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ON THE DIAGRAM OF ONE TYPE MODAL OPERATORS ON
INTUITIONISTIC FUZZY SETS: LAST EXPANDING WITH Z::Z

G. CUVALCIOGLU

ABSTRACT. Intuitionistic Fuzzy Modal Operator was defined by Atanassov in
[3] in 1999. In 2001, [4], he introduced the generalization of these modal opera-
tors. After this study, in 2004, Dencheva [14] defined second extension of these
operators. In 2006, the third extension of these was defined in [6] by Atanassov.
In 2007,[11], the author introduced a new operator over Intuitionistic Fuzzy
Sets which is a generalization of Atanassov’s and Dencheva’s operators. At
the same year, Atanassov defined an operator which is an extension of all the
operators defined until 2007. The diagram of One Type Modal Operators on
Intuitionistic Fuzzy Sets was introduced first in 2007 by Atanassov [10]. In
2008, Atanassov defined the most general operator and in 2010 the author
expanded the diagram of One Type Modal Operators on Intuitionistic Fuzzy
Sets with the operator Zgﬁ. Some relationships among these operators were
studied by several researchers[5]-[8] [11], [13], [14]- [19]. The aim of this pa-
per is to expand the diagram of one type modal operators over intuitionistic
fuzzy sets . For this purpose, we defined a new modal oparator Z:g over
intuitionistic fuzzy sets. It is shown that this oparator is the generalization of
the operators ZZ,,Bv Eqg,Ha,8,Xa,3-

1. Introduction

The theory of fuzzy sets (FSs), proposed by Zadeh[20], has gained successful
applications in various fields. However, the membership function of the fuzzy set
is a single value between zero and one, which combines the favoring evidence and
the opposing evidence. According to Fuzzy Set Theory, if the membership degree
of an element z is u(x), the nonmembership degree is 1 — p(z); thus, it is fixed.

Intuitionistic fuzzy sets were introduced by Atanassov in 1983 [1] and formed an
extension of fuzzy sets by enlarging the truth value set to the lattice [0,1] x [0, 1]
as defined below.

Definition 1.1. Let L = [0,1] then L* = {(z1,22) € [0,1]* : 21 + 22 < 1} is a
lattice with

(z1,22) < (Y1,y2) = “z1 <y and 22 > yo”

The units of this lattice are denoted by 0p« = (0,1) and 17« = (1,0). The lattice
(L*, <) is a complete lattice: For each A C L*,

supA = (sup{z € [0,1] : y € [0,1], (x,y) € A},inf{y € [0,1] : z € [0, 1], (z,y) € A})
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and
infA=(inf{x €[0,1]:y €[0,1],(x,y) € A}, sup{y € [0,1] : z € [0,1], (z,y) € A})
As it is well known, every lattice (L*,<) has an equivalent definition as an
algebraic structure (L, A, V) where the meet operator ”A” and the join operator
7V are linked to the ordering ” < ” as in the following equivalence, for x,y € L* |
rly<s=zrVy=y<=csNy==x
The operators A and V (join and meets resp.) on (L*, <) are defined as follows,
for (w1,y1), (v2,92) € L* :
(@1, 91) A (22,92) = (21 A 22,41 V y2)
(x1,91) V (22, 92) = (21 V T2, 91 N Y2)

Definition 1.2. [1] An intuitionistic fuzzy set (shortly IFS) on a set X is an object
of the form

A={<z,pa(r),valz) >z € X}
where pa(x), (pa : X — [0,1]) is called the “degree of membership of z in A 7,
va(x),(va : X — [0,1])is called the “ degree of non- membership of z in A ”,and
where 4 and 4 satisfy the following condition:

pa(z)+va(z) <1, forall zeX.
The hesitation degree of x is defined by m4(x) = 1 — pa(x) —va(x)

Definition 1.3. [1JAn IFS A is said to be contained in an IFS B (notation A C B)
if and only if for all z € X : pa(x) < pp(x) and vu(x) > vp(z).

It is clear that A = B if and only if AC B and B C A.

Definition 1.4. [1]Let A € IFS and A = {< z, pa(z),va(x) >: x € X} then the
set

A ={< z,va(x),pa(z) >z € X}
is called the complement of A.

