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FUZZY RISK ANALYSIS BASED ON RANKING OF FUZZY

NUMBERS VIA NEW MAGNITUDE METHOD

T. HAJJARI

Abstract. Ranking fuzzy numbers plays a main role in many applied models
in real world and in particular decision-making procedures. In many proposed

methods by other researchers may exist some shortcoming. The most com-

monly used approaches for ranking fuzzy numbers is based on defuzzification
method. Many ranking fuzzy numbers cannot discriminate between two sym-

metric fuzzy numbers with identical core. In 2009, Abbasbandy and Hajjari

proposed an approach for ranking normal trapezoidal fuzzy numbers, which
computed the magnitude of fuzzy numbers namely “Mag” method. Then Ha-

jjari extended it for non-normal trapezoidal fuzzy numbers and also for all

generalized fuzzy numbers. However, these methods have the weakness that
we mentioned above. Moreover, the result is not consistent with human intu-

ition in this case. Therefore, we are going to present a new method to overcome
the mentioned weakness. In order to overcome the shortcoming, a new magni-

tude approach for ranking trapezoidal fuzzy numbers based on minimum and

maximum points and the value of fuzzy numbers is given. The new method is
illustrated by some numerical examples and in particular, the results of ranking

by the proposed method and some common and existing methods for ranking

fuzzy numbers is compared to verify the advantages of presented method.

1. Introduction

Ranking fuzzy numbers plays a very important role in linguistic decision making
and other intuitionistic fuzzy applications. Over the last few decade numerous
ranking approaches have been proposed and investigated [37, 23, 24, 12, 42, 43,
13, 5, 3, 15, 29, 28, 27, 20, 41, 39, 18, 32, 35, 44]. Zadeh [51] introduced fuzzy
set theory in 1965. Later on the first ranking fuzzy numbers proposed by Jain
in 1976 and 1977 [30, 31]. Jain used the concept of maximizing set to order the
fuzzy numbers. Jain’s method is that the decision maker considers only the right
side membership function. A canonical way to extend the natural ordering of real
numbers to fuzzy numbers was suggested by Bass and Kwakernaak [7] as early as
1977. In 1979, Baldwin and Guild [6] indicated that these two methods have some
disturbing disadvantages. Also, in 1980, Adamo [4] used the concept of α-level set
in order to introduce α-preference rule. In 1981 Chang [10] introduced the concept
of the preference function of an alternative. Yager [48, 49, 50] proposed four indices
and which may be employed for the purpose of ordering fuzzy quantities in [0, 1] and
also in 1983 Murakami [38] developed the proposed ranking methods at that time to

Received: February 2014; Revised: October 2014; Accepted: March 20105
Key words and phrases: Decision-Making, Magnitude, Fuzzy Numbers, Ranking.



18 T. Hajjari

apply for control system. Bortolan and Degani have been compared and reviewed
some of these ranking methods [8]. Chen [9] presented ranking fuzzy numbers
with maximizing set and minimizing set. Liou and Wang [36] developed a ranking
approach based on an integral value index to overcome the shortcomings of Chen’s
[9] approach. Chen and Hwang [14] thoroughly reviewed the existing the approaches
and pointed out some illogical conditions that arise among them. Choobineh [17],
Cheng [11] presented an approach for ranking fuzzy numbers by using the distance
method. In the paper by Cheng [11], a centroid-based distance method presented.
The method utilized the Euclidean distances from the origin to the centroid point
of each fuzzy numbers to compare and rank the fuzzy numbers. Chu and Tsao
[19] found that the distance method could not rank fuzzy numbers correctly if they
are negative and therefore, suggested using the area between centroid point and
the origin to rank fuzzy numbers. Abbasbandy and Asady [1] found that Tsao’s
area method could sometimes lead to counter-intuitive ranking and hence suggested
a sign distance. Chen and Tang [16] presented an approach to rank non-normal
p−norm trapezoidal fuzzy numbers with integral value. In 2011 Kumar et al. [32]
showed the weakness of Chen and Tang’s method with the help of several counter
examples then they presented a new approach in this field. In 2008 Wang and Lee
[42] revised Chu and Tsao’s method and suggested a new approach for ranking
fuzzy numbers based on Chu and Tsao’s method in a way similar to original point.
However, there is a shortcoming in some situations. Abbasbandy and Hajjari [2]
showed a new approach for ranking of trapezoidal fuzzy numbers by magnitude of
fuzzy numbers. Wang and Luo [45] proposed and area ranking of fuzzy numbers
based on positive and negative ideal points. Kumar et al. [32] offered an approach
for ranking generalized exponential fuzzy numbers using an integral value approach.
Kumar et al. [35] modified Liou and Wang’s [36] approach for ranking of an L−R
type generalized fuzzy number. Pani Bushan Rao et al. [39] presented a new
method for ranking fuzzy numbers based on the circumcenter of centroids and used
an index of optimism to reflect the decision maker’s optimistic attitude and also an
index of modality that represented the neutrality of the decision maker. Rezvani
[40], presented a ranking method for generalized fuzzy numbers with Euclidian
distance by the incentre of centroid. Chen and Chen [15] presented an approach
for ranking of generalized fuzzy numbers by considering the defuzzified values, then
the heights and spread of generalized fuzzy numbers in 2011 Kumar et al. [32]
found out that their method is incorrect and presented a new method for ranking
of L−R type generalized fuzzy numbers. Recently, Wang and Wang [44] presented
a new method so called total orderings defined by using a new concept of upper
dense sequence.

