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ALGEBRAIC GENERATIONS OF SOME FUZZY POWERSET
OPERATORS

Q. Y. ZHANG

ABSTRACT. In this paper, let L be a complete residuated lattice, and let Set
denote the category of sets and mappings, LF-Pos denote the category of
LF-posets and LF-monotone mappings, and LF-CSLat(U), LF-CSLat (M)
denote the category of LF-complete lattices and LF-join-preserving mappings
and the category of LF-complete lattices and L F-meet-preserving mappings,
respectively. It is proved that there are adjunctions between Set and LF-
CSLat(U), between LF-Pos and LF-CSLat(Ll), and between LF-Pos and
LF-CSLat(M), that is, Setd4 LF-CSLat(U), LF-Pos- LF-CSLat(Ll), and
LF-PosH LF-CSLat(M). And a usual mapping f generates the traditional
Zadeh forward powerset operator f;” and the fuzzy forward powerset operators

f_’, f*_’, f*_’ defined by the author et al via these adjunctions. Moreover, it
is also shown that all the fuzzy powerset operators mentioned above can be
generated by the underlying algebraic theories.

1. Introduction

Given a usual mapping f : X — Y, the traditional powerset operators [~ :
P(X) — P(Y) and f< : P(Y) — P(X) given by

[7A) ={f(x) |z € A}, [fT(B)={z| f(z) € B}
play a critical role in ordinary mathematics. While it took more than a century of
mathematics to ”empirically” confirm that these powerset operators are the ”cor-
rect” liftings of f to the powersets of X and Y, it is first verified mathematically
and directly by E. G. Manes [9]. The differently formatted, but equivalent proof
of S. E. Rodabaugh [11] creates f~ by proving the adjunction between Set (the
category of sets and mappings) and CSLat(\/) (the category of complete join-
semi-lattices and arbitrary-join-preserving maps), and then creates f* from f—
by the Adjoint Function Theorem (AFT) for order-preserving mappings between
posets. In fact, the powerset operator foundations of traditional mathematics may
be viewed as entirely a consequence of the AFT. The fundamental importance of
powerset operators for fuzzy sets is recognized from the beginning in L. A. Zadeh’s
pioneering paper [17] introducing fuzzy sets. That Zadeh puzzles over the defini-
tion of f— (whether to use \/ or A) indicates it was not clear to Zadeh whether
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his powerset operators were the correct ones. But Manes [9] gives the first proof,
using a monadic approach for a certain restricted class of lattices L, that the Zadeh
operators were the right ones. Then in [10], S. E. Rodabaugh points out by the
AFT that the traditional Zadeh forward powerset operator f;” is a left adjoint of
Zadeh backward powerset operator f;~ and the ”Zadeh Extension Principle” is cor-
rect. After that he gives two different proofs for all complete lattices L vindicating
Zadeh’s definitions in [11], and extends these results to lattices taken from CQMIL
(the category of complete quasi-monoidal integral lattices and the mappings of pre-
serving ®, arbitrary \/, and the top element T) in [12]. Theorem 6.13 of [11] and
Theorem 2.11 of [12] directly generate the traditional Zadeh forward powerset op-
erator f7” from f via a universal construction. Such a universal construction is
tantamount to having an adjunction between Set and some category. Thus [11]
and [12] directly generate f;” from f via an adjunction in which the right-hand
category is not named. However, his new paper [13] generates f;” from f by means
of an algebraic theory built using L a unital quantale.

The first goal of this paper is to directly generate f;” from f via an adjunc-
tion between Set and a concrete category LF-CSLat(U) (the category of L-fuzzy
complete lattices and L-fuzzy join-preserving mappings) when L is a complete resid-
uated lattice, then create the right 1-adjoint f;~ by the AFT for L-fuzzy posets.
It easily sees that the category LF-CSLat(L) is exactly the category CSLat(\/)
when L is the binary lattice 2, and that the Zadeh powerset operators f;”, fi are
respectively identical to the traditional powerset operators f—, f<, and that the
l-adjoint pair is the traditional adjoint pair, so this paper generalizes the corre-
sponding work of [10-12] pr0v1d1ng Lisa complete residuated lattice. In addition,
some fuzzy powerset operators f_’ f* ,f*_> and f‘_ f* ,f*‘_ are suggested in [19,
20], they are not only generalizations of the traditional powerset operators but also
of the Zadeh powerset operators. This paper also directly generates f_*, :_’ from
f via adjunctions between LF-Pos (the category of L-fuzzy posets and L-fuzzy
monotone mappings) and LF-CSLat(U), and directly generates f*ﬁ from [ via
an adjunction between LF-Pos and LEF-CSLat(M) (the category of L-fuzzy com-
plete lattices and L-fuzzy meet-preserving mappings). They create respectively
f“ f*“ by the AFT for L-fuzzy posets.

On the other hand, similar to the idea in [13], we give the general fuzzy pow-
erset theories in setting of fuzzy posets; through the aforesaid adjunctions we also
build the underlying algebraic theories, and prove that all the above fuzzy powerset
operators can be generated by these algebraic theories.

The content of the paper is as follows: Section 1 recalls some notions and results
n [1-3, 18-20]. Section 2 directly generates f;’ from f via an adjunction between
Set and LF-CSLat(L)), generates f_*,f*_’ from f via adjunctions between LF-
Pos and LF-CSLat(U), and generates f*” from f via an adjunction between
LF-Pos and LF-CSLat(M ) And by the AFT, they respectively determine the
unique right 1-adjoints f; -, f“ f* f f*<. Section 3 generates all the above fuzzy
powerset operators by means of algebralc theories.
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2. L-fuzzy Posets and L-fuzzy Complete Lattices

For a complete lattice L, let 0 denote the bottom element, 1 the top element,
and for an A C L, let \/ A denote the least upper bound of A and A A the greatest
lower bound of A.

A semi-quantale (L, <,®) is a complete lattice (L, <) equipped with a binary
operation ® : L x L, — L, with no additional assumptions, called a tensor prod-
uct. The category SQuant comprises all semi-quantales together with mappings
preserving ® and \/. A quantale (L,<,®) is semi-quantale with ® associative
and distributive over arbitrary \/ from both sides. A quantale is called commu-
tative whenever its tensor is, and it is called unital if the tensor has a unit e, i.e.
pRe=p=ecpforall pe L A strictly two-sided quantale, abbreviated an
st-quantale, is a unital quantale with e = 1.

A complete residuated lattice is an algebra (L,A,V,*,—,0,1) such that (R1)
(L, A, V,0,1) is a complete lattice with the least element 0 and the greatest element
1; (R2) (L,*,1) is a commutative monoid; (R3) #,— form an adjoint pair, i.e.
zxy <z iff £ <y — 2 holds for all z,y, z € L. The operations * and — are called
multiplication and residuum, respectively.

From the above definitions, it easily follows that a complete residuated lattice is
exactly a commutative st-quantale with ® = %, and a frame (or complete Heyting
algebra) L can be viewed as a complete residuated lattice with + = A and that — is
the implication in the frame L. Multiplication is monotone, residuum is monotone
in the first and antitone in the second argument (w.r.t. lattice order <).

Let L denote a complete residuated lattice. For a,b,c,d € L, B C L. The
following results are often used in the proof.

a—>b:\/{c€L\a*c§b};

a<bsa—b=1 axb=1=a=1b=1.
a=1—a, axb<aAb
b<c=a—b<a—c, c—a<b—aq;
ax(a—b)<b a<(a—b)—=b (a—=bx*xb—c)<a—q

a—=b—=c)=(axb) —>¢c, (a—=b)x(c—=d)<a—(c— (bxd));
a—(A\B) =/Nfa—=blbeB}, a—(\/B)>\/{a—>b|beB};
(\/B)=a=/N\{b—=albeB}, (\B)—a>\/{b—>a|beB}.

The following definitions and results can be found in [1-3, 18-20] when L is a
frame. Here we give the corresponding ones for L a complete residuated lattice.
And we have the following denotations. If no other conditions are imposed, in the
sequel L always denotes a complete residuated lattice, X denotes a non-empty set
and L¥ is the set of all L-fuzzy subsets of X, that is, the set of all mappings from
X to L. Usually we write " LF-" instead of ” L-fuzzy”.
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Definition 2.1. Let X be a non-empty set and e : X x X — L a mapping (called
a degree function). Consider the following conditions:

(El) Vx € X, e(z,z) =1; (reflexivity)

(E2) V,y,z € X, e(z,y) = e(y,x); (symmetry)

(E3) Va,y,2z € X, e(x,y) x ey, 2) < e(x,z); (transitivity)

(E4) Vz,y € X, e(z,y) =1 =e(y,z) =z =y. (antisymmetry)

(

i) e is called an L-fuzzy preorder if it satisfies (E1) and (E3), and the pair (X e)
is called an L-fuzzy preordered set.

(ii) e is called an L-fuzzy partial order if it satisfies (E1), (E3) and (E4), and
the pair (X, e) is called an L-fuzzy partially ordered set (or simply, L-fuzzy poset,
or fuzzy poset).

(iii) e is called an L-fuzzy equality if it satisfies (E1), (E2), (E3) and (E4).

If (X,e) is an LF-poset, then the dual of (X, e) is the pair (X, e°?), where for all
x,y € X, eP(x,y) = e(y,z) and the symmetrization of (X, e) is the pair ((X,e®),
where for all z,y € X, e®(x,y) = e(x,y) xe(y, x). It easily follows that (X, e°?) and
(X, e®) are LF-posets, and e® is indeed an L-fuzzy equality on X.

Remark 2.2. An L-fuzzy preordered set can be viewed as an enriched category in
[14] over a complete residuated lattice L.

Every complete residuated lattice L can be seen as an LF-poset by taking
er(a,b) = a — b. In what follows, the degree function in L will be always taken to
be this map ey,.

Definition 2.3. Let (X,ex), (Y, ey) be LF-posets. Then a mapping f: X — Y
is called L-fuzzy monotone if ex (z,y) < ey (f(x), f(y)) for all z,y € X.