The modal operators have been known to be important tools for IFSs where the
operators are defined on the contrary to the FSs. Intuitionistic fuzzy operators and
some properties of these operators were examined by several authors [6], [7], [13],
[14]. In addition, the fuzzy closer operators, the intuitionistic fuzzy topological
operators defined on the mathematical structure have also been studied [15], [16],
[18], [19].

The notion of Intuitionistic Fuzzy Operators was firstly introduced by Atanassov
[2]. The simplest one among them is presented as in the following definition.

Definition 1.5. [3] Let X be a set and A = {< z,pa(x),va(z) > z € X} €
IFS(X),a,8 € [0,1].

(1) BA = {< z, tal) valtl . 5 ¢ X}

(2) KA = {< z, Lal@tl val) . 5 ¢ x}
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After this definition, in 2001, Atanassov, in [4], defined the following extension
of these operators:

Definition 1.6. [4] Let X be a set and A = {< z,pa(z),va(x) > z € X} €
IFS(X), a, 8 € [0,1].

(1) BoA={<z,aua(z),ava(z)+1—a >z € X}
KoA={<z,aua(r)+1—o,ava(z) >z X}

In these operators Hyand X, ; If we choose a = %, we get the operators H

X, resp. Therefore, the operators H,and X, are the extensions of the operators
H , X, resp. Some relationships between these operators were studied by several
authors ([14],[17]) In 2004, the second extension of these operators was introduced
by Dencheva in [14].

Definition 1.7. [14] Let X be a set and A = {< z,pa(x),va(z) > 2 € X} €
IFS(X), o, B8 € [0,1].

(1) BapA={<z,apua(z),ava(z)+ B > x € X} where a + § € [0,1].
(2) oA ={<z,apua(z)+ B,ava(z) > x € X }where a + § € [0, 1].

The concepts of the modal operators are introduced and studied by different
researchers, [4, 5, 6, 7, 8], [14], [15], [17], etc.

In 2006, the third extension of the above operators was studied by Atanassov .
He defined the following operators in [6]

Definition 1.8. [6]Let X be a set and A = {< z,pa(z),va(z) > v € X} €
IFS(X).

(1) Ba,p(A) = {< z,aua(), Bra(e)+v >: @ € X} where a, 8,7 € [0, 1], max{a, 8} +7 <
1.

(2) Ba,p(A) = {< z,aual@)+7, Bra(z) >: @ € X} where a, 8,7 € [0, 1], max{a, B} +7 <
1.

If we choose @ =  and v = 3 in the above operators, then we can see easily that
Ha,ay = Bagand My o4 = M, g. Therefore, we can say that H, g and X, g ~are
the extensions of the operators H, g, X, g,resp. From these extensions, we get the
first diagram of one type modal operators over Intuitionistic Fuzzy Sets as displayed
in Figurel.
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In 2007, after this diagram, the author [11] defined a new operator and studied
some of its properties. This operator is named F, g and defined as follows:

Definition 1.9. [11]Let X be a set and A = {< z,pa(z),va(z) > z € X} €
IFS(X), a,p € [0,1]. We define the following operator:

E,p(A) ={<z flapa(z) +1—a),a(fra(z) +1—-5) >z € X}

If we choose a = 1 and subtitute «a for 5 we get the operator B,. Similarly, if
B =1 is chosen and substituted for 3, we get the operator X,. In the wiev of this
definition, the diagram of one type modal operators on IFSs is figured below:

Hogs bz aa

FIGURE 2

These extensions have been investigated by several authors [14], [7, 8, 9]. In
particular, the authors have made significant contributions to these operators. In
2007, Atanassov introduced the operator [, g s which is a natural extension of
all these operators in [7].

Definition 1.10. [7] Let Xbe a set, Aec IFS(X), o, 3,7,0 € [0,1] such that
max(a, f) +7+0 <1
then the operator [, g .5 defined by
Oag,y,6(A) ={< z,apa(x)+7,pra(z) +6 >z € X}
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This operator changes the one type modal operators’ diagram as in fig3,
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FIGURE 3
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At the end of the these studies, Atanassov though that this diagram was com-

In 2008, he defined this most general operator ®q g.~,5.c,cas following:

max(a—(,f—¢e)+7+6<1

and

min(a — ¢, 8 —¢) +7+6 >0

then the operator ©q,g,y,5,c,c defined by
Oapy.de(A) = {< @, apa(e) —eva(z) +7, fraz) = Cualz) +6 > 2 € X}

pleted. However, he realized that it wasn’t totally true since there was an operator
which was also an extension of two type modal oparators.

