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BIPOLAR FUZZY HYPER BCK-IDEALS IN HYPER
BCK-ALGEBRAS

Y. B. JUN, M. S. KANG AND H. S. KIM

ABSTRACT. Using the notion of bipolar-valued fuzzy sets, the concepts of bipo-
lar fuzzy (weak, s-weak, strong) hyper BCK-ideals are introduced, and their
relations are discussed. Moreover, several related properties are investigated.

1. Introduction

The hyper structure theory (called also multialgebras) was introduced in 1934
by Marty [11] at the 8th congress of Scandinavian Mathematiciens. In [8], Jun et
al. applied the hyper structures to BC' K-algebras, and introduced the concept of a
hyper BC'K-algebra which is a generalization of a BC' K-algebra. They also intro-
duced the notion of a (weak, s-weak, strong) hyper BC K-ideal, and gave relations
among them. Harizavi [3] studied prime weak hyper BC K-ideals of lower hyper
BCK-semilattices. Jun et al. discussed the notion of hyperatoms and scalar ele-
ments of hyper BCK-algebras (see [5]). Fuzzy set theory is established in the paper
[13]. Jun et al. also discussed the fuzzy structures of (implicative) hyper BCK-
ideals in hyper BCK-algebras (see [4, 6]). Davvaz [1] introduced the notions of
fuzzy hyperideal and fuzzy bi-hyperideal in ternary semihyperrings, and considered
their characterizations. Torkzadeh et al. [12] considered the notion of intuitionistic
fuzzy (weak) dual hyper K-ideals and obtained related results.

In the traditional fuzzy sets, the membership degrees of elements range over
the interval [0,1]. The membership degree expresses the degree of belongingness
of elements to a fuzzy set. The membership degree 1 indicates that an element
completely belongs to its corresponding fuzzy set, and the membership degree 0 in-
dicates that an element does not belong to the fuzzy set. The membership degrees
on the interval (0,1) indicate the partial membership to the fuzzy set. Sometimes,
the membership degree means the satisfaction degree of elements to some property
or constraint corresponding to a fuzzy set (see [2, 14]) In the viewpoint of satisfac-
tion degree, the membership degree 0 is assigned to elements which do not satisfy
some property. The elements with membership degree 0 are usually regarded as
having the same characteristics in the fuzzy set representation. By the way, among
such elements, some have irrelevant characteristics to the property corresponding
to a fuzzy set and the others have contrary characteristics to the property. The
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FI1GURE 1. A Fuzzy Set “Young”

traditional fuzzy set representation cannot tell apart contrary elements from irrele-
vant elements. Consider a fuzzy set “young”’ defined on the age domain [0, 100] (see
FIGURE 1). Now consider two ages 50 and 95 with membership degree 0. Although
both of them do not satisfy the property “young”, we may say that the age 95 is
more apart from the property rather than the age 50 (see [9]).

Only with the membership degrees ranged on the interval [0, 1], it is difficult
to express the difference of the irrelevant elements from the contrary elements in
fuzzy sets. If a set representation could express this kind of difference, it would
be more informative than the traditional fuzzy set representation. Based on these
observations, Lee [9] introduced an extension of fuzzy sets named bipolar-valued
fuzzy sets. He gave two kinds of representations of the notion of bipolar-valued
fuzzy sets.

In this paper, using the notion of bipolar-valued fuzzy set, we establish the bipo-
lar fuzzification of the notion of (strong, weak, s-weak) hyper BC K-ideals in hyper
BCK-algebras, and investigate some of their properties. We give characterizations
of bipolar fuzzy hyper BC K-ideals. We show that every bipolar fuzzy s-weak hy-
per BC'K-ideal is a bipolar fuzzy weak hyper BC K-ideal, but the converse is not
valid in general by example. We provide conditions for a bipolar fuzzy weak hyper
BCK-ideal to be a bipolar fuzzy s-weak hyper BC K-ideal.

