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A BI-OBJECTIVE PROGRAMMING APPROACH TO SOLVE
MATRIX GAMES WITH PAYOFFS OF ATANASSOV’S
TRIANGULAR INTUITIONISTIC FUZZY NUMBERS
D. F. LI, J. X. NAN, Z. P. TANG, K. J. CHEN, X. D. XIANG AND F. X. HONG

Abstract. The intuitionistic fuzzy set has been applied to game theory very
rarely since it was introduced by Atanassov in 1983. The aim of this paper is
to develop an eﬀective methodology for solving matrix games with payoﬀs of
Atanassov’s triangular intuitionistic fuzzy numbers (TIFNs). In this methodology, the concepts and ranking order relations of Atanassov’s TIFNs are deﬁned. A pair of bi-objective linear programming models for matrix games with
payoﬀs of Atanassov’s TIFNs is derived from two auxiliary Atanassov’s intuitionistic fuzzy programming models based on the ranking order relations of
Atanassov’s TIFNs deﬁned in this paper. An eﬀective methodology based on
the weighted average method is developed to determine optimal strategies for
two players. The proposed method in this paper is illustrated with a numerical
example of the market share competition problem.

1. Introduction
Mathematical objects introduced by Atanassov [1,2] and ”studied under the
name intuitionistic fuzzy set” (IFS) have become a popular topic of investigation
in the fuzzy set community. The Atanassov’s IFS is characterized by a membership
function and a non-membership function. Burillo and Bustince [5] proved that the
vague set [20] is the same as the Atanassov’s IFS. Deschrijver and Kerre [17] established the relationship between the Atanassov’s IFS, the interval-valued IFS [3], the
L-fuzzy set [19] and the interval-valued fuzzy set [48]. Moreover, they showed that
the interval-valued fuzzy set is equivalent to the Atanassov’s IFS, which was also
emphasized by several other scholars [3,14,16,18,21]. Recently, there is some debate
about the appropriateness of the terminology of the Atanassov’s IFS [4,14]. Dubois
et al. [14] pointed out that there is a terminological clash between the Atanassov’s
IFS and intuitionistic logic [43]. They diﬀer both by their motivations and their
underlying mathematical structure. In reply to Dubois et al. [14], Atanassov [4]
discussed the relationship between the notion of the Atanassov’s IFS and the notion
proposed by Takeuti and Titani [43] under the same name. But here we are not
involved in this discussion and use the name ”Atanassov’s IFS” to express the intuitionistic fuzzy set introduced by Atanassov [1,2]. The Atanassov’s IFS has been
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proven to be highly useful to deal with uncertainty and vagueness in decision making problems [26,37,45,46], medical diagnosis [13] and pattern recognitions [30]. In
the fuzzy set theory developed by Zadeh [47], the concept of a fuzzy number [15,23]
is of very importance to application in the framework of expert systems and decision
making. Roughly speaking, a fuzzy number may be considered as a representation
for an ill-deﬁned quantity. The Atanassov’s IFS is a generalization of the fuzzy set
[47]. Therefore, an ill-deﬁned quantity may also be expressed with an intuitionistic fuzzy number (IFN) in the sense of Atanassov [1,2]. By adding a degree of
non-membership, the Atanassov’s IFN may be deﬁned in a similar way to the fuzzy
number introduced by Dubois and Prade [15]. Also it is a generalization of the
fuzzy number. The Atanassov’s IFN is an ill-deﬁned quantify in the sense of the
Atanassov’s IFS and diﬀers from the interval-valued fuzzy set although Atanassov’s
IFN is a special set of the Atanassov’s IFS on the set of real numbers. The reason is
further explained in section 2. The fuzzy set theory was used to solve several types
of fuzzy game problems [6-12,22, 24,25,32,33,35-39,41-43]. The fuzzy set uses only
a membership function, which assigns to each element x of the universe of discourse
a real number µ(x) ⊆ [0, 1] to indicate the degree of belongingness to the fuzzy set
under consideration. The degree of non-belongingness is just automatically equal
to 1 − µ(x). However, a human being who expresses the degree of membership of
a given element in a fuzzy set very often does not express corresponding degree of
non-membership as the complement to 1. Sometimes it seems to be more natural
to describe imprecise and uncertain opinions not only by membership functions.
It is due to the fact that in some situations players also describe their negative
feelings, i.e., degrees of dissatisfaction about the outcomes of the game. On the
other hand, players could only estimate the payoﬀ values approximately with some
imprecise degree. But it is possible that he/she is not so sure about it. In other
words, there may be hesitation about the approximate payoﬀ values. Thus, the
Atanassov’s IFS theory may provide players a natural tool for modeling such uncertain and vague situations. The idea of the Atanassov’s IFS is useful in matrix
games in that the Atanassov’s IFS can indicate the players’ preference information
in terms of support, opposition and neutralization. An example is the market share
competition problem in which diﬀerent strategies of two competing companies may
lead to diﬀerent market shares. Due to a lack of information or imprecision of the
available information, the managers of the two companies usually are not able to
exactly forecast the sales amounts of the companies. They may estimate the sales
amount. But it is possible that they are not so sure about it. Thus, there may be
some hesitation about the estimation of the sales amount. Up to the present, there
exists less investigation on game problems using the Atanassov’s IFS. Li and Nan
[31] studied the matrix games with payoﬀs of IFSs. Nayak and Pal [34] studied
the bi-matrix games with Atanassov’s intuitionistic Fuzzy goals. The Atanassov’s
triangular intuitionistic fuzzy number (TIFN) is a special case of the Atanassov’s
IFS and easily used in matrix game problems in that it has appealing interpretations and can be easily speciﬁed and implemented by the players. Thus, in this
paper, the deﬁnition and arithmetic operations of TIFNs are proposed through
adding a degree of non-membership in the deﬁnition of triangular fuzzy numbers
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[15]. Matrix games with payoﬀs of Atanassov’s TIFNs are formulated. To obtain
optimal strategies for players, a pair of linear programming models is derived from
the constructed pair of bi-objective linear programming problems.
This paper is organized as follows. Section 2 introduces the concept and arithmetic operations of Atanassov’s TIFNs. The concepts of an average index of the
membership function and an average index of the non-membership function for an
Atanassov’s TIFN are deﬁned. Hereby ranking order relations between Atanassov’s
TIFNs are deﬁned. In section 3, the concept of solutions of matrix games with payoﬀs of Atanassov’s TIFNs is deﬁned. A pair of auxiliary Atanassov’s intuitionistic
fuzzy programming models for players are constructed and transformed into linear
programming models by using the weighted average method. An eﬀective methodology is developed to solve the matrix games with payoﬀs of Atanassov’s TIFNs
accordingly. A numerical example of market share competition problem is given in
section 4. Section 5 concludes this paper.
2. Deﬁnitions and Notations
How to express an ill-deﬁned quantify using the Atanassov’s IFS is an important
problem in decision making and game problems. In a similar way to the deﬁnition
of a fuzzy number [15], the concept of an Atanassov’s TIFN is deﬁned through
adding a degree of non-membership as follows.
Deﬁnition 2.1. [28] An Atanassov’s TIFN ã =< (a, a, ā); wã , uã > is a convex
Atanassov’s IFS on the set R of real numbers, whose membership function and
non-membership function are deﬁned as follows:
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and
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a−a
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x−a+uã (a−x)
a−a
0
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a≤x<a
x=a
a≤x<a
x < a or, x > a