Definition 1.11. [8] Let X be a set,A € IFS(X), «, 3,7,9,¢,¢ € [0,1] such that

After this definition, the one type modal operators’ diagram becomes as in Figure

@c.-ﬁ.-r.ﬁ.-s.{
|
EIE.-IFJ?'.-E
A
En’_ﬁj Eﬁ'ﬁﬁ
o a,F \
HHz g [
g ™
/Eaa EJ
s L
H 3]

FIGURE 4

In 2010, the author [12] defined a new operator which is a generalization of E, g.
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Definition 1.12. [12]Let X be a set and A = {< z,ua(x),va(z) > v € X} €
IFS(X), a,B,w € [0,1]. We define the following operator:

© 5(A) = {< &, Blapa(@) +w — w.), a(Bra(e) +w — w.8) >z € X}

Likewise the other one type modal operators, some properties of the operator
7y 5 were studied in [12] and [13].

Proposition 1.13. [12]Let o, € I, a > 8 and let A € IFS(X) then

(1) ZL 4(A) = Eug
(2) 71 (4) =W
(3) 21, (4) = @A
(4) Z1,(A) = R, A
(5) Z1,(A) =B, A

Theorem 1.14. [12]Let o, S,w € I, and let A € IFS(X).

(1) If a = B then Z3 5(A) T Z5 ,(A)

(2) fA\Tel, 7> B,a>\aB =\t then Zg 5(A) C Z§ (A)

(3) If0el,aff =w then Zg’ﬂ(nga(A)) = Z/“;’a(Zzﬁ(A))

@G Ifoel, a>pfa—af >w>p—af,a—af > 60 > 8 —af then
Z2 4(A) E Z§ ,(A)

(5) Z& 5(A) = (75, (A%))°
(6) If a#0 and B <w then Zg 5(A) C Z8 ,(A) and 25 5(A) E Z5 ,(A)
(7) If B#0 andw < « then Zg 4(A) C Z5 5(A) and Z8 (A EZ5 (A
(8) If w#0 and B < a then Z3 5(A) C Zfia(A) and Zg,w(A) CZg ., (A
(9) If B < a<w then Z% 4(A) C Z§ ,(A) and ZZ 4(A) T Z5 ,(A)
(10) If a < B <w then Z5 (A) C Zg ,(4)
(11) If B <w < a then Z% 5(A) E Z5 (A)
(12) Ifo eI, #1,a > 8,0 >w,a® > =5 Ac IFS(X) then Zg (Z§ 5(A)) £

Z§ (25 5(A))
8 B
(13) Ifa#1, 0 < a+B < 1then Z] 7 (A) = Bap(A) and Z, " (A) = Ko 5(A)
(14) If a+ B < 1 thenZy grepresents Hq 5 and M, g
(15) If we write af, fw(l — ), aB,aw(l — B) instead of o, ,v,6 resp. then
Ba,p,y,6 represents Zg 5.

The opposite of the Theorem1.14.(15) is not valid. Regarding the properties
represented above, the diagram of one type modal operators over IFSs is displayed
in Figure 5.
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2. Some Relationships of One Type Modal Operators Over
Intuitionistic Fuzzy Sets

In [13], the relationships between some One Type Modal Operators over Intu-
itionistic Fuzzy Sets have been studied. Some important relations are as follows:

Theorem 2.1. [13]|Let o, f,w, 01,02 € I,01 4+ 05 € I and A € IFS(X) then
(1) Zg 5 (B, (A)) T Z3 5 (Ho, 0, (A))
(2) Zw,ﬂ (591,92 (A) C Z(U;,,B (E91792,91 (A)), for 6 <62

(e}
Corollary 2.2. [13|Let o, 8, w, 01,602 € I,max{0;,0:} + 0, € [,A € [FS(X)

