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(A)ao - DOUBLE SEQUENCE SPACES OF FUZZY NUMBERS VIA
ORLICZ FUNCTION

E. SAVAS

ABSTRACT. The aim of this paper is to introduce and study a new con-
cept of strong double (A)a-convergent sequence of fuzzy numbers with re-
spect to an Orlicz function and also some properties of the resulting sequence
spaces of fuzzy numbers are examined. In addition, we define the double
(A, A)-statistical convergence of fuzzy numbers and establish some connec-
tions between the spaces of strong double (A)a-convergent sequence and dou-
ble (A, A)-statistical convergent sequence.

1. Introduction and Background

Before proceeding let us recall a few concepts, which we shall use throughout
this paper.

Definition 1.1. Let A denote a four dimensional summability method that maps
the complex double sequence x into the double sequence Ax where the mn-th term
of Ax is as follows:

00,00
(Ax)m,n = E Qm,n,k 1Tk,
k,=1,1

A two dimensional matrix transformation is said to be regular if it maps every
convergent sequence into a convergent sequence with the same limit. Robison,
in 1926 presented a four dimensional analog of regularity for double sequences in
which he added an additional assumption of boundedness. This assumption was
made because a double sequence which is P-convergent is not necessarily bounded.
Following this line, Robison and Hamilton presented a Silverman-Toeplitz type
multidimensional characterization of regularity in [4] and [12]. The definition of
the regularity for four dimensional matrices will be stated next, followed by the
Robison-Hamilton characterization of the regularity of four dimensional matrices.

Definition 1.2. The four dimensional matrix A is said to be RH-regular if it maps
every bounded P-convergent sequence into a P-convergent sequence with the same
P-limit.

Theorem 1.3. The four dimensional matriz A is RH-reqular if and only if
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RHy: P-limp, y, Gy kg = 0 for each k and [;

RH5: P-limmm 22(3271 Qm k1l = ]-;'

RHs: P-limy, > 5y |@mnki| = 0 for each l;

RHy: Plimy, Y21 |@mnki] =0 for each k;

RH5: ?172,1 |@m.m k1| is P-convergent; and

RHg: there exist positive numbers A and B such that
Zk,l>B |a'm,n,k,l| < A

Recall in [5] that an Orlicz function M : [0,00) — [0, 00) is continuous, convex,
non-decreasing function such that M (0) = 0 and M (z) > 0 for > 0, and M (z) —
00 as T — o0.

Subsequently Orlicz function was used to define sequence spaces by Parashar and
B. Choudhary [10] and others. An Orlicz function M can always be represented in
the following integral form: M(xz) = [ p(t)dt where p is the known the kernel of
M, right differential for ¢ > 0, p(0) = 0, p(¢) > 0 for t > 0, p is non-decreasing and
p(t) = 0o as t — oo.

Since the theory of fuzzy numbers has been widely studied, it is impossible to
find either a commonly accepted definition or a fixed notion. We therefore begin
by introducing some notions and definitions which will be used throughout.

A fuzzy real number X is a fuzzy set on R , i.e., a mapping X : R — I=[0,1],
associating each real number ¢ with its grade of membership X ().

A fuzzy real number X is said to be upper semi-continuous if for each ¢ > 0,
X71([0,a + ¢)) is open in the usual topology of R, for all a € I. If there exists
t € R such that X (¢) = 1, then the fuzzy real number X is called normal.

A fuzzy number X is said to be convex if X (t) > X (s)AX(r) = min(X(s), X(r))
where s < t < r. The class of all upper semi-continuous, normal, convex fuzzy real
numbers is denoted by R(I) and throughout the article, by a fuzzy real number we
mean a number belongs to R(I).

The additive identity and multiplicative identity in R(I) are denoted by 0 and
1 respectively.