Remark 2.4. Let (X,ex), (Y,ey) be LF-posets. An L-fuzzy monotone mapping
is exactly an -morphism [14] between the two Q-categories (X, ex), (Y, ey ), where
Q) denotes a unital commutative quantale.

Definition 2.5. For a,b,n € L, put that a xb = (a — b) * (b — a) and postulate
that
a=yb<s=n<axb.

Definition 2.6. Let (X, ex) and (Y,ey) be LF-posetsand f : X — Y, ¢g:Y —
X LF-monotone mappings and 1 € L. The pair (f,g) is called an n-adjunction,
denoted by f 4, g if for all z € X and for all y € Y, ey (f(x),y) =, ex(z,9(y)). In
this case we call f a left n-adjoint of g and g a right n-adjoint of f.

Remark 2.7. It easily follows that f 4 g < ey (f(2),y) = ex(z,9(y)) for all
x € X and y € Y, so the 1-adjunction here is exactly an Q-adjunction in [7, 14]
and a fuzzy Galois connection in [15, 16], where 2 denotes a unital commutative
quantale.

Definition 2.8. Let (X,e) be an LF-poset, ¢ € L*. An zy € X is called a join
(or a supremum) of ¢ (w.r.t. the L-fuzzy partial order e), and denoted by Ug, if
(1) Vz € X, ¢(z) < e(x, 20);
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(2) Yy € X, Npex(d(x) — e(z,y)) < e(zo,y).
And an z7 € X is called a meet (or an infimum) of ¢ (w.r.t. the L-fuzzy partial
order e), and denoted by Mg, if

(D) Ve e X, ¢(z) < e(x1,x);
(2) Yy € X, Npex(o(x) = ey, x)) < e(y,x1).

Theorem 2.9. Let (X,e) be an LF-poset, xg,71 € X, ¢ € LX.

(1) g is a join of ¢ <= Vy € X, e(wo,y) = N\,ex(0(x) = e(z,y)).
(2) 21 is a meet of p <= Vy € X, e(y,x1) = N\, cx(0(x) = e(y,z)).

Definition 2.10. Let (X,e) be an LF-poset, x € X. Define the mappings
Las oy Sz X — L as follows: Vy € X,

w(y) = ey, r), pa(y) =e(x,y), s2(y) = e(w,y) *e(y, v).

Remark 2.11. In [7] the ¢, pi, are denoted by y(z), y'(z), respectively. And in
[15, 16] they are denoted by | x, 7 x, respectively.

Theorem 2.12. Let (X, e) be an LF-poset. Then for all x € X, Ui, = Us, = x,
My = M8, = .

Definition 2.13. An LF-poset (X,e) is called an L-fuzzy complete lattice if U
and Mg exist for every L-fuzzy subset ¢ of X.

Theorem 2.14. Let (X, e) be an LF-poset. Then
(1) (X,e) is an LF-complete lattice if and only if Ug exists for all ¢ € LX.
(2) (X,e) is an LF-complete lattice if and only if N¢ exists for all ¢ € LX.

Let X be a non-empty set. For all ¢, € LX, define

o) = N\ er(o(@),v(@) = N (@(z) = (x)).
zeX reX
Theorem 2.15. Let X be a non-empty set. Then (LX,é') is an LF'-complete lattice,
and for all ® € L™, U® and N® are given by (U®)(z) = Verx (2(9) x ¢(x)) and
(M®)(x) = /\¢ELX(<I>(¢) — @(x)) for every v € X.

Definition 2.16. Let (X, e) be an LF-poset. An L-fuzzy subset ¢ of X is called
an L-fuzzy lower set (L-fuzzy upper set, L-fuzzy sound set) on X if ¢(z) xe(y,z) <
o(y) (o(x) x e(x,y) < d(y), ¢(x) x e(z,y) * e(y,z) < ¢(y)) for all z,y € X. Let
L1, (X),Ur(X),SL(X) denote respectively the collection of all L-fuzzy lower sets
on X and the collection of all L-fuzzy upper sets and the collection of all L-fuzzy
sound sets on X.

Theorem 2.17. Let (X, e) be an LF-poset. Then (L1 (X),e€), Ur(X),e),(SL(X),€)
are all LF-complete lattices. (Here the €s are respectively the restrictions of € to
L(X)x Lp(X) and U (X) xUp(X) and S, (X) x Sp.(X)). And for every L-fuzzy



36 Q. Y. Zhang

subset ® of (L1 (X),€) or UL(X),€) or (Sp(X),€), UP and MNP are respectively
given by

o)) =\ (@e)x(x), (MP)(x)= N (2(¢) = (), (in (L1(X).e))

PeL (X) PpEL(X)

W) (z)= \/ (®(@)xd(x), (M®)(x)= /N (®(¢) = ¢(x)),(in UL(X),?))
¢EUL (X) PEUL(X)

W) (z) = \/ (®(@)x¢(x)), (MO)(x)= J\ (2(¢) = ¢(x)).( in (SL(X).?))
PeSL(X) PESL(X)

forallx € X.

Definition 2.18. Let f : X — Y be a mapping from a non-empty set X
and an LF-poset (Y,ey). Then we define the fuzzy forward powerset operators
f_> f* ,f*_> LX — LY as follows: Vo € LX, Vy €Y,

70w =V (6@) xey (v, f(2)) x e (f(2), 1)),

zeX

2@ =\ (@) xey(y, f(2), 7)) =\ () xev (), ).

zeX zeX
Andlet g : X — Y be a mapping from an LF-poset (X, 6X) to a non-empty set
Y. Then we define the fuzzy backward powerset operators ¢, g5, 9% : LY —
LX as follows: Vi € LY, Vz € X,

7 @W)@) =\ @(g(a) *ex(a,2) x ex (@', 2)),

z'eX

g W)@ =\ @) xex(@a), 7 @)(2) =\ @(g(a") xex(a’,2)).

z'eX z'eX

Proposition 2.19. Let (X,ex), (Y,ey) be LF-posets, f : X — Y an LF-
monotone mapping. Then

fﬁvf:_)af*_) : (ana — (Lyag)7 fN(_vﬁj_af*(_ : (LY,E) — (ang)
are all LEF-monotone.

Theorem 2.20. Let (X, ex),(Y,ey) be LF-posets, f : X — Y a mapping, ¢ €
LX

(1) If Lf? (¢) exists, then L~ (¢) exists and Uf~(¢) = Lf7 (¢); conversely if

Lf~(¢) eists, then Uf* (¢) exists and Lf (¢) = I_If_’(¢).

(2) If Nf*= (¢) ewists, then Nf~(¢) exists and I_If”(gzﬁ) = Mf*7(¢); conversely
if ﬂf*((b) exists, then I_If*_’((b) exists and ﬂf**((b) = ﬂf*((b).

Remark 2.21. Let (X,ex),(Y,ey) be LF-posets, f : X — Y a mapping. By
Theorem 2.20 it easily follows that for a ¢ € LX,

(1) if Lig, LIf~* (), LIf2* () exist, then f(Lp) = Uf~(¢) <= f(Uo) = UL, (9);
(2) it M, Mf~ (), NF*7 (¢) exist, then f(Ng) = N~ (¢) <= f(Ng) = NF*7 ().

Thus we have the following definition.
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Definition 2.22. Let (X, ex), (Y, ey) be LF-posets. A mapping f: X — Y is
called LF-join-preserving if it satisfies f(Lip) = Lf.?(¢) for all ¢ € L¥, and called

LF-meet-preserving if it satisfies f(Mg) = Mf*~(¢) for all ¢ € LX.

Proposition 2.23. Let (X,ex), (Y,ey) be LF-posets and f : X — Y a mapping.
If f is LF-join-preserving, or LF-meet-preserving, then f is LF-monotone.

3. Generate the Powerset Operators ff’,f_’,ﬁ_’, f*_},fz_,f‘_, ﬁfﬁf*‘_
Directly Via Adjunctions and AFT

This section is to generate the powerset operators f;*, f=, fi*, f* 7, f5, [, [&, F*<
directly via adjunctions when L is a complete residuated lattice. The results and
proofs of this section can be found in [21] when L is a frame. For a complete
residuated lattice, the proofs are similar. However we also give most proofs for
readability.

Let X, Y be non-empty sets and f : X — Y a map. Then the traditional Zadeh
forward powerset operator f;* : LX — LY and the Zadeh backward powerset
operator f5~ : LY —s L¥ are defined respectively by

@@=\ @), veeL¥ veY,
- zef<{y}) v
fi (W)(z)=@Wo f)(z), Vp e L' ,Vz € X.
By the definitions of the above fuzzy powerset operators we easily get the following
fact:

L (X)) = X o () = ti@y T (52) =85y, [T (1e) = ()

Proposition 3.1. Let X be a non-empty set and (Y,ey) an LF-poset, f : X — Y
a mapping. N B

(1) IfUf7 (¢) and LT (6) eaist, then UfL (9) = UF2 (4).

(2) IfNf7(¢) and Nf*7 (@) ewist, then TfL7 (¢) =T1f*7 ().

Proof. (1) Let yo = uf: (¢). We will prove that yo = Uf;7(¢). At first, for all
yey,

@ =V @) <\ (b) rery, f(2) = £ (8)() < ev (y,30)-

z€f ({y}) z€X
Secondly, for all z € Y,

Nyey (f77 (@) (y) = ev (y,2))

Nyerx)(f7 (@) (y) = ey (v, 2))
/\yEf(X)(\/z/ef‘*({y}) #(@') — ey (y,2))
Ns@res)Varese (5@ 2@ = ev (f(@), 2))
Neex () = e(f(2), 2))

Neex (@(@) = Ayey (ey (y, f(z)) = ey (y, 2)))
Noex Nyey (0(z) = (ex (y, f(z)) = ev (y, 2)))
Neex Nyey ((0(@) * ey (y, f(2))) = ev (y,2))
Naex(Vyey (0(2) ey (v, f(2))) = ey (y,2))
Nyey (17 (0) () — ey (y,2))

ey (yo, 2)-

A

[ [ (I T VAN

IN



38 Q. Y. Zhang

Thus we have Uf;" (¢) = yo = I_Iff(qﬁ).
(2) can be proved dually. O

Corollary 3.2. Let (X,ex),(Y,ey) be LF-posets, f : X — Y a map. Then

(1) f is an LF-join-preserving map if and only if f(Up) = Uf; (¢) for all
¢ €LY,

(2) f is an LF-meet-preserving map if and only if f(Me) = Nf7(¢) for all
¢ e LX.