(1)

(2)

respectively, depicted as in Figure 1.
The values wã and uã respectively represent the maximum membership degree
and the minimum non-membership degree which satisfy the conditions: 0 ≤ wã ≤ 1,
0 ≤ uã ≤ 1 and 0 ≤ wã + uã ≤ 1.
Let
χã(x) = 1 − µã(x) − νã(x) ,

(3)

which is called the Atanassov’s intuitionistic fuzzy index of element x in ã. It is
the degree of indeterminacy membership of the element x to ã.
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Figure 1. An Atanassovs TIFN α̃
An Atanassov’s TIFN ã =< (a, a, ā); wã , uã > may express an ill-deﬁned quantify, which is approximately equal to a . Namely, the ill-deﬁned quantify is expressed using any value between a and ā with diﬀerent membership degree and
non-membership degree. In other words, the most possible value is a with the
membership degree wã and the non-membership degree uã ; the pessimistic value is
a with the membership degree 0 and the non-membership degree 1; the optimistic
value is ā with the membership degree 1 and the non-membership degree 0; other
values are any x in the open interval (a, ā) with the membership degree µã (x) and
the non-membership degree νã (x).
An Atanassov’s TIFN ã =< (a, a, ā); wã , uã > mainly gives an approximately
estimated range of an ill-deﬁned quantify, i.e., an interval [a, ā]. For any ﬁxed x
in the closed interval [a, ā], the membership degree µã (x) and the non-membership
degree νã (x) are real numbers rather than intervals. However, for the intervalvalued fuzzy set B, the membership degree µB (x) for any ﬁxed x ∈ B is an interval
rather than a real number [47]. Similarly, for any ﬁxed x ∈ B , the non-membership
degree νB (x) = 1 − µB (x) is an interval rather than a real number. In other
words, the Atanassov’s TIFN focuses on measurement uncertainty of the ill-deﬁned
quantify estimated while the interval-valued fuzzy set B focuses on uncertainty
of the belongingness degree to B . Therefore, the Atanassov’s TIFN diﬀers from
the interval-valued fuzzy set although Atanassov’s TIFN is a special case of the
Atanassov’s IFS on the set of real numbers and the interval-valued fuzzy set is
equivalent to the Atanassov’s IFS [17].
Obviously, if wã = 1 and uã = 0 then µã (x) + νã (x) = 1 for any x ∈ R and hence
the Atanassov’s TIFN ã =< (a, a, ā); wã , uã > degenerates to ã =< (a, a, ā); 1, 0 >,
which is just a triangular fuzzy number [15].Therefore, the concept of the Atanassov’s
TIFN is a generalization of that of the triangular fuzzy number [15].
Two new parameters wã and uã are introduced to reﬂect the conﬁdence level and
non-conﬁdence level of the Atanassov’s TIFN ã =< (a, a, ā); wã , uã > , respectively.
Compared with triangular fuzzy numbers, Atanassov’s TIFNs may express more
uncertainty.
According to the extension principle of the Atanassov’s IFS proposed by Li [29],
the arithmetic operations over Atanassov’s TIFNs can be deﬁned as follows [27].
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Deﬁnition 2.2. [28] Let ã =< (a, a, ā); wã , uã > and b̃ =< (b, b, b̄); wb̃ , ub̃ > be two
Atanassov’s TIFNs and γ be a real number. The arithmetic operations are deﬁned
as follows:
ã + b̃ =< (a + b, a + b, ā + b̄); min{wã , wb̃ }, max{uã , ub̃ } >

