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COALITIONAL GAME WITH FUZZY PAYOFFS AND
CREDIBILISTIC SHAPLEY VALUE
J. GAO, Q. ZHANG AND P. SHEN

Abstract. Coalitional game deals with situations that involve cooperations
among players, and there are diﬀerent solution concepts such as the core,
the Shapley value and the kernel. In many situations, there is no way to
predict the payoﬀ functions except for the expert experiences and subjective
intuitions, which leads to the coalitional game with fuzzy payoﬀs. Within the
framework of credibility theory, this paper employs two credibilistic approaches
to deﬁne the behaviors of players under fuzzy situations. Correspondingly,
two variations of Shapley value are proposed as the solutions of the coalitional
game with fuzzy payoﬀs. Meanwhile, some characterizations of the credibilistic
Shapley value are investigated. Finally, an example is provided for illustrating
the usefulness of the theory developed in this paper.

1. Introduction
Since von Neumann and Morgenstern’s seminal work [22], game theory has been
used extensively to analyze conﬂict and cooperative situations in economics, sociology, etc. Theoretical game models may fall into three categories: the strategic
games, the extensive games and the coalitional games. The ﬁrst two are called
noncooperative games that focus on the independent individual behavior of game
players. While the coalitional game focuses on the behavior of the group of players
as an entity (which is called a coalition). For instance, in business competition,
strategic coalition has become one of the eﬃcient ways to obtain more proﬁts. In
literature, the solutions of cooperative game have been investigated from diﬀerent perspectives (e.g., Shapley [33], Aumann [1], Maschler [28], Schmeidler [34]),
amongst which the core and the Shapley value are mostly used.
In many real-world games, as Harsanyi [14] pointed out, “the player may lack full
information about the other players’ (or even their own) payoﬀs, etc.” Moreover,
many situations of interest contain few historical records available for probabilistic
reasoning because of the complicated decision environments. In such situations,
fuzzy set theory oﬀers an appropriate and powerful alternative to deal with the incomplete information. With it, we can make use of human experiences, subjective
judgements and intuitions, and specify the incomplete information as fuzzy variables. Within the framework of possibility theory, the fuzzy cooperative game was
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introduced by Aubin [3] and Butnaria [4] in around 1980. Mares̆ [25] and Nishizaki
and Sakawa [30][31] discussed the solutions of coalition game by fuzziﬁcation of
payoﬀs and goals. Mares̆ [26] also introduced the fuzzy coalition structures based
on the membership of coalitions in a coalitional game. The strategic game with
fuzzy information were also investigated by many researchers (e.g., Campos et al
[7], Maeda [23][24], Nishizaki and Sakawa [30])
As an important advance, credibility theory was found by Liu [18] in 2004, and
reﬁned by Liu [21] in 2007 as a branch of mathematics for studying the behavior
of fuzzy phenomena. Now, we can see numerous applications of credibility theory
in literature. Within the framework of credibility theory, a spectrum of credibilistic strategic game has been developed by Gao and his coworkers [9]-[12][15]. The
credibilistic extensive game with fuzzy payoﬀs was proposed by Gao and Yu [13],
and the solution of the game was deﬁned as credibilistic equilibrium and credibilistic subgame perfect equilibrium. Shen and Gao [35] investigated the credibilistic
coalitional game and presented two deﬁnitions of credibilistic cores as the solution
of the game.
In this work, we reconsider the fuzzy coalitional game and discuss another solution concept—Shapley value. Section 2 calls on the concepts of Shapley value and