The following Adjoint Functor Theorem (AFT) for L-fuzzy posets was proved
in [21] when L is frame. It also holds for a complete residuated lattice. The result
is also seen in [7, 15, 16]. In addition, from Proposition 3.1 and Corollary 3.2 we
can get that the AFT here and Theorem 4.5 in [16] are just the same things.

Theorem 3.3. (Adjoint Functor Theorem) Let (X, ex), (Y, ey) be LF-posets.
(1) Let f : X — Y be LF-monotone. If f has a right 1-adjoint g : ¥ — X
(that is, f -1 g), then [ preserves all joins which exist in X; conversely, if X is
L-fuzzy complete and f preserves all joins, then f has a right 1-adjoint.
(2) Let g : Y — X be LF-monotone. If g has a left 1-adjoint f : X — Y (that
is, f -1 g), then g preserves all meets which exist in'Y ; conversely, if Y is L-fuzzy
complete and g preserves all meets, then g has a left 1-adjoint.

Corollary 3.4. Let (X,ex),(Y,ey) be LF-complete lattices and f : X — Y an
LF-monotone mapping.
(1) f is a left 1-adjoint if and only if [ preserves joins of all L-fuzzy subsets.
(2) g is a right 1-adjoint if and only if g preserves meets of all L-fuzzy subsets.

Let Set denote the category of sets and mappings, LF-Pos denote the category
of LF-posets and LF-monotone mappings, and LF-CSLat(L), LF-CSLat (M) de-
note respectively the category of LF-complete lattices and LF-join-preserving map-
pings and the category of LF-complete lattices and LF-meet-preserving mappings.

Theorem 6.13 of [11] and Theorem 2.11 of [12] directly generate f;” from f via
a universal construction for L a complete quasi-monoidal integral lattice. Such
a universal construction is tantamount to having an adjunction between Set and
some category. Thus [11] and [12] directly generate f;” from f via an adjunction
in which the right-hand category is not named. In the following we will directly
generate f;” from f via an adjunction between Set and LF-CSLat(L) when L is
a complete residuated lattice.

Lemma 3.5. (1) Let (X,ex),(Y,ey) be LF-posets and f : X — Y an LF-
monotone mapping. Then

v eSLY)=e(f o fT(¥),¥) =1

VELLY) = [T o [T (W) ) =1 Y eUY) =T o [T (1),¢) = 1.
(2) Let X, Y be non-empty sets and f : X — Y a mapping. Then

YeL = ey(fr o ff (¥),9) =1
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Proof. (1) We only prove the second argument, and the others can be shown simi-
larly.
Suppose ¢ € L1,(Y). Then

BY(f* Of* ( V), )
= Ayer U2 (FE @) (W) = ()
Nyey Vaex (F5 (W)(x) x ex (y, f(x))) = (y))
vey Naex((Varex (W (f (@) *ex(w ') ey (y, f(x))) = (
vey Noex Varex (W(f(z (z,2") x ey (y, f(2))) = ¥(y)
vey Naeex N eX(( (f (") ) ey (y, f(2)) = ¥(y))
vev Naex Ao eX( (f (") = ((ex(z,2") x ey (y, f(2))) = ¢(v)))
wex(W(f(@) = ex(z,2") ey (y, f(2))) = ¥ (y)))
wex(W(f(2) ey (f(z), f(z') x ey (y, f(2))) = ¥(y)))
wex(W(f(2) y(f(w),f(x))*ey(y,f(x)))—>w(y)))
w(f )( x

) = ¥(y))
x — )
ex (xx —

>>>>

(')

ex(W(f(2") — ( (:U
yY/\ eX(( ) *ey(y, f(z
yey (Vwex (W(f(2") x ey (y, (2’
yey (W) = ¥(y)) (4 is LF-lower

zEX(

A

A

A

A
/\yEY
A

A

A

1.

/—\kh
—
5 8
S~—" SN~—"
S~—
vii
<
—

L A | V| AV | | B |

—~
[\)
~—

ey (f o fi (¥),9)

Nyey (F (L (0)(Y) = 9(y)
yEY(Va:ef“({y}) fo (@) (@) = ¥(y))
yey(\/xefe({y}) V(f(z) = ¥(y))
Nyey (W(y) = ¥(y)) = 1.

([T
>>

O

Definition 3.6. (Adjunction Between Categories) [12] Let C and D be two
categories, and F': C — D, G : D — C functors. We say F' is left-adjoint to G
iff the following two criteria are satisfied in the order stated:

(1) Lifting/Continuity criterion:

VA€ |Cl,3n: A — GF(A),VBeD,Vf: A— G(B),
Af:F(A) — B, f=G(f)on
(2) Naturality criterion:
vf:*Al —>A2 EC;F(f):UAzof

We also say that G is right-adjoint to F' or that (F,G) is an adjunction, or we
may write F' 4 G and C 4 D. The map 7 is the unit of the adjunction; and the
D morphism e dual to n in the duals of the above statements is the counit of the
adjunction.
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Theorem 3.7. (Set 4 LF-CSLat(Ll) and generation of Zadeh powerset
operators) Let P;: Set— LF-CSLat(l) and V: LF-CSLat(Ll) — Set be
defined by

PL(X) = (vaa, V(Xa 6) =X, V(f) =
Then the followings hold:

(1) VX € [Set|, Ixx : X — Pr(X) defined by xx(x) = X{a}, V(Y ey) € |LF-
CSLat(U)|, Vf : X — Y in Set, 3'f : Pr(X) — (Y,ey) in LF-CSLat(L),
f=V(f)oxx.

(2) If f : X — Y in Set is given and Pr(f) is stipulated to be xy o f, then
Py is a functor and Py, 4V.

(3) xy of : PL(X) — PL(Y) is the traditional Zadeh forward powerset op-
erator fi7, i.e. for all ¢ € L and for ally € Y, xy o f(¢)(y) = V{o(z) | x €
FANCE720)

(4) Since xy o f is an LF-CSLat(Ll) morphism, then f;* preserves arbitrary
joins of L-fuzzy subsets and so has a right 1-adjoint g (by the AFT) which is the
traditional Zadeh backward powerset operator fi, i.e. for all € LY and for all

e X, g)(x) =vo f(z)

Proof. (1) Let f : LX — Y be defined by f(¢) = Uf;’(¢). Then f is an LF-

CSLat(U) morphism, i.e. f(U®) = I_If* (®) for all ® € LY. In fact, suppose
® is an L-fuzzy subset of LX. Then U® € LX and for all z € X, (U®)(z) =
Vserx (2(¢) * ¢(x)) by Theorem 2.15. So for all y € Y,

o) (y) = Veepe gy (U2 (2)

= \/mef‘*({y})(\/(j;e[/x (@(¢) * ¢(z)))

= Vyerx (B(e) * (\/xefe({y}) o(x)))
= V¢€LX( (@) = f17 () (y))-

Let yo = Uf, (®). We will prove yo = Uf;"(U®). In fact, by Theorem 2.9, for all
zeY,

ey (Yo, 2) /\yey( L (@)(y) = ev(y.2))

Nyey (Vperx (®(0) * ey (y, f(9))) — ey (y,2))

/\ y (Vgerx (2(9) * ey (y, Uf17 (8))) = ev (v, 2))
/\yey Nperx (2(9) * ey (y, Uf17(4))) = ey (v, 2))
/\yEY /\¢eLX( (@) = (ey (y,Uf (@) — ey (y, 2)))
Noerx (2(9) = Ayey (ey (v, Uf (9)) = ey (y,2)))
Noerx (2(8) = ey (UfL7(9),2))

Nperx (2(0) = Ayey (f7 (@) (y) = ey (y,2)))
Noerx Nyey (2(¢) = (f7(0)(y) = ev (¥, 2)))
Nyey Nperx (B(0) * fL (@)(y) = ey (y,2))

Nyey Vgerx (() * L7 (0)(y)) = ey (y,2))

/\ y (L (U®)(y )—>6Y( Y, 2)).
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_ ~— _

Thus f(U®) = Uf 7 (UP) = yo = Uf, (P), that is, f is a join-preserving mapping.

Secondly, for all x € X,

V(f)oxx(x) = f(xy) = UL (X(2}) = UX{f@)y = f@).

That is, V(?)f xx = f- B

Moreover, f is the unique LF-CSLat(L!) morphism satisfying V(f) o xx = f.
In fact, if g is also an LF-CSLat(L!) morphism satisfying V(g) o xx = f, then for
every ¢ € LX, we define ¢ € LE™ as follows: for all e LX,

~ z), dJre XY= ,

0, otherwise.
By Theorem 2.15, for all z € X,
(UA)(@) = Vyerx (9() x ¥(a)
= Vo arex (0() £ (@)
= foex(cb(w’) * X (a1} (2))
= ¢(x

= V,ex (9() # ey(y,gmx})))
— Voex (0(2) xey (v f(2)))  (since V(g) o xx = f)

= 17 () (),
that is, g, (@ f. [ (8), so Ug,” (¢ ®) = Uf"(¢). By Proposition 3.1 we know that
9(¢) = g,* (¢) = Uf.7 (¢) = Uf (9) = f(¢). Thus g = f.

(2) It is easily proved that P is a functor by (3), and by (1) we know that
P,-V.