(4)

ã − b̃ =< (a − b̄, a − b, ā − b); min{wã , wb̃ }, max{uã , ub̃ } >

(5)


 < (ab, ab, āb̄); min{wã , wb̃ }, max{uã , ub̃ } > if ã > 0 and b̃ > 0
ãb̃ =
< (ab, ab, āb); min{wã , wb̃ }, max{uã , ub̃ } > if ã < 0 and b̃ > 0

< (ab, ab, ab); min{wã , wb̃ }, max{uã , ub̃ } > if ã < 0 and b̃ < 0

(6)


 < (a/b, a/b, a/b); min{wã , wb̃ }, max{uã , ub̃ } > if ã > 0 and b̃ > 0
ã/b̃ =
< (a/b, a/b, a/b); min{wã , wb̃ }, max{uã , ub̃ } > if ã < 0 and b̃ > 0

< (a/b, a/b, a/b); min{wã , wb̃ }, max{uã , ub̃ } > if ã < 0 and b̃ < 0 (7)
{
γã =

< (γa, a, γa); wã , uã > if γ > 0
< (γa, a, γa); wã , uã > if γ < 0

ã−1 =< (1/a, 1/a, 1/a); wã , uã > if ã > 0

(8)
(9)

It was proven that the results from multiplication and division are not Atanassov’s
TIFNs. But, we often use Atanassov’s TIFNs to express these operational results
approximately.
Obviously, if wã = 1 and uã = 0 , i.e., ã =< (a, a, ā); 1, 0 >, and b̃ =< (b, b, b̄); 1, 0 >,
are triangular fuzzy numbers, then equations (4)-(9) degenerate to equations (10)(15) as follows:
ã + b̃ =< (a + b, a + b, ā + b̄); 1, 0 >
(10)
ã − b̃ =< (a − b̄, a − b, ā − b); 1, 0 >

 < (ab, ab, āb̄); 1, 0 >
ãb̃ =
< (ab, ab, āb); 1, 0 >

< (ab, ab, ab); 1, 0 >

if ã > 0 and b̃ > 0
if ã < 0 and b̃ > 0
if ã < 0 and b̃ < 0


 < (a/b, a/b, a/b); 1, 0 > if ã > 0 and b̃ > 0
ã/b̃ =
< (a/b, a/b, a/b); 1, 0 > if ã < 0 and b̃ > 0

< (a/b, a/b, a/b); 1, 0 > if ã < 0 and b̃ < 0
{
γã =
ã

−1

(11)

(12)

(13)

< (γa, a, γa); 1, 0 > if γ > 0
< (γa, a, γa); 1, 0 > if γ < 0

(14)

=< (1/a, 1/a, 1/a); 1, 0 > if ã > 0

(15)
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respectively. Equations (10)-(15) are just arithmetic operations of triangular fuzzy
numbers [15]. Therefore, the arithmetic operations of Atanassov’s TIFNs are generalizations of those of the triangular fuzzy numbers [15].
Deﬁnition 2.3. [2] A (α, β)-cut set of an Atanassov’s TIFN ã =< (a, a, ā); wã , uã >
is a crisp subset of R which is deﬁned as follows:
ãα,β = {x|µã (x) ≥ α, νã (x) ≤ β},

(16)

where 0 ≤ α ≤ wã , uã ≤ β ≤ 1 and 0 ≤ α + β ≤ 1.
Deﬁnition 2.4. [2] A α-cut set of an Atanassov’s TIFN ã =< (a, a, ā); wã , uã > is
a crisp subset of R which is deﬁned as follows:
ãα = {x|µã (x) ≥ α},

(17)
where 0 ≤ α ≤ wã .
Using equation (1) and Deﬁnition 2.4, ãα is a closed interval and calculated as
follows:
[
]
α
α
(a − a), a −
(ā − a) .
ãα = a +
(18)
wã
wã
Deﬁnition 2.5. [2] A β-cut set of an Atanassov’s TIFN ã =< (a, a, ā); wã , uã > is
a crisp subset of R which is deﬁned as follows:
ãβ = {x|νã (x) ≤ β},

(19)
where uã ≤ β ≤ 1.
Using equation (2) and Deﬁnition 2.5, ãβ is a closed interval and calculated as
follows:
[
]
(1 − β)a + (β − uã )a (1 − β)a + (β − uã )ā
ãβ =
,
.
(20)
1 − uã
1 − uã
Theorem 2.6. [28] Let ã =< (a, a, ā); wã , uã > be any Atanassov’s TIFN. For any
α ∈ [0, wã ] and β ∈ [uã , 1], where 0 ≤ α + β ≤ 1, the following equality is valid
∩
ãα,β = ãα ãβ .
(21)
Let m(ãα ) and m(ãβ ) be mean values of the elements in the intervals ãα and ãβ ,
respectively, i.e.,
2αa + (wã − α)(a + ā)
m(ãα ) =
,
(22)
2wã
and
2(1 − β)a + (β − uã )(a + ā)
m(ãβ ) =
.
(23)
2(1 − uã )
Then an average index of the membership function µã (x) and an average index of
the non-membership function νã (x) for the Atanassov’s TIFN are deﬁned as follows:
∫ wã
2a + a + ā
wã ,
sµ (ã) =
m(ãα )dα =
(24)
4
0
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∫

