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ORDERED SEMIGROUPS CHARACTERIZED BY THEIR
INTUITIONISTIC FUZZY BI-IDEALS

A. KHAN, Y. B. JUN AND M. SHABIR

ABSTRACT. Fuzzy bi-ideals play an important role in the study of ordered
semigroup structures. The purpose of this paper is to initiate and study the
intiuitionistic fuzzy bi-ideals in ordered semigroups and investigate the basic
theorem of intuitionistic fuzzy bi-ideals. To provide the characterizations of
regular ordered semigroups in terms of intuitionistic fuzzy bi-ideals and to
discuss the relationships of left(resp. right and completely regular) ordered
semigroups in terms intuitionistic fuzzy bi-ideals.

1. Introduction

The theory of fuzzy sets proposed by Zadeh [27] in 1965, has achieved a great suc-
cess in various fields. Also several higher order fuzzy sets, introduced by Atanassov
(see [1], [2] and [3]) have been found to be highly useful to deal with vagueness. In
[4], Borzooei and Jun introduced the concept of an intuitionistic fuzzy hyper BCK -
ideal of a hyper BCK-algebra and established some related properties using this
notion. Rafi and Noorani used this notion and introduced the concept of intuition-
istic fuzzy contraction mappings and proved a fixed point theorem in intuitionistic
fuzzy metric spaces (see [22]). In [11], Hur et al. introduced some intuitionis-
tic fuzzy congruences. Hosseini et al. introduced intuitionistic fuzzy metric and
normed spaces and proved several theorems about completeness, compactness and
weak convergence in these spaces [10]. Gau and Buehre in [9], presented the concept
of vague sets. But, Burillo and Bustince in [5], have shown that the notion of vague
sets coincides with that of intuitionistic fuzzy sets. Szmidt and Kacprzyk (see [26])
proposed a non-probabilistic type entropy measures for intuitionistic fuzzy sets. De
et al. [7] studied the Sanchez’s approach for medical diagnosis and extended this
concept with the notion of intuitionistic fuzzy set theory. Dengfeng and Chunfian
[8] introduced the concept of the degree of similarity between intuitionistic fuzzy
sets, which may be finite or continuous, and gave corresponding proofs of these
similarity measure and discussed applications of the similarity measures between
intuitionistic fuzzy sets to pattern recognition problems. Intuitionistic fuzzy sets
have many applications in mathematics, Davvaz et al. [6], applied this concept in
H,-modules. They introduced the notion of an intuitionistic fuzzy H,-submodule
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of an H,-module and studied the related properties. In [19], [20], Kim and Jun
introduced the concept of intuitionistic fuzzy (interior) ideals of semigroups. In
[24], Shabir and Khan gave the concept of an intuitionistic fuzzy interior ideal of
ordered semigroups and characterized different classes of ordered semigroups in
terms of intuitionistic fuzzy interior ideals. They also gave the concept of an intu-
itionistic fuzzy generalized bi-ideal in [25] and discussed different calsses of ordered
semigroups in terms of intituitionistic fuzzy generalized bi-ideals. Fuzzy bi-ideals
in ordered semigroups were introduced by Kehayopulu and Tsingelis in [15] and
studied the basic properties of ordered semigroups in terms of fuzzy bi-ideals.

In this paper, we characterize regular, left and right simple ordered semigroups
and completely regular ordered semigroups in terms of intuitionistic fuzzy bi-ideals.
In this respect, we prove that: An ordered semigroup S is regular, left and right
simple if and only if every intuitionistic fuzzy bi-ideal A = (u4,74) of S is a
constant mapping. We also prove that S is completely regular if and only if for
every intuitionistic fuzzy bi-ideal A = (u4,7,4) of S, we have p,(a) = p,(a?) and
yala) = v4(a®) for every a € S. We prove that an ordered semigroup S is a
semilattice of left and right simple semigroups if and only if for every intuitionistic
fuzzy bi-ideal A = (u4,74) of S we have p4(a) = pq(a®), v4(a) = v4(a®) and
ta(ab) = py(ba), v 4(ab) = v4(ba) for every a,b € S. Next we characterize regular
ordered semigroups in terms of intuitionistic fuzzy bi-ideals of S. We prove that
an ordered semigroup S is a regular ordered semigroup if and only if for every
intuitionistic fuzzy bi-ideal A = (u4,v,4) of S we have A = Ao 1, 0 A.