(3) By the definition of () we know that yy o f(¢) = U(xy o f)7(¢) for all
¢ € L. However, by Theorem 2.15 we have for all y € Y,

Uy 0 N (@)W) = Vyerr ((xy o /T (@)(@) *P(y))
VweLY(Vxe(Xyof)e(w}) o(z) * ¥ (y))
Vierr Vi sex 6(2) * (1)
Vzpe{xf(m,)wex}(V¢:Xf(m),wex o(x) * Y (y))
= Vaex(Vy, o =xs iy wex O(8) * X103 ()

Varere ) Vaere i@y 9@)
\/g;e]u—({y}) p(x) = [ (@) (y)-

Hence for all ¢ € LX, xy o f(¢) = U(xy o f)7'(¢) = f7’ (), that is, xy o f = f;’
is the traditional Zadeh forward powerset operator.
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(4) By (1) we know that xy o f is an LF-CSLat (L) morphism, consequently it
preserves arbitrary joins of L-fuzzy subsets, which implies that the traditional Zadeh
forward powerset operator f;” preserves arbitrary joins of L-fuzzy subsets. By the
AFT, f;7 has a right l-adjoint g : LY — L*, which is given by g(¥) = Udy,
where &y, € L™ is defined by @4 (¢) = e(f17(¢), 1) for all ¢ € LX. Now we prove
that g is exactly the traditional Zadeh backward powerset operator f; . At first,
forall x € X,

9(¥)(x) - (Uy)(x)

Conversely,

9()(z) = (UPy)(z)
= Vyerx (Py(9) x ¢(2))
Voerx ([ (9), ) x o(z))
e(f (Fr W), ¢) * [ ()(x))  (by taking ¢ = f (1))
T (¢¥)(z). (by Lemma 2.5)

Thus g(¢) = fi (¢) for all ¢ € LY | that is, g = f . O

v

Remark 3.8. Theorem 3.7 directly generates f;” from f via an adjunction be-
tween the categories Set and LF-CSLat (L), and creates f;i by the AFT for L-
fuzzy posets. It easily sees that the category LF-CSLat(Ll) is exactly the category
CSLat(\/) when L is the binary lattice 2, and that the Zadeh powerset operators
fi7, fi arerespectively identical to the traditional powerset operators f—, f, and
that the 1-adjoint pair is the traditional adjoint pair, so this theorem generalizes
the corresponding work of [10-12] providing L is a complete residuated lattice.

Lemma 3.9. (Yoneda Lemma) [6,20] Let (X, e) be an LF-poset. Then for every
x € X, € Lr(X) implies e(iy, d) = ¢(x), and ¢ € Ur,(X) implies €(uy, ¢) = ¢(x),
and ¢ € Sp(X) implies €(s5, ) = ¢(x).

Corollary 3.10. Let (X,e) be an LF-poset. Then
6(1:7y) = g(bxa Ly): e(x,y) = g(ﬂy,ﬂx), e(:c,y) = g(sﬂh Sy)
forallx,y € X.

Theorem 3.11. (LF-PosH LF-CSLat(LJ) and generation of fuzzy powerset

operators f.7, f5) LetLy: LF-Pos— LF-CSLat(l) and F: LF-CSLat (L) —
LF-Pos be defined by

LL(Xv 6) - (ﬁL(X)vé/)v F(Xa e) = (Xa 6), F(f) =f
Then the followings hold:
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(1) V(X,ex) € |[LF-Pos|, dux : (X,ex) — (L (X),€x) defined by 1x(x) =
V(Y,ey) € |[LF-CSLat(U)|, Vf : (X,ex) — (Y,ey) in LF-Pos, 3'f : (LL(X),e )
(Y,ey) in LF-CSLat(L), f = F(F) o vx.

(2) If f: (X,ex) — (Y,ey) in LF-Pos is given and Ly (f) is stipulated to be
ty o f, then Ly, is a functor and Ly 4 F.

(3) ty o f: (LL(X),ex) — (LL(Y), &) is fo*, i.e. for all ¢ € L1(X) and for
ally €Y, 1y o f(9)(y) = V,ex (0(2) x ey (y, f(2))).

(4) Since 1y o f is an LF-CSLat(U) morphism, then f* preserves arbitrary
joins of L-fuzzy subsets and so has a right 1-adjoint g (by the AFT) which is ]7*‘_,
i.e. for all € LL(Y) and for allz € X, g(¥)(x) = Ve x W (f(2")) * ex (2, 2")).

Proof. (1) Let f : £(X) — Y be defined by f(¢) = Uf*(¢). Then f is an

— =
LF-CSLat (L) morphism, i.e. for all ® € L0 f(ud) = Uf, (®). In fact,
suppose ® is an L-fuzzy subset of £ (X). Then U® € L1 (X) and for all z € X,
(UR)(2) = Vyper, (x)(P(¢) * ¢(x)) by Theorem 2.17. So for all y € Y,

Lo 00)(y) = Veex (U2)(z) ey (y, f(2)))
Vwex((\/djeum( (9) x ¢())) * ex (y, f(x)))
Vaex Voer, (x)(2(9) x ¢() x ey (y, f(x)))
= Vier,(x)(2(9) * \/wex( () * ey (y, f(2))))

:V¢eLL(X)(‘I)(¢) = (@) ().

~ ~
Let yo = Uf, (®). We will prove yo = Uf7(U®). In fact, by Theorem 2.9, for all
zeY,

Nyey (f« (@)(y) = ev(y,2))

Nyey Voer, (x)(@(0) x ey (y, [(9))) = ev (y, 2))

= Nyey Voer, x)(B(9) x ev (4,17 (9))) = ey (y,2))

= /\yey /\d)eLL(X)(((I)( ) * ey (y, Uf* (9)) = ey (y,2))

= Nyev Noec, x)(2(8) = (ev (y, U (8) = ex(y,2)))
= /\qﬁELL(X)((I)( ) = /\er(ey(y’l—l-fﬁ( )) = ev(y,2)))
= Noer,x)(®(0) = ey (Uf7(6), 2))

= Noer,x)(@( )—>/\yey(f* (@) (y) = ey (y,2)))

= Noerrx) Nyey (2(0) = ﬁfﬂ(ﬁ)( y) = ey (y,2)))

= /\er /\¢€[:L(X)(( () * f* (0)(y) = ey (y,2))

= Nyey Vger, x)(2(9) * 7 (0) (W) = ev (y, 2))

= Nyey (f7 (L) (y )—>ey(y7 z)).

Thus f(LI®) = Llf*_’(l_@) =y = Uf* (®), that is, f is a join-preserving mapping.
Secondly, for all x € X,

F(f)oux(z) = Flt) = UL (ta) = Uigay = f(@).

€Y(y07 Z)
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That is, F(f)otx = f.

Moreover, f is the unique LF-CSLat(Ll) morphism satisfying F(f) o tx = f.
In fact, if g is also an LF-CSLat(lJ) morphism satisfying F(g) o tx = f, then for
every ¢ € L1(X), we define ¢ € LX) a5 follows: for all 1 € L (X),

o) = \/ (6(x) * &(th, 1))

rxeX
Since for all z € X,

(U9)(2) = Vyer, x)(0) *¢(z))

= Vyer, (x)Varex (9(z') * e(4), tar)) + ()

= quecL (X) Varex (0(a') x (¥, tar) * ¥(x))

= Varex (00 Ve, 00 E(0 1) (@)
= Varex(@(@) # Vyer, (x) (€, tar) % (e, ) (by Yoneda Lemma)
= Varex (0(2') * e(ea, tar))
= (p(a') x e(z,2"))  (by Corollary 2.10)
=¢(x)  (since ¢ is an LF-lower set),

that is, I_IngSZ ¢, we have g(¢) = g(l_lg) = u’g:@) However, for all y € Y,

9. (9)(y) \/weLL(X)( (ﬂf) * ey (y,9(¢)))

Vuer, x)(Veex (0(@) x €, 12)) * ey (y, 9(¢)))

V x(0(2) * Vyer, (x) (¥, 1) x ey (y, 9(1))))
Vaeex(0(x) xey(y,9(tz)))  (since g is LF-monotone)
Veex(9(z) x ey (y, f(x)))  (since F(g) orx = f)

Vi ( )(),

T (

), 50 g(¢) = UG (¢) = Uf,7 (¢) = f(¢). Thus g = f.

(2) It is easily proved that Ly is a functor by (3), and by (1) we know that
L, 4F.
- —
(3) By the definition of () we know that ty o f(¢) = U(ty o f), (¢) for all ¢ €
L1 (X). However by Theorem 2.17, for all y € Y,

(U o ), (8)w).

that is, 9,7 (¢ )

= \/weﬁL(Y)((LY o f). (9)(¥) *¢(y))

= Vyer,v)(Vaex(9(@) x (@, (ty o f)(2))) * 1(y))

= Vyer,onVaex (0(x) * (¥, 15))) * ¥(y))

= Viex(o(z) = Vwet:L(Y)(e(w7Lf ) *¥(y)))

= Viex((@) = Vyer, v) (€W, tp))) x€(y,¥))  (by Yoneda Lemma)
= Viex(8(@) = €(ty, t()))

= Vzex(¢(w) xey(y, f(z)))  (by Corollary 2.10)

f7(0)(w)-
Hence for all ¢ € LX, 1y o f(¢) = U(ty o f):(@ = ff(qb), that is, oy o f = f.°.
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(4) By (1) we know that ¢ty o f is an LF-CSLat(L/) morphism, consequently it
preserves arbitrary joins of L-fuzzy subsets, which implies that the fuzzy forward
powerset operator f? preserves arbitrary joins of L-fuzzy subsets. By AFT, fj
has a right 1-adjoint ¢ : £ (Y) — L (X), which is given by g(¢) = LU®,;, where
®, € LX) s defined by ®,(¢) = e(f (4),) for all ¢ € L1(X). Now we prove
that g is exactly the fuzzy backward powerset operator ff. At first, for all z € X,

9(¥)(x) :'—'%()

¢eLL(X)(‘I’ (¢) P(x)
\/¢ecL(X)(€( *_)( ), ¥) x ()
= Vyer, ()@ (9).9) #&(ts,9))  (by Yoneda Lemma)
=e(f7 (ta),¥)  (since f;* is LF-monotone)
= e(tf(a), V)

)(@)-
)

“(¢) for all 1 € L (Y), that is, g = f&. O

Remark 3.12. Theorem 3.11 indicates that f can directly generate f;_) via an
adjunction between the categories LF-Pos and LF-CSLat(U) and create :fvf by
the AFT for L-fuzzy posets. Similarly we can prove that f can directly generate f_’
via an adjunction between the categories LF-Pos and LF-CSLat(l) and create

f“ by the AFT for L-fuzzy posets. See the following theorem.

