|xi

(k)

∑n

(r) − x∗i (r)| ≤ 2LD(xp , x∗p )
i = 0, 1, . . . , n.
(k)

j=0

wj ,

j=0

wj ,

∑n

By setting λ = 2L(b − a) we conclude that
(k+1)

max0≤i≤n {D(xi

∗
, x∗i )} ≤ λD(x(k)
p , xp ).

By induction on k, we get
(k+1)

max0≤i≤n {D(xi

∗
, x∗i )} ≤ λk D(x(0)
p , xp ),

for each k = 0, 1, . . . where xp = (xp (r), xp (r)) and x∗p = (x∗p (r), x∗p (r)). Since
(0)

(0)

(0)

(k+1)

0 < λ < 1, k −→ +∞ implies that max0≤i≤n {D(xi

(r), x∗i (r))} vanishes.



6. Algorithm of the Approach
In this section, we try to propose an algorithm on the basis of the above discussions and suppose that we face with the nonlinear fuzzy integral equations (1),
where its kernel satisﬁes the conditions of Theorem 4.1. This algorithm is presented
in two stages, initialization step and main steps.
Initialization Step:
Choose ϵ > 0, an equidistance partition a = s0 < s1 < . . . < sn = b on [a, b]
with the step size h = si+1 − si , i = 0, 1, ..., n − 1 and a fuzzy initial vector x(0) .
Set k = 0 and go to the main steps.
Main Steps:
(k+1)

(k+1)

Step 1: Compute xi = (xi
(r), xi
(r)) and go to step 2.
(k+1)
(k)
Step 2: Compute max0≤i≤n {D(xi
(r), xi (r))} and go to step 3.
(k+1)
(k)
Step 3: If max0≤i≤n {D(xi
(r), xi (r))} < ϵ, stop; otherwise, set k = k+1
and go to step 1.
7. Comparison with Other Methods
In this subsection, the shortcomings of the existing methods in [1, 5, 8, 32, 16,
18, 29, 30] for solving fuzzy integral equations are pointed out.
Abbasbandy et al. in [1, 5], Solaymani Fard et al. in [32] and Parandin et al. in
[29, 30] obtained a numerical solution of linear Fredholm fuzzy integral equations
of the second kind of the form
∫ b
X(s) = y(s) +
k(s, t)X(t)dt, a ≤ s ≤ b
a
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where, k(s, t) is an arbitrary crisp kernel function over the square a ≤ s, t ≤ b, λ ≥ 0.
Then for solving the above equation, they considered the following relations:
∫b
X(s; r) = y(s; r) + a k(s, t)X(t; r)dt, 0 ≤ r ≤ 1,
∫b
X(s; r) = y(s; r) + a k(s, t)X(t; r)dt, 0 ≤ r ≤ 1,
{

where
k(s, t)X(t; r) =

{
k(s, t)X(t; r) =

k(s, t)X(t; r), k(s, t) ≥ 0,
k(s, t)X(t; r), k(s, t) < 0,
k(s, t)X(t; r), k(s, t) ≥ 0,
k(s, t)X(t; r), k(s, t) < 0.

Then, the authors in [1, 5, 32, 29, 30] used the numerical methods such as Nystrom,
successive approximation, Taylor-successive approximation, ﬁnite and divided differences methods for solving a parametric of the linear fuzzy Fredholm integral
equations of the second kind. Fariborzi Araghi and Parandin in [16] presented the
Lagrange interpolation based on the extension principle for approximating solution
of the linear Fredholm fuzzy integral equations also Friedman et al. in [18] presented the quadrature formula like an iterative method based on trapezoidal rule
for solving linear fuzzy Fredholm integral equations. Also, Molabahrami et al. in
[27] obtained analytical solution of the linear Fredholm fuzzy integral equations of
the second kind.
Bernstein polynomials have been used recently to solve linear fuzzy Fredholm
integral equations (see [15, 28]). But in this paper we consider more general form
of the fuzzy nonlinear integral equations of the second kind (1).
The existing methods [1, 5, 32, 16, 18, 29, 30] are applicable only to linear
Fredholm fuzzy integral equations, eg., they are not possible to ﬁnd the nonlinear
fuzzy integral equations, chosen in Examples 8.1 and 8.2.
Comparison of the results of this paper and [8] shows the eﬃciency of this algorithm in this paper more clearly. This result is intuitive, since the results of
that algorithm depend explicitly on the selection of the starting point which decreases the speed of convergence substantially, while, in this algorithm the rate of
convergence is completely independent of the starting point.
8. Numerical Examples
To illustrate the technique proposed in this paper, consider the following examples.
Example 8.1. Consider the following fuzzy nonlinear Fredholm integral equation
∫ 1
st 2
r2 76 − 36r − r2
X(s) = (r − ,
)s +
X (t)dt, 0 ≤ s, t ≤ 1, 0 ≤ r ≤ 1.
40
40
0 10
The exact solution in this case is given by X(s; r) = (r, 2 − r)s.
According to equation (2) we have the following two crisp nonlinear Fredholm
integral equations
∫ 1 st
r2
)s + 0 10
[min{(X(t; r))2 , X(t; r)X(t; r), (X(t; r))2 }]dt,
X(s; r) = (r − 40
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1
Exact solution
Approximate solution
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0.1