Among the ranking approaches, Abbasbandy and Asady’s [1] sign distance, Liou
and Wang’s [36] methods and Kumar et al’s [32, 35] are commonly used approaches,
which are highly cited and have wide applications [15, 16, 33, 34, 21, 26], but there
were some shortcomings associated with their ranking approaches. To overcome
shortcoming with Liou and Wang’s [36] Vincent and Dat [41] revised their approach
and presented a novel left, right and total integral value of fuzzy numbers for ranking
fuzzy numbers.
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In spite of the fact that we know there is no unique and natural order in a
family of fuzzy numbers and order is generally chosen with respect to particular
applications, however, a ranking method should have some reasonable properties.
Some reasonable properties have been discussed in [46, 47]. One of the obvious
properties is that if A � B then −B � −A. Moreover, most of the above-mentioned
methods are counter-intuitive and cannot discriminate between fuzzy numbers such
as symmetric triangular fuzzy numbers, and some methods do not agree with human
intuition, whereas some methods cannot rank crisp numbers, which are special case
of fuzzy numbers.

In 2009, Abbasbandy and Hajjari [2] presented a method for ranking of trape-
zoidal fuzzy numbers, which measured the magnitude of normal trapezoidal fuzzy
numbers so called “Mag” method. Then Hajjari [28] extended this method for non-
normal trapezoidal fuzzy numbers and also for all generalized fuzzy numbers. In
this method and many other ranking approaches, the symmetric trapezoidal (trian-
gular) fuzzy numbers with identical mode or with identical centroid points have the
same ranking order. For example, consider two symmetric triangular fuzzy number
A = (−2, 0, 2) and B = (−1, 0, 1) and crisp number C = (0, 0, 0) then we have
Mag(A) = Mag(B) = Mag(C) = 0 then ranking order is A ∼ B ∼ C. In addition,
from some ranking methods such as Cheng’s distance [11], Chu and Tsao’s [19]
area, sign distance and Rezvani’s [40] distance, Kumar et al’s [32, 35] and Wang
and Wang’s [44] total orderings, we obtain the same results, which are unreason-
able. Intuitively, crisp zero should be larger than B and B larger than C. In other
words we expect that A ≺ B ≺ C. Therefore, the result of ”Mag” method is not
always consistent with human intuition and cannot logically infers ranking order
in some situations. To overcome the weakness of “Mag” method and some other
defuzzification approaches, we revise “Mag” method and present a new approach
that is capable of effectively ranking various types of fuzzy numbers.

The rest of the paper is organized as follows. Section 2 contains the basic defini-
tions and notations use in the remaining parts of the paper. In Section 3, we review
“Mag” method [2] and its development [28]. Some examples to state the problem
of “Mag” method and new magnitude method ”MagN”will be given in Section 4.
The paper is concluded in Section 5.

2. Preliminaries

In this section, we briefly review some basic concepts of generalized fuzzy num-
bers and some existing methods for ranking fuzzy numbers. we will identify the
name of the number with that of its membership function for simplicity. Through-
out this paper, R stands for the set of all real numbers, E stands for the set of
fuzzy numbers, “A” expresses a fuzzy number and A(x) for its membership func-
tion, ∀x ∈ R.

2.1. Basic Notations and Definitions. A generalized fuzzy number “A” is a
subset of the real line R with membership function A(x) : R → [0, w] such that
[25]:
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A(x) =


LA(x), a ≤ x ≤ b,
ω, b ≤ x ≤ c,
UA(x), c ≤ x ≤ d,
0, otherwise,

(1)

where 0 < ω ≤ 1 is a constant, LA(x) : [a, b]→ [0, ω] and UA(x) : [c, d]→ [0, ω] are
two strictly monotonically and continuous mapping. If ω = 1, then A is a normal
fuzzy number. If LA(x) = ω(x − a)/(b − a), and UA(x) = ω(d − x)/(d − c) then
it is a trapezoidal fuzzy number and is usually denoted by A = (a, b, c, d;ω) or
A = (a, b, c, d) if ω = 1. In particular, when b = c, the trapezoidal fuzzy number is
reduced to a triangular fuzzy number denoted by A = (a, b, d;ω) or A = (a, b, d) if
ω = 1. Therefore, triangular fuzzy numbers are special cases of trapezoidal fuzzy
numbers. We show the set of generalized fuzzy numbers by Fw(R) or for simplicity
by F (R).