2. Preliminaries

An ordered semigroup is an ordered set S at the same time a semigroup such
that

(Va,b,xz € S) (a <b= za < zb and az < bz).
Let (S, -, <) be an ordered semigroup. For A C S, we denote

(A] ;= {t € S|t < h for some h € A}.

For A, B C S we denote, AB := {abla € A,b € B}.

For subsets A and B of an ordered semigroup S we have A C (A], (4](B] C
(AB, (4] = (A]

Let (S, -, <) be an ordered semigroup and ) # A C S. Then A is called a right
(resp. left) ideal of S if: (1) AS C A (resp. SA C A) and (2) If a € A and
S>b<a,then be A9]. If Ais both right and left ideal of S, then it is called a
two-sided ideal or simply an ideal of S.

Let (S,-, <) be an ordered semigroup, §) # A C S. Then A is called a subsemi-
group of S if A2 C A.

Let (S,-, <) be an ordered semigroup. A non-empty subset A of S is called a
bi-ideal of S if [15]:

(i) 42 C A,

(ii)) ASAC A,

(i) If a € Aand S5 b < athenbe A
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Let (S, -, <) be an ordered semigroup and ) # A C S. Then the set (AUA?UAS A]
is the bi-ideal of S generated by A. In particular, if A = {z}(z € S), then we write
(z U2? UxSz], instead of ({z} U {z?} U {z}S{z}][15].

Let (S,-, <) be an ordered semigroup. By a fuzzy subset p of S, we mean a
mapping u: S — [0,1].

Let u and A be fuzzy subsets of an ordered semigroup S, then the fuzzy subsets
pNAand pUM of S are defined as follows:

Vo € S)((kNA)(z) = p(@) A Az))
(Vo € S)(BUN@) = plz) vV A@)).
A fuzzy subset p of S is called a fuzzy subsemigroup of S if [15]:

(Vz,y € S)(u(zy) > min{u(x), u(y)}).

A fuzzy subsemigroup p of S is called a fuzzy bi-ideal of S if [15]:
(1) (Vo,y € S)(x <y = p(z) 2 p(y)) and
(2) (Vz,y,z € S)(p(zyz) > min {p(z), u(2)}).

3. Intuitionistic Fuzzy Bi-ideals

As an important generalization of the notion of fuzzy sets in S, Atanassov [1],
introduced the concept of an intuitionistic fuzzy set (IF'S for short) defined on a
non-empty set S as objects having the form A = {(z, p4(z),v4(2))|z € S},

where the functions p, : S — [0,1] and v4 : S — [0, 1] denote the degree of
membership (namely u 4 (2)) and the degree of non-membership (namely 7 4(x)) of
each element € S to the set A, respectively and 0 < p(z) + vy(z) < 1, for each
x € S. For the sake of simplicity, we shall use the symbol A = (u4,v,4) for the
intuitionistic fuzzy set A = {{z, u4(x),y4(x))|z € S}.

Let (S,-,<) be an ordered semigroup. An IFS A = (u,,7v4) in S is called an
intuitionistic fuzzy subsemigroup of S (cf. [12]) if:

(1) (Va,y € S)(palzy) 2 pa(z) Apaly)),

(2) (Va,y € S)(yalzy) <valx) Vyaly))-

Definition 3.1. An intuitionistic fuzzy subsemigroup A = (u4,7v4) of S is called
an intuitionistic fuzzy bi-ideal of S (cf. [12]) if:

(1) (Va,y € S)(x <y = pal®) > pa(y),74(@) <74H)),

(2) (Vo,y,2 € S)(palryz) > pa(@) A pa(2)),

(3) (Va,y,2 € S)(yalzyz) < yalx) Vya(2))-

Let (S,-,<) be an ordered semigroup and () # A C S. Then the intuitionistic
characteristic function x 4 = (1,7, ,) of A is defined as

[ lifx e A,
fy, 2 S — [0,1]]z — p, (@) .—{ Oifz ¢ A

and

Oifx € A,
Yy, S — [0, 1]z — v, () = {

lifx ¢ A



58 A. Khan, Y. B. Jun and M. Shabir

We denote by IF (S) the set of all intuitionistic fuzzy sets in an ordered semi-
group S. For IFSs A = (u,,v4) and B = (ug,vg) of S we define the order relation
7C 7 as follows:

ACBifandonly if py < ppg,v4 = vp if and only if py(z) < pp(@), va(z) >
vg (z) for all x € S.