0

0

0.1
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0.7

0.8

0.9

1

Figure 1. Compares the Exact Solution and Obtained Solution at
s = 0.5 with Newton-Cotes Method
∫ 1 st
2
X(s; r) = ( 76−36r−r
)s + 0 10
[max{(X(t; r))2 , X(t; r)X(t; r), (X(t; r))2 }]dt,
40
0 ≤ s, t ≤ 1, 0 ≤ r ≤ 1.
It can be seen from the conditions of Theorem 4.1 where for convergence of the
produced sequence, the kernel of the integral equation must satisfy the following
inequalities.
Without any loss of generality, assume that 0 ≤ X(t; r) ≤ X(t; r) for 0 ≤ t ≤ 1
2
st
st
and 0 ≤ r ≤ 1, we have F (s, t, X, X) = 10
X (t; r).
X 2 (t; r) and G(s, t, X, X) = 10
Therefore
1
5
| ∂F (s,t,X,X)
| = st
∂X
5 |X(t; r)| < 2 ⇒ |X(t; r)| < 2 ,
| ∂G(s,t,X,X)
|=
∂X

st
5 |X(t; r)|

<

1
2

⇒ |X(t; r)| < 25 .

Assume that X(t; r) ≤ X(t; r) ≤ 0, therefore we have F (s, t, X, X) =
st
G(s, t, X, X) = 10
X 2 (t; r) and
| ∂F (s,t,X,X)
|=
∂X
| ∂G(s,t,X,X)
|=
∂X

st
5 |X(t; r)|
st
5 |X(t; r)|

<
<

1
2
1
2

2
st
10 X (t; r),

⇒ |X(t; r)| < 52 ,
⇒ |X(t; r)| < 52 .

We can also obtain similar relations for X(t; r) ≤ 0, 0 ≤ X(t; r) and other cases.
(k+1)
(k)
(0)
We take max0≤i≤n {D(xi
, xi )} < 10−4 and the initial vector xi = (r −
2
2
r
76−36r−r
)si is considered for starting. The exact and obtained solution of fuzzy
40 ,
40
nonlinear Fredholm integral equation in this example at s = 0.5 are shown in Figure
1 and Table 1.
Example 8.2. Consider the following fuzzy nonlinear Fredholm integral equation
∫ Π2
(0.1s).(cost).e−X(t) dt,
X(s) = y(s) +
0

with

y(s; r) = (1 + r + r2 )sins +

3
0.1s
(er +r−5 − 1),
3
5−r −r

Numerical Solutions of Fuzzy Nonlinear Integral Equations of the Second Kind

r X(0.5; r)
0
0
0.1
0.05
0.2
0.1
0.3
0.15
0.4
0.2
0.5
0.25
0.6
0.3
0.7
0.35
0.8
0.4
0.9
0.45
1
0.5

x(19) (0.5; r)
0.2031 × 10−4
0.05006
0.10007
0.15006
0.20004
0.25006
0.30001
0.35008
0.40005
0.45004
0.50003

X(0.5; r)
1
0.95
0.9
0.85
0.8
0.75
0.7
0.65
0.6
0.55
0.5
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x(19) (0.5; r)
1.0009
0.95007
0.90005
0.85006
0.80006
0.75006
0.70003
0.65007
0.60006
0.55003
0.50003