Since LA(x) and UA(x) are both strictly monotonically and continuous functions,
their inverse functions exist and should be continuous and strictly monotonically.
Let AL : [0, ω]→ [a, b] and AU : [0, ω]→ [c, d] be the inverse functions of LA(x) and
UA(x), respectively. Then AL and AU should be integrable on the close interval
[0, ω]. In other words, both

∫ ω
0
AL(y)dy and

∫ ω
0
AU (y)dy should exist. In the case

of trapezoidal fuzzy number, the inverse functions AL and AU can be analytically
expressed as

AL(y) = a+ (b− c)y/ω, 0 ≤ y ≤ ω, (2)

AU (y) = d− (d− c)y/ω, 0 ≤ y ≤ ω. (3)

The functions LA(x) and RA(x) are also called the left and right side of the fuzzy
number A, respectively [25].

In this paper, we assume that∫ +∞

−∞
A(x)dx < +∞.

A useful tool for dealing with fuzzy numbers are their α−cuts. The α−cut of a
fuzzy number A is non-fuzzy set defined as

Aα = {x ∈ R : A(x) ≥ α},

for α ∈ (0, 1] and A0 = cl(∪α∈(0,1]Aα). According to the definition of a fuzzy
number, it is seen at once that every α−cut of a fuzzy number is closed interval.
Hence, for a fuzzy number A, we have A(α) = [AL(α), AU (α)] where

AL(α) = inf{x ∈ R : A(x) ≥ α},

AU (α) = sup{x ∈ R : A(x) ≥ α}.
If the left and right sides of the fuzzy number A are strictly monotone, as it is
described, AL and AU are inverse functions of LA(x) and UA(x), respectively.

The set of all elements that have a nonzero degree of membership in Ã is called
the support of A, i.e.

supp(A) = {x ∈ X | A(x) > 0}. (4)
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The set of elements having the largest degree of membership in Ã is called the
core of A, i.e.

core(A) = {x ∈ X | A(x) = sup
x∈X

A(x)}. (5)

In the following, we will always assume that A is continuous and bounded support
supp(A) = (a, d). The strong support of A should be supp (A) = [a, d].

Definition 2.1. A function s : [0, 1] −→ [0, 1] is a reducing function if s is increas-

ing, s(0) = 0 and s(1) = 1. We say that s is a regular function if
∫ 1

0
s(α)dα = 1

2 .

Definition 2.2. [22] If A is a fuzzy number with representation
[
AL(α), AU (α)

]
(α−cut), and s is a reducing function then the value of A (with respect to s) is
defined by

V al(A) =

∫ 1

0

s(α)
[
AU (α) +AL(α)

]
dα. (6)

Definition 2.3. [22] If A is a fuzzy number with representation
[
AL(α), AU (α)

]
(α−cut), and s is a reducing function then the ambiguity of A (with respect to s)
is defined by

Amb(A) =

∫ 1

0

s(α)
[
AU (α)−AL(α)

]
dα. (7)

2.2. Arithmetic Operation. In this subsection, arithmetic operation between
two generalized trapezoidal fuzzy numbers, defined on universal set of real numbers
R, are reviewed [13].

Let A1 = (a1, b1, c1, d1;ω1) and A2 = (a2, b2, c2, d2;ω2) be two generalized trape-
zoidal fuzzy numbers then

(1) A1 ⊕A2 = (a1 + a2, b1 + b2, c1 + c2, d1 + d2;min(ω1, ω2))
(2) A1 	A2 = (a1 − d2, b1 − c2, c1 − b2, d1 − a2;min(ω1, ω2))

(3) λA1 =

{
(λa1, λb1, λc1, λd1;ω1) λ > 0,
(λd1, λc1, λb1, λa1;ω1) λ < 0.

2.3. Ranking Function. An efficient approach for comparing fuzzy numbers is
using of ranking function [30], R : F (R)→ R, fuzzy numbers defined on set of real
numbers, which maps each fuzzy number into real line, where a natural order exist
i.e.,

• A1 � A2 iff R(A1) > R(A2)
• A1 ≺ A2 iff R(A1) < R(A2)
• A1 ∼ A2 iff R(A1) = R(A2).

Now we consider the following reasonable properties for the ordering approaches,
see [46, 47].