Let A= (uy,v4) and B = (ug,vyg) be any two IF'Ss in an ordered semigroup
S. Then (1) A=B<= ACBand BCA

(2) A” = (v, 14)

(3) AN B = (tarps Y avp) and

(4) 0~ =(0,1),1. = (1,0).

Lemma 3.2. (¢f. [12]). Let (S,-,<) be an ordered semigroup and ) # A C S.
Then A is a bi-ideal of S if and only if the intuitionistic characteristic function
XA = (pXA,7XA> of A is an intuitionistic fuzzy bi-ideal of S.

An ordered semigroup (S, -, <) is called regular, if for every a € S there exists
x € S, such that a < aza [13].

Equivalent definitions:

(1) (Va € S)(a € (aSa)).

(2) (VA C S)(A C (ASA4]).

An ordered semigroup (S, -, <) is left (resp. right) regular (cf. [17]), if for every
a € S there exists x € S such that a < za® (resp. a < a’z).

Equivalent definitions:

(1) (Va € S)(a € (Sa®](resp. a € (a%9])).

(2) (VA C S)(A C (S4%|(resp. A C (428])).

An ordered semigroup S is called completely regular if it is regular, left regular
and right regular (see [15]).

Lemma 3.3. (¢f. [15]) An ordered semigroup S is completely regular if and only
if A C (A2SA?] for every A C S. Equivalently, if a € (a®>Sa?] for every a € S.

Theorem 3.4. An ordered semigroup (S, -, <) is completely regular if and only if
for every intuitionistic fuzzy bi-ideal A = (u,,v4) of S, we have

pala) = py(a®) and y4(a) = v4(a®) for every a € S.

Proof. = . Assume that A = (u4,7v,4) is an intuitionistic fuzzy bi-ideal of S. Let
a € S. Since S is completely regular, then a € (a?Sa?). That is a < a’xa® for some
x € S. Since A = {uu4,7v,) is an intuitionistic fuzzy bi-ideal of S, we have

pa(a) > pa(a®za®) > pa(a®) A pa(a®)
= pa(a®) > pala) Apyla) = py(a),
and
va(a) < yala®za®) <vyu(a®) Vyala®)
= 74(@®) <yala) Vyala) = v4(a).
Hence p(a) = p1(a?) and 7,4(a) = 74(a%).
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< . Let A(a®) be a bi-ideal of S generated by a?, i.e., A(a®) = (a?Ua*Ua®Sa?].
By Lemma 1, the intuitionistic characteristic function x 442y = ( of

A(a?) defined by:

P piazy Vxaazy)

1if z € A(a?)

:S — [0,1]j]z — “XA(GZ)(:E) = { Oifz ¢ A(a2

'uXA(aZ)

)

)
) [ 0ifz e A(a®)
Maq@) §— 0. 14]lz — 7XA(aZ)(m) o { 1if z ¢ A(a®),

is an intuitionistic fuzzy bi-ideal of S. Then by hypothesis, we have

— 2 _ 2
/'LX (a’) - MXA(J) (a’ ) a‘nd ’YXA(Q2) (a’) - ’YXA(Q ((l )

A(a?) 2)
: 2 2
Since a* € A(a?), S

Vxaaz, (@) = 0 and hence a € A(a?) = (a® U a* U a2Sa?]. Thus

(a?) =1 and 7XA(02)(a2) = 0. Then ,uXA(aZ)(a) =1 and

a§a2ora§a40ra§a2xa2forsomea:ES.

If a < a® then
a< a’ =aa < a’a® = ad’a < a’a’a® € a®>Sad’.
Similarly, in other cases we get a < a’va® for some v € S. Consequently, a €
(a’Sa?] and by Lemma 2, S is completely regular. ad

The intuitionisitc fuzzy set “0.” (resp. “1.”) is the least (resp. the greatest)
element in the set (IF(S),C) (that is, 0. C A and A C 1. for every A € IF(S)).
The IFS “0.” is the zero element of (IF(S),o,C) ( thatis, Ao0. =0.04 =0~
and 0. C A for every A € [F(S)).