Let C(R™) = {AC R": A compact and convex}. The space C (R™) has a
linear structure induced by the operations

A+B={a+b: a € Ajb €B}
and
M={Xa: A€ A}

for A,B € C(R™) and A € R. The Hausdorff distance between A and B of C' (R™)
is defined as

0 (A, B) = mazx {supinf la =0, supinf|a— b }
a€AbeEB beBacA

where ||.|| denotes the usual Euclidean norm in R™ . It is well known that (C (R"), 60)
is a complete (not separable) metric space. Let X : C' (R™) — I. The a— level set
for a fuzzy number X, which is normal, convex and upper -semi continuous is given
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as
(X]*={teR": X(t) > a}
for 0 < @ <1 and it is a nonempty compact convex, subset of R™. The 0-level set
is the closure of {t € R™ : X(t) > 0}.
The linear structure of L (R") induces addition X + Y and scaler multiplication
AX, XA € R, in terms of a-level sets, by

(X +Y]" = [X]" + [Y]*
and
AX]" = A [X]*
for each 0 < @ < 1.
Define for each 1 < ¢ < o0

1
q

1
dg (X,Y) = /500 (X, Y*)da
0

and deo (X, Y) = sup o (X*,YY). Clearly doo (X,Y) = lim d, (X,Y) with d, <

0<a<l q—o0
d, if ¢ < r. Moreover (C'(R"),d,) is a complete, separable and locally compact
metric space [1].

Throughout the paper, d will denote d? with 1 < ¢q < co.

A fuzzy double sequence is a double infinite array of fuzzy numbers. We denote a
fuzzy double sequence by (X, ), where X,,,,,’s are fuzzy numbers for each m,n € N.
Let s” denote the set of all double sequences of fuzzy numbers.

The concepts of fuzzy set and fuzzy set operations were first introduced by
Zadeh [24]. Subsequently several authors have discussed various aspects of the
theory and applications of fuzzy sets, such as fuzzy topological spaces, similarity
relations and fuzzy ordering, fuzzy measures of fuzzy events and fuzzy mathematical
programming.

Statistical convergence of single sequences of fuzzy numbers was first deduced
by Savas and Nuray [8]. Since the set of all real numbers can be embedded in the
set of fuzzy numbers, statistical convergence in reals can be considered as a special
case of those fuzzy numbers. However, since the set of fuzzy numbers is partially
ordered and does not carry a group structure, most of the results known for the
sequences of real numbers may not be valid for fuzzy setting. Therefore this theory
should not be considered as a trivial extension of what has been known in real case.

We give the following definitions for fuzzy double sequences.

Definition 1.4. [11] A double sequence X = (Xy;) of fuzzy numbers is said to be
convergent in the Pringsheim’s sense or P- convergent to a fuzzy number X, if for
every € > 0 there exists ng € N such that

d (X, Xo) <€ for k,1l>nog,

and we denote by P —limX = Xy. The fuzzy number Xy is called the Pringsheim
limit of (Xkl)-
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Let ¢?(F) denote the set of all double convergent sequences of fuzzy numbers.

Definition 1.5. [21] A double sequence X = (Xj;) of fuzzy numbers is bounded

if there exists a positive number M such that d (Xg;,0) < M for all k and [. We
will denote the set of all bounded double sequences by 1. (F).

Savas [13] introduced and discussed convergent double sequences of fuzzy num-
bers and showed that the set of all convergent double sequences of fuzzy numbers
is complete.

In this paper we introduce and study the concept of strong double (A) A-summabi-
lity with respect to an Orlicz function and also some properties of this sequence
space are examined.

Before we state our main results, first we shall present the following definition by
combining a four dimensional matrix transformation A and Orlicz function.

2. Main Results

Definition 2.1. Let M be an Orlicz function and A = (am,n.x,1) be a nonnegative
RH-regular summability matrix method. We now present the following sets of
double sequence spaces:

" " Redliag d(A11 Xy 1,0 Pkl
wqy (A, M, p)A(F) = {X €s :P—lim Z Amn k1 |:]VI <M =0, for some p >0,

m,n
k,1=0,0 P

7" " 2, d(A11 Xk 1, X Pl
w (A, M,p)a(F) = {X € s :1:’7717ilrr717 Z U n,k,l {IM (w>] = 0, for some p >0, ,
" k,1=0,0 P

and

" " Qe d(A11 X 0 Pkl
Woo (A, M, p)A(F) = {X € s :sup Z A n,k,l |:M (M < oo, for some p >0 5,

"M k,1=0,0 P

where

All‘Xr'mn = an - Xm+1,n - X'm,n+1 + X’m+1,n+1 and

= 1, if t=0,
0(t) = { 0, otherwise.