• P1 : For an arbitrary finite subset Γ of E and A1 ∈ Γ, A1 � A1.
• P2 : For an arbitrary finite subset Γ of E and (A1, A2) ∈ Γ2, A1 � A2 and
A2 � A1, we should have A1 ∼ A2.
• P3 : For an arbitrary finite subset Γ of E and (A1, A2, A3) ∈ Γ3, A1 � A2

and A2 � A3, we should have A1 � A3.
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• P4 : For an arbitrary finite subset Γ of E and (A1, A2) ∈ Γ2, inf supp(A1) >
sup supp(A2), we should have A1 � A2.
• P ′4 : For an arbitrary finite subset Γ of E and (A1, A2) ∈ Γ2, inf supp(A1) >

sup supp(A2), we should have A1 � A2.
• P5 : Let Γ and Γ′ be two arbitrary finite subsets of E also A1 and A2 are

in Γ ∩ Γ′.
• P6 : Let A1, A2, A1 +A3 and A2 +A3 be elements of E. If A1 � A2, then
A1 +A3 � A2 +A3.
• P ′6 : Let A1, A2, A1 +A3 and A2 +A3 be elements of E. If A1 � A2, then
A1 +A3 � A2 +A3, when A3 6= 0.

3. A Review on Magnitude Method and its Development

In 2009, Abbasbandy and Hajjari [2] presented a new approach for ranking of
trapezoidal fuzzy numbers, which is called “Mag” method. It was given for normal
trapezoidal fuzzy numbers and computed the magnitude of a trapezoidal fuzzy
number as follows.

For an arbitrary trapezoidal fuzzy number A = (a, b, c, d) with parametric form[
AL(α), AU (α)

]
, the magnitude of the trapezoidal fuzzy number A is

Mag(A) =
1

2

[ ∫ 1

0

(
AL(α) +AU (α) + b+ c

)
s(α)dα

]
, (8)

where the function s(x) is a non-negative and increasing function on [0, 1] with

s(0) = 0, s(1) = 1 and
∫ 1

0
s(x)dx = 1

2 . Obviously, function s(x) can be considered
as a weighting function. For more details we refer the reader to [2]. Then Hajjari
[28] extended this method for non-normal trapezoidal fuzzy numbers and also for
all generalized fuzzy numbers.

Let A be a fuzzy number with parametric form A =
(
AL(α), AU (α)

)
. Then the

developed “Mag” ranking method can be written as

Mag(A) =
1

2

[ ∫ 1

0

(
AL(α) +AU (α) + (AL(1) +AU (1)

)
s(α)dα

]
, (9)

Suppose A = (a, b, c, d;ω) is a non-normal trapezoidal fuzzy number with α−cut
representation

[
AL(α), AU (α)

]
. Consequently, from equation (2) and equation (3)

we have

AL(α) =
α(b− a)

ω
+ a,

AU (α) =
α(c− d)

ω
+ d.

Replacing to formula (8) the following will be obtained

Mag(A) =
(3ω2 + 2)(b+ c)

12ω
+

(3ω − 2)(a+ d)

12ω
. (10)

It is clear that for normal trapezoidal fuzzy numbers the formula (8) reduces to

Mag(A) =
5

12
(b+ c) +

1

12
(a+ d). (11)
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It is clear that the developed method has all properties, as the previous one. For
more detail, we refer the reader to [28].

4. Problem and Revision of Magnitude Approach

In this section, we first give two simple examples to show the weakness of
“Mag” method [2] and some of defuzzification methods such as Cheng’s distance
[11], Chu and Tsao’s [19], Abbasbandy’sign distance [2], Kumar et al’s [32, 35],
Rezvani’s approach [40] and Wang and Wang’s total ordering [44]. For exam-
ple, consider the crisp number A = (0, 0, 0) and two symmetric fuzzy numbers
B = (−1, 0, 1) and C = (−2, 0, 2) Figure 2. By applying “Mag” method it will be
obtainedMag(A) = Mag(B) = Mag(C) = 0, then the ranking order isA ∼ B ∼ C.
Moreover, from Wang and Wang’s total ordering [44] for any (optimistic, moderate
and pessimistic) decision maker the results is A ≺ B ≺ C, which is unacceptable.
By using “RM” method [32] we have the following:

a) For pessimistic decision maker, with α = 0 ranking order is C ≺ B ≺ A.
b) For moderate decision maker, with α = 0.5 ranking order is A ∼ B ∼ C.
c) For optimistic decision maker, with α = 1 ranking order is A ≺ B ≺ C.

According to obtained results the ranking order is reasonable only from the point
of pessimistic decision maker. We could have the same discussion for comparing the
crisp number A = (1, 1, 1) and two symmetric fuzzy numbers B = (0, 1, 2) and C =
(−1, 1, 3). Intuitively, the results are unreasonable and it is not consistence with
human intuition.

4.1. New Magnitude Method. In order to overcome the weakness of “Mag”
method and some other defuzzification methods that deal with this problem, this
part proposes a new approach for ranking fuzzy numbers based on the value of
fuzzy numbers, minimum and maximum points of supports, which is called new
magnitude method.