Theorem 3.13. (LF-PosH LF-CSLat(U) and generation of fuzzy powerset
operators [, f<) LetSy: LF-Pos— LF-CSLat(Ull) and F: LF-CSLat(l) —
LF-Pos be defined by

SL(X> 6) = (SL(X)vg)a F(Xve) = (Xa 6), F(f) = f
Then the followings hold:
(1) V(X,ex) € |LF-Pos|, 3sx : (X,ex) — (Sc(X),ex) defined by sx(z) = Sa,

Y(Y,ey) € |[LF-CSLat(U)|, Vf : (X,ex) — (Y,ey) in LF-Pos, 3'f : (Sp.(X),ex) —
(Y,ey) in LF-CSLat(l), f = F(f) o sx.

(2) If f: (X,ex) — (Y,ey) in LF-Pos is given and Sr(f) is stipulated to be
sy o f, then Sy, is a functor and Sy, 4 F.

(3) sy o f: (Sp(X),ex) — (Sp(Y),&y) is [, i.e. for all ¢ € S,(X) and for
ally €Y, sy o f(9)(y) = V,ex (@) ey (y, f(x)) x ex (f(2),y))-

(4) Since sy o f is an LF-CSLat(U) morphism, then f~ preserves arbitrary
joins of L-fuzzy subsets and so has a right 1-adjoint g (by the AFT) which is f*,
i.e. for all vy € SL(Y) and for all x € X, g(¢)(x) = Ve x (W(f(2)) ¥ ex(z,2") *

ex(x'z)).
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Lemma 3.14. Let (X,e) be an LF-complete lattice and ¢ € LX and let Lip, 1P
denote respectively the join of ¢ in (X, e) and (X, e), and My, M°Pd denote respec-
tively the meet of ¢ in (X, e) and (X, e°?). Then M°P¢p = Up and LU°P$ = Me, which
implies the dual (X,e?) of (X,e) is also an LF-complete lattice.

Proof. We only prove the equality M°P¢ = U¢, and the equality LI°P¢ = M¢ can be
shown dually.

Let zp = U¢. For all y € X, since e (y,x0) = e(20,y) = Nyex(d(z) —
e(z,y)) = Npex(@(x) = eP(y,x)), we have xg = M°P¢ by Theorem 2.9. Thus
MoPg = L. O

Corollary 3.15. Let X be a non-empty set and (YLG) an LF-complete lattice and
f:X — Y amapping. For ¢ € LX, let f77(¢)°P, f*(¢)°P be respectively defined
by

2@ W) =\ (@@ P (y, f(2)), (87w =\ (@)« (f(z),y)), VyeY.

Then NP f*= ()P = Uf (¢) and L°P f.2 ()P = Nf*7 (¢).

Proof. Tt easily follows that f*_’(qb)"p = f;(qb) and f?((ﬁ)"” = f*_’(gb) by their
definitions. So by Lemma 3.14 we have M°P f*7(¢)°P = Uf*7(¢)°? = Uf;7(¢) and
LPf7(9)F =07 (9)F =1f*7 (). 0

By Lemma 3.14 and Corollary 3.15 we can easily obtain the following theorem.
Theorem 3.16. The assignment (X,e) — (X,e?), [ : (X,ex) — Y,ey) —
[ (X, e) — (Y, eyF) give an isomorphism between the categories LF-CSLat(L))
and LF-CSLat(M).
Theorem 3.17. (LF-PosH LF-CSLat(M) and generation of fuzzy power-
set operators f*7 f*<)) Let Uy: LF-Pos— LF-CSLat(M) and F: LF-
CSLat(M) — LF-Pos be defined by

UL(X,e) = UL(X),e”), F(X,e)=(X,e), F(f)=/.

Then the followings hold:

(1) V(X,ex) € |LF-Pos|, Jux : (X,ex) — (Ur(X),eF) defined by px(z) = pa,
Y(Y,ey) € LF-CSLat(N), Vf : (X,ex) — (Y,ey) in LF-Pos, 3'f : (UL(X),e¥) —

(Y,ey) in LF-CSLat(M), f = F(f) o ux.

(2) If f: (X,ex) — (Y,ey) in LF-Pos is given and Ur(f) is stipulated to be
wy o f, then Uyp is a functor and Up 4 F.

(3) v o T Us(X),8%) — UL(Y), &) is J*, ice. for all ¢ € Up(X) and
forally €Y, py o f(9)(y) = V,ex(o(x) x ey (f(2), y))-

(4) Since py o f is an LF-CSLat(M) morphism, 7 preserves arbitrary meets
of L-fuzzy subsets and so has a left 1-adjoint g (by the AFT) which is *°, i.e. for
all p € UL(Y) and for all x € X, g(¥)(x) =V ex ((f(2)) x ex (', ).
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Proof. (1) Let f : Up(X) — Y be defined by f(¢) = Mf* (¢). Then [ is an
_ —*—
LF-CSLat (M) morphism, i.e. for all ® € L¥:(X) f(Mr®) = nf (®). In fact,
suppose ¥ is an L-fuzzy subset of Uy, (X). Then by Theorem 2.17 and Lemma 3.14,
MP® € U (X) and for all z € X, (NPQ)(z) = (UP)(2) = V ey, (x)(2(9) * ¢(z)).
So forally €Y,
F(nord)(y)

(L) (y)

zex (UP)(2) x ey (f(2), )
= Vaex((Vgeu, (x)(2(8) * ¢(2))) * ey (f (=), v))
= Vaex Voeu, (x)(2(8) * ¢(z) x ey (f(z),y))
= Ve, (x)(®(0) ¥ Ve x (6(2) x ey (f(2),9)))
= Veu, (x)(2() = f*7(6) ()

Let y; =Mf (®). We will prove y; = ﬂf*‘*(I_ICD). In fact, by Theorem 2.9, for
all z €Y, s
ev(z,y1) = NAyey(f  (2)(¥) = ev(z,)
= Nyey Voeu, (x)(B(9) * ey (£(9), ) = ev (2,9))
= Nyey Voeu, (x)(@(8) x ey (M7 (9),y)) = ey (2,9))
= Nyey Noeuy (x)((2(¢) x ey (N7 (), 9)) = ey (2,y))
= Nyey Noeuy (x)(®(8) = (eY(‘_'_Jf*H(d’):y) — ey (z,9)))
= Npeuy, (x)(2(8) — /\yey(e}f(l_lf*ﬁ(qb), y) — ey (2,9)))
= Noeuy (x)(®(@) = ey (2,177 (¢)))
= Noeuy (x)(®(@) = Ayey (777 (0)(y) = ev (2,9)))
= /\4>€ML(X) /\yEY(q)(qs) - ’(if*%((ﬁ)(y) — ey (z,9)))
= Nyey Nocuy (x)((2(0) * 77 (9)(y)) = ey (2,9))
= Nyey Vgeu, (x)(®(0) * 77 (9)(y)) = ev (2,9))
= Nyey (77 (MP2)(y) — ey (2,9)).
Thus f(M°P®) = I_If*ﬁ(ﬂomb) =y =Mf (@), that is, f is a meet-preserving
mapping.
Secondly, for all x € X,

F(f) © NX(‘r) = f(:ufz) = ﬂf*%(/‘x> = rWf(nc) = f(‘r)
That is, F(f) o ux = f.
Moreover, f is the unique LF-CSLat(M) morphism satisfying F(f) o ux = f.
In fact, if ¢ is also an LF-CSLat(MM) morphism satisfying F(g) o ux = f, then for
every ¢ € Uy (X), we define ¢ € LH2(X) as follows: for all 1 € Uy (X),

o) = \/ (o(x) x e(v, )

zeX
Since for all x € X, by Theorem 2.17 and Lemma 3.14,

(MP3)(@) = UAE) = Vopery () (B) * $())
= Vyeu,, (x)(Varex (@@) * &, pgr)) + ()
= Vorex(@(@') * VweuL(x)(g(wv Bar) * ¥ (2)))
= Vyrex (o) * queuL(X)(g("/% Bar) * €(pa; 1)) (by Yoneda Lemma)
= Vx’eX(‘b(x/) * g(lu’z’ lu‘ﬂ',‘/))
=Vyex(@@) xe(z’,z))  (by Corollary 3.10)
= ¢(x) (since ¢ is an LF-upper set),
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-~

that is, I‘I"p(g = ¢, we have g(¢ g(ﬂ"pd)) =Mg*~(¢). However, for all y € Y,

) =
T7@W) = Ve, o0 0@®) xev(9($),))
= Vieu, (x)(Vaex (0(z) * €, pa)) * ev (9(¥), )
Vaoex (0(2) * Viyer, (x) (€ (s ¥) * ex (9(1), )
Vaeex (@(z) ey( (pz),y))  (since g is LF-monotone)
Viex(0(@) xev(f(z),y))  (since F(g) o px = f)
=7 (@)Ww),

that is, §*(9) = [*7(6), s0 g(¢) =Mg"~ (9) =Nf*~(6) = J(¢). Thus g =T.
(2) It is easily proved that Up is a functor by (3), and by (1) we know that
UL -F. .

(3) By the definition of () we know that py o f(¢) = M°P(uy o f)  (¢)° for all
¢ € Ur(X). However, for all y € Y, by Corollary 3.15

""’p(uyOf) (©)"(y)
= Ularol). GO
= \/wEL{L(Y)(( o f). (&)(¥)*(y))
= Vyeu, o Vaex(@(@) x e, (uy o f)(@))) * ¢ (y))
= weuL(Y)(vZex( (@) * e(¥, wp@)) * P (y))
= Vaex (@) * Ve, (v) (60 1) * $(y)))
= Vwex( (x)*\/q/)euL(Y)( e(¥, () * €(py,¥))  (by Yoneda Lemma)
= \/zeX( (I)* (MW”’f(x)))
= Vaiex(9(@) xev(f(2),y))  (by Corollary 2.10)
= 7w

Hence for all ¢ € L, iy o F(8) = 17y o ) (6)77 = J*(6), thatis, iy o ] =
.