Let us consider a few special cases of the above sets .
(1) If M(z) =z, for all z € [0, 00), then we have

00,00
wo (A,p)a(F) = {Xes":P— lim D7 g kad(A1 Xy, 050 = }
" k,1=0,0

00,00
W' (A, p)a(F) = {X €s tP—lim > amnrad(A11Xp, Xo)Pkt =0, } )
m,n
k,1=0,0
and
00,00
Woo (A, P)A(F) =< X €s :sup Z k1 (D11 X 1, 0)PRL < 00 p .
T g 1=0,0
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(2) If py,; =1 for all (k,I), then we have

" ” °2:2° d(A11 X 1,0
w (A,M)A(F):{XES sP—lim > Ak |:1M (% =0, for some p >0 %,
7 k,1=0,0

" " 2.2 d(A1 Xg 1, X
w (A,M)A(F):{XES : P — lim Z amnkl{M(w)]:O, for some p > 0 » ,
mon nk,
k,1=0,0 [
and
7 7" o d(A11 Xk 1,0
W (A, M)A(F)=¢X €s :sup Z Amon,k,l | M (117]”) < oo, for some p >0, .
™" k,1=0,0 P

(3) If we take M(z) = z, for all € [0,00) and pg,; = 1 for all (k,1), then we

have
1" " ) 0,20 _
wo (A)a(F)=¢X €s :P— 717111131 ST amn,kad(A11Xp,,0) =00,
k,1=0,0
" 1" . 0,20
w (Aa(F)=(¢X€s ip—}rl;?l > tmnkad(A11 Xp 1, Xo) =0, 5,
k,1=0,0
and

00,00

1" 12 _
W (A)A(F) =X €s isup D amnk1d(A11Xg 1, 0) <oop.
T g 1=0,0

(4) If we take A = (C,1,1), we have

m—1,n—1 0 PE,l
d(A11 X 0 )
M <M>:| =0, for somep>0},

p

" "
w (]V[,p)OA(F): X€s :P— lim —
T mn 20,0

m,n o mn

1 1 1 m-Ln-t d(A11 X 1, X0) \ Pkl
w (M,p)A(F)=¢X €s :P— lim — M| ——- = 0, for some p > 0, »,
k,1=0,0 P

and
i S d(A11X5,,0) ) | 7R
M| — < oo, for some p >0, .
p

" o ” 1
w (M,p)A(F)=¢X E€s :sup —
e MmN 1=0,0

(5) If we take A = (C,1,1) and py,; = 1 for all (k,1), then we have

1 " 1 mobnot d(A11 X, 0
w (M)DA(F)= Xe€s :P— lim — Z M M =0, for some p >0,
mmn 1260 P

" " 1 m-Ln-t d(A11 Xk 1, X
w (M)A(F)=¢X €s :P— lim — Z [M(M)]:o, for some p > 0, »,
m™nmn 1700 P

and

m—1,n—1 =
e - {X ey LY [M <w>] o }
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(6) If we take A = (C,1,1), M(x) = z, for all z € [0,00), and py; = 1 for all
(k,1), then we have

Iz " p m-Ln-t _
waAl(F)y=94Xe€s :P—1lim — > d(A11Xp,;,00=0;,
mmmn 1750
. ., m—1,n—1
wal(F)=qX €s :P— lim — ST d(A11 Xk, X0) =0, ¢,
UM 1=0,0
and
1 oo " 1 m-1,n—1 _
wAT(F)=¢X €s :sup — Z d(A11Xp,1,0) < oo p.
m,mn mn k,1=0,0

(7) Let us consider the following notations and definitions. The double se-
quence 0, s = {(ky,l5)} is called double lacunary if there exist two increas-
ing sequences of integers such that

ko=0,h, = k. —k,_1 — 00 asr — oo,

lo=0,hs =1s—1,_1 > 00as s = 00,
and let h,s = hyhs, 0,4 is determined by I, s = {(,7) : kro1 < @ <
kr & ls_1 < j <ls}. If we take

. _{ i (k1) € I
s,k —

T8

0 otherwise.