Definition 4.1. Suppose A1, A2, A3, ..., An are trapezoidal fuzzy numbers as Ai =
(ai, bi, ci, di). We define D(Ai) as follows:

D(Ai) = (ai − xmin) + |1
2

(bi + ci) + val(Ai)|+ (xmax − di) (12)

such that xmin = inf S, xmax = supS, S =
⋃n
i=1 Si, and Si = {x|Ai(x) > 0}.

Remark 4.2. For an arbitrary fuzzy number Ai we have D(Ai) ≥ 0.

Definition 4.3. Let γ(A) : E −→ {−1, 1} be a function defined as follows:

γ(A) = sign
[ ∫ 1

0

(
AL(α) +AU (α)

)
dα
]
, (13)

where

γ(A) =


1, if sign

∫ 1

0

(
AL(α) +AU (α)

)
dα ≥ 0,

−1, if sign
∫ 1

0

(
AL(α) +AU (α)

)
dα < 0.
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Remark 4.4. If inf{x : x ∈ supp(A)} > 0 then γ(·) = 1.

Remark 4.5. If inf{x : x ∈ supp(A)} < 0 then γ(·) = −1.

Definition 4.6. Suppose A1, A2, A3, ..., An are trapezoidal fuzzy numbers, which
will be considered as Ai = (ai, bi, ci, di). The new magnitude of the fuzzy number
Ai will be denoted by MagN (Ai) and defined as follows:

MagN (Ai) = γ(A) ·D(A1) (14)

If Ai and Aj are two fuzzy numbers, then their ranking order is defined as follows:

• Ai � Aj iff MagN (Ai) > MagN (Aj)
• Ai ≺ Aj iff MagN (Ai) < MagN (Aj)
• Ai ∼ Aj iff MagN (Ai) = MagN (Aj).

Remark 4.7. Suppose there is an opposite of fuzzy number Ai = (ai, bi, ci, di),
denoted by −Ai = (−di,−ci,−bi,−ai) then MagN (−Ai) = −MagN (Ai)

Remark 4.8. For any trapezoidal fuzzy numbers Ai, Aj , Ai � Aj , by MagN if
and only if −Aj � −Ai.

Remark 4.9. The new magnitude MagN , has the properties P1, P2, ..., P
′
6.

Now we re-consider two previous examples to show that the revised method can
overcome the problem of “Mag” method.

Example 4.10. Let A = (0, 0, 0) be and B = (−1, 0, 1) and C = (−2, 0, 2) two
symmetric fuzzy, numbers indicated in Figure 1. From new magnitude method
(MagN ) we get that xmin = −2, xmax = 2 then MagN (A) = 2, MagN (B) = 1
and MagN (C) = 0. Therefore, the ranking order is C ≺ B ≺ A, which is consist of
human intuition. Obviously, the ranking order obtained from the proposed method
is more reasonable than the outcome obtained by “Mag” method, revised sign
distance, Rezvani’s distance and Cheng’s approach.

Figure 1. Fuzzy Numbers A,B and C in Example 4.10

Example 4.11. Comparing the crisp number A = (1, 1, 1) and two symmetric
fuzzy numbers B = (0, 1, 2) and C = (−1, 1, 3) (See Figure 2). It is clear that
xmin = −1, xmax = 3 then by applying ”MagN” it will be obtained MagN (A) =
6, MagN (B) = 4 and MagN (C) = 2. Therefore, the ranking order is C ≺ B ≺ A.
Since, the crisp number should be stronger than these triangular fuzzy numbers,
this will be happend using the new method.
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Figure 2. Fuzzy Numbers A,B and C in Example 4.11

Example 4.12. Figure 3 presents three normal triangular fuzzy numbers A =
(1, 3, 5), B = (2, 3, 4), C = (1, 4, 6), and their images i.e. −A = (−5,−3,−1), −B =
(−4,−3,−2), −C = (−6,−4,−1).

Figure 3. Fuzzy Numbers A,B and C in Example 4.12

Vincent and Dat [41] found that Liou and Wang’s [36] approach has shortcoming.
They indicated the ranking orders for A, B and C are A ≺ B ∼ C for α = 0, B ≺
A ≺ C for α = 1 and A ∼ B ≺ C for α = 0.5. However, the ranking order of
the images of these fuzzy numbers as −B � −A ∼ −C for α = 0, −A ≺ −B ∼
−C for α = 1 and −A ∼ −B � −C for α = 0.5. Obviously, Liou and Wang’s
approach inconsistently rank fuzzy numbers and their images. From Vincent and
Dat’s integral values method the results are A ≺ B ∼ C for α = 0, B ≺ A ≺ C
for α = 1 and A ∼ B ≺ C for α = 0.5, and their images as −B � −A � −C
for α = 0, −A ≺ −B ∼ −C for α = 1 and −A ∼ −B � −C for α = 0.5. Using
revised sign distance the ranking order is A ∼ B ≺ C for both p = 1 and p = 2.
Moreover, for the images results are −A ∼ −B ≺ C for both p = 1 and p = 2.
From proposed method for triangular fuzzy numbers A, B and C we obtain that
MagN (A) = 7, MagN (B) = 9 and MagN (C) = 7.83. In addition, for the images we
have MagN (−A) = −7, MagN (−B) = −9 and MagN (−C) = −7.83. Therefore,
the results are A ≺ C ≺ B and −B ≺ −C ≺ −A, respectively. This example shows
the strong discrimination power of the new magnitude for ranking fuzzy numbers
and its advantages.