Let (S, -, <) be an ordered semigroup. A subsemigroup F' of S is called a filter
of S if:

(1) (Va,be S)(abe F=a€ Fand be F).

(2) (Vee S)(c>a€e F=-c€F).

For z € S, we denote by N(z) the filter of S generated by z (that is the least
filter with respect to inclusion relation containing z). A/ denotes the equivalence
relation on S defined by N := {(z,y) € S x S|N(z) = N(y)}. Let S be an or-
dered semigroup. An equivalence relation o on S is called congruence if (a,b) € o
implies (ac,bc) € o and (ca,cb) € o for every ¢ € S. A congruence o on S is
called semilattice congruence if (a®>,a) € o and (ab,ba) € o for each a,b € S (see
[15]). If o is a semilattice congruence on S then the o-class (z), of S containing
x is a subsemigroup of S for every = € S (see [15]). An ordered semigroup S is
called a semilattice of left and right simple semigroups if there exists a semilattice
congruence o on S such that the o-class (), of S containing x is a left and right
simple subsemigroup of S for every = € S.

Equivalent definition:

There exists a semilattice Y and a family {S,}.cy of left and right simple
subsemigroups of S such that

(1) SaﬁSB:@ Va,B €Y, a#8,
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2) S=J Sa,
acY
(3) SaSp C Sap Va,B €Y.

Lemma 3.5. (c¢f. [15]). An ordered semigroup (S, -, <) is a semilattice of left and
right simple semigroups if and only if for all bi-ideals A, B of S, we have

(A?] = A and (AB] = (BA].
Theorem 3.6. Let S be an ordered semigroup. Then the following are equivalent:

(1) S is regular, left and right simple.
(2) Every intuitionistic fuzzy bi-ideal A = (u4,v,4) of S is a constant mapping.

Proof. (1)=(2). Assume that S is regular, left and right simple. Let A = (u4,v4)
be an intuitionistic fuzzy bi-ideal of S. We consider the set
Eq :={e€ Sle* > e}

Then Eq # 0. In fact, Since S is regular, let a € S. Then there exists x € S

such that a < axa. Then
(az)? = (axa)x > ax,

and so ar € Eg.

(1) Let t € Eq, we prove that A = (u4,7v,4) is a constant mapping on Eq. That
is, pa(e) = pa(t) and v 4(e) = y4(t) for every e € Eq. In fact, Since S is left and
right simple, and ¢t € S, we have S = (St] and S = (t5], since e € S, we have
e € (tS] and e € (St]. Then e < ts and e < 2t for some s,z € S. Then

e? < t(sz)t

Since A = (11 4,7v4) is an intuitionistic fuzzy bi-ideal of S, we have

pa(e?) > pa(t(s2)t) > min{pa(t), pa(t)} = pa(t),
vale?) < valt(s2)t) < max{ya(t),va(t)} =7a(D).

On the other hand, since e € Eq, € > e and we have u4(e) > py(€?),v4(e) <
va(€?). Thus py(e) < pa(t),v4(e) < v4(t). In a similar way we can prove that

pa(t) < py(e),va(t) < yale). Thus py(t) = pale), va(t) = vale)-

(2) Now, we prove that A = (u4,74) is a constant mapping on S. That is,
pala) = py(t) and y4(a) = y4(t) for every a € S. In fact, Since S is regular there
exists € S such that a < azxa. Then

(az)? = (aza)r > ax and (za)? = z(aza) > za

and hence ax and za € Eq. Thus by (1) we have p 4 (ax) = ps(t), v4(ax) = v 4(t)

and pq(za) = pa(t),v4(xa) = 7,4(t). Since

(az)a(za) = (axa)za > axa > a,

pa((ax)a(za)) > minfpu,(az), pa(ar)} = palar) = pa(t),
Va((az)a(za)) < max{y,(ax), v (az)} =7 4(az) = 74(1)-

ta(a)
Yala)