2. Preliminaries

2.1. Basic Results on Bipolar Valued Fuzzy Sets. Fuzzy sets are a kind of
useful mathematical structure to represent a collection of objects whose boundary
is vague. There are several kinds of fuzzy set extensions in the fuzzy set theory,
for example, intuitionistic fuzzy sets, interval-valued fuzzy sets, vague sets, etc.
Bipolar-valued fuzzy sets are an extension of fuzzy sets whose membership degree
range is enlarged from the interval [0, 1] to [—1, 1]. Bipolar-valued fuzzy sets have
membership degrees that represent the degree of satisfaction to the property corre-
sponding to a fuzzy set and its counter-property. In a bipolar-valued fuzzy set, the
membership degree 0 means that elements are irrelevant to the corresponding prop-
erty, the membership degrees on (0, 1] indicate that elements somewhat satisfy the
property, and the membership degrees on [—1,0) indicate that elements somewhat
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F1cURrE 2. A Bipolar Fuzzy Set “Young”

satisfy the implicit counter-property (see [9]). FIGURE 2 shows a bipolar-valued
fuzzy set redefined for the fuzzy set “young” of FIGURE 1. The negative membership
degrees indicate the satisfaction extent of elements to an implicit counter-property
(e.g., old against the property young). This kind of bipolar-valued fuzzy set repre-
sentation enables the elements with membership degree 0 in traditional fuzzy sets,
to be expressed into the elements with membership degree 0 (irrelevant elements)
and the elements with negative membership degrees (contrary elements). The age
elements 50 and 95, with membership degree 0 in the fuzzy sets of FIGURE 1, have
0 and a negative membership degree in the bipolar-valued fuzzy set of FIGURE 2,
respectively. Now it is manifested that 50 is an irrelevant age to the property young
and 95 is more apart from the property young than 50, i.e., 95 is a contrary age to
the property young (see [9]).

In the definition of bipolar-valued fuzzy sets, there are two kinds of representa-
tions, so called canonical representation and reduced representation. In this paper,
we use the canonical representation of a bipolar-valued fuzzy sets. Let X be the
universe of discourse. A bipolar-valued fuzzy set ® in X is an object having the
form

© = {(z, uf (2), ug () | = € X}

where pf : X — [0,1] and pf : X — [~1,0] are mappings. The positive member-
ship degree puk (z) denotes the satisfaction degree of an element z to the property
corresponding to a bipolar-valued fuzzy set ®, and the negative membership degree
p (x) denotes the satisfaction degree of x to some implicit counter-property of ®.
If uf(z) # 0 and pd (z) = 0, it is the situation that z is regarded as having only
positive satisfaction for ®. If puf (x) = 0 and pd (z) # 0, it is the situation that z
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does not satisfy the property of ® but somewhat satisfies the counter-property of
®. It is possible for an element = to be pk (z) # 0 and pf (z) # 0 when the mem-
bership function of the property overlaps that of its counter-property over some
portion of the domain (see [10]). For the sake of simplicity, we shall use the symbol
& = (H; puk, p) for the bipolar-valued fuzzy set ® = {(xz, ub (z), ud (z)) | v € X},
and use the notion of bipolar fuzzy sets instead of the notion of bipolar-valued fuzzy
sets.

2.2. Basic Results on Hyper BCK-algebras. We include some elementary as-
pects of hyper BC' K-algebras that are necessary for this paper, and for more details
we refer to [6], [7], and [8].

Let H be a nonempty set endowed with a hyperoperation “o”. For two subsets
A and B of H, denote by Ao B theset |J aob. We shall use x oy instead of

acA,beB
zo{y}, {a}oy, or {a}o{y}
By a hyper BCK -algebra we mean a nonempty set H endowed with a hyperop-

(AP}

eration “o” and a constant 0 satisfying the following axioms:
(HK1) (zoz)o(yoz) <zoy,
(HK2) (zoy)oz=(zoz)oy,
(HK3) zo H < {z},
(HK4) z < y and y < z imply = =y,
for all z,y,z € H, where ¢ < y is defined by 0 € z oy and for every A, B C H,
A < B is defined by Va € A, 3b € B such that a < b. In such case, we call “<”
the hyperorder in H.
Note that the condition (HK3) is equivalent to the condition:

(Va,y € H)(zoy < ). (1)
In any hyper BC K-algebra H, the following hold:

(AoB)oC =(Ao(C)oB, Ao B« A, 00 A< {0}. (2)
000={0}. (3)

0Kz (4)

A< A (5)

ACB = ALK B. (6)

00 A= {0}. (7)

A< {0} = A={0}. (8)

ze€xol. (9)

zo0k{y} = z<Ky. (10)

Y<Kz > rzozKroy. (11)

zoy={0} = (voz)o(yoz)={0},z0z<Kyoz. (12)
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for all z,y,z € H and for all nonempty subsets A, B and C of H.