brieﬂy reviews some basic results of credibility theory including two credibilistic
approaches to deﬁne the behaviors of players under fuzzy situations. In Section
3, two variations of Shapley value are proposed as the solutions of the coalitional
game with fuzzy payoﬀs. One is the expected Shapley value, and the other is 𝛼optimistic Shapley value. Meanwhile, the uniqueness of the credibilistic Shapley
value is proved. Finally, an example is provided to illustrate the usefulness of the
theory developed in this paper.
2. Preliminaries
In this section, we recall some basic results in coalitional game and credibility
theory.
2.1. Shapley Value. In 1953, Shapley [32] introduced a special function that describes the value of players in a coalitional game, it was called the Shapley value
later. Because this value reacts the intuitive consideration of players about the
payoﬀs and is simple to be processed with mathematical methods, it is used widely
in both economy and political science.
Firstly, we give the deﬁnition of coalitional game with transferable payoﬀs.
Deﬁnition 2.1. [32] A coalitional game with transferable payoﬀ ⟨𝑵 , 𝒗⟩ consists
of:
(1) a ﬁnite set 𝑵 (the set of the players);
(2) a function 𝒗 that associates a real number 𝒗(𝑺) the worth of 𝑺 with every
nonempty subset 𝑺 of 𝑵 (a coalition).
And there is an assumption on this model that
𝒗(𝑺 ∪ 𝑻 ) ≥ 𝒗(𝑺) + 𝒗(𝑻 )
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for all 𝑺 and 𝑻 with 𝑺 ∩ 𝑻 = ∅. That is to say, the payoﬀ of a coalition must be
more than the sum of the payoﬀ that each player could receive if she or he does not
join the coalition.
Deﬁnition 2.2. [32] The Shapley value 𝝋 is deﬁned by the condition
∑
1
𝝋𝑖 (𝑵 , 𝒗) =
(𝒔 − 1)!(∣ 𝑵 ∣ −𝒔)!(𝒗(𝑺) − 𝒗(𝑺 ∖ 𝑖)),
∣ 𝑵 ∣!
𝑺 ⊆𝑵
where 𝒔 is the number of players in 𝑺, ∀ 𝑖 ∈ 𝑵 .
The value means the payoﬀ of the player 𝑖 in a coalitional game ⟨𝑵 , 𝒗⟩. So,
the payoﬀ proﬁle in this game is presented as a vector 𝝋(𝑵 , 𝒗)=𝝋𝑖 (𝑵 , 𝒗)𝑖∈𝑵 .
Obviously, the Shapley value is distributed the overall payoﬀ of game 𝒗(𝑵 ).
To discuss Shapley value further, we turn to an axiomatic characterization of
the Shapley value. Before giving the axioms, some deﬁnitions are given ﬁrst.
Deﬁnition 2.3. [32] Player 𝑖 is a dummy in 𝒗 if 𝒗(𝑺) − 𝒗(𝑺 ∖ {𝑖}) = 𝒗(𝑖) for each
coalition 𝑺 that includes 𝑖.
Deﬁnition 2.4. [32] Players 𝑖 and 𝑗 are interchangeable in ⟨𝑵 , 𝒗⟩, if 𝒗(𝑺 ∖ {𝑖}) =
𝒗(𝑺 ∖ {𝑗}), ∀ 𝑺 ⊆ 𝑵 .
The three axioms are as follows:
(1) SYM(symmetry): if 𝑖 and 𝑗 are interchangeable in ⟨𝑵 , 𝒗⟩, then 𝝋𝑖 (𝑵 , 𝒗) =
𝝋𝑗 (𝑵 , 𝒗);
(2) DUM(dummy player): if 𝑖 is a dummy in ⟨𝑵 , 𝒗⟩, then 𝝋𝑖 (𝑵 , 𝒗) = 𝒗(𝑖);
(3) ADD(additivity): for any two games 𝒗 and 𝒘, there is 𝝋𝑖 (𝒗 +𝒘) = 𝝋𝑖 (𝒗)+
𝝋𝑖 (𝒘) for all 𝑖 ∈ 𝑵 , where 𝒗 + 𝒘 is deﬁned as (𝒗 + 𝒘)(𝑺) = 𝒗(𝑺) + 𝒘(𝑺),
∀ 𝑺 ⊆ 𝑵.
Lemma 2.5. [32] The Shapley value is the only value that satisﬁes SYM, DUM,
and ADD.
2.2. Credibility Theory. In 1965, Zadeh [36] initiated the concept of fuzzy set
via membership function. Then possibility theory was proposed by Zadeh [37], and
developed by many researchers such as Dubios and Prade [8]. In 2002, Liu and
Liu [16] proposed the concept of credibility measure. Then credibility theory was
founded [18] and reﬁned by Liu [21] as a branch of mathematics for dealing with
the behavior of fuzzy phenomena. Particularly, credibility theory has an axiomatic
foundation like that of probability theory. Hence, this theory has been applied
widely in the area of fuzzy optimization and decision-making [19]. Let 𝜉 be a fuzzy
variable with membership function 𝜇, and 𝐵 a set of real numbers. The credibility
measure Cr is deﬁned by
(
)
1
Cr{𝜉 ∈ 𝐵} =
sup 𝜇(𝑥) + 1 − sup 𝜇(𝑥) .
(1)
2 𝑥∈𝐵
𝑥∈𝐵 𝑐
The formula above is also called the credibility inversion theorem.
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Deﬁnition 2.6. [16] Let 𝜉 be a fuzzy variable. The expected value of 𝜉 is deﬁned
as
∫ 0
∫ ∞
(2)
Cr{𝜉 ≤ 𝑟}d𝑟,
Cr{𝜉 ≥ 𝑟}d𝑟 −
E[𝜉] =
0