Table 1. Compares the Exact Solution and Obtained Solution
1
Exact solution
Approximate solution
0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0
0.5

1

1.5

2

2.5

3

3.5

4

Figure 2. Compares the Exact Solution and Obtained
Solution With Newton-Cotes Method
2
0.1s
(e−1−r−r − 1), 0 ≤ r ≤ 1.
1 + r2 + r
The exact solution in this case is given by X(s; r) = (1 + r + r2 , 5 − r − r3 )sins.
According to equation (2) we have the following two crisp nonlinear Fredholm
integral equations
∫Π
X(s; r) = y(s; r) + 02 (0.1s).(cost).e−X(t;r) dt,
∫ Π2
X(s; r) = y(s; r) +
(0.1s).(cost).e−X(t;r) dt, 0 ≤ r ≤ 1.

y(s; r) = (5 − r − r3 )sins +

0

It can be seen from the conditions of Theorem 4.1 where for convergence of the
produced sequence, the kernel of the integral equation must satisfy the following
inequalities.
In this case, we have F (s, t, X, X) = (0.1s).(cost).e−X(t;r) and G(s, t, X, X) =
(0.1s).(cost).e−X(t;r) . Therefore

144

M. Otadi and M. Mosleh

| = (0.1s)|(cost).e−X(t;r) | <
| ∂F (s,t,X,X)
∂X

| = (0.1s)|(cost).e−X(t;r) | <
| ∂G(s,t,X,X)
∂X

1
Π
1
Π

2

⇒ X(t; r) > ln Π20 ,
2

⇒ X(t; r) > ln Π20 .

We take max0≤i≤n {D(xi
, xi )} < 10−4 and the initial vector xi = (1 +
2
3
r + r , 5 − r − r )si is considered for starting. The exact and obtained solution of
fuzzy nonlinear Fredholm integral equation in this example at s = Π4 are shown in
Figure 2.
(k+1)

(k)

(0)

References
[1] S. Abbasbandy, E. Babolian and M. Alavi, Numerical method for solving linear fredholm
fuzzy integral equations of the second kind, Chaos Solitons & Fractals, 31 (2007), 138-146.
[2] T. Allahviranloo and M. Otadi, Gaussian quadratures for approximate of fuzzy integrals,
Applied Mathematics and Computation, 170 (2005), 874-885.
[3] T. Allahviranloo and M. Otadi, Gaussian quadratures for approximate of fuzzy multiple
integrals, Applied Mathematics and Computation, 172 (2006), 175-187.
[4] K. E. Atkinson, An introduction to numerical analysis, New York: Wiley, 1987.
[5] E. Babolian, H. S. Goghary and S. Abbasbandy, Numerical solution of linear fredholm fuzzy
integral equations of the second kind by Adomian method, Applied Mathematics and Computation, 161 (2005), 733-744.
[6] C. T. H. Baker, A perspective on the numerical treatment of volterra equations, Journal of
Computational and Appllied Mathematics, 125 (2000), 217-249.
[7] M. I. Berenguer, D. Gamez, A. I. Garralda-Guillem, M. Ruiz Galan and M. C. Serrano
Perez, Biorthogonal systems for solving volterra integral equation systems of the second kind,
Journal of Computational and Appllied Mathematics, 235 (2011), 1875-1883.
[8] A. M. Bica, Error estimation in the approximation of the solution of nonlinear fuzzy fredholm
integral equations, Information Sciences, 178 (2008), 1279-1292.
[9] A. H. Borzabadi and O. S. Fard, A numerical scheme for a class of nonlinear fredholm
integral equations of the second kind, Journal of Computational and Applied Mathematics,
232 (2009), 449-454.
[10] S. S. L. Chang and L. Zadeh, On fuzzy mapping and control, IEEE Trans. System Man
Cybernet, 2 (1972), 30-34.
[11] Y. Chen and T. Tang, Spectral methods for weakly singular volterra integral equations with
smooth solutions, Journal of Computational and Appllied Mathematics, 233 (2009), 938-950.
[12] W. Congxin and M. Ming, On embedding problem of fuzzy number spaces, Part 1, Fuzzy Sets
and Systems, 44 (1991), 33-38.
[13] D. Dubois and H. Prade, Operations on fuzzy numbers, International Journal of Systems
Science, 9 (1978), 613-626.
[14] D. Dubois and H. Prade, Towards fuzzy diﬀerential calculus, Fuzzy Sets and Systems, 8
(1982), 1-7.
[15] R. Ezzati and S. Ziari, Numerical solution and error estimation of fuzzy fredholm integral
equation using fuzzy bernstein polynomials, Australian Journal of Basic and Applied Sciences,
5 (2011), 2072-2082.
[16] M. A. Fariborzi Araghi and N. Parandin, Numerical solution of fuzzy fredholm integral equations by the lagrange interpolation based on the extension principle, Soft Computing, 15
(2011), 2449-2456.
[17] M. Friedman, M. Ma and A. Kandel, Numerical solutions of fuzzy diﬀerential and integral
equations, Fuzzy Sets and Systems, 106 (1999), 35-48.
[18] M. Friedman, M. Ma and A. Kandel, Solution to the fuzzy integral equations with arbitrary
kernels, International Journal of Approximate Reasoning, 20 (1999), 249-262.
[19] R. Goetschel and W. Vaxman, Elementary fuzzy calculus, Fuzzy Sets and Systems, 18 (1986),
31-43.