A nonempty subset I of a hyper BC' K-algebra H is said to be a hyper BC K -ideal
of H if it satisfies

(I1) 0 eI,

(I12) Vz e H) (Vyel) (zoy<I = xzel).

A nonempty subset I of a hyper BC K-algebra H is called a strong hyper BCK -
ideal of H if it satisfies (I1) and

(I13) Vz e H) (Vyel) (xoy)NI#£0 = xel).

Note that every strong hyper BC'K-ideal of a hyper BC' K-algebra is a hyper
BCK-ideal.

A nonempty subset I of a hyper BCK-algebra H is called a weak hyper BCK -
ideal of H if it satisfies (I1) and

(I4) Vz e H) (Vyel) (xoyCI=zel).
We now review some fuzzy logic concepts. A fuzzy set in a set H is a function
w: H —[0,1]. For any ¢ € [0, 1] and a fuzzy set u in a nonempty set H, the set
U(pst) ={z € H | p(x) > t} (vesp. L(w;t) ={z € H | p(x) < t})
is called an upper (resp. lower) level set of p.

A fuzzy set p in a hyper BC K-algebra H is called a fuzzy hyper BCK -ideal of
H if it satisfies

(Vo,y € H)(z <y = ply) < p(x)), (13)
(Ya,y € H)(u(x) > min{ inf u(a). u(y) ). (14)

3. Bipolar Fuzzy Hyper BCK-ideals
In what follows let H denote a hyper BC'K-algebra unless otherwise specified.

Definition 3.1. A bipolar fuzzy set ® = (H; uk, ) in H is called a bipolar fuzzy
hyper BCK -ideal of H if it satisfies

(Vo,y € H)(z <y = pg(z) > pg(y), 1§ (z) < pg (y), (15)
and
pg () = min{aieggy ug (a), uéf(y)},
pa (r) < max{bilify 1y (b), pgl (y)} (16)

for all z,y € H.

Example 3.2. Let H = {0,a,b} be a hyper BCK-algebra with the following
Cayley table:

0 a b
{or {0} {0}
{a} {0,a} {0,a}
{o} {a,b} {0,a,0}

R Ofo
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Define a bipolar fuzzy set ® = (H; pul, u&) in H by

0 a b
pE | 07 04 02
py 1 -0.8 —0.6 —0.2

It is easily verified that ® = (H; uk, u&) is a bipolar fuzzy hyper BC K-ideal of H.

Definition 3.3. A bipolar fuzzy set ® = (H; uL, uX) in H is called a bipolar fuzzy
strong hyper BCK -ideal of H if it satisfies
inf pig(a) > pg(z) > min{ sup 1§ (b), ng(y)},

aczroxr € zoy

sup pug () < g () < max{ inf ug(d), ug (y)} (17)

cexox

for all z,y € H.

Example 3.4. Let H = {0,a,b} be a hyper BCK-algebra with the following
Cayley table:

o | 0 a b
0|{op {o} {o}
a|f{at {0} {a}
b | {o} {b} {0,b}

Define a bipolar fuzzy set ® = (H; pul, u&) in H by

0 a b
pE |l 09 06 03
py 1 -0.8 —05 —0.2

It is routine to check that ® = (H;uk, u) is a bipolar fuzzy strong hyper BOK-
ideal of H.

Definition 3.5. A bipolar fuzzy set ® = (H; uL, uX) in H is called a bipolar fuzzy
s-weak hyper BCK -ideal of H if it satisfies

(Vo € H)(pg (0) = pg (x), pgl (0) < pigl (x)) (18)
and for every x,y € H there exist a,b € x o y such that

pg () > min{ug (a), ug ()},
pg (x) < max{pg (b), ug (y)}- (19)
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Definition 3.6. A bipolar fuzzy set ® = (H; uk, ud) in H is called a bipolar fuzzy
weak hyper BCK -ideal of H if it satisfies

W5 (0) 2 g () > min{ inf pif (@), uf )},

i (0) < i (2) < maxc{ sup w (b), 1 (v) } (20)

S
bexoy
for all z,y € H.

Theorem 3.7. Every bipolar fuzzy s-weak hyper BC'K -ideal is a bipolar fuzzy weak
hyper BCK -ideal.