1

sν (ã) =

m(ãβ )dβ =
uã

2a + a + ā
(1 − uã ).
4
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(25)

Due to the condition 0 ≤ wa + ua ≤ 1, it is directly derived from equations (24)
and (25) that
2a + a + ā
2a + a + ā
wã ≤
(1 − uã ),
4
4
i.e.,sµ (ã) ≤ sν (ã).
Obviously, the average index of the membership function sµ (ã) and the average
index of the non-membership function sν (ã) synthetically reﬂect information on
membership degrees and non-membership degrees at all levels, respectively. The
resulting values may be used to rank Atanassov’s TIFNs. In other words, sµ (ã) and
sν (ã) may be chosen as ranking indices of the Atanassov’s TIFN ã. The larger sµ (ã)
and sν (ã), the larger ã . Thus, a ranking order relation between two Atanassov’s
TIFNs may be deﬁned as follows.
Deﬁnition 2.7. Let ã =< (a, a, ā); wã , uã > and b̃ =< (b, b, b̄); wb̃ , ub̃ > be two
b̄
Atanassov’s TIFNs. sµ (ã) = 2a+a+ā
wã and sµ (b̃) = 2b+b+
wb̃ are the average
4
4
indices of the membership functions for ã and b̃, respectively. sν (ã) = 2a+a+ā
(1 −
4
b̄
uã ) and sν (b̃) = 2b+b+
(1 − ub̃ ) are the average indices of the non-membership
4
functions ã and b̃, respectively. Then

(1) If sµ (ã) < sµ (b̃) and sν (ã) < sν (b̃) then ã is smaller than b̃, denoted by
˜ IF b̃;
ã<
˜ IF b̃;
(2) If sµ (ã) > sµ (b̃) and sν (ã) > sν (b̃) then ã is larger than b̃, denoted by ã>
(3) If sµ (ã) = sµ (b̃) and sν (ã) = sν (b̃) then ã and b̃ represent the same amount,
i.e., ã is equal to b̃, denoted by ã=
˜ IF b̃.
˜ IF ” is an Atanassov’s intuitionistic fuzzy version of the order
The symbol ”<
relation ” < ”on the set of real numbers and has the linguistic interpretation ”es˜ IF ” and ”=
sentially smaller than”. Similarly, the symbols ”>
˜ IF ” are Atanassov’s
intuitionistic fuzzy versions of the order relations ” > ” and ” = ” on the set
of real numbers and have the linguistic interpretations ”essentially larger than”
and”essentially equal to”, respectively. A numerical example is presented to show
applicability of the aforementioned ranking order relation contrasting to the ratio
ranking method of Atanassov’s TIFNs given by Li [28].
Example 2.8. Let us consider two Atanassov’s TIFNs ã =< (0.769, 0.903, 1); 0.4, 0.5 >
and b̃ =< (0.653, 0.849, 0.956); 0.5, 0.2 > . According to equations (24) and (25), the
average indices of membership function and non-membership function for ã and b̃
are calculated as follows:
sµ (ã) = 0.3575, sν (ã) = 0.4469
and
sµ (b̃) = 0.413, sν (b̃) = 0.6614,
respectively.
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Obviously, sµ (ã) < sµ (b̃) and sν (ã) < sν (b̃). According to Deﬁnition 2.7, the
˜ IF b̃, which is the same as that obtained by the ratio ranking
ranking order is ã<
method given by Li [28]. This shows that the proposed ranking order relation is
eﬀective. It is easily seen that the ratio ranking method [28] is complicated and
has tedious calculations whereas the proposed ranking order relation in this paper
is easy to be implemented. In addition, the ratio ranking method [28] involves in
choice of the parameter λ ∈ [0, 1] , which is very diﬃcult.
3. Auxiliary Bi-objective Linear Programming Models and Method for
Matrix Games with Payoﬀs of Atanassov’s TIFNs
Let us consider the matrix games with payoﬀs of Atanassov’s TIFNs. Assume
that S1 = {δ1 , δ2 , · · · , δm } and S2 = {σ1 , σ2 , · · · , σn } are sets of pure strategies
for two players I and II, respectively. The vectors y = (y1 , y2 , · · · , ym )T and z =
(z1 , z2 , · · · , zn )T are mixed strategies for players I and II, respectively, where yi (i =
1, 2, · · · , m) and zj (j = 1, 2, · · · , n) are probabilities in which I and II choose their
pure strategies δi ∈ S1 (i = 1, 2, · · · , m) and σj ∈ S2 (j = 1, 2, · · · , n), respectively.
Sets of all mixed strategies for players I and II are denoted by Y and Z as follows:
Y=