−∞

provided that at least one of the two integrals is ﬁnite.
Deﬁnition 2.7. [20] The fuzzy variables 𝜉1 , 𝜉2 , ⋅ ⋅ ⋅ , 𝜉𝑚 are said to be independent
if
{𝑚
}
∩
Cr
{𝜉𝑖 ∈ 𝐵𝑖 } = min Cr {𝜉𝑖 ∈ 𝐵𝑖 } .
(3)
1≤𝑖≤𝑚
𝑖=1

for any sets 𝐵1 , 𝐵2 , ⋅ ⋅ ⋅ , 𝐵𝑚 of real numbers.
Deﬁnition 2.8. [17] Let 𝜉 be a fuzzy variable, and 𝛼 ∈ (0, 1]. Then
(4)

𝜉sup (𝛼) = sup{𝑟 ∣ Cr{𝜉 ≥ 𝑟} ≥ 𝛼}
is called the critical value at conﬁdence level 𝛼.

Let 𝜉 and 𝜂 be independent fuzzy variables. Then for any real numbers 𝑎, 𝑏 and
𝛼 ∈ (0, 1], we have E[𝑎𝜉 + 𝑏𝜂] = 𝑎E[𝜉] + 𝑏E[𝜂] and (𝑎𝜉 + 𝑏𝜂)sup (𝛼) = 𝑎𝜉sup (𝛼) +
𝑏𝜂sup (𝛼). That is, both the expected value operator and the critical value operator
have linear property under the assumption of independence. Let 𝑟 be a real number.
Based on the credibility theory, we may have the following fuzzy ranking criteria:
(1) Expected value criterion: 𝜉 < 𝜂 iﬀ 𝐸[𝜉] < 𝐸[𝜂];
(2) Critical value criterion: 𝜉 < 𝜂 iﬀ 𝜉sup (𝛼) < 𝜂sup (𝛼) for some predetermined
conﬁdence level 𝛼 ∈ (0, 1].
3. Credibilistic Shapley Value of Fuzzy Coalitional Game
In this paper, we assume the payoﬀs of coalition for players are fuzzy variables.
Under the fuzzy situation, we discuss the deﬁnitions and characteristics of Shapley
value. First, the deﬁnition of fuzzy coalitional game model is presented.
Deﬁnition 3.1. A coalitional game with fuzzy transferable payoﬀ ⟨𝑵 , 𝒗
˜⟩ consists
of:
(1) a ﬁnite set 𝑵 (the set of the players);
(2) a fuzzy variable 𝒗
˜(𝑺) is the worth of 𝑺(a coalition), where 𝑺 is any nonempty
subseteq of 𝑵 .
As the traditional deﬁnition of transferable payoﬀs, the fuzzy payoﬀ 𝒗
˜(𝑺) is the
total payoﬀ that is available for the division among the members of 𝑺, for the
coalition 𝑺. Meanwhile, ⟨𝑵 , 𝒗
˜⟩ is cohesive if
(
)
𝐾
𝐾
∑
∑
𝒗
˜(𝑵 )sup (𝛼) ≥
𝒗
˜(𝑺 𝑘 )sup (𝛼),
=⇒ E[˜
𝒗 (𝑵 )] ≥
E[˜
𝒗 (𝑺 𝑘 )]
𝑘=1