Proof. Let a bipolar fuzzy set ® = (H;uk,pd) in H be a bipolar fuzzy s-weak
hyper BC'K-ideal of H and let z,y € H. Then there exist a,b € x oy such that

pi () > min{pg (a), pg (y)} and pg () < max{ug (b), ug (y)}-
Since pk (a) > énf pE(c) and p (b) < sup p (d), it follows that
cExoy dezoy

pg(z) > min{ inf pg(c), pg(y)}
cexoy

and

pig (z) < maX{dSéup g (d), ngy (y)}-
Toy

Hence ® = (H; ul, 1Y) is a bipolar fuzzy weak hyper BC K-ideal of H. O
The converse of Theorem 3.7 is not true as it can be seen in the following example.

Example 3.8. Let H = NU {0, a}, where a(# 0) ¢ N. Define a hyperoperation

[39eh)

o” on H as follows:

{0} it =0,
{0,z} if (z<y,zeN)or(zeN, y=a),
roy = {z} it x>y, zeN,
' {0}UN if z=y=aq,
N if r=a,yeN,

{a} if z=a, y=0.

Then (H, 0,0) is a hyper BCK-algebra. Define a bipolar fuzzy set ® = (H; ut, uf)
in H by

0 1 2 3 a
pk | 4-3 4-31 4-314 4-3141 -+ 4-7
py | —4+3 —4+31 —4+314 —4+3.141 -+ —d+47

Then ® = (H; uk, p) is a bipolar fuzzy weak hyper BC'K-ideal of H, but it is not
a bipolar fuzzy s-weak hyper BC K-ideal of H because if x = a and y = 1, then
zoy = N. For every a € N =z oy, we have

iE(a) = 4 — 7 < min{uf (), 1 (1)}



112 Y. B. Jun, M. S. Kang and H. S. Kim

and/or
pa (@) = —4+m > max{pg (a), g (1)}

Hence @ is not a bipolar fuzzy s-week hyper BC K-algebra.

A bipolar fuzzy set ® = (H; pL, u&) in H is said to satisfy the inf-sup property
if for any nonempty subset T of H there exist zo,yo € T such that pl(zo) =
inf 41 () and pg (yo) = sup g (y)-
xeT yeT

Note that, in a finite hyper BC K-algebra, every bipolar fuzzy set satisfies the

inf-sup property. The following example shows that there exists a bipolar fuzzy
set which does not satisfy the inf-sup property.

Example 3.9. Let H = NU{0} U{«a, 5}, where a(# 0) ¢ N and 8(# 0) ¢ N with

[AP))

« # . Define a hyperoperation “o” on H as follows:

{0,2} if (z <y, z,y e NU{0}) or (x e NU{0},y € {, 5})
{z} if x>y, v,y € NU{0},
zoy:=1 {a} if =aq, y+#a,
{8} ifax=pBy#p,
{0} ifx=y=aorz=y=00.

Then (H,0,0) is a hyper BCK-algebra (see [3]). Define a bipolar fuzzy set & =
(H; pg,pgy ) in H by

0 1 2 3 4 a B
pk | 2-1 2—-14 2-141 2-1414 2-14142 -~ 0 0
py | —2+1 —2+414 —241.41 —2+1.414 —2+1.4142 0 0

Let T =NU{0} C H. Then ingug(x) =2—+/2 and sup pf (y) = -2+ /2. But
EdS yeT
there does not exist ¢,y € T such that uL (z¢) = 2 — /2 and ud (yo) = —2 + V2.
Hence ¢ = (H; ug, ug) does not satisfy the inf-sup property.

The following example shows that there exists a bipolar fuzzy set which satisfies
the inf-sup property.

Example 3.10. Let H = NU{0} and define a hyperoperation “o” on H as follows:

_ ] {0z} ifa <y,
xoy._{{x} ifx >y.
Then (H,o0,0) is a hyper BC K-algerba.
(1) Let ® = (H; pk, uX) be a bipolar fuzzy set in H where

Py [0 ifne{0,2,4,---},
e (1) '_{ o ifne{l,3,5,--},
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i O Ene 024y
® B ifne{1,3,5, -}

where o € (0,1] and 8 € [~1,0). Then ® = (H;uk,u) satisfies the inf-sup
property.