Numerical Solutions of Fuzzy Nonlinear Integral Equations of the Second Kind

145

[20] H. Hochstadt, Integral equations, New York: Wiley, 1973.
[21] A. Kaufmann and M. M. Gupta, Introduction fuzzy arithmetic, Van Nostrand Reinhold, New
York, 1985.
[22] O. Kaleva, Fuzzy diﬀerential equations, Fuzzy Sets and Systems, 24 (1987), 301-317.
[23] J. P. Kauthen, Continuous time collocation method for volterra-fredholm integral equations,
Numerische Math., 56 (1989), 409-424.
[24] G. J. Klir, U. S. Clair and B. Yuan, Fuzzy set theory: foundations and applications, PrenticeHall, 1997.
[25] P. Linz, Analytical and numerical methods for volterra equations, SIAM, Philadelphia, PA,
1985.
[26] M. Ma, M. Friedman and A. Kandel, A new fuzzy arithmetic, Fuzzy Sets and Systems, 108
(1999), 83-90.
[27] A. Molabahrami, A. Shidfar and A. Ghyasi, An analytical method for solving linear fredholm
fuzzy integral equations of the second kind, Computers & Mathematics with Applications, 61
(2011), 2754-2761.
[28] M. Mosleh and M. Otadi, Numerical solution of fuzzy integral equations using Bernstein
polynomials, Australian Journal of Basic Applied Sciences, 5 (2011), 724-728.
[29] N. Parandin and M. A. Fariborzi Araghi, The approximate solution of linear fuzzy fredholm
integral equations of the second kind by using iterative interpolation, World Academy of
Science, Engineering and Technology, 49 (2009), 947-984.
[30] N. Parandin and M. A. Fariborzi Araghi, The numerical solution of linear fuzzy fredholm
integral equations of the second kind by using ﬁnite and divided diﬀerences methods, Soft
Computing, 15 (2010), 729-741.
[31] M. L. Puri and D. Ralescu, Fuzzy random variables, Journal of Mathematical Analysis and
Applications, 114 (1986), 409-422.
[32] O. Solaymani Fard and M. Sanchooli, Two successive schemes for numerical solution of linear
fuzzy fredholm integral equations of the second kind, Australian Journal of Basic Applied
Sciences, 4 (2010), 817-825.
[33] H. H. Sorkun and S. Yalcinbas, Approximate solutions of linear volterra integral equation
systems with variable coeﬃcients, Applied Mathematical Modelling, 34 (2010), 3451-3464.
[34] J. Stoer and R. Bulirsch, Introduction to numerical analysis, Springer-Verlag,New York, 1993.
[35] L. A. Zadeh, The concept of a linguistic variable and its application to approximate reasoning,
Information Sciences, 8 (1975), 199-249.
M. Otadi∗ , Department of Mathematics, Firoozkooh Branch, Islamic Azad University, Firoozkooh, Iran
E-mail address: otadi@iaufb.ac.ir
M. Mosleh, Department of Mathematics, Firoozkooh Branch, Islamic Azad University, Firoozkooh, Iran
E-mail address: mosleh@iaufb.ac.ir
*Corresponding author