{ ∑
}
m
y
yi = 1, yi ≥ 0(i = 1, 2, · · · , m) ,
i=1

and
Z=

}
{ ∑
n
zj = 1, yj ≥ 0(j = 1, 2, · · · , n) ,
z
j=1

(26)

(27)

respectively. Without loss of generality, payoﬀs of player I is concisely expressed in
the matrix format as follows:
Ã = (ãij )m×n
which is called as the payoﬀ matrix for player I, where all elements
ãij =< (aij , aij , āij ); wãij , uãij > (i = 1, 2, · · · , m; j = 1, 2, · · · , n)
are Atanassov’s TIFNs. Then, a matrix game with payoﬀs of Atanassov’s TIFNs is
expressed as the triplet (Y, Z, Ã) . In the sequel, such a matrix game with payoﬀs
of Atanassov’s TIFNs is often called as a matrix game with payoﬀs of Atanassov’s
TIFNs for short. According to Deﬁnition 2.2, the Atanassov’s intuitionistic fuzzy
expectation payoﬀ for player I can be computed as follows:
Ẽ(Ã) = yT Ãz =
=< (

m ∑
n
∑

ãij yi zj
i=1 j=1
m ∑
n
∑

aij yi zj ,

i=1 j=1

min

m ∑
n
∑

1≤i≤m;1≤j≤n

{wãij },

aij yi zj ,

i=1 j=1

m ∑
n
∑

āij yi zj );

i=1 j=1

max

1≤i≤m;1≤j≤n

{uãij } >,

which is still an Atanassov’s TIFN. It is derived from Deﬁnition 2.1 that
min

1≤i≤m;1≤j≤n

{wãij } ≤ 1 −

max

1≤i≤m;1≤j≤n

{uãij }.

(28)
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As the matrix game Ã with payoﬀs of Atanassov’s TIFNs is zero-sum, according
to Deﬁnition 2.2, the Atanassov’s intuitionistic fuzzy expectation payoﬀ for player
II is obtained as follows:
m ∑
n
∑
˜
˜ = yT (-A)z
Ẽ(-A)
=
−ãij yi zj

=< (−

m ∑
n
∑

i=1 j=1
m ∑
n
∑

āij yi zj , −

i=1 j=1

min

aij yi zj , −

i=1 j=1

{wãij },

1≤i≤m;1≤j≤n

max

m ∑
n
∑
i=1 j=1

aij yi zj );

{uãij } >,

(29)

1≤i≤m;1≤j≤n

which is still an Atanassov’s TIFN. It is derived from Deﬁnition 2.1 that
min

1≤i≤m;1≤j≤n

{wãij } ≤ 1 −

max

1≤i≤m;1≤j≤n

{uãij }.

Thus, in general, player I’s gain-ﬂoor and player II’s loss-ceiling should be Atanassov’s
TIFNs, denoted by ṽ =< (v, v, v̄); wṽ , uṽ > and ω̃ =< (ω, ω, ω̄); wω̃ , uω̃ >, respectively. Now, the concept of a solution of the matrix game Ã with payoﬀs of
Atanassov’s TIFNs is deﬁned as follows.
Deﬁnition 3.1. If there exist y∗ ∈ Y and z∗ ∈ Z so that
˜ IF y∗T Ãz∗ ,
yT Ãz∗ ≤

(30)

y∗T Ãz ≥IF y∗T Ãz∗ ,

(31)

and
for any y ∈ Y and z ∈ Z, then v∗ = y∗T Ãz∗ is called as the value of the matrix game Ã with payoﬀs of Atanassov’s TIFNs, y∗ and z∗ are called as optimal
(mixed) strategies for players I and II, respectively. Obviously, v∗ = y∗T Ãz∗ is an
Atanassov’s TIFN.
According to Deﬁnition 3.1, the optimal strategy y∗ ∈ Y for player I and optimal
strategy z∗ ∈ Z for player II can be generated by solving a pair of Atanassov’s
intuitionistic fuzzy mathematical programming models constructed as follows:
max{ṽ}
∑
m

˜ IF ṽ(j = 1, 2, · · · , n) for any z ∈ Z

ãij yi zj ≥


s. t. i=1

y1 + y2 + · · · + ym = 1



yi ≥ 0(i = 1, 2, · · · , m)

(32)

min{ω̃}
 n
∑


˜ IF ω̃(i = 1, 2, · · · , m) for any y ∈ Y

ãij yi zj ≤


j=1
s. t.

z1 + z2 + · · · + zn = 1




zj ≥ 0(j = 1, 2, · · · , n)

(33)

and

respectively, where ṽ and ω̃ are Atanassov’s TIFNs unknown need to be determined.
It makes sense to consider only the extreme points of the sets Y and Z in the con˜ IF ” and ”≥
˜ IF ” preserve the ranking
straints of equations (32) and (33) since ”≤
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order relations when Atanassov’s TIFNs are multiplied by positive numbers according to Deﬁnition 2.2. Therefore, equations (32) and (33) can be converted into the
Atanassov’s intuitionistic fuzzy mathematical programming models as follows:
max{ṽ}
∑
m


˜ IF ṽ(j = 1, 2, · · · , n)
ãij yi ≥


i=1
s. t.


 y1 + y2 + · · · + ym = 1

yi ≥ 0(i = 1, 2, · · · , m)