(1) Z,B (EE|91 (A)) c Z:,B (EE|91192 (A)) C Zcu;,B (E91y92,91 (A))

(2) If 01 < 02 then  Zg 5 (B, 04,0, (A)) E Z3 5 (Bo,.6, (A)) E Z5 5 (Bo,.0,.0, (4)) T
Zgj,ﬁ (8392191791 (A))

(3) If 02 < 61 then Z;},,B (E92191791 (A)) C Z:;,B (E92,91792 (A)) C Zg,ﬁ (BEI91,92 (A)) C
Z:,ﬁ (5391,92792 (A))

Theorem 2.3. [13|Let a, f,w, 01,02 € [,01 + 05 € I,A € IFS(X) then
Zg 5 (Mo, ,0,(A)) E Z5 5 (Ko, (A))
Theorem 2.4. [13]|Let o, f,w, 01,02,05 € I, max{0;,0,} + 03 €, Aec IFS(X).

(1) If 6, < min{6:,05} then Z2 ,(Kp, 9,(A)) T Z 5 (Ky, 9,.0,(A))
(2) If 6, < 0 then Zz,,@ (&919293 (A)) - Z;J,B (Ixel (A))

Corollary 2.5. [13]Let o, B,w,0,7 € I,0 <1 and let A € IFS(X) then

o (Mo e(A) EZy 5(Mgo-(A) CZy 5 (Ka(A))
Theorem 2.6. [13]Let A, B € IF'S(X) then AL B= Zg 5(A) C Zg 5(B)
Theorem 2.7. [13]Let o, f,w € I and A, B € IFS(X) then
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(1) 25 s(ANB) = Z3 5(A) N Z3 5(B)
(2) Z5s(AUB) = Z3 5(A) U Z3 5(B)

Theorem 2.8. [13]Let o, B,w € I, < a and A € IFS(X) then
Zg 5(Z5 o (A)) E Z§ (25 5(A))

Corollary 2.9. [13]Let o, S,w € I,af <w,a < f and A € IFS(X) then
23 8(Epa(A)) E Z5 o (Ea,p(A))

Theorem 2.10. [13]Let o, B,w,0 € I, A € IFS(X) then

(1) 25 (B(A) E 25 5 (K(A))

(2) 2 ( 0(A) E Z3 5 (Ko(A))

(3) 91 + 0o <1= Zy B (5391 02 (A)) L Z:,ﬁ (xel 92( ))

(4) max{¢91 + 92} +03<1= Z (5391792,93 (A)) Z:;)B (|E91 02,03 (A))

Corollary 2.11. [13]Let o, B, w, 01,02 € 1,01 + 05 € I and let A € IFS(X) then

Z;u,ﬂ (5391 (A)) C Z;j,ﬁ (591,92 (A)) C ZZ,B (|Z|9192 (A)> C Z:;,B (gel (A))

Theorem 2.12. [13]Let o, f,w,0 € I, A € IFS(X) then

(1) B(Zy 5(4)) CER(ZY 5(A4))

(2) Bo(Z3 5(A)) E Wp(Z7 5(A))

(3) 61 +92 €=, ez(Z“ (4)) E Ky, 92( ap(4))

( ) max{91 + 62} +03€l= EE91 02, 93( ( )) C Xy 1,02,03 (Zg,ﬁ(A))

Theorem 2.13. [13]Let o, B,w,01,04,01 + 65 € I and let A € IFS(X) then

( ) EE‘91( A)) E 5391,92(Z(U;,[3(A))
(2) X, 92( 5(A) E Ky, (Z5 5(4))

Corollary 2.14. [13|Let o, B, w, 61,05 € I, 01+ 02 € I, A€ IFS(X).