(4) By (1) and (3) we know that f*~ = uy o f : (UL(X),eP) — (UL(Y),P) is
an LF-CSLat(1) morphism, consequently it preserves arbitrary meets of L-fuzzy
subsets, which implies that f*~ : (Up(X),e) — (UL(Y),é) preserves arbitrary
joins of L-fuzzy subsets. By the AFT, f*~ has a right 1-adjoint g : UL(Y),e) —
(UL(X),&) (in fact, f* has a left 1-adjoint g : (U (Y),8P) — (UL (X),&P) from
Corollary 3.20), which is given by g(¥) = U®,,, where ®,, € L¥2(X) is defined by
D,(0) = e(f* (), ) for all ¢ € UL (X). Now we prove that g is exactly the fuzzy
backward powerset operator f*‘_. At first, for all z € X,

9(@)(x) =Ly (z)
V¢€UL(X)(
V¢5ML(X)(€(JL*H(
=V EML(X)(e(f*_> ,) * e(pe,®d))  (by Yoneda Lemma)
)
)

i(f*ﬁ’(uz ) (since f*7 is LF-monotone)

(by Yoneda Lemma)
f(") xe(x’',x))  (since f is LF-monotone and v is LF-upper)
)

[ ||
<z
~
—

8
NS
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Thus g(¢p) = f*(¢) for all ¥ € UL(Y), that is, g = f**. O

Remark 3.18. (1) Theorem 3.17 indicates that f can directly generate f*_’ via
an adjunction between the categories LF-Pos and LF-CSLat(M) and create f*
by the AFT for L-fuzzy posets.

(2) In [20] it is proved that if f : X — Y is an LF-monotone mapping then
Fo@) = fi (@) for all ¥ € Sp(Y) and f(¢) = fi () for all ¢ € L£,(Y) and
() = fi (@) for all ¢ € U (Y). Thus Theorems 3.11, 3.13 and 3.17 indeed
create f;~ from f_’ f* ,f*_’ by the AFT for L-fuzzy posets.

Lemma 3.19. Let (X,ex) and (Y,ey) be LF-posets and let f : X — Y and
g:Y — X be L-fuzzy monotone mappings.

(1) If f has a right 1-adjoint, then the right 1-adjoint is unique.
(2) If g has a left 1-adjoint, then the left 1-adjoint is unique.

Proof. (1) Suppose g1 and go are all right 1-adjoints of f. Then for all x € X and
forall y € Y, ex(x,91(y)) = ey (f(z),y) = ex(z,92(y)). Taking = = ¢1(y) and
r = go(y), we have ex(g2(y), 91(y)) = 1 = ex(91(y), g2(y)). Thus g1(y) = g2(y) for
all y € Y, that is, g1 = go.

(2) Similar to (1). |

Corollary 3.20. Let (X,ex) and (Y,ey) be LF-posets, f : (X,ex) — (Y,ey)
an LF-join-preserving mapping and g : (Y,ey) — (X, ex) an LF-meet-preserving
mapping. Then

(1) the right 1-adjoint of f : (X,ex) — (Y, ey) is exactly the left 1-adjoint of
(X eX) — (Y.ey);

(2) the left 1-adjoint of g : (Y,ey) — (X, ex) is exactly the right 1-adjoint of
g:(Y.eff) — (X, €¥).

Proof. (1) Let h is the unique right 1-adjoint of f : (X,ex) — (Y,ey). Then
ex(f(z),y) = ey (z,h(y)) for all z € X and for all y € Y. Whence ey’ (h(y),z) =
ey(x h(y)) = eX( ( ),y) = €Ly, f(z)) for all x € X and for all y € Y, which
implies that h is the unique left 1-adjoint of f : (X,e¥) — (Y, ey?) by Lemma
3.19.
(2) can be proved similarly to (1). O

Lemma 3.21. Let (X,ex),(Y,ey) and (Z,ez) be LF-posets and let f1 : X — Y
and fo 1Y — Z be LF-monotone mappings. If g1 is the right 1-adjoint of f1 and
go is the right 1-adjoint of fo, then g1 o go is the right 1-adjoint of foo f1.

Proof. Suppose g7 is the right 1-adjoint of f; and gs is the right 1-adjoint of fs.
Then for all € X and for all y € Y and for all z € Z, ey (f1(z),y) = ex(x,91(vy))
and ey (f2(y),2) = ex(y,g2(z)). So for all x € X and for all z € Z, ez(fz 0
Ji(2),2) = ealh(i(@)2) = ev(f1(@),02(2)) = ex(z,01(92())) = ex (@1 0
g2(2)). Thus g; o g2 is the right 1-adjoint of fo o f7. O
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Theorem 3.22. The category LF-CSLat(Ll) is isomorphic to its opposite LF-
CSLat(L)°P and the category LF-CSLat(M) is isomorphic to its opposite LE-
CSLat(r)°P.
Proof. Define F : LF-CSLat(ll) — LF-CSLat(U)°" as follows: F sends an
LF-complete lattice (X, e) to its dual (X, e°?) and an LF-join-preserving mapping
[:(X,ex) — (Y,ey) to ¢°P : (X, e¥) — (Y,e{), where g : (Y,ey) — (X, ex)
is the right 1-adjoint of f. And define G : LF-CSLat(U)°? — LF-CSLat (L) as
follows: G sends an LF-complete lattice (X, e) to its dual (X, e°?) and a mapping
for: (Yyey) — (X,ex) (where f : (X,ex) — (Y,ey) is in LF-CSLat(l)) to
the right 1-adjoint g : (Y,ey?) — (X,e¥) of f. By Lemma 3.19 and Lemma
3.21 it easily shows that F' and G are all covariant functors. Moreover G o F' =
ldpp-csvat(u) and F'o G = Idpp-cspLat(u)er by Lemma 3.14 and Corollary 3.15
and Corollary 3.20. Thus the category LF-CSLat(L) is isomorphic to its opposite
LF-CSLat(L)°P.

One can prove that the category LF-CSLat(M) is isomorphic to its opposite
LF-CSLat(M)° dually. O

4. Generate the Powerset Operators f;”, f”, :ﬁ,f*%,ff,f“, Tf,]?*“ by
Means of Algebraic Theories

Definition 4.1. [9, 13] T = (T, 7, ¢) is an algebraic theory (in clone form) in ground
category K providing we have the following data subject to the following axioms:

(D1) T : |[K| — |K]| is an object function on K.

(D2) n assigns a K morphism 14 : A — T(A) to each A € |K]|.

(D3) ¢ assigns a K morphism go f : A — T(C) to each pair of K morphisms
f:A—T(B),g: B— T(C) and is called the clone composition.

(A1) ¢ is associative: Vf: A — T(B),g: B— T(C),h: C — T(D),

hol(gof) = (hog)of.
(A2) n furnishes (left) identities: Vf : A — T'(B),
npof=1r

(A3) ¢ is compatible with the composition o of K morphisms: Vf: A — B, g :

B — T(C), and setting f© : A — T(B) by f& =npgo f, it is the case that
gof®=golf.

Remark 4.2. (1) Axiom (A2) only specifies that i gives left-hand identities. But
in fact:

(A2') n furnishes identities on both sides for ¢ : Vf : A — T(B),
npof=1ffona=/
(2) Each K morphism f : A — B induces a K morphism T'(f) : T(A) — T(B),
lifting f, by
T(f) = f* oidra).
In fact, T : K — K is functor and 7 is a natural transformation from Idk to T
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Definition 4.3. [8] A triple or monad T = (T, 7, 1) on a category K consists of a
functor T': K — K, together with two natural transformation n : Idx — T and
p: TT — T for which the following diagrams commute for every object A of K:

T
. TTTA 4 TTA
4T T 7y
\ l / Hon Ha
id id
1 7y < TTA T4

In [9], a triple or monad T = (T, n, ) is called an algebraic theory (in monoid
form).

Theorem 4.4. [9] In any category K, the passage from algebraic theories T =
(T,n,o) to monads T = (T,n, ) defined as follows is bijective:
e for an algebraic theory T = (T,n,), let po, be defined by
MHoA = idT(A) OidTT(A) : TT(A) — T(A), VA € |K|,

then T = (T,n, po) is a monad.
In fact, the inverse passage can be achieved as follows:
o for a monad T = (T,n, ), let o, be defined by
gouf=pcoTl(g)of:A—T(C), Vf:A—T(B),Vg: B—T(C),

then T = (T, n,0,) is an algebraic theory.

Theorem 4.5. [13] Let (L, <,®) € SQuant and T = (T,n,o) be as follows:
D1. T :|Set| — |Set| by T(X) = L*;
D2. VX € |Set|, the component nx : X — L™ of i is defined by nx (z) = X{a};
D3. Vf: X — LY,Vg:Y — L% in Set, definego f: X — L% by

(g0 N@)](=) =V [(F(2) () ® (9(1))(2)].

yey

Then T is an algebraic theory in Set if and only if (L, <,®) is an st-quantale.

Theorem 4.6. [8] Every adjunction (F,G,n,¢e) gives rise to a monad T = (T,n, )
byT =GF, n=n, u = GeF. Therefore, every adjunction gives rise to an algebraic
theory by Theorem 4.4.

In the following L always denotes a complete residuated lattice, which is a com-
mutative st-quantale with ® = *.

Corollary 4.7. The algebraic theory T* = (T*,n?,o*) determined by the ad-
gunction (Pp,V,n% ) between Set and LF-CSLat(U) in Theorem 3.7, where
n% = xx : X — LX for every X € |Set| and £* : (L*,¢) — (X,e), ¢ — U¢ for
every (X, e) € |[LF-CSLat(U)|, is identical to the algebraic theory in Theorem 4.5.
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Proof. Let T#* = (T# n*, u*) denote the monad generated by the the adjunction
(Pr,V,n* e*) between Set and LF-CSLat(L/) in Theorem 3.7. From the proof of
this theorem we know that

e VX € |Set| and Vf: X — Y in Set,
T*(X) = VP (X) = V(LY &) = L*, T*(f) = VP.(f) =V(f.") = fi;
e VX € |Set|, the component n% of the natural transformation n* is n% = xx :
X — LX. It is exactly the nx defined in Theorem 4.5;
o VX € |Set|, the component p% = (Ve*Pr)x : LY — LX of the natural
transformation 42 is defined by p3 (®) = U® for all & € L- .