(2) Let U = (H; pul, 1) be a bipolar fuzzy set in H defined by

0 1 2 3 4
ph | 2-1 2-1.7 2-1.73 2-1.732 2 —1.7320
py | —24+1 —2+41.7 —-2+41.73 —-2+1.732 -2+ 1.7320

Then ¥ = (H; pk, 1) is a bipolar fuzzy hyper BCK-ideal of H. Let T =N C H.

Then 1r€1§ ph(z) = 2 —+/3 and sup Y (y) = —2 + v/3. But there does not exist
r yeT

To,y0 € T such that pf(zg) = 2 — V3 and p(yo) = =2 + V3. Hence ¥ =
(H; ul, 1% does not satisfy the inf-sup property.

A bipolar fuzzy weak hyper BC K-ideal may not be a bipolar fuzzy s-weak hyper
BCK-ideal. But we have the following proposition.

Proposition 3.11. If ® = (H; uL, u) is a bipolar fuzzy weak hyper BCK -ideal of
H satisfying the inf-sup property, then ® = (H;uk, u&) is a bipolar fuzzy s-weak
hyper BCK -ideal of H.

Proof. Since ® = (H; uk, u) satisfies the inf-sup property, there exist ag, by € zoy

such that pf (ag) = ienf pE(a) and p (bo) = sup p (b). It follows that
a€xoy bExoy

pa (2) = min{ inf g (a), pa (y)} = min{pg (ao), g (y)}

and

pg () < max{ sup pg (b), pg ()} = max{ug (bo), g (y)}-

bexoy

This completes the proof. ([

Since in a finite hyper BC K-algebra, every fuzzy set satisfies the inf-sup prop-
erty, the concept of bipolar fuzzy weak hyper BC K-ideals and bipolar fuzzy s-weak
hyper BC' K-ideals coincide in a finite hyper BC K-algebra.

Proposition 3.12. Let ® = (H; uk, pY) be a bipolar fuzzy strong hyper BOK -ideal
of H and let x,y € H. Then

(1) 15 (0) > k(@) and p (0) < i (2),
(2) = < y implies uE () > uE(y) and p (2) < 1 (1),
(3) 1k (@) > min{yuf (@), w5 ()} and i (x) < max{yud (b), ud (4)} for all a,b €

Toy.
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Proof. (1) Since 0 € zox for all z € H, we have uL (0) > inf pk(a) > pk(x) and

acxox

pd (0) < sup pd (b) < pf (z), which proves (1).

bexox

(2) Let 2,y € H be such that # < y. Then 0 € x oy and so sup pk(c) > uL(0)
cexoy

and dienf pd (d) < u&(0). Tt follows from (1) that
Toy

i () > min{cseligy 1 (c), ph (y)} > min{pf (0), ug (y)} = ph (y)

and
ua (2) < max{ inf pg'(d), i (y)} < max{pg (0, wa (v)} = pa (4).
(3) Let =,y € H. Since

pup (x) > min{ sup g (c), s (y)} > min{ug (a), pg(y)}

cEzoy
and
na (@) < max{ inf pg(d), pg (y)} < max{ug (0), ug (4)}
for all a,b € x oy, we have the desired result. (Il

The following corollaries are straightforward.

Corollary 3.13. If ® = (H; uk, u) is a bipolar fuzzy strong hyper BCK -ideal of
H, then

pa (x) 2 min{ inf pug(a), g (y)} and pg () Smax{bzggyug (b): g ()}

forall x,y € H.

Corollary 3.14. FEvery bipolar fuzzy strong hyper BC K -ideal is both a bipolar fuzzy
s-weak hyper BCK -ideal (and hence a bipolar fuzzy weak hyper BCK -ideal) and a
bipolar fuzzy hyper BC K -ideal.

Proposition 3.15. Let ® = (H; uL, puX) be a bipolar fuzzy hyper BOK -ideal of H
and let x,y € H. Then

(1) 1 (0) > g (2) and pg (0) < pgl ().
(2) If ® = (H; ub, uY) satisfies the inf-sup property, then
pg (x) = min{ug(a), ug(y)},
prg (x) < max{pug (b), ng (y)} (21)
for some a,b e xoy.