𝑘=1

for all 𝛼 ∈ (0, 1) and each partition {𝑺 1 , 𝑆2 , ⋅ ⋅ ⋅ , 𝑺 𝐾 } of 𝑵 .
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3.1. The Expected Shapley Value. When the players’ goals are to maximize
the expected value of their fuzzy objectives in the decision process, we will use the
expected value criterion.
Deﬁnition 3.2. The expected Shapley value of coalitional game with fuzzy transferable 𝝋 is deﬁned by the condition
∑
1
𝝋𝑖 (𝑵 , 𝒗
˜) =
(𝒔 − 1)!(∣ 𝑵 ∣ −𝒔)!{E[˜
𝒗 (𝑺)] − E[˜
𝒗 (𝑺 ∖ {𝑖})]},
∣ 𝑵 ∣!
𝑺 ⊆𝑵
where 𝒔 is the number of players in 𝑺, ∀ 𝑖 ∈ 𝑵 .
Deﬁnition 3.3. Player 𝑖 is a dummy in 𝒗
˜ if E[˜
𝒗 (𝑺)] − E[˜
𝒗 (𝑺 ∖ 𝑖)] = E[˜
𝒗 (𝑖)] for
each coalition 𝑺 that includes 𝑖.
Deﬁnition 3.4. Players 𝑖 and 𝑗 are interchangeable in ⟨𝑵 , 𝒗
˜⟩, if E[˜
𝒗 (𝑺 ∖ {𝑖})] =
E[˜
𝒗 (𝑺 ∖ {𝑗})], ∀ 𝑺 ⊆ 𝑵 .
To be similar with the crisp situation, we also introduce the axiomatic characterization of the expected Shapley value and prove that this is the unique value
that is ﬁt for all these axoims.
(1) SYM(symmetry): if 𝑖 and 𝑗 are interchangeable in ⟨𝑵 , 𝒗
˜⟩, then 𝝋𝑖 (𝑵 , 𝒗
˜) =
𝝋𝑗 (𝑵 , 𝒗
˜);
(2) DUM(dummy player): if 𝑖 is a dummy in ⟨𝑵 , 𝒗
˜⟩, then 𝝋𝑖 (𝑵 , 𝒗
˜) = E[˜
𝒗 (𝑖)];
(3) ADD(additivity): for any two games 𝒗
˜ and 𝒘,
˜ there is 𝝋𝑖 (˜
𝒗 + 𝒘)
˜ = 𝝋𝑖 (˜
𝒗 )+
𝝋𝑖 (𝒘)
˜ for all 𝑖 ∈ 𝑵 , where 𝒗
˜+𝒘
˜ is deﬁned as E[(˜
𝒗 + 𝒘)(𝑺)]
˜
= E[˜
𝒗 (𝑺)] +
E[˜
𝒗 (𝑺)], ∀ 𝑺 ⊆ 𝑵 .
Theorem 3.5. The Expected Shapley value is the only value that satisﬁes SYM,
DUM, and ADD.
Proof. First, we verify that the Shapley value satisﬁes the three axioms.
SYM: If i and j are interchangeable in ⟨𝑵 , 𝒗
˜⟩, then E[˜
𝒗 (𝑺 ∖ {𝑖})] = E[˜
𝒗 (𝑺 ∖ {𝑗})],
∀ 𝑺 ⊆ 𝑵 . Based on the deﬁnition of the expected Shapley value, it is obviously
𝝋𝑖 (𝑵 , 𝒗
˜) = 𝝋𝑗 (𝑵 , 𝒗
˜).
DUM: If i is a dummy in ⟨𝑵 , 𝒗
˜⟩, then E[˜
𝒗 (𝑺)] − E[˜
𝒗 (𝑺 ∖ {𝑖}] = E[˜
𝒗 (𝑖)] for each
coalition 𝑺 that includes 𝑖. Therefore,
𝝋𝑖 (𝑵 , 𝒗
˜)
1
= ∣𝑵
∣!

∑

𝑺 ⊆𝑵 (𝒔 − 1)!(∣ 𝑵 ∣ −𝒔)!

×{E[˜
𝒗 (𝑺)] − E[˜
𝒗 (𝑺 ∖ {𝑖})]}
1
= ∣𝑵
∣!