IN IV
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Since S is left and right simple, we have (Sa] = S and (aS] = S. Since t € S we
have t € (Sa] and ¢ € (aS]. Then t < s1a and t < az; for some s1,z; € S. Then
t? < a(z181)a, since A = (u4,v4) is an intuitionistic fuzzy bi-ideal of S, we have

pat®) < pala(zisi)a) <min{py(a), pa(a)} = py(a),
7a#®) < valalzisi)a) < max{y(a),74(a)} = va(a).
Since t € Eq, we have t2 > t, then u,(t) > ps(t?), v4(t?) > v4(t). Hence
pa(t) > pala) and v, (t) < v4(a). Therefore, s (t) = pa(a) and 74(t) = v4(a).
(2) = (1). Let a € S. Then (Sa] is a bi-ideal of S. In fact: (i) (Sa](Sa] C (Sa],
(ii) (Sa]S(Sa] C (Sa] and (iii) If a € (Sa] such that S 3 b < a € (Sa], then
b € ((Sa]] = (Sa]. By Lemma 1, the intuitionistic characteristic mapping x(g,] =

(Hxcsa> Vxisap)

[ 1 ifxe(Sd]
Fx(sa §— 0,1z — Fx(sa () = { 0if z ¢ (Sa],
[ 0 ifxe(Sd]
TX(sal §—[0.1lz — Tx(sal (@) = { 1if z ¢ (Sal,

is an intuitionistic fuzzy bi-ideal of S. By hypothesis, x (g, = <”X(sa1’7x(sa]> is
a constant mapping, that is, for every z € S there exists ¢ € {0,1} such that
@) =cand @ =c ()
Let (Sa] ¢ S. Let t € S be such that ¢ ¢ (Sa]. Then P suy (t) = 0 and
Vx(sa(t) = L. Since a’ € (Sa], we have Py s (a*) =1 and Vx(sal (a?) = 0, which is
a contradiction. Thus S = (Sa]. By symmetry we can prove that (aS] = S. Thus S

is left and right simple. Since a € S = (Sa] = (aS], we have a € (aS] = (a(Sa]] =
(aSa] and S is regular. O

Lemma 3.7. (¢f. [15]) Let (S,-, <) be an ordered semigroup. Let B(z) and B(y)
be the bi-ideals of S generated by the elements x, y of S, respectively. Then

B(x)SB(y) C (xSy].

Theorem 3.8. An ordered semigroup (S,-, <) is a semilattice of left and right
simple semigroups if and only if for every intuitionistic fuzzy bi-ideal A = (u,v4)
of S we have

pala) = pa(a®),v4(a) =va(a®
and py(ab) = py(ba),v4(ab) =y 4(ba) for all a,b € S.

Proof. = . (A) Let A = (uy4,7v4) be an intuitionistic fuzzy bi-ideal of S and let S
be a semilattice of left and right simple subsemigroups. Then by hypothesis there
exists a semilattice and a family {S,}acy of left and right simple subsemigroups
of S such that:

(1) SanNSg=0 Ya,B €Y, a#p,

(2) S = U Sa,

acY
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(3) SaSp C Sas Vo, B €Y. Let a € S. Sincea € S = | J Sa, there exists a € ¥

acY
such that a € S,. Since S, is left and right simple then,

So = (aSqa] = {t € S|t < aza for some z € S, },

then a < aza for some z € S,. Since x € S, we have z < aya for some y € S,.
Then we have a < aza < a(aya)a = a’>ya®, and so a € (a®>Sa?]. Since A = (p4,74)
is an intuitionistic fuzzy bi-ideal of S by Theorem 1, we have p4(a) = u4(a?) and

vala) =v4(a?).

(B). Let a,b € S. Then by (A) we have

palab) = py((ab)?) = pa((ab)*) and y,(ab) = v4((ab)*) = y4((ab)").
On the other hand,
(ab)* = (aba)(babab) € B(aba)B(babab) C (B(aba)B(babab)]

B(babab) B(aba)] (by Lemma 3)
B(babab)(B(aba)?]] (by Lemma 3 )
B(babab)(B(aba)B(aba)]] = ((Bbabab)](B(aba)B(aba)]]

(babab)

(

B
B

—_— o~

B(babab) B(aba) B(aba)]]
B(babab)S B(aba)]]
((babab)S(aba)]]( by by Lemma 4)
= ((babab)S(aba)].