Proof. (1) Since 0 < x for all z € H, it follows from (15) that pZ (0) > uf () and
1 (0) < g ().
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(2) Since ® = (H; L, pY) satisfies the inf-sup property, there exist ag, by € xoy
such that pf (ag) = iEnf pkE(a) and pf (bo) = sup uf (b). Hence
a€xoy

bexoy

pi(2) > min{ inf pug(a), pi(y)} = min{pg (ao), pg(y)}

aczroy
and
pg () < max{ sup ug (0), mg (y)} = max{ug (bo), ug (v)}-
Toy
This completes the proof. O

Corollary 3.16. (1) Every bipolar fuzzy hyper BCK-ideal is a bipolar fuzzy weak
hyper BCK -ideal.

(2) If ® = (H;pL, nk) is a bipolar fuzzy hyper BCK -ideal of H satisfying the
inf-sup property, then ® = (H; uk, pY) is a bipolar fuzzy s-weak hyper BCK -ideal
of H.

Proof. Straightforward. O

In Proposition 3.15, if a bipolar fuzzy hyper BCK-ideal ® = (H; uk, ud) does
not satisfy the inf-sup property, then (21) is not valid. In fact, in Example 3.8,
® = (H;ul, pY) is a bipolar fuzzy hyper BCK-ideal of H. If T = N, then there
does not exist g,y € T such that uk (zg) = ;Ielg pk (x) and pd (yo) = sup pf (y).

yeT

Hence ® = (H;uk, pY) does not satisfy the inf-sup property. If x = , y = 1,
then z oy = N. Hence

pg () = pg (o) = 4 — 7 < min{ug (a), pg (1)},
pp () = py (@) = =4+ > max{uy (a), py (1)}

for every a € N = x oy. Therefore ® = (H; uk, %) does not satisfy (21).
The following example shows that the converse of Corollary 3.14 and Corollary
3.16(1) may not be true.

Example 3.17. (1) Consider the hyper BC K-algebra H in Example 3.2. Define
a bipolar fuzzy set ® = (H; uk, ud) in H by

0 a b
pE | 07 05 03
py 1 -08 —0.7 —-0.5

Then we can see that ® = (H;uk, ud) is a bipolar fuzzy hyper BCK-ideal of H
and hence it is also a bipolar fuzzy weak hyper BC K-ideal of H. But it is not a
bipolar fuzzy strong hyper BC K-ideal of H since

min{ sup pg(w), pg(a)} = min{ug (), pg(a)} = 0.5 £ pg ()

weboa
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also
max{ inf pug (w), pg (a)} = max{ug (a), pg'(a)} = =07 £ g (b).

(2) Consider the hyper BC K-algebra H in Example 3.2. Define a bipolar fuzzy
set ® = (H; g, py ) in H by

0 a b
pE | 07 03 05
py | -08 —0.5 —0.7

Then ® = (H; pL, pf) is both a bipolar fuzzy weak hyper BC K-ideal of H and a
bipolar fuzzy s-weak hyper BCK-ideal of H. But it is not a bipolar fuzzy hyper
BCK-ideal of H since a < b but pf (a) ;Z p (b), also pk (a) ;ﬁ u (b).

For a bipolar fuzzy set ® = (H;puk,uY) in a set H, the positive level set and
negative level set are denoted by P(uL;a) and N(ud; ), and are defined as follows:

P(ug;a) = {z € H | ug(z) > a}, a €[0,1],

N(ug;B) = {z € H| ug (x) < B}, B€[-1,0],

respectively.

Theorem 3.18. Let ® = (H;uk,ul) be a bipolar fuzzy set in H. Then ® =
(H; pl, 1) is a bipolar fuzzy weak hyper BCK -ideal of H if and only if for every
(o, B) € [0,1] x [~1,0], the nonempty positive level set P(uk; ) and the nonempty
negative level set N(ud;8) are weak hyper BCK -ideals of H.

Proof. Assume that ® = (H;uL, ) is a bipolar fuzzy weak hyper BCK-ideal of
H and P(pk;a) # 0 # N(u;B) for (a,B) € [0,1] x [-1,0]. It is clear from (20)
that 0 € P(uk;a) N N(ud;8). Let o,y € H be such that z oy C P(uk;a) and
y € P(uL;a). Then for any a € z oy, a € P(uk;a). It follows that ul(a) > « for
all @ € x oy so that aérglct;y pkE(a) > a. Thus

pa (2) = min{ inf g (a), nz ()} = o,
and so z € P(uL; a). Therefore P(ul; a) is a weak hyper BC'K-ideal of H. Now let
x,y € H be such that z oy C N(uf;8) and y € N(uy; 3). Then z oy C N(ud; B)
implies that for every b € x oy, b € N(uY;3). It follows that uf (b) < B for all

b€ xoysothat sup ud (b) < 3. Using (20) we have
bexoy

pg (z) < maX{bseup g (b), pg (y)} < B,
zoy

which implies that z € N(u ; ). Consequently, N (u%; 3) is a weak hyper BOK-
ideal of H.