( ) o, (Zw (A)) C Ho,, 92(Zw (A)) C Xy, 0, (Zw (A)) £ My, (Z:,B(A))
(2) Eap (5391 (A4)) E Eap (9391 9, (A)) C Ea g (5301 02,0, (A))
3) a,8,0, 7€ 1,0 <7 andlet A€ IFS(X) then

Eop(Mo6(A)) E Eqp(Mgor(A) C Eqap(Xg(A))

Theorem 2.15. [13]Let o, B,w € I, A € IFS(X) then
(1) 1.(Zg 5(A) = Zg 5(1u(A))
(2) Zg 5(1,(A)) E L(Zg 5(A))
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3. The One Type Modal Operator Z;“g

It can be asked that whether or not there is any one type modal operator on
IFs different from the others and is it possible to extend the last one type modal
operators diagram. The answer is "yes”. In this study, we have defined a new one
type modal operator on IFS, that is generalization of the some one type modal
operators. The new operator defined as follows:

Definition 3.1. Let X be aset and A = {< x, ua(x),va(z) >z € X} € IFS(X),
a, B,w, 0 € [0,1]. We define the following operator:

Z:g(A) ={<z,Blapa(r) +w—w.a),a(fra(z)+ 0 —0.5) >z € X}

If Ac IFS(X) then pa(x) +va(z) <1 for every x € X. For o, 8 € I if we use
af—p<0,a0 —1<0and 1 —-w>0,1— >0 then

(af=B)(1—w)+(ad—1)(1—-p) <0.
Thus

)

af(pa(z) +va(z)) + fw — afw + ab — aB0
<af+ pw — apw+ ab — afl

=af+pw—afwt+al —aff+5—-8+1-1

— aB(1—w) — Bl —w) + ab(1— ) — (1- ) +1
=(@f-pB)1-w)+(afd-1)(1-p)+1
<1
therefore if A € IFS(X) then Z;J:g(A) € IFS(X). It is clear that
22(4) = 72 4(4)

Similar to other operators, this operator has some properties and relationships
by itself. In this section, we study these properties.

Theorem 3.2. Let o, 8,w,0 € I, w <0 and let A € IFS(X) then
Z20(A) € Z2 4(A)
Proof. If we use w < 0 then aw < af.

Z20(A)

{<z,B8(apa(z) + w—w.a),a(Brvalz) + 0 —0.0) >z € X}
{<z,B8(apa(z) + w —w.a),a(fra(z) + w—w.f) >z € X}
ap(4)

M

Theorem 3.3. Let o, B,w,0 € I, w <0 and let A € IFS(X) then
Z26(A) C Z05(A)
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Proof. If we use w < 6 and a8 < 8 then of (0 —w) < 5(0 —w).
fw—afw < pO—apb
= afuas(z)+ pw— afw < afpa(z) + B0 — aB6
now if we use a8 < « then
af(@—w) < a(l—w).
= aw—afw < af —apl
= afra(z) + aw — afw < afrva(z) + ab — ab

So,
Z20(A) = {<z,Blapa(r) +w—w.a),o(fra(z) +0—0.8) >z € X}
C {<zBlapa(z) +6—0.a),a(fra(z) +w—w.p) >z € X}
= Z0%5(4)
O

Theorem 3.4. Let o, 8,w,0 € I, « >  and let A € IFS(X) then
Z35(A) € Z50(A)

Proof. If we use 8 < a then fw < aw and af > 6.

Z;":g(A) = {<z,Bapa(x) + pw —wha,afrs(x) + 0o — 0af >: x € X}
C {<zfaps(z)+aw— Paw,afvs(x) + 08 —0af >z € X}
= Z5a(4)
Hence,

Z20(A) € Z250(A)

([l
Theorem 3.5. Let o, 8,w,0 € I and A € IFS(X) then
w,B 6,w
Zy5(A%) = Zg (A)
Proof. If we use definition of A€ it is clear that
Z:”Z(AC) = {<a,Pavs(x) + pw — wha,afua(x) + ba — faf >: x € X}
0,w
= Zﬁ,a(A)c
O
Theorem 3.6. Let o, 8,w,0 € I, w=0,w.0 = .0 and let A € IFS(X) then
e w,BO
Z05(4) = Z5(4)
Proof. The proof is clear. O

Theorem 3.7. Let o, B,w,0,0 € [, w <o and A € IFS(X) then
w,6 o,0
Zo5(A) E Z,5(A)
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Proof. If we use w < o then wf (1 — «) < o (1 — «). With this inequality