Then (ab)* < (babab)z(aba) for some z € S. Since A = (u,,7,4) is an intuition-
istic fuzzy bi-ideal of S, we have

pal(ab)t) > ya(ba(babza)ba)) > min{us(ba), pa(ba)} = pa(ba),
val(ab)?) <y, (ba(babza)ba)) < max{y,(ba),v.4(ba)} = 7. (ba).

N

~ o~~~ o~~~

Hence we have p4(ab) > p4(ba) and v,4(ab) < v, (ba). By symmetry we can
prove that p 4 (ba) > p4(ab) and v4(ba) < v 4 (ab). Therefore pu 4(ab) = p4(ba) and
Ya(ab) = v4(ba).

<= . Assume that

pala) = ps(a®),v4(a) = v4(a®)
and
ta(ab) = py(ba), v 4(ab) = v 4(ba),
for every intuitionistic fuzzy bi-ideal A = {(u4,v,4) of S. By condition (1) and

Theorem 1, it follows that S is completely regular. Let A be a bi-ideal of S and let
a € A. Since a € S and S is completely regular then by Lemma 2, we have

a < a’za® = alaza)a € A(ASA)A C AAA C AA = A%,
then A C A% and we have (A] C (A?] = A C (4?]. On the other hand, since A
is a subsemigroup of S, we have A% C A then (42%] C (4] = A.

Let A and B be bi-ideals of S and =z € (BA], then z < ba for some a € A
and b € B. We consider the bi-ideal B(ab) generated by ab. That is, the set
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B(ab) = (abUababUabSab]. By Lemma 1, the intuitionistic characteristic mapping
XB(ab) = (B any» Vras ) OF Blab) defined by

‘ | lifxz € B(ab)
gy 3 0 Alr — ) (@) = { 0if z ¢ B(ab),
b

0if z € B(a
Txpan §— 10, 1lz — X5 (an) () := { 1if z ¢ B(ab),

is an intuitionistic fuzzy bi-ideal of S. By hypothesis
P g as) (ab) = [N (ba) and Vx5 (as) (ab) = V(e (ba).

Since ab € B(ab), we have X g an) (ab) = 1 and Vxsan) (ab) = 0. Thus X g an) (ba) =
1 and Vs (as) (ba) = 0 and ba € B(ab) = (ab U abab U abSab] and we have ba < ab
or ba < abab or ba < abzrab for some x € S. If ba < ab, then x < ab € AB and
z € (AB]. If ba < abab, then z < abab € ABAB C (AB)? C (AB]? C (AB] and
x € ((AB]] = (AB]. If ba < abzab, then z < abzrab € (AB)S(AB) C (AB]S(AB] C
(AB] and = € ((AB]] = (AB]. Hence in any case we have (BA] C (AB]. By sym-
metry we can prove that (AB] C (BA]. Thus (AB] = (BA] and by Lemma 3, S is
a semilattice of left and right simple subsemigroups. O

Let X C S, and a € S, then we define

Xo:={(y,2z) € S x Sla <yz} [13].

For any two intuitionistic fuzzy sets A = (uy,v4) and B = {(up, vp) in an
ordered semigroup S, the intuitionistic fuzzy product Ao B = (4.5, Vaog) of A
and B is an intuitionistic fuzzy set in S defined as follows:

Laop : S — [0,1]|z — paop() = \/ min{p,(y), up(2)},
(y,2)EXa

Yaop 1S — [0, 1]je — yaop(@) = N\ max{y,(),vp(2)},
(y,2)EXq

if X, # 0. Otherwise, we define Ao B =0., i.e. puy,p(x) =0 and vy4,5(z) = 1.
Clearly, if A, B, and C are any IFSs in S such that A C B then AoC C BoC

and CoA CCoB.
For a non-empty family of IF'Ss {A;};.; of an ordered semigroup S. We have

U A; = (\/iel K, /\ 'yAl,) and ﬂiel A; = (/\ i \/iel 'yi> where

iel iel i€l

V ia, 28— 10,1 ja — (\/ ,UAi> (@) := sup;er{pa, (a)la € S},

il iel
/\uAl, : S —[0,1]|]a — (/\,uAi> (a) :=inficr {py, (a)la € S}.
il iel
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Lemma 3.9. (¢f. [25, Proposition 3.4]) Let (S,-, <) be an ordered semigroup and
A,BCS. Then

XA°XB = X(AB] V€ By, x5 = 'UX(AB] and MXaoxs = ,YX(AB]'

Lemma 3.10. Let S be an ordered semigroup and A = (uy,v4) an intuitionistic
fuzzy bi-ideal of S. Then
Aol _oACA.