Bipolar Fuzzy Hyper BCK-ideals in Hyper BCK-algebras 117
Conversely, suppose that the nonempty positive and negative level sets P(ul; a)
and N(uf;B8) are weak hyper BC K-ideals of H for each (o, 8) € [0,1] x [—1,0].
Let pl(z) = a and pf (x) = B for z € H. By (I1), 0 € P(uL;a) and 0 € N(ud; B).
Hence p£ (0) > o and p (0) < 3, and so pk (0) > pk (x) and pf (0) < u (x). Now,
let

o= min{cggy M§(0)7 ,Ug(y)}

and

B =max{ sup p} (d), u3 (v)}
dezxoy

for z,y € H. Then y € P(uk;a) N N(ud; B), and for each a,b € x oy we have
pa(a) = inf pg(e) = min{ inf pg(c), pe(y)} =a
and

pig (b) < sup iy (d) < max{ sup pg (d), pg (y)} = 5.
dexoy dezoy

Hence a € P(uk;a) and b € N(ud;8), which imply that z oy C P(uk;a) and
zoy C N(u§; ). Combining y € P(u;a) N N(uh; 8) and P(uk;a) NN (uy:B)
being weak hyper BC'K-ideal of H, we conclude that

x € P(ug;o) N N(ug;B),

and so
ph() > a =min{_inf u(e), ub ()}
and
pg (¢) < B = max{ sup pg (d), ug (y)}-
dexoy
This completes the proof. O

Lemma 3.19. [5] Let A be a subset of H. If I is a hyper BCK -ideal of H such
that A < I, then A is contained in I.

Theorem 3.20. Let ® = (H;puk, %) be a bipolar fuzzy set in H. Then & =
(H; uk, ud) is a bipolar fuzzy hyper BOK -ideal of H if and only if for every (o, B) €
[0,1] x [~1,0], the nonempty positive level set P(uk;a) and the nonempty negative
level set N(uX;8) are hyper BCK -ideals of H.

Proof. Assume that ® = (H; puk, p%) is a bipolar fuzzy hyper BC K-ideal of H and
P(ub;a) # 0 # N(ud;B), for (a, 8) € [0,1] x [=1,0]. It is clear that 0 € P(uk;a)n
N(uf; B), by Proposition 3.15(1). Let z,y € H be such that x oy < P(uk;a)
and y € P(ul;a). Then for any a € x oy, there exists ag € P(ul;a) such that
a < agp. It follows from (3.1) that uk(a) > pk(ag) > «, for all a € x oy so that
aierglgfoyug(a) > «. Thus

pa (2) = min{ inf (), nz ()} = e,

and so x € P(uL;a). Therefore P(uk;a) is a hyper BCK-ideal of H. Now let
x,y € H be such that roy < N(ud;3) and y € N(ud; 8). Then xoy < N(u¥; )
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implies that for every b € x oy there is by € N(ud;B) such that b < by, so
pd (b) < ud (bo) by (3.1). It follows that uf (b) < ud(bo) < B for all b € z oy so

that sup pf(b) < 3. Then
bexoy

pg () < max{ sup 1y (b), 1 ()} < B,
Ezxoy
which implies that x € N(ud; 8). Consequently, N(u%;3) is a hyper BCK-ideal
of H.

Conversely, suppose that for each («, 8) € [0, 1] x [—1,0] the nonempty positive
and negative level sets P(ul;a) and N(uY; ) are hyper BCK-ideals of H. Let
x,y € H be such that * < y, ub(y) = a and pf(y) = B. Then y € P(uk;a) N
N(u;B), and so z < P(uk;a) and 2 < N(ud'; 3). Tt follows from Lemma 3.19
that z € P(uk;a) and 2 € N(ud; 8) so that ul(z) > a = b (y) and pf (z) < B8 =
u (y). Now, let