Furthermore, by Theorem 4.4 the monad (7%, 7%, u*) in Set gives rise to the
algebraic theory T? = (T%,n%,¢%) in Set by defining ¢* as follows:

go* f=p*oT*(g)of, Vf:X — LY Vg:Y — LZ.
Meanwhile, for x € X and z € Z,

[(g 0% /) (@)](2)
= [(n*oT*(g) o /)(@)](2)
[(1* 0 T=(9)) (f (2))](2)
(17 (g9z (f (2))](2)
[l—lgL( (#))1(2)
Vyerz(9r (f(2))() *¢(2))  (by Theorem 2.15)
\/weLz([\/yege(w})f( z) z))

(y (

Vweg(y ([Vue(f—(w}) f(z )(y)] Y(z
ey (Vyege (o @ @)+ 9(y) (2

Vyey Ve (townn (@) (1) * 9(y)(2))

Vyey (f(z)(y )*g( )( )

[(go f)(x)](z) (in Theorem 4.5).

O

Corollary 4.8. The algebraic theory T' = (T, n',o!) determined by the adjunction
(Lz,F,n', &) between LF-Pos and LF-CSLat (L) in Theorem 3.11, where 0} =
x 1 (X,e) — (LL(X),€) for every (X,e) € |[LF-Pos| and &' : (LL(X),e) —
(X,e), ¢ = Ug for every (X,e) € |LF-CSLat(U)|, is as follows:

L1. T':|LF-Pos| — |LF-Pos| by T((X,e)) = (LL(X),€);

L2. VY(X,e) € |[LF-Pos|, the component n’ of the natural transformation n' is
iy = x5 (X,€) — (LL(X),0);

L3. Vf: (X,ex) — (Lr(Y),ey), Vg : (Y,ey) — (Lr(Z),ez) in LF-Pos,
define go' f: (X,ex) — (Lr(Z),e7) by

[(go' N@](z) =V [(f@) () * (9(¥))(2)]-

yey

Proof. First, the monad (T%,n!, u') generated by the adjunction (Ly,F,n' ') be-
tween LF-Pos and LF-CSLat(Ll) in Theorem 3.11 is as follows:
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e V(X,e) € |LF-Pos| and Vf : (X,ex) — (Y,ey) in LF-Pos,
T'(X) = FLL((X, ) = F((LL(X),?)) = (LL(X),8), T'(f) =FLe(f) =F(f2") = 1.7

e Y(X,e) € |LF-Pos|, the component 7} of the natural transformation n' is
Ny =ux 1 (X,e) — (LL(X),8);

e Y(X,e) € |LF-Pos|, the component ity = (Fe'Ly)x : LL(Ln(X)) — Lr(X)
of the natural transformation y! is defined by ul (®) = U® for all ® € L (L (X)).

Second, by Theorem 4.4 the monad (T, 7', u') in LF-Pos gives rise to the alge-
braic theory T! = (T%,n',o!) in LF-Pos by defining ¢! as follows:

go' f=ploTg)of, Vf:(X,ex) — (LL(Y),ey),Vg: (Y ey) — (LL(Z),z).
Meanwhile, for x € X and z € Z,

[(90 N@)()

= [(u' o T'g) o f)(2)](2)
[(M o T'(9))(f(x))](2)
(g (F@I(=)

S (F@))(z)
(f(@)(@) *¥(2))  (by Theorem 2.17)
ey (f(@)(y) * e, 9(y)))] * ¥ (2))
*Vyer, (2 (€W, 9(y)) * €z, ¥))) (by Yoneda Lemma)
* €Lz, 9(y)))
*9(y)(2))-

(97
) ([V,,
()
)(y)
)(y)

YELL(Z)
yey (f(z
(
(

[

[Ug
vwEL‘,L(Z
V

\/yGY( T
Vyey (f(z (by Yoneda Lemma)

O
Similar to the proof of Corollary 4.8 we can get the following corollary.

Corollary 4.9. The algebraic theory T® = (T%,n°,0°%) determined by the adjunc-
tion (Sr,F,n® ®) between LF-Pos and LF-CSLat(U) in Theorem 3.13, where
n% =sx : (X,e) — (Sp(X), €) for every (X, e) € |LF-Pos| and e® : (Sp(X),¢) —
(X,e), ¢ — U for every (X,e) € |LF-CSLat(U)|, is as follows:

Sl. T¢:|LF-Pos| — |LF-Pos| by T((X,e)) = (Sp.(X), €);

S2. VY(X,e) € |LF-Pos|, the component n% of the natural transformation n® is
Nk =58x: (X,e) — (Sp(X),e);

S3. Vf : (X, ex) (SL(Y),gy), Vg : (Y, €y) — (SL(Z),gz) i LF-Pos,
define go' f: (X,ex) — (S(2),éz) b

(90" N@)](z) =\ [(F(@))() * (9)(2)]-

yeyY

Corollary 4.10. The algebraic theory T* = (T" n",o") determined by the ad-
junction (Up,F n* e") between LF-Pos and LF-CSLat(M) in Theorem 3.17,
where n% = pux @ (X,e) — (UL(X),e?) for every (X,e) € |LF-Pos| and
e . (UL(X),eP) — (X,e), ¢ — MNP for every (X,e) € |LF-CSLat(M)|, is as
follows:

Ul. T :|LF-Pos| — |LF-Pos| by T((X,e)) = (UL(X),eP);
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U2. Y(X,e) € |[LF-Pos|, the component 0% of the natural transformation n* is
nh = (X, €) — Uy (X),e7);

U3. Vf:(X,ex) — (UL(Y),eF), Vg : (Y,ey) — UL(Z),€}) in LF-Pos,
define go¥ f : (X, ex) — (UL(Z), mp) by

[(go" N@)](z) =\ [(F(2))(y) * (9(1))(2)].

yey

Proof. First, the monad (T, n*, u*) generated by the adjunction (Up,F, n* %)
between LF-Pos and LF-CSLat(L) in Theorem 3.17 is as follows:

e V(X,e) € |LF-Pos| and Vf : (X,ex) — (Y,ey) in LF-Pos,
T'(X) = FLL((X,e)) = F(UL(X),&P)) = UL(X),&P), T'(f) =FUL()) =F(f*7) = f*7;

e V(X,e) € |LF-Pos|, the component n% of the natural transformation 7' is
nx = px : (X e) — UL(X),e);

e V(X,e) € |LF-Pos|, the component ut, = (Fe*Up)x : UL UL(X)) —
Ur(X) of the natural transformation p* is defined by p% (®) = M°?® = U for all
[ONS UL(UL(X))

Second, by Theorem 4.4 the monad (T%, n*, u*) in LF-Pos gives rise to the
algebraic theory T" = (T%,n",o%) in LF-Pos by defining o' as follows:

go' f=p T (g)of, Vf:(X,ex) — UL(Y),e),Vg: (Y,ey) — (LL(Z),e)).
Meanwhile, for x € X and z € Z,

[(g 0" ) (@)](2)
= [(u*oT"(g) o /)(@)](2)
[ 0 T(9))(f (@)]()
= [ (g (f(@)](2)
[Ug™™ (f (2))(=2)
Voyeu, ()97 (f(@))() #9(2))  (by Theorem 2.17)
Voyeur 2)([Vyey (F(@)(y) * e(g(y), )] * ¥(2))

= Vyer F@)W) * Vyeu, (2) (€@, 9(y)) * €(p=, ¥))) (by Yoneda Lemma)
= Vyey (f(@)(y) * e(pz, 9(y)))
Vyey (f(2) () * 9(y)(2)). (by Yoneda Lemma)
]

In the following, similar to [13], we give the axioms for fuzzy powerset theories
in our settings. Then we will prove the fuzzy powerset operators defined above all
can be generated by algebraic theories.

Definition 4.11. Let a category K be given, called a ground category. We consider
the following conditions:
(P1) Powerset generator: P : |K| — |LF-CSLat(U)| is an object-mapping.

(P2) Forward /image powerset operator: assuming (P1), there is an operator
— such that Vf: A — B in K, 3f5" : P(A) — P(B) in LF-Pos.
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(P3) Backward /image powerset operator: assuming (P1), there is an oper-
ator < such that Vf: A — B in K, 3f5 : P(B) — P(A) in LF-Pos.

(Ad) Adjunction: assuming (P1-P3),Vf: A — Bin K, fp’ 11 f§ .

(C) Concreteness: assuming (P1, P2), 3 a concrete functor V : K — Set
and an insertion map 7 which determines for each A € |K| a Set morphism 74 :
V(A) — P(A).

(N) Naturality: assuming (P1, P2, C) and f : A — B in K, then in Set
fpona=npoV(f)

(T) Topological criterion: assuming (P1, P3), this criterion comprises the
following conditions:

(T1)Vf:A— Bin K, f§ : P(B) — P(A) is in LF-CSLat(L));
(T2)Vf:A— B,g: B— CinK, (90 )y = fis o g
(T3) VA in K, (ida)s = idp(a)-

Definition 4.12. Let a category K be given, called a ground category.

(1) P = (P,—) is a forward LF -powerset theory in K if (P1, P2) are satisfied.
(2) P = (P, <) is a backward LF-powerset theory in K if (P1, P3) are satisfied.
(3) P = (P, —, <) is a balanced LF -powerset theory in K if (P1-P3) are satisfied.
(4) P = (
satisfied.

(5) P = (P,—,V,n) is a concrete LF-powerset theory in K if (P1, P2, C) are
satisfied; and P is Natural if additionally (N) is satisfied.

(6) P = (P,«) is a topological LF-powerset theory in K if (P1, P3, T) are
satisfied.

From the above definitions and by Theorem 3.3 (AFT) we are not difficult to
obtain the following proposition.