(34)

min{ω̃}
∑
n

˜ IF ω̃(i = 1, 2, · · · , m)

ãij zj ≤


j=1
s. t.

z1 + z2 + · · · + zn = 1



zj ≥ 0(j = 1, 2, · · · , n)

(35)

and

respectively.
In this study, Atanassov’s intuitionistic fuzzy optimization is made in the sense
of Deﬁnition 2.6. In the following, we will focus on how to solve equations (34) and
(35).
Using Deﬁnition 2.6, equation (34) can be transformed into the bi-objective
programming problem as follows:
max{sµ (ṽ), sν (ṽ)}

m
∑


s
(
ãij yi ) ≥ sµ (ṽ) (j = 1, 2, · · · , n)

µ



i=1



m

∑
ãij yi ) ≥ sν (ṽ) (j = 1, 2, · · · , n)
s. t. sν (


i=1



m

∑


yi = 1, yi ≥ 0(i = 1, 2, · · · , m)


(36)

i=1

According to equations (24) and (25), equation (36) can be rewritten as follows:
max{ 14 (v + 2v + v)wṽ , 14 (v + 2v + v)(1 − uṽ }
 m
∑1
1



(aij + 2aij + aij ) min {wãij }yi ≥ (v + 2v + v)wṽ (j = 1, 2, · · · , n)


1≤i≤m
4
4

 i=1



m

∑
1
1


(aij + 2aij + aij )(1 − max {uãij })yi ≥ (v + 2v + v)(1 − uṽ )(j = 1, 2, · · · , n)
1≤i≤m
4
s. t. i=1 4



v ≤ v ≤ v


 m

∑




yi = 1, yi ≥ 0 (i = 1, 2, · · · , m)

i=1

(37)

where v, v, v and yi (i = 1, 2, · · · , m) are variables.
In general, it is diﬃcult to obtain the optimal value ṽ ∗ in that in equation (37)
determining ṽ ∗ exactly needs to compute all three variables v, v, and v. Thus, let
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v1 = 14 (v + 2v + v)wṽ and v2 = 41 (v + 2v + v)(1 − uṽ ) . equation (37) is transformed
into equation (38) as follows:
max{v1 , v2 }
 m
∑1



(a + 2aij + aij ) min {wãij }yi ≥ v1 (j = 1, 2, · · · , n)


1≤i≤m
 i=1 4 ij




m

∑

1

(aij + 2aij + aij )(1 − max {uãij })yi ≥ v2 (j = 1, 2, · · · , n)
1≤i≤m
s. t. i=1 4



v2 ≥ v1




m

∑



yi = 1, yi ≥ 0(i = 1, 2, · · · , m)


(38)
i=1
In equation (38), the inequality v2 ≥ v1 is derived from v1 = 41 (v + 2v + v)wṽ and
v2 = 14 (v + 2v + v)(1 − uṽ ) because of 0 ≤ wṽ ≤ 1 − uṽ .
Obviously, equation (38) is a bi-objective linear programming model with decision variables v1 ,v2 and yi (i = 1, 2, · · · , m). There are few standard ways of
deﬁning a solution for multi-objective programming problems. Normally, the concept of Pareto optimal/eﬃcient solutions is commonly-used. There exist several
solution methods for them. However, in this paper we use the weighted average
method to solve equation (38) in the sense of Pareto optimality.
According to the weighted average method, equation (38) is transformed into
the linear programming as follows:
max{λv1 + (1 − λ)v2 }
 m
∑1


(a + 2aij + aij ) min {wãij }yi ≥ v1 (j = 1, 2, · · · , n)


1≤i≤m
4 ij


i=1



m

∑1


(aij + 2aij + aij )(1 − max {uãij })yi ≥ v2 (j = 1, 2, · · · , n)
1≤i≤m
s. t. i=1 4



v2 ≥ v1



∑
m




yi = 1, yi ≥ 0(i = 1, 2, · · · , m)


i=1

(39)

where λ is a weight which represents players’ preference information.
Using the Simplex method for linear programming, an optimal solution of equation (39) is obtained, denoted by (y∗ , v1∗ , v2∗ ).
It is not diﬃcult to prove that (y∗ , v1∗ , v2∗ ) is a Pareto optimal solution of equation
(38). Thus, the optimal strategy y∗ for player I is obtained as well as the average
index of the membership function v1∗ and the average index of the non-membership
function v2∗ for player I’s gain-ﬂoor ṽ ∗ .
Similarly, according to Deﬁnition 2.6, equation (35) can be transformed into the
bi-objective programming problem as follows:
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max{sµ (ω̃), sν (ω̃)}

n
∑


sµ (
ãij zj ) ≤ sµ (ω̃) (i = 1, 2, · · · , m)




j=1




n

∑
ãij zi ) ≤ sν (ω̃) (i = 1, 2, · · · , m)
s. t. sν (


j=1



n

∑




zj = 1, zj ≥ 0(j = 1, 2, · · · , n)


(40)

j=1

According to equations (24) and (25), equation (40) can be rewritten as follows:
min{ 14 (ω + 2ω + ω)wω̃ , 14 (ω + 2ω + ω)(1 − uω̃ }
 n
∑1
1



(aij + 2aij + aij ) min {wãij }zj ≤ (ω + 2ω + ω)wω̃ (i = 1, 2, · · · , m)