∑

𝒗 ({𝑖})]
𝑺 ⊆𝑵 (𝒔 − 1)!(∣ 𝑵 ∣ −𝒔)!E[˜

then
𝝋𝑖 (𝑵 , 𝒗
˜) = E[˜
𝒗 (𝑖)].

(5)
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ADD: It indirectly follows that E[(˜
𝒗 + 𝒘)(𝑺)]
˜
− E[(˜
𝒗 + 𝒘)(𝑺
˜
∖ {𝑖})] = E[˜
𝒗 (𝑺)] −
E[˜
𝒗 (𝑺 ∖ {𝑖})] + E[𝒘(𝑺)]
˜
− E[𝒘(𝑺
˜ ∖ {𝑖})].
Secondly, we discuss that the Shapley value is the only value to satisfy the
axioms. Let 𝝋 be the value which is ﬁt for the three axioms. There is a coalition
𝒗
˜𝑇 ,which is deﬁned by
{
1, 𝑖𝑓 𝑇 ⊆ 𝑺,
𝒗
˜𝑇 (𝑺) =
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.
(6)
So we treat a coalition game 𝒗
˜ as a collection of 2𝑵 − 1 numbers 𝒗
˜(𝑺)}𝑺 ⊆𝑵 . And
then we prove that there is a unique collection (𝛽𝑇 )𝑇 ⊆𝑵 of real numbers such that
∑
E[˜
𝒗 (𝑺)] = 𝑇 ⊆𝑵 𝛽𝑇 {˜
𝒗 𝑇 (𝑺), for any 𝒗
˜ and any 𝑺 ⊆ 𝑵 .
As a result, this collection E[˜
𝒗 (𝑇 )𝑇 ∈𝑵 ] includes 2𝑵 − 1 members. It suﬃces
to show that these games are linear independent. To prove the proposition above,
we suppose that these games are not linear∑independent, which means that there
exists some coalition T with 𝛾𝑇∑∕= 0 when 𝑺 ∈𝑵 𝛾𝑺 𝒗
˜𝑺 (𝑅) = 0, for any 𝑅 ⊆ 𝑵 .
Then we get the contrary that 𝑺 ∈𝑵 𝛾𝑺 𝒗
˜𝑺 (𝑇 ) = 𝛾𝑇 ∕= 0 by choosing a coalition
T, there is 𝛾𝑺 = 0, for any 𝑺 ⊆ 𝑇 .
By SYM and DUM, the value of any game 𝛽˜
𝒗 𝑇 , 𝛽 ≥ 0 is deﬁned uniquely by:
{
𝛽/∣𝑇 ∣, 𝑖𝑓 𝑖 ∈ 𝑇
𝝋𝑖 (𝛽˜
𝒗𝑇 ) =
(7)
0,
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
∑
∑
By ADD, if E[˜
𝒗 𝑺] = 𝑇 ⊆𝑵 𝛽𝑇 𝒗
˜𝑇 (𝑺), then E[˜
𝒗 𝑺] = {𝑇 ⊆𝑵 ;𝛽𝑇 >0} 𝛽𝑇 𝒗
˜𝑇 (𝑺) −
˜𝑇 (𝑺). So the value of coalition game 𝒗
˜ is determined uniquely.
{𝑇 ⊆𝑵 ;𝛽𝑇 <0} 𝛽𝑇 𝒗
So, we proved that the Shapley value is the only value that satisﬁes SYM, DUM,
and ADD.
□

∑

3.2. The Optimistic Shapley Value. When the players are risk averse and want
to avoid potential considerable losses, they could adopt the optimistic value criterion. Under a predetermined conﬁdence level 𝛼, they maximize their optimistic
proﬁts. Under the 𝛼-optimistic criterion, we present the the 𝛼-optimistic Shapley
value as follows.
Deﬁnition 3.6. The 𝛼-optimistic Shapley value of the coalitional game with fuzzy
transferable payoﬀ 𝝋 is deﬁned by the condition
∑
1
𝝋𝑖 (𝑵 , 𝒗
˜) =
(𝒔 − 1)!(𝑵 − 𝒔)! {[˜
𝒗 (𝑺))]𝑠𝑢𝑝 (𝛼) − [˜
𝒗 (