P, —, <) is an adjunctive LF-powerset theory in K if (P1-P3, Ad) are

Proposition 4.13. Let a category K be a ground category, and P satisfies (P1).
The following hold:

(1) If (P2) is satisfied, then (Vf: A— B in K, fp' : P(A) — P(B) in LF-
CSLat(U)) if and only if (Vf: A — B in K, f§& : P(B) — P(A) is uniquely
determined such that P = (P, —, <) is an adjunctive LF-powerset theory).

(2) If (P3) is satisfied, then (Vf : A — B in K, f§ : P(B) — P(A) in LF-
CSLat(M)) if and only if (Vf: A — B in K, fp' : P(A) — P(B) is uniquely
determined such that P = (P, —, <) is an adjunctive LF -powerset theory).

(3) There is an operator — such that P = (P,<) is a topological L-powerset

theory if and only if the object mapping P extends to a contravariant functor P._ :
K — LF-CSLat(U).

Example 4.14. (Zadeh Fuzzy Powerset Theories in the Category Set) Let
K = Set. Put P*: |K| — |LF-CSLat(U)| by P*(X) = (LX,¢),

o for f: X — Y put fpr = fi7 : (LX,ex) — (LY ey), f& = fi :
(LY éy) — (LX,ex);
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e put V: K — Set by V = Idget;

o for X € |Set| define n% : V(X) — P(X) by n% = xx.
Then by the definitions and Theorem 3.7 we easily know that P> = (P>, ()7, 0%
,V,n%) is an adjunctive, concrete, natural topological LF-powerset theory in Set.

Example 4.15. (Some Fuzzy Powerset Theories in LF-Pos) Let K = LF-Pos.
(1) Put P': |K| — |LF-CSLat(L))| by P{(X) = (L1(X),¢),

o for [ (X,ex) — (Viey) in K, put f5} = [ (L0(X),8x) — (Lo(Y), &),
for =15 (Lo(Y),ey) — (Lo(X), ex);

e put V:K — Set by V((X,e)) = X,V (f) = f;

e for X € |Set| define nx : V(X) — PY(X) by nly = 1x.
Then by the definitions and the proof of Theorem 3.11 we know that P! = (P!, ()., ().
,V,n') is an adjunctive, concrete, natural topological LF-powerset theory in LF-
Pos.

(2) Put P*: |[K| — |LF-CSLat(U)| by P*(X) = (Sp(X),€),

L d fOI‘f : (Xa eX) — (Ya eY) in Ka put flys = f: : (SL(X)agX) — (SL(Y)agY)a
foe =7 (Se(Y),ey) — (S(X), ex);

e put V:K — Set by V((X,e)) = X,V (f) = f;

o for X € |Set| define nx : V(X) — P*(X) by n% = sx.

~— o~

Then by the definitions and Theorem 3.13 we know that P* = (P*,() ,() ,V,n®)
is an adjunctive, concrete, natural topological LF-powerset theory in LF-Pos.

(3) Put P*: |K| — |LF-CSLat(L)| by P*(X) = (Z/lL(NX),é),

o for f: (X,ex) — (Y,ey) in K, put fp. = f*7 : (Up(X),ex) —
UL(Y ), ey), [pu = ULY),ey) — UL(X), ex);

e put V:K — Set by V((X,e)) = X, V(f) = f;

o for X € |Set| define nx : V(X) — P“(X) by n% = px.
Then by the definitions and the proof of Theorem 3.17 we know that P* =

~k—r k4

(PY.() ,( ,V,n")is an adjunctive, concrete, natural topological LF-powerset
theory in LF-Pos.

Definition 4.16. [13] An algebraic theory T = (7,7, ¢) in a category K generates
a concrete LF-powerset theory P = (P, —,V,n) if the following are satisfied:

(G1) Compatibility of objective functions: VA € |K|, V(T(A)) = P(A).

(G2) Compatibility of insertion morphisms: VA € K|, V(1j4) = na.

(G3) Generation of forward/image powerset operator: VA € |K]|, the
operator fr’ : V(T(A)) — V(T'(B)) defined by setting f7 = V(T'(f)) is precisely
the image operator fp' : P(A) — P(B) of P, where T(f) : T(A) — T(B) is
arrow induced by T.

If P=(P,—,«,V,n) is a balanced, concrete LF-powerset theory, then P is
generated from an algebraic theory T if T generates (P, —,V,n) and the following
additional condition holds:
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(G4) Generation of forward/image powerset operator: f5 is always uniquely
determined from fp” so that (P3) and (Ad) are satisfied.

Theorem 4.17. The algebraic theory T? in Corollary 4.7 generates the natural
topological LF -powerset theory P* in Set of Fxample 4.14.

Proof. From the definitions we easily get (G1) and (G2), (G4) is obtained by The-
orem 3.7. For (G3) let f : X — Y, by the definition of f3., we have for any
peLX andy e,

fr=(¢)(y) = (T* ))( )(y)
[(f2 % idr(x))(9)](y)
V.

V

)
X(sz(X)(¢)( )
x(B(z) * X{f(z)
P)(y) = fp:(¢)

* (% o f)(x)(y))
(¥))
Y)

z€ }
I ( (

O
Theorem 4.18. The algebraic theories T!, T, T in Corollaries 4.8, 4.9, 4.10 gen-
erate the natural topological LF -powerset theories PL, P P in LF-Pos of Example
4.15 (1), (2), (3), respectively.

Proof. We only prove the third case, and other cases are similar.

(G1), (G2) and (G4) can be obtained by the definitions and Theorem 3.17. For
(G3) let f: (X,ex) — (Y,ey) in LF-Pos, by the definition of f., we have for
any ¢ € Up(X) and y € Y,

fra(9)(y) = (T"(f))(P)(y)

= [(f2 o idrx))(9)](y)

Vaeex idrx) (o) () * (n* o f)(x)(y))
= Vaex (0(@) * pip@) (y))

Viex(0(z) ey (f(2),y))
= ["7(9)(y) = feu(d)(y)

O

Acknowledgements.The author is thankful to the referees for their valuable com-
ments and suggestions.

REFERENCES

(1] L. Fan, Q. Y. Zhang, W. Y. Xiang and C. Y. Zheng, An L-fuzzy approach to quantitative
domain(I)-generalized ordered set valued in frame and adjunction theory, Fuzzy Systems and
Mathematics (The Special Issue of Theory of Fuzzy Sets and Application), In Chinese, 14
(2000), 6-7.

[2] L. Fan, Research of some problems in domain theory, Ph.D. Thesis of Capital Normal Uni-
versity, Beijing, In Chinese, 2001.

[3] L. Fan, A new approach to quantitative domain theory, Electronic Notes in Theoretic Com-
puter Science, http://www.elsevier.nl/locate/entcs, 45 (2001), 77-87.

[4] J. A. Goguen, L-Fuzzy sets, Journal of Mathematical Analysis and Application, 18 (1967),
145-174.



58

(5]

(6]

(7]
(8]

9
[10]

(11]

(12]

(13]

14]
(15]
(16]

17)
18]

(19]

[20]

(21]

Q. Y. Zhang

U. Hohle and S. E. Rodabaugh, eds., Mathematics of fuzzy sets: logic, topology,
and measure theory, The Handbooks of Fuzzy Sets Series, Kluwer Academic Pubers
(Boston/Dordrecht/London), 3 (1999).

G. M. Kelly, Basic concepts of enriched category theory, London Mathematical Soceity Lec-
ture Notes Series 64, Cambridge University Press, 1982. Also: Reprints in Theory and Ap-
plications of Categories, 10 (2005).

H. L. Lai and D. X. Zhang, Complete and directed complete S2-categories, Theoretical Com-
puter Science, 388 (2007), 1-25.

S. Mac Lane, Categories for the working mathematician (2nd edition), Springer-Verlag
(Berlin/Heidelberg/New York), 2003.

E. G. Manes, Algebraic theories, Springer Verlag (Berlin/Heidelberg/New York), 1976.

S. E. Rodabaugh, Point-set lattice-theoretic topology, Fuzzy Sets and Systems, 40(2) (1991),
297-345 .

S. E. Rodabaugh, Powerset operator based foundation for point-set lattice-theoretic
(POSLAT) fuzzy set theories and topologies, Quaestiones Mathematicae, 20(3) (1997), 463-
530.

S. E. Rodabaugh, Powerset operator foundations for poslat fuzzy set theories and topologies,
Chapter 2 in [5], 91-116.

S. E. Rodabaugh, Relationship of algebraic theories to powerset theories and fuzzy topolog-
ical theories for lattice-valued mathematics, International Journal of Mathematics and the
Mathematical Sciences 3, Article ID 43645, doi:10.1155/2007/43645, (2007), 71.

K. R. Wagner, Solving recursive domain equations with enriched categories, Ph. D. Thesis,
School of Computer Science, Carnegie Mellon University, Pittsburgh, 1994.

W. Yao and L. X. Lu, Fuzzy Galois connections on fuzzy posets, Mathematical Logic Quar-
terly, 55 (2009), 105-112.

W. Yao, Quantitative domains via fuzzy sets: part I: continuity of fuzzy directed complete
posets, Fuzzy Sets and Systems, 161 (2010), 973-987.

L. A. Zadeh, Fuzzy Sets, Information and Control, 8 (1965), 338-353.

Q. Y. Zhang and L. Fan, Continuity in quantitative domains, Fuzzy Sets and Systems, 154
(2005), 118-131.

Q. Y. Zhang and L. Fan, A kind of L-fuzzy complete lattices and adjoint functor theorem
for LF-posets, Report on the Fourth International Symposium on Domain Theory, Hunan
University, Changsha, China, June 2006.

Q. Y. Zhang and W. X. Xie, Fuzzy complete lattices, Fuzzy Sets and Systems, 160 (2009),
2275-2291.

Q. Y. Zhang, L. Fan and W. X. Xie, Adjoint functor theorem for fuzzy posets, Indian Journal
of Mathematics, 51 (2009), 305-342.

QI-YE ZHANG, SCHOOL OF MATHEMATICS AND SYSTEMS SCIENCE, BEIHANG UNIVERSITY, BEI-

JING 100191, CHINA AND LMIB OF THE MINISTRY OF EDUCATION, BEIJING 100191, CHINA

E-mail address: zhangqiye@buaa.edu.cn