1≤j≤n
4
4

 j=1



n

∑1

1


(aij + 2aij + aij )(1 − max {uãij })zj ≥ (ω + 2ω + ω)(1 − uω̃ ) (i = 1, 2, · · · , m)
1≤j≤n
4
s. t. j=1 4




ω≤ω≤ω




n

∑



zj = 1, zj ≥ 0(j = 1, 2, · · · , n)



(41)

j=1

where ω,ω,ω and zj (j = 1, 2, · · · , n) are decision variables.
In a similar consideration to equation (37), equation (41) can be simply rewritten
as follows:
min{ω1 , ω2 }
 n
∑1



(a + 2aij + aij ) min {wãij }zj ≤ ω1 (i = 1, 2, · · · , m)


1≤j≤n
4 ij


j=1



n
∑

1


(aij + 2aij + aij )(1 − max {uãij })zj ≤ ω2 (i = 1, 2, · · · , m)
1≤j≤n
s. t. j=1 4



 ω1 ≤ ω2


 n


∑



zj = 1, zj ≥ 0(j = 1, 2, · · · , n)


j=1

(42)

In equation (42), the inequality ω1 ≤ ω2 is derived from 14 (ω + 2ω + ω)wω̃ = ω1
and 14 (ω + 2ω + ω)(1 − uω̃ ) = ω2 because of 0 ≤ wω̃ ≤ 1 − uω̃ . Using the weighted
average method, equation (42) is transformed into equation (43) as follows:
min{λω1 + (1 − λ)ω2 }
 n
∑1


(a + 2aij + aij ) min {wãij }zj ≤ ω1 (i = 1, 2, · · · , m)


1≤j≤n
4 ij


j=1



n

∑1



(aij + 2aij + aij )(1 − max {uãij })zj ≤ ω2 (i = 1, 2, · · · , m)
1≤j≤n
s. t. j=1 4



 ω1 ≤ ω2




n

∑



zj = 1, zj ≥ 0(j = 1, 2, · · · , n)


j=1

(43)
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Let an optimal solution of equation (43) be denoted by (z∗ , ω1∗ , ω1∗ ). It is not
diﬃcult to prove that (z∗ , ω1∗ , ω1∗ ) is a Pareto optimal solution of equation (42).
Thus, the optimal strategy z∗ can be obtained as well as the average index of the
membership function ω1∗ and the average index of the non-membership function ω2∗
for player II’s loss-ceiling ω ∗ .
It is easily seen that all Atanassov’s TIFNs ãij =< (aij , aij , aij ); wãij , uãij >
(i = 1, 2, · · · , m; j = 1, 2, · · · , n) reduce to triangular fuzzy numbers when all values wãij = 1 and uãij = 0. Hence,v1 = v2 and ω1 = ω2 . Thus, the linear
programming models (i.e., equations (39) and (43)) of the matrix game Ã with
payoﬀs of Atanassov’s TIFNs degenerate to those of the matrix game with payoﬀs
of triangular fuzzy numbers [10-12]. Therefore, the matrix game with payoﬀs of
Atanassov’s TIFNs is a natural generalization of the matrix game with payoﬀs of
triangular fuzzy numbers.
4. A Numerical Example of the Market Share Competition Problem
Suppose that there are two companies p1 and p2 aiming to enhance the market
share of a product in a targeted market under the circumstance that the demand
amount of the product in the targeted market basically is ﬁxed. In other words, the
market share of one company increases while the market share of another company
decreases. The two companies are considering about three strategies to increase the
market share: strategy δ1 (advertisement), δ2 (reducing the price), δ3 (improving
the package). The above problem may be regarded as a matrix game. Namely,
the companies p1 and p2 are regarded as players I and II, respectively. They use
strategies δ1 , δ2 and δ3 , respectively. Due to a lack of information, the managers
are not able to evaluate the sales amounts of the companies exactly. In order to
handle the uncertain situation, Atanassov’s TIFNs are used to express the estimated
sales amounts of the product. According to some prediction methods and statistic
data, the payoﬀ matrix Ã for the company p1 is given by its manager as follows:


Ã = 

< (175, 180, 190); 0.6, 0.2 >
< (80, 90, 100); 0.9, 0.1 >
< (180, 185, 190); 0.5, 0.3 >

< (150, 156, 158); 0.6, 0.1 >
< (175, 180, 190); 0.6, 0.2 >
< (80, 100, 120); 0.7, 0.2 >


< (80, 90, 100); 0.9, 0.1 >
< (180, 185, 190); 0.5, 0.3 > 
< (150, 160, 170); 0.5, 0.1 >

where < (175, 180, 190); 0.6, 0.2 > in the matrix Ã is an Atanassov’s TIFN, which
indicates that the manager of the company p1 estimates the sales amount being
approximately 180 with the maximum conﬁdence degree 0.6 and the minimum
non-conﬁdence degree 0.2 when p1 and p2 use strategy δ1 (advertisement) simultaneously. In other words, the manager of the company p1 ’s hesitation degree is 0.2.
Other Atanassov’s TIFNs in the matrix Ã are explained similarly. According to
equation (39), the linear programming problem is obtained as follows:
max{λv1 + (1 − λ)v2 }