Proof. Let a € S. If X, = 0 then piy;_oa(a) =0 < py(a) and y40; oa(a) =1 >
va-If Xou # 0, then

Haotoal@) + = \/ min{f o1 (¥), Ha(2)}
(y,2)€EXa

\V min{ \/  min{us(mn),1(z1)}, pa(2)}

(972)€XG (y1,Z1)€Xy

— \/ \/ min{min{p4(y1), 1}, 4 (2)}

(972)€Xa (y1,z1)€Xy

_ \/ \/ min{ iy (y1), pa(2)}-

(972)€Xa (y1,z1)€Xy

Yaoroala) = /\ max{Y 01, (¥),74(2)}
(y,2)€EXa

= /\ max{ /\ max{y,(y1),0(21)},v4(2)}

(y,2)€Xa (y1,21)EXy

= /\ /\ max{max{vA (yl)a 0}77.4 (Z)}

(¥,2)€Xa (y1,21)EXy
= A AN max{y,(),74(2)}-
(¥,2)€Xa (y1,21)EXy
Since a < yz and y < y121, we have a < (y121)2 = y1212. Since A = (uy,v4) 18
an intuitionistic fuzzy bi-ideal of S, we have
pala) > pa(yrziz) > min{ps(yi), pa(z)},
Yala) < yalyrziz) < max{y,(y1),74(2)}-

Then
\V \/  min{p,(n)ma2)} <V \/  nala)
(y,2)€Aa (y1,21)EAy (y,2)€Aa (y1,21)EAy
= H’A(a)v
and

A AN max{yi@),vax)} > A AN vale)

(y,2)€Xa (y1,21)EXy (y,2)€EXa (y1,21)EXy
= ’YA(G)-
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Hence tsor .o (a) < f14(a) and 7 sor o (a) > 74(a). Therefore, (4o 1.0 A)(a) C
A(a). O

Lemma 3.11. (cf. [23]). Let S be an ordered semigroup. Then the following are
equivalent:

(1) S is regular.
(2) B = (BSB] for every bi-ideal B of S.
(3) B(a) = (B(a)SB(a)] for every a € S.

Theorem 3.12. An ordered semigroup is reqular if and only if and only if for every
intuitionistic fuzzy bi-ideal A = (u4,v4) of S, we have

A=A0l._0A.

Proof. = . Let S be regular. Let A = (uy,7v4) be an intuitionistic fuzzy bi-ideal
of S and a € S. Since S is regular, there exists z € S such that a < aza = a(za).
Then (a,za) € X, and we have

,U/Aol,\,oA(a) = \/ min{p’A(y)aulNoA(z)}
(¥,2)EXa

> min{puy(a), poa(za)}

= min{p,(a), \/ min{1(y1), 4 (21)}}

(¥1,21)€EXza

> min{py(a), min{1(z), uy(aza)}}
= min{puy(a), min{l, py(aza)}}
= min{uy(a), p(aza)}
> min{uy(a), pa(a)}(palaza) > min{py(a), pala)} = pala))
= N‘A(a)a
and
Yaorooal@ = N max{y ()7 _oa(2)}
(¥,2)€Xa
< max{y4(a), 71 _oa(za)}

= max{y,(a), /\ max{1(y1), a(21)}}

(y1,21)EXza
max{7y 4 (a), max{1(x),y 4 (axa)}}
= min{y,(a), max{1,v,(azxa)}}

= max{y,(a),y4(aza)}
< max{y,(a),74(a)} = va(a)
(valaza) < max{y,(a),y4(a)} = 74(a)).
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Hence 01 _oa(a) > pa(a) and v401_oa(a) < v4(a). On the other hand, by
Lemma 6, we have pyq1_oa(a) < pa(a) and v 401 _oa(a) > v4(a). Therefore,
A(a) = (Ao 1.0 A)(a).

<= . Assume that A = Ao 1. o A for every intuitionistic fuzzy bi-ideal A =
(ta>,7¥4)- Then S is regular. In fact, by Lemma 7, it is enough to prove that

B(a) = (B(a)SB(a)] for every a € S.