Z::Z(A) = {<z,Baps(z)+ fw — wla,afra(z) + 0o — ap >z € X}
C {<uzBapas(z)+ o —ofa,afra(z) + 0a —0af >: x € X}
= Z354)
O
Theorem 3.8. Let o, f,w,0,0 € I, max{w,o} <0 and A € IFS(X) then
Z25(A) T Z05(A)
Proof. If we use w < 6 then
w—wa < §-—ab
= Popa() + fw — afw < Bapa(z) + B0 — af
and if we use o < 6 then
0—p0 > o-—pfo
= afva(z) +0a —0aB > afra(z) + aoc — afo
Thus,
Z24(A) E Z05(A)
(I
Corollary 3.9. Let a,B,w,0 € I, w <60 and A € IFS(X) then
Z25(A) € 28 5(A)
Theorem 3.10. Let o,f €I, a < and A € IFS(X) then
Zo5(A) E Z75(A)
Proof. If we use o < 3 then a8 < 8% and a8 > a?. So,
ZS?(A) = {<, Bapa(x) + Ba — Ba?, afva(z) +af —af? >z € X}
C {<uz,Baus(z) + B% - BPa,afra(z) +a? —a?f >z € X}
= Z75(4)
U

Theorem 3.11. Let a, B, A\, 17,0,w eI, 7> B,a> N\w < 0,0 >¢,af = A1, and
let Ae IFS(X) then
ZoG(A) £ 255 (A)
Proof. If we use the above inequalities
bw(l—a) < 710(l1-=2MX)
= Pw < afw+T0 —TOA
= Bapa(z) + Pw — afw < Atpa(x) + 70 — TOA
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and
ad(1-0) > Xx(l—1)
= afva(z) +0a —0aB > Atva(z) + Ae — TAe
Therefore,
Z35(A) € Z35(4A)
O

Corollary 3.12. Let o, A\ 1,0,w € I, 7 > B,a > A\ aff = AT and let A €
IFS(X) then

Z05(A) E Z30(A)
Theorem 3.13. Let o, B,w,0 € I and A, B € IFS(X) then
(1) Z25(ANB) = Z25(A) N Z24(B)
(2) ZZ:,G(AUB) Z25(A) U Zwe( )

Proof. We know that for every x,y,c¢ € I min{x + ¢,y + ¢} = min{z,y} + ¢ and
max{x + ¢,y + ¢} = max{x,y} + ¢. (1)If we use the above equalities then we get,

)
2554 N Z2(B)
= {< 2, min(aBpa(x) + fw — afw, aBup(z) + fw — afw),
max{afva(z) + ab — afl, afrp(x) + ol —apl} > 2z € X}
= {< 2z, min(afpa (), aBup(z)) + w — afw,
max(afva(z),afrp(z)) + o —afl >z € X}
as(ANDB)
22340 B) = Z29(4) 0 22(B)
(2) If we use the same equalities as above then we get,
Z5(A) U Z25(B)
= {<z,max(afpa(r) + fw — afw, afup(z) + fw — afw),
min{afva(z) + af — a0, afvp(x) + af — afbf} >: x € X}
= {< z,max(afpa(z),afup(x)) + fw — afw,
min(afva(z),afrp(z)) + o —afl >: v € X}
=Z23(AUB)

So, we get
apg(AUB) = Zy 5(A)U Z; 5(B)

Theorem 3.14. Let o, S,w,0 € I, B <« and A € IFS(X) then
Z2HZ2G(A) E Z25(Z50(A))

a,p a
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Proof. If we use B < o then 82 < aff and o? > af8 So
af®+ B < af+a’B
= af?—af <a’g-p?
= azﬂQ,uA(x) + af?w — a?B%w + fw — afw
< QQBzuA(z) + a?Bw — a?B%w + fw — BPw
on the other hand
a’B+a’ > af+ap
= a?B0 —afl > af?0 — o206
= o?BPua(x) +a?B0 — o*B%0 + ab — aBf
> 042521/,4(30) + afB%0 — a25%0 + ab — %0
Hence,
ZoH(Z25(A) T Z205(Z5:0(A))
O