181.25 × 0.5y1 + 90 × 0.5y2 + 185 × 0.5y3 ≥ v1




 155 × 0.6y1 + 181.25 × 0.6y2 + 100 × 0.6y3 ≥ v1





90 × 0.5y1 + 185 × 0.5y2 + 160 × 0.5y3 ≥ v1






181.25 × 0.7y1 + 90 × 0.7y2 + 185 × 0.7y3 ≥ v2


s. t. 155 × 0.8y1 + 181.25 × 0.8y2 + 100 × 0.8y3 ≥ v2



 90 × 0.7y1 + 185 × 0.7y2 + 160 × 0.7y3 ≥ v2





v2 ≥ v1





y + y2 + y3 = 1


 1

y1 ≥ 0, y2 ≥ 0, y3 ≥ 0

(44)
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For λ = 1/2 , solving equation (44) by using the simplex method for linear
programming, an optimal solution (y∗ , v1∗ , v2∗ ) can be obtained, where
y∗ = (0.185, 0.311, 0.504)T
and
v1∗ = 77.39, v2∗ = 108.35.
Thus, the optimal strategy and the average index of the membership function and
the average index of the non-membership function for player I’s gain-ﬂoor are obtained as follows:
y∗ = (0.185, 0.311, 0.504)T
and
v1∗ = 77.39, v2∗ = 108.35,
respectively.
Similarly, according to equation (43), the linear programming problem can be
obtained as follows:
min{λω1 + (1 − λ)ω2 }
 181.25 × 0.6z + 155 × 0.6z + 90 × 0.6z ≤ ω
1
2
3
1




90
×
0.5z
+
181.25
×
0.5z
+
185
×
0.5z
≤
ω
1
2
3
1




185
×
0.5z
+
100
×
0.5z
+
160
×
0.5z
≤
ω

1
2
3
1





 181.25 × 0.8z1 + 155 × 0.8z2 + 90 × 0.8z3 ≤ ω2
s. t. 90 × 0.7z1 + 181.25 × 0.7z2 + 185 × 0.7z3 ≤ ω2


 185 × 0.7z1 + 100 × 0.7z2 + 160 × 0.7z3 ≤ ω2




ω2 ≥ ω1




 z1 + z2 + z3 = 1



z1 ≥ 0, z2 ≥ 0, z3 ≥ 0

(45)

Similarly, forλ = 1/2, solving equation (45) by using the simplex method for linear programming, an optimal solution (z∗ , ω1∗ , ω2∗ ) of equation (45) can be obtained,
where
z∗ = (0.299, 0.194, 0.507)T
and
ω1∗ = 77.39, ω2∗ = 109.10.
Therefore, the optimal strategy and the average index of the membership function
and the average index of the non-membership function for player II’s loss-ceiling
are obtained as follows:
z∗ = (0.299, 0.194, 0.507)T
and
ω1∗ = 77.39, ω2∗ = 109.10,
respectively. It is easily seen that the value of the matrix game Ã with payoﬀs of
Atanassov’s TIFNs is
Ṽ = y∗T Ãz∗ =< (142.27, 151.0, 160.16); 0.5, 0.3 >,
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FIGURE 2. The Value of the Matrix Game with Payoﬀs
of Atanassovs TIFNs
which is an Atanassov’s TIFN and indicates that the sales amount of the company
p1 is approximately 151 when the companies p1 and p2 choose the mixed strategies
y∗ = (0.185, 0.311, 0.504)T
and
z∗ = (0.299, 0.194, 0.507)T ,
respectively, depicted as in Fig. 2. For the manager of the company p1 , the maximum conﬁdence degree about the sales amount ”approximately 151” is 0.5 while
the minimum non-conﬁdence degree about the sales amount ”approximately 151”
is 0.3, i.e., his/her hesitation degree about the sales amount ”approximately 151” is
0.2. The results show that the Atanassov’s IFS/IFN may express information more
abundant and ﬂexible than the fuzzy set when it is used to deal with uncertainty
in game theory.
5. Conclusion
The matrix games with payoﬀs of Atanassov’s TIFNs are formulated in the
above. The arithmetic operations and ranking order relation of Atanassov’s TIFNs
are proposed. A pair of Atanassov’s intuitionistic fuzzy optimization models for two
players is derived from the deﬁnition of the solution for matrix games with payoﬀs
of Atanassov’s TIFNs and the arithmetic operations of Atanassov’s TIFNs. Using
the ranking order relation between Atanassov’s TIFNs deﬁned in this paper, the
Atanassov’s intuitionistic fuzzy optimization models for players are transformed into
the bi-objective linear programming models, which are solved to determine optimal
strategies for players and the value of the matrix game with payoﬀs of Atanassov’s
TIFNs. It is shown that the constructed linear programming models of matrix
games with payoﬀs of Atanassov’s TIFNs in this paper extend those of fuzzy matrix
games with payoﬀs of triangular fuzzy numbers. Moreover, the proposed models
and method are easy to be extended to matrix games with payoﬀs of trapezoidal
intuitionistic fuzzy numbers. Although the models and method proposed in this
paper are illustrated with the market share competition problem, it may also be
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applied to other similar game problems using the Atanassov’s IFSs, which enable
the satisfying strategies players can expect.
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