Let y € B(a). Then y € (B(a)SB(a)]. Indeed, since B(a) is a bi-ideal of S
generated by a(a € S). By Lemma 1, the intuitionistic characteristic function
XB(a) = <uXB(a)”YXB(a)> of B(a’) defined by

) | 1lifz € B(a)
Fxp 25 O lz — iy (@) = { 0if x ¢ B(a)
and
) [ 0 ifxze B(a)
Mo S [0, 1]}z — X () := { 1if z ¢ B(a),

is an intuitionistic fuzzy bi-ideal of S. By hypothesis
XB(a)(¥) = (XB(a) © 1~ © XB(a)) (¥)-

Since y € B(a), we have Hy o) (y) =1 and WXB(Q)(y) = 0 and we have

(XB@) I~ o XBa) W) = (yy, W) Vxp., @)
= (1,0) =1..

l

By Lemma 5, Xp(q) © 1~ © XB(a) = X(B(a)SB(a)]> theD X(B(a)sB(a)](¥) = 1~
y € (B(a)SB(a)]. Hence B(a) C (B(a)SB(a)]. On the other hand, (B(a)SB(a)]

(B(a)] = B(a).

Lemma 3.13. Let S be an ordered semigroup. Let A = (u,,v4) and B = (ug,vp)
be intuitionistic fuzzy bi-ideals of S. Then so is Ao B = (lisop,Ya0B)-

ain

Proof. Let A = (uy,v4) and B = (ug,vg) be intuitionistic fuzzy bi-ideals of S.
Let z,y,2 € S. Then

Haop(T) A iaop(2) = V Awa@ Ves@In ) {wale) Appla)}
(p,2)EXa (p1,q1)EX

\V Vo Hia®) App(@} Apa(pr) A pg(a)}]

(p,9)€Xa (p1,91)EX:

\V Vo Hia®) Apay) App(a) A pgla)}]

(p,9)€EXa (p1,41)EX:

VoV Hia®) A palpn) Apalan)}]-

(r,9)€Xz (P1,91)EX:

IN
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Hence

Paos(T) A paop(2) < Hua(p) Apapr) A pg(a)}]
(p,9)EX2 (P1,q1)EX:

By a similar way we have

Yaor@Vraos) > N N Hra® Vrale) V(e
(P,9)EXa (P1,01)EX

Since z < pg and z < piq1, we have zyz < (pg)y(piqi) = plgyp1)q1 and
(p(qy)p1,q1) € Xgy.. Thus

paplqyp)a) > {pa®) Apalq)}
Yaelay)p) < {valp) Vyalp)}
Thus
Baop (@) Apacp(z) < \/ Vo Hia®) Apan) A pgla)}]
(P, 0)EXz (P1,11)EX:
< \V {1a(playp)a) A pg(@)}]
(p(qy)p1,91) EXay=
= \V palzyz) = py(ryz)
(p(qy)P1,01) EXay=
and
Yao(T)V Yaop(2) 2> {ya@) Vyalpr) Vye(a)}]
(P, 9)EXa (p1,q1)EX
> {ya(playpr)a) vV yp(@)}]

(p(qy)P1,q1)E Xy

= Ya(zyz) = v4(wy2).
(P(qy)P1,q1) EXzy=

Hence pa(zyz) > pa(z) V pa(z) and 4 (2y2) < 7405(2) V 1 405(2).

Let z,y € S be such that z < y. Then pa,5(x) > pap(y) and y4.5(x) <
YaoW). In fact, if (p,q) € A, then y < pgand soz <y < pg= (p,q) € X, =
X, C X,. If X, = 0 then X, = ) and we have py,5(y) = 0 = pyp(z) and
YaoB(Y) =1 ="v4.p(x). If X, # 0 then X, # 0 and hence

paos®) =\ {pa® Aupp2)}
(P7Q)€Xy

V{0 ng(d)}
(P,2)EXa
= HaoB (II?),

IA
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and

Yaor®) = N {74 Vp(x)}

(qu)eXy
/\ {vale) Vyald)}
(,a) €

= Yaon(T).

v

Thus p1pop() > paop(y) and y4.p(2) < Yaop(y). Consequently, Ao B =

(L Aop>YAop) 18 an intuitionistic fuzzy bi-ideal of S. O
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