o= min{cggy M§(0)7 Hg(y)}

and

B = max{ sup u (d), u§ (v)}
dezoy

for z,y € H. Then y € P(uk;a) N N(1ud; B), and for each a,b € x oy we have

pg(a) > inf pg(e) >min{ inf ug(c), ug(y)} = a
cexoy cexoy

and

pg (0) < sup pg(d) < max{ sup pg (d), ug (y)} = 6.
dexoy dexoy
Hence a € P(uh;a) and b € N(ud;B), which imply that x oy C P(uk;a) and
oy C N(udl; §). Using (2.8), we get 7oy < P(uf;a) and z oy < N(ull; B).
Combining y € P(uk;a) N N(ud;8) and P(uL;a) and N(uf;B) being hyper
BCK-ideals of H, we conclude that z € P(uL;a) N N(ud;B), and so

pa(2) 2 o= min{ inf ug(c), ()}

and
pg (x) < 8= max{ sup g (d), i (y)}-
zoy
This completes the proof. O

Theorem 3.21. If ® = (H; ul, 1Y) is a bipolar fuzzy strong hyper BCK -ideal of
H, then for every («, 8) € [0,1] x [—1,0], the nonempty positive level set and the
negative level set P(uL;a) and N(u; ) are strong hyper BCK -ideals of H.

Proof. Assume that P(uk;a) # 0 # N(uy;B), for (o, 8) € [0,1] x [~1,0]. Then
there exist a € P(uk;a) and b € N(ud;8), and so pk(a) > o and uf (b)) < B.
Using Proposition 3.12(1), we get uL (0) > uf(a) > a and pd (0) < pd () < 8, so
0 € P(ub;a) N N(uY;B). Let x,y € H be such that (x o y)

D)
=
=
hx
2
'S
=

©

=]

(oW
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y € P(uL;a). Then there exists ag € (z 0oy) N P(uh;a) and hence pk (ag) > a. It
follows that

() 2 min{ sup pg(a), iz (y)y = minfug (ao), pa ()} =
a€xoy
so that x € P(uk;a). Now let u,v € H be such that (uov) N N(ud;B) # 0 and
v € N(ug; B). Then we can take by € (wov) NN (ud;B) and so pf (bo) < 8. Hence

b () < max{ inf ¥ (6), p (0)} < masc{p (bo), i3 (0)} < B,

which implies u € N(ud;3). Consequently, P(ul;a) and N(ud;B) are strong
hyper BC'K-ideals of H. O

‘We now consider the converse of Theorem 3.21.

Theorem 3.22. Let H satisfies |zoy| < oo for all x,y € H. Let ® = (H; uk, nk) be
a bipolar fuzzy set in H such that the nonempty positive level sets and the negative
level sets P(uk;a) and N(uk;B) are strong hyper BCK -ideals of H for every
(a, 8) € [0,1] x [=1,0]. Then ® = (H;pk,u¥) is a bipolar fuzzy strong hyper
BCK -ideal of H.

Proof. Assume that for every (o, 8) € [0,1] x [~1,0], nonempty level sets P(uk;a)

and N (u; B) are strong hyper BCK-ideals of H. Then P(ukL;a) and N(uk; B) are

hyper BCK-ideals of H. Then ® = (H; %, uY) is a bipolar fuzzy hyper BCK-ideal

of H by Theorem 3.20. Note that zox C vo H <« {z} for all z € H. It follows that

a < x and ¢ < x for every a,c € x o x so that uk(a) > pl(z) and pf (c) < pf ()

for all a,c € x o x. Hence aé?fm pkE(a) > pk () and seup pd(c) < pf (x). Let
ccxrox

min{bzup 15 (b), 1 ()} = o
Toy

and

max{ inf 15 (d), ug (y)} = B

for x,y € H. Then sup pL(b) > a and ul(y) > a, dinf pi(d) < B and p (y) <
bexoy Exoy

. Since |zoy| < oo for all z,y € H, there exist by, dy € zoy such that uL (by) > a,
1 (y) > o, pg (do) < B, and pg (y) < B. Then (zoy)NP(ug;a) # 0,y € P(ug; a),
(zoy)NN(ug;B8) # 0, and y € N(ug; B). Since P(ug;a) and N(ug; ) are strong
hyper BCK-ideals, it follows that = € P(uf;a) and x € N(uk'; 8) so that pk (z) >
a= min{bztigy na (), g (y)} and pgl(2) < § = max{ inf g/ (d), ug (y)}. Hence
® = (H; pk, pY) is a bipolar fuzzy strong hyper BCK-ideal of H. O
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