We write

" ” 1 d(A11 Xy 1,0 Pkl
w (G,M,p)&(F){XES : P —lim — Z {M(M>:| =0, forsomep>0},

T P ()€l °

" " 1 d( X 1, X PE,l
w (0, M,p)a(F) = {XGS ¢ P —lim = Z M (M)} —O,}7

T e ()€l s P

and

" " 1 d(A11 X 0 Pk,l
w (0,M,p)X(F)=4X E€s :sup= Z M M < oo, for some p >0, .
s hps 4
S (k) EIr s

(8) As a final illustration let
{1‘, ifk}EIi:[i—)\i—‘y—l,i]andlEIj:[j—)\j-i-l,j]
ikl =

@7

0, otherwise

where we shall denote X; ; by Aip;. Let A = (\;) and p = (u;) be two
non-decreasing sequences of positive real numbers such that each tending
to oo and Aiy1 < A+ 1,A =0 and pjp1 < py + 1,01 = 0. Then our
definition reduces to the following

” " 1 d(A11 Xy 1,0 Pk,
W OWMpAF)={X€es :P—lim- S {M <M>] =0, for some p > 0§,
LI XA kel lel; P

7" 7" 1 d(A11 Xk 1, X Pkl
G ONMpA(F) =X €es P —lim~— > [M(Mﬂ =0, for some p >0},
b kelylel; P
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and

"o " 1 d(A11 X 0 Pkl
w AMMpRX(F)=¢Xes :sup Z [JM <M>:| < oo, for some p >0, .
Bd AL kel lel; P

>

The following inequalities will be used throughout the paper. Let p = (pr,;) be
a double sequence of positive real numbers with 0 < py; < supy;pr; = H and

let C = max{1,27~1}. Then for the factorable sequences {ax} and {bs} in the
complex plane, we have

|lak, + bk """ < Clag "5 + |bka[P*1).
Theorem 2.2. If M is an Orlicz function, then wy (A, M,p)a(F) C w" (A, M,p)a(F) C
Woo (A, M, p)a(F).

Proof. The inclusion wy (A, M, p)a(F) C w" (A, M,p)a(F) is easy and so is omit-
ted. If we choose X in w” (A, M,p)a(F), then there exists some positive number

p1 such that
0,00
’ A( X1, Xo0) \ 1P+
P—lm > amuki [M <7( b O)H =0.
m,n p1
k,1=0,0

Define p = 2p;. Since M is nondecreasing and convex, we obtain the following;:

00,00
’ (A1 X, 1,0)\]7F!
§ Am,n,k,l |:M( ( LA )>]

k,1=0,0 P
00,00
d 1 d(A11 Xy 1, Xo)
< Z 5 Am,n,k,l [M (7,
< P Gmansk,
k0,0 20 P
d(X N Pk,l
" M( ( 070))}
pP1
0,00
’ (A1 X1, Xo) \ TPk
< ¢ — {M (M)]
k,1=0,0 P
oo ,00 raY
5 d(X 70 Pk,
P )
k,1=0,0 P1
oo,00
5 d(A11X ,X Pk,
< ¢ — {M (M)]
k,1=0,0 P1
d(Xo,00\17] &
+ Cmax{l, M (M)} } Z Amn,k,l-
Pl k,1=0,0

Since A is RH-regular, we are granted that X € wgo (A, M, p)a(F) and this com-
pletes the proof. O

Theorem 2.3. (1) If 0 <infpr; < prg <1, then
w (A, M,p)a(F) Cw’ (A, M)a(F)
(2) If 1 < pi; < suppg,; < oo, then
w (A, M)a(F) Cw (A, M,p)a(F)
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Proof. (1) Let X € w” (A, M,p)(F), since 0 < inf pj; < 1, we have

00,00 A(A X X, 00,00 dALX X -
S i M ((11“0)) <3 i [M <<11klo>ﬂ

k,1=0,0 P k,1=0,0 P

and hence X € w” (A, M, p)a(F).
(2) Let pg; > 1 for each (k,I) and supy;pr; < oo. Let X € W' (A, M)A (F).
Then for each 0 < € < 1 there exists a positive integer ny such that

kg d(A1 Xk, X,
Z am,kaM( ( 118k, 0)> <e<l1
k,1=0,0 P

for all m,n > ng. This implies that

« d(An Xps, Xo)\ 17 UAXer X
> Gmmk [M ((“’”0))] < Y M ((nklo))

k,1=0,0 P k,1=0,0 P
Thus X € w' (A, M, p)a(F). O
The following corollary follows immediately from the above theorem.