Theorem 3.15. Let o, f,w,0 € I, w >0, 0(1 —0) > w(l — ) and A € IFS(X)
then

w,0 a, a, w,BO
Z35(259(A) T Z53(Z:5(4))
Proof. The proof is clear. O
Theorem 3.16. Let o, B,w,0 €I, B < a,a.f.w <60 and A€ IFS(X) then
0,w ( rw,0 0,w/ rw,0
Za,ﬁ(Zﬁ,a(A)) E Zﬁ,a(Z(x,B(A))
Proof. If we use 8 < a and a.f.w < 0 we get
afw(a—B) < 0(a—pB)
with this inequality
0,w w,0
Zap(Z50(A))
— {< &, B202pa(x) + a®Buw — 820w + B6 — afe,
B2alva(z) + af?0 — a’B%0 + aw — afw >:x € X}
C {<z,p%%ua(z) + af?w — B*a’w + af — afbb,
B2a’va(x) + a?B0 — a?B%0 + fw — afw > x € X}
6,w w,0
=Zgo(Za5(A))
O
In wiev of this properties, we can say that the operator Z::g is a generalization

of Zy g.and also, Eq g, Ba g, Ko g If we use this result, we get the new diagram of
one type modal operators as in Figure 6:
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@a.-ﬁfvﬁfs.{

FIGURE 6

This is the last diagram of one type modal operators on IFSs. If we use the
above properties, we can say that there is no one type modal operator on IFSs so
that it is written inside of the last diagram. On the other hand, in the future, we
may say that there are some one type modal operators that can be written outside
of the last diagram.

4. Some Relationships Among One Type Modal Operators on
Intuitionistic Fuzzy Sets

In several papers, some authors have discussed the relationships among the one
type modal operators, some of which are given in the above section. First and
foremost, we want to study standard relationships between the operator Z;":g and
the others. Afterwards, we will show the different relationships between them.

Theorem 4.1. Let o, 8,w,0 € I,a > and A € IFS(X) then
5 (Z55(A) € 24 5(Z53(4))
Proof. If we use 8 < « then a8? < a2
% o(Z55(A)
= {< 2,82 ua(z) + afw — B*Pw + fw — aBuw,
B2alva(x) + a?B0 — a*B%0 + aw — afw >: 1 € X}
C {< z, B2 ua(z) + o?Bw — f*’w + fw — afw,
B2alva(x) + af?0 — a?B%0 + aw — afw > € X}
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=72 5(Z50(A))
Thus,
25 5(Z25(A) T Z5 5(Z570(A))
U
Theorem 4.2. Let o, 8,w,0 € I,a > and A € IFS(X) then
28 5(Z25(A)) C 25 o(Z525(A)
Proof. If we use a > 3 then af > 56
7 5(Z25(A))
— {< o, B202a(x) + afw — B2a%w + B0 — a0,
B2alva(x) + a?B0 — a?B%0 +ab —aB >:x € X}
C {< z,B%?pa(z) + af?w — f%’w + ab — afé,
B2alva(x) + a?B0 — o*B%0 + B0 — aff > x € X}
= 74 .(225(A))
Therefore,
78 5(Z25(A) € 28 (Z25(A))
O
Theorem 4.3. Let o, B,w,0,7 € I, A IFS(X) then
(1) Z5 (B(A) T 275 (B(4))
(2) Z, 9( - (A) C 255 (R (A))
(3) 7_1+7—2<1:>Zw0( T1‘I'2( )) ZwG( 7’172(A))
(4) maX{TlaT2} + 73 < 1= Zw 0 (BH7'17T2,7'3 ( )) C Z:;:g (|X|7'177'27T3(A))
Proof. (1)If we use definitions of B (A4) and X(A) then
Z:,’Z(EE(A)) = {<z pa HA( ) + Bw — wha, o 57( 2)+1 +0a—60aB >z € X}
cC {< x,ﬂa% +ﬂw—wﬂa,aﬂy Q(z) +0a—6af >z € X}
= 225 (R(A))
(2)If we use af — aft > 0 then
225 (B, (4))
={< z, (Bar) pa(z) + fw — wPa,
(Bat)va(x) + af —aft +0a—0af >: x € X}
C {< 2, (BaT) pa(z) + af — af7t + fw — wPa,
(BaT)va(z) +0a —0af >z € X}
= 725 (R-(4))
(3-4) are shown by the same way as above. O
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Corollary 4.4. Let a,B,w,0 € I, <« and A € TFS(X) then
Z:5(Ba,p(4)) E Z50(Eap(4))
Theorem 4.5. Let a,f,w,0, 77 € I,max{m, 2} +7 € I and nn < 7, A €
IFS(X) then
235 (B (A) € 255 (Bryma (A) E 225 Brimaim (4))