Example 4.13. Consider the four fuzzy numbersA = (−4, 0, 4), B = (−2, 0, 2), C =
(0, 1, 1.9) and D = (0, 2, 2.9) shown in Figure 4.

By using new magnitude we get that xmin = −4 and xmax = 4. Then MagN (A) =
0, MagN (B) = 4, MagN (C) = 8.0833 and MagN (D) = 8.9167. Hence the ranking
order is A ≺ B ≺ C ≺ D, which is logically reasonable. However, many ranking
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Figure 4. Fuzzy Numbers A, B, C and D in Example 4.13

approaches prove that two symmetric fuzzy numbers A and B have the same order.
To compare with other ranking methods, the proposed ranking approach can over-
come the shortcoming of the inconsistency of many approaches in ranking fuzzy
numbers such as those are shown in Table 1. This example also shows the strong
discrimination power of the proposed ranking approach and its advantages.

Ranking approach A B C D Result
Cheng [11] 0.0 0.0 0.5 1.0 A ∼ B ≺ C ≺ D

Chu and Tsao [19] 0.0 0.0 0.5 1.0 A ∼ B ≺ C ≺ D
Wang et al.s [43]

0.0 0.0 1.4 3.2 A ∼ B ≺ C ≺ D
Asady’s [5]

0.0 0.0 1.4 3.2 A ∼ B ≺ C ≺ D
Abbasbandy and Hajjari [2]

0.0 0.0 1.0 2.0 A ∼ B ≺ C ≺ D
Kumar et al. [32]

( α = 1) 2 1 1.45 2.45 B ≺ C ≺ A ≺ D
( α = 0.5) 0 0 0.975 1.725 A ∼ B ≺ C ≺ D
( α = 0) -2 -1 0.5 1 A ≺ B ≺ C ≺ D

Rezvani [40]
0.4 0.4 1.6 2.0 A ∼ B ≺ C ≺ D

Wang and Wang[44]
(α = 1) A ∼ B ≺ C ≺ D

(α = 0.5) C ∼ D ≺ B ≺ A
(α = 0.25) C ∼ D ≺ B ≺ A

Proposed approach (“MagN”) 0.0 4.0 8.0833 8.9167 A ≺ B ≺ C ≺ D

Table 1. Comparative Results of Example 4.13

Example 4.14. Consider the data used in [18] i.e. the three normal fuzzy numbers
A = (5, 6, 7), B = (5.9, 6, 7) and C = (6, 6, 7) as shown in Figure 5.

According to Definitions 4.1, 4.3 and 4.6 we get that MagN (A) = 9, MagN (B) =
10 and MagN (C) = 10.2. It is clear that the ranking order is A ≺ B ≺ C, which is
consistent with the ranking obtained by other approaches [43, 5, 41, 9, 1, 2]. Table
2 summarized the results obtained by different methods. Note that the ranking
A � B � C obtained by Cheng [9] is thought of as unreasonable and not consistent
with human intuition.
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Figure 5. Fuzzy Numbers A, B, C and D in Example 4.14

Ranking approach A B C Result
Cheng [11] 6.021 6.349 6.752 A � B � C
Chen [9] 0.500 0.571 0.583 A ≺ B ≺ C

Wang et al.s approach [43]
0.25 0.571 0.583 A ≺ B ≺ C

Asady’s revision [5]
0.25 0.571 0.583 A ≺ B ≺ C

Abbasbandy and Asady [1]
(P = 1) 6.12 12.45 12.5 A ≺ B ≺ C
(P = 2) 8.52 8.82 8.85 A ≺ B ≺ C
(P = 3) 6.0 6.075 6.083 A ≺ B ≺ C

Vincent and Dat [41]
(α = 1) A ∼ B ∼ C

Vincent and Dat approach [41]
(α = 0, α = 0.5) A ≺ B ≺ C

Proposed approach (“MagN”) 0.0 4.0 8.0833 A ≺ B ≺ C

Table 2. Comparative Results of Example 4.14

5. Conclusions

In spite of many ranking methods, no one can rank fuzzy numbers with human
intuition consistently in all cases. Here, we pointed out the weakness of “Mag”
method and also some other defuzzification approaches for ranking fuzzy numbers.
Many ranking fuzzy numbers cannot discriminate between two symmetric fuzzy
numbers with identical core. The paper herein presents several comparative exam-
ples to illustrate the validity and advantages of proposed ranking method. It shows
that the ranking order obtained by the proposed approach is more consistent with
human intuitions than existing methods. Furthermore, the new method is capable
of effectively ranking various types of fuzzy numbers and overcome to weakness of
previous one.