Corollary 2.4. Let A = (C,1,1) double Cesaro matrix and let M be an Orlicz
function.

(1) If 0 <infpg; < pr; < 1, then W' (/Map)A(F) C W:(M)A(F)'
(2) If 1 < pg; <suppr; < 0o, then w (M)A (F) Cw (M,p)a(F).

3. Double (A, A)-statistical Convergence

Natural density was generalized by Freedman and Sember in [3] by replacing C
with a nonnegative regular summability matrix A = (a, ). Thus, if K is a subset
of N then the A-density of K is given by 64(K) = lim, D, anx if the limit
exists.

A real number sequence z is said to be statistically convergent to the number L
if for every € > 0

1
lm—|{k <n:|zp—L| > €} =0,
non

where by k£ < n we mean that £ = 0,1,2,...,n and the vertical bars indicate the
number of elements in the enclosed set. In this case, we write st; — limx = L
or z — L(st1). Statistical convergence is a generalization of the usual notion of
convergence for real valued sequences that parallels the usual theory of convergence.
The idea of statistical convergence was first introduce by Fast [2]. Today, statistical
convergence has become one of the most active area of research in the field of
summability theory.

Before we present the new definition and the main theorems, we shall state a
few known results. The following definition was presented by Nuray and Savag [14]
for single sequence of fuzzy numbers . A sequence X is said to be statistically
convergent or s-convergent to Xg, if for every € > 0
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1
lim —|{k < n:d(Xg, Xo) > €}| =0,
non

where the vertical bars indicate the numbers of elements in the enclosed set. In
this case we write s —lim X = L or X, — Xo(s).
Let K € N x N be a two-dimensional set to positive integers and let K(m,n) be

the number of (k,!) in K such that £ <n and [ < m.
K(m,n)

In case the double sequence — = has a limit in the Pringsheim sense then we
say that K has a double natural density as
K
P —tim B0 g2y,
m,n mn

Let K C N x N be a two-dimensional set of positive integers, then the A-density
of K is given by
5,24(K) =P- lrlv,r% Z Am,n,k,l
(k)EK
provided that the limit exists.
Recently Savas and Mursaleen [19] introduced the idea of statistical convergence
for double sequence of fuzzy numbers as follows:

Definition 3.1. A double sequence X = (Xj;) of fuzzy numbers is said to be
statistically convergent to Xy provided that for each ¢ > 0

1
pP— lim% (kD) k<mandl <n:d(Xp,Xo) >e€}| =0.

In this case, we write sty — limy; X;; = X and denote the set of all double
statistically convergent sequences of fuzzy numbers by st?(F).
We now have

Definition 3.2. A double sequence X of fuzzy numbers is said to be (A, A)-
statistically convergent to L if for every positive €

5124 ({(k, 1) : d(A11 XK1, Xo) > €}) = 0.
In this case we write Xj; — Xo(s%(A, A)(F)) or s?(4,A)(F) —lim X = X, and
s%(A,A)(F) = {X : 3Xy € R(I),s*(A, A)(F) —1lim X = Xo}.

If A= (C,1,1) then (s?(A,A))(F) reduces to (s*(A))(F) which is defined as
follows: A double sequence X of fuzzy numbers is said to be (A)-statistically con-
vergent to X, if for every positive € > 0 the set

1
P —lim — [{(k,0);k <mand | <n:d(A11Xk, Xo) > €} =0.

m,n M
In this case we write s2(A)(F) —lim X = X,. If we take

{ L fkel = (ko k] and L€ I, = (Is_1,14]
Qr skl =

>

T, s

0 otherwise ,
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where the double sequence 6,.s = {(k,,ls)} and h, s are defined above. Then our
definition reduces to the following: A double fuzzy numbers sequence X is said to
be lacunary (0, A)-statistically convergent to Xy, if for every positive € > 0 the set

P —lim

T,8

H(k’ l) e cd(A1 Xk, Xo) > €} = 0.