a,p
Proof. If we use 71 + 79 < 1 then
af —afn afTs

>
= (Bar)va(z)+aB —aBm +0a —0af
> (Bam)va(z) + afe + 0a — 0af

so we get
225 B, (A) € 225 (Brim (A))
on the other hand if we use 7y < 75 then
2—71 2> 0
= Twa(x) + 1 > nra(z) + 7
= (Ban)va(x) + afr +0a —0afp
> (Barm)va(z)+ afm + 0o — o
and we get

w,0 w,O
Za,ﬂ (BaTl,Tz (A)) C Z@,B (BHTIJ'%TI (A)>

So,

Ze (Br, (A) © 255 (Br iy (A) © 2575 (Bry o, (4))

Theorem 4.6. Let o, B,w,0, 7,y € I, 7 <~ and let A € IFS(X) then

228 (Kr 7 (A) € 227 (Ry.74(A)) 2275 (K-(A))

Proof. If we use 7 < v then
225 (Rr7(A))
= {<z,(Bar)pa(x) + aft + Pw — wha, (BaT)va(z) + 0o — baf >: x € X}
C {<z (Bar)pa(z) + aby + pw — wha, (BaT)va(z) + 0o — Oaf >: x € X}
= 275 (8-.,(4))
on the other hand if we use 7+ v < 1 then afy < aff — af7. with inequality, we
get
224G (Rrry(A))
{< 2, (Bar) pa(@) + afy + Buw — wha, (Bar) va(z) + 0o — baf >: z € X}
{< 2, (Bar) pa(z) + af — afr + fw — wpa,
(Bat)va(x) + 0a —baf >: x € X}
— 72 (R, (4)

1M
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Thus,

Z5 (B (4) T 25 (Brry (A)) € 2505 (Rr(4))
Corollary 4.7. Let o, B,w,0, 11,70 € I, 71 + 170 € I and let A € IFS(X) then

2% (Br, (A) C 225 (B, 7, (A) T 225 (R, 1,(A)) E 2275 (Br,(4))
Theorem 4.8. Let o, 8,w,0,71, 70 € I and let A € IFS(X) then
B, (Z275(A)) € By, 1, (225(A))
Proof. If we use 71 + 79 < 1 then
ar (Bra(z)+0—00)+ 12 < an(fra(z)+0—-p0)+1—n

and if we use inequality 571 (apa(x) + w — aw) = Bri(apa(z) + w — aw) then we
get
By, (Z5(A)) T Br, 1 (Z275(4))

a,

Theorem 4.9. Let o, f,w, 11,2 €I, 1+ <1, A€ IFS(X) then
w,0 w,0
M- 7 (Z45(A) E XL (Z,75(A))

Proof. If we use definition of 71,75 we get 79 < 1— 7y then

R, (Z25(A))

{< z,Br(aps(z) + w— aw) + 12, am1 (Bra(x) + 0 — ) >: x € X}
{<z,Br(apa(z) +w—oaw)+1—1,an(Bra(z) + 60— 00 >z € X}
= K, (225(A)

Hence,

Ir1

Ry, (Z575(4)) C By, (Z575(A))

ai

Theorem 4.10. Let o, f,w,0,7 € I, A€ IFS(X) then
(1) B(Z25(A) CR(Z25(A))
(2) B-(Z5(4)) C R (Z75(A)
(3) T+ 72 € 1= B n(Z75(4) £ By, 1 (Z575(4))
(4) max{r, m} + 73 € I = By, 1,7, (Z25(A) TRy, 1y 1, (Z25(A))
Proof. We know that
if Ac IFS(X) thenH (A) C X(A).
So,
B(Z25(A)) T R(Z275(A)).
Consequently, the other properties can be shown similarly. ([
Corollary 4.11. Let o, f,w, 11,72 €I, M+ 12 €I, Ac IFS(X) then

By, (Z575(A) T Bry 1 (Z05(A)) £ By 1 (Z275(4)) € By (255(4))

w
a, a,f
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