References

[1] S. Abbasbandy and B. Asady, Ranking of fuzzy numbers by sign distance, Inform. Sci., 176

(2006), 2405-2416.
[2] S. Abbasbandy and T. Hajjari, A new approach for ranking of trapezoidal fuzzy numbers,

Comput. Math. Appl., 57 (2009), 413-419.



28 T. Hajjari

[3] S. Abbasbandy and T. Hajjari, An improvement on centroid point method for ranking of

fuzzy numbers, J. Sci. I.A.U., 78 (2011), 109-119.

[4] M. Adamo, Fuzzy decision trees, Fuzzy Sets and Systems, 4 (1980), 207-219.
[5] B. Asady, The revised method of ranking LR fuzzy number based on deviation degree, Expert

Syst with Applications, 37 (2010), 5056-5060.

[6] J. F. Baldwin and N. C. F. Guild, Comparison of fuzzy numbers on the same decision space,
Fuzzy Sets and Systems, 2 (1979), 213-233.

[7] S. Bass and H. Kwakernaak,Rating and ranking of multiple-aspect alternatives using fuzzy

sets, Automatica, 13 (1977), 47-58.
[8] G. Bortolan and R. Degani, A review of some methods for ranking fuzzy numbers, Fuzzy Sets

and Systems, 15 (1985), 1-19.

[9] S. H. Chen, Ranking fuzzy numbers with maximizing set and minimizing set, Fuzzy Sets and
Systems, 17 (1985), 113-129.

[10] W. K. Chang, Ranking of fuzzy utilities with triangular membership functions, International
Conference on Plicy Analysis and Informations Systems, Tamkang University, R. O. C.,

(1981), 163-171.

[11] C. H. Cheng, A new approach for ranking fuzzy numbers by distance method, Fuzzy Sets and
Systems, 95 (1998), 307-317.

[12] S. J. Chen and S. M. Chen, Fuzzy risk analysis based on ranking of generalized trapezoidal

fuzzy numbers, Applied Intelligence, 26 (2007), 1-11.
[13] S. M. Chen and J. H. Chen, Fuzzy risk analysis based on ranking generalized fuzzy numbers

with different heights and different spreads, Expert Systs with Applications, 36 (2009), 6833-

6842.
[14] S. J Chen and C. L. Hwang, Fuzzy multiple attribute decision making, Spinger-Verlag, Berlin,

1992.

[15] S. M. Chen and K. Sanguansat, Analysing fuzzy risk based on a new fuzzy ranking generalized
fuzzy numbers with different heights and different spreads, Expert Systs with Applications,

38 (2011), 2163-2171.
[16] C. C. Chen and H. C. Tang, Ranking non-normal p−norm trapezoidal fuzzy numbers with

integral value, Comput. Math. Appl., 56 (2008), 2340-2346.

[17] F. Choobineh and H. Li, An index for ordering fuzzy numbers, Fuzzy Sets and Systems, 54
(1993), 287-294.

[18] S. Y. Chou, L. Q. Dat and F. Y. Vincent, A revised method for ranking fuzzy numbers using

maximizing set and minimizing set, Comput. Ind. Eng., 61 (2011), 1342-1384.
[19] T. Chu and C. Tsao, Ranking fuzzy numbers with an area between the centroid point and

orginal point, Comput. Math. Appl., 43 (2002), 11-117.

[20] L. Q. Dat, F. Y. Vincent and S. Y chou, An improved ranking method for fuzzy numbers
based on the centroid-index, International Fuzzy Systems, 14 (3) (2012), 413-419.

[21] K. Deep, M. L. Kansal and K. P. Singh, Ranking of alternatives in fuzzy environment using

integral value, J. Math. Stat. Allied Fields, 1(2) (2007), 2070-2077.
[22] M. Delgado, M. A. Vila and W. Voxman, On a canonical representation of fuzzy numbers,

Fuzzy Sets and Systems, 93 (1998), 125-135.
[23] Y. Deng and Q. Liu, A TOPSIS-based centroid index ranking method of fuzzy numbers and

its application in decision-making, Cybernetic and Systems, 36 (2005), 581-595.

[24] Y. Deng, Z. F. Zhu and Q. Liu, Ranking fuzzy numbers with an area method using of gyration,
Comput. Math. Appl., 51 (2006), 1127-1136.

[25] D. Dubios and H. Prade, Operations on fuzzy numbers, Internat. J. System Sci., 9 (1978),
613-626.