T,

Finally, if we write
{ L ifke]i:[i—)\i—l—l,i]andlelj:[j—)\j+1,j];
i 5.k, =

Xij’

0, otherwise ,
Let A = (A;) and p = (u;) be defined as above. A double fuzzy numbers sequence
X is said to be (A, A)-statistically convergent to Xy, if for every positive € > 0 the
set

P—hmf Hkelandl € I; : d(A11 Xy, Xo) > €} =0.

APV
Theorem 3.3. If M is an Orlicz function and 0 < h = infy;pr; < pr; <
supy ; pry = H < 0o, then W (A, M,p)A(F) C s%(A,A)(F).

Proof. If X € w" (A, M, p)a(F), then there exists p > 0 such that

= d(A11 Xk, Xo) \ 17
Polm >t [M ((nklo))] o

" k,1=0,0 p

Then, we obtain for a given € > 0 and let ¢; = % that

3 d(An X X Pk,
Z Gm,n,k,l [M ((HM)]

k,1=0,0 P
0,00

. d(A11 Xk, Xo) \ 17!
_ Z PR M( 11k, A0 >

k,1=0,0;d(A11 Xk,1,X0)>¢ -

ki d(A11 Xy, X Prend
n Z PR M ( 11kl 0 )
k,1=0,0;d(A11 Xk ,1,X0)<e -
fadlng d(A11 X X Prt
2 Z P M( 112kl <20 )
k,1=0,0;d(A11 Xk 1,X0)>e€ )
> > @ g min{ [M (e1)]", [M(e1)]",
k,1=0,0;d(A11 Xk,1,X0)>€
0,00
> (min { [M(ﬁl)]h ) [M(ﬁl)]H}) Z Am,n,k,l

k,1=0,0;d(A11 Xg,1,X0)>e€

> min{(M(e)])", [M(e0)] "} (k1) = d(X1, Xo) = ).
Hence X € s?(A, A)(F). O
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Theorem 3.4. Let M be an Orlicz function and X = (Xx;) be a bounded sequence
of fuzzy numbers and 0 < h = infy ;pr; < prg < Supy ; Pri = H < oo, then

s2(A,A)(F) c w" (A, M,p)a(F).

Proof. Suppose that X € I._(F) and X ; — Xo(s(A, A))(F). Since X € I (F),
there is a constant K > 0 such that d(AXy,,0) < K for all k,I . Given € > 0 we

have
00,00 AdA X X Pk,
S {M (Mﬂ
k,1=0,0 p
0,00 d(A11 X1, Xo)
_ Z S {M( 11Xk,1, Xo) }
E,1=0,0;d(A11 X,1,X0)>€
0,00
’ A X X
N Z — {M( 11Xk, Xo )}
k,1=0,0;d(A11X%,1,X0)<e
00,00 h
K
< > am,n,k,lmax{|:M ()] [M( ﬂ }
k,1=0,0;d(A11 Xk,1,X0)>e P
L SR L >}
k,1=0,0;d(A11 Xk,1,X0)<e
< 04 ({(k,1) s d(A11 X, Xo) > €}) max{ T)]H}
h H
K
+ max pr(S)][u (5)] 15 -
p p p
Thus X € w” (A, M, p)a(F). U

If welet A = (C,1,1), M(X) = X, and pi; = 1 for each (k,l) we have the
following corollary:

Corollary 3.5. (i) If X;.; — L(w”)a(F) then X, — L(s2(A))(F )
(i) If X € I__(A)(F) and Xj —>/L(52( )(F)) then Xy, — L(w Nal(F).

(iii) s2(A)(F) NI (A)(F) = (W )a(F) Nl (A)(F) where I._(A)(F) =: {X :
(A11Xky) € Lo (F)}-
Remark 3.6. In corollary 3.5, if X ; — L(s*(A)) which is unbounded then X ; —
L(w")a(F) may not be true. This follows from the following example.

Example 3.7. Consider the sequence (A1,1Xk1) in R(I) defined as follows:
Forl=14%,ieN and for all k € N,

1+ﬁ, for —y/n<t<0,
DN X (t) = 1-— ﬁ, for  0<t</n,
0, otherwise.
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Forl#i%, i €N and for all k € N,

Al,lel =0.
The sequence (A11Xy) defined as above is unbounded and s?(A)- convergent to 0.
But it is easy to see that it is not (w' )a-summable to 0.
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