[26] M. S. Garcia and M. T. Lamata, A modification of the index of Liou and Wang for ranking

fuzzy numbers, Int.J. Uncer. Fuzz. Know. Based Syst., 14(4) (2007).

[27] T. Hajjari, On deviation degree methods for ranking fuzzy numbers, Australian Journal of
Basic and Applied Sciences, 5(5) (2011), 750-758.

[28] T. Hajjari, Ranking of fuzzy numbers based on ambiguity degree, Australian Journal of Basic
and Applied Sciences., 5(1) (2011), 62-69.



Fuzzy Risk Analysis Based on Ranking of Fuzzy Numbers Via New Magnitude Method 29

[29] T. Hajjari and S. Abbasbandy, A note on ” The revised method of ranking LR fuzzy number

based on deviation degree”, Expert Syst with Applications, 38 (2011), 13491-13492.

[30] R. Jain, Decision-making in the presence of fuzzy variable, IEEE Trans. Systems Man and
Cybernet., 6 (1976), 698-703.

[31] R. Jain, A procedure for multi-aspect decision making using fuzzy sets. Internat. J. Systems

Sci., 8 (1977), 1-7.
[32] A. Kumar, P. Singh, P. Kaur and A. Kaur, RM approach for ranking of L-R type generalized

fuzzy numbers, Soft Cumput, 15 (2011), 1373-1381.

[33] A. Kumar, P. Singh and A. Kuar, Ranking of generalized exponentialfuzzy numbers using
integral value approach, Int.J.Adv.Soft.Comput.Appl., 2(2) (2010), 221-230.

[34] A. Kumar, P. Singh, P. Kuar and A. Kuar, A new approach for ranking of L − R type

generalized fuzzy numbers, Expert Syst. Appl., 38 (2011), 10906-10910.
[35] A. Kumar, P. Singh, A. Kaur and P. Kaur, A new approach for ranking of nonnormal p−norm

trapezoidal fuzzy numbers, Comput. Math. Appl., 57 (2011), 881-887.
[36] T. S. Liou and M. J. Wang, Ranking fuzzy numbers with integral value, Fuzzy Sets and

Systems, 50 (1992), 247-255.

[37] X. W. Liu and S. L. Han, Ranking fuzzy numbers with preference weighting function expec-
tationc, Comput. Math. Appl., 49 (2005), 1455-1465.

[38] S. Murakami, H. Maeda and S. Imamura, Fuzzy decision analysis on development of cen-

tralized regional energycontrol system, Proceeding of the IFAC Symposium Marseille, (1983),
363-368.

[39] P. Phani Bushan Rao and R. Shankar, Ranking fuzzy numbers with a distance method

using circumcenter of centroids an index of modality, Advance in Fuzzy Systems,
dio:10.1155/2011/178308, 2011.

[40] S. Rezvani, Ranking generalized fuzzy numbers with Euclidian distance by the incentre of

centroid, Mathematica Aeterna, 3 (2013), 103-114.
[41] F. Y. Vincent and L. Q. Dat, An improved ranking method for fuzzy numbers with integral

values, Appl. Soft Comput., 14 (2014), 603-608.
[42] Y. J. Wang and H. Sh. Lee, The revised method of ranking fuzzy numbers with an erea between

the centroid and original points, Comput. Math. Appl., 55 (2008), 2033-2042.

[43] Z. X. Wang, Y. J. Liu, Z. P. Fan and B. Feng, Ranking L-R fuzzy number based on diviation
degree, Information Sciences, 179 (2009), 2070-2077.

[44] W. Wang and Z. Wang, Total orderings defined on the set of all fuzzy numbers, Fuzzy Sets

and Sysemts, 243 (2014), 131-141.
[45] Y. M. Wang and Y. Luo, Area ranking of fuzzy numbers based on positive and negative ideal

points, Comput. Math. Appl., 58 (2009), 1776-1779.

[46] X. Wang and E. E. Kerre, Reasonable properties for the ordering of fuzzy quantities (I),
Fuzzy Sets and Systems, 118 (2001), 375-385.

[47] X. Wang and E. E. Kerre, Reasonable properties for the ordering of fuzzy quantities (II),

Fuzzy Sets and Systems, 118 (2001), 387-405.
[48] R. R. Yager, On choosing between fuzzy subsets, Kybernetes, 9 (1980), 151-154.

[49] R. R. Yager, On a general class of fuzzy connective, Fuzzy Sets and Systems, 4 (1980),
235-242.

[50] R. R. Yager, A procedure for ordering fuzzy subests of the unit interval, Inform. Sciences, 24

(1981), 143-161.
[51] L. A. Zadeh, Fuzzy sets, Information and Control, 8 (1965), 338-353.

T. Hajjari, Mathematics Department, Firoozkooh Branch of Islamic Azad University,

Firoozkooh, Iran

E-mail address: tayebehajjari@iaufb.ac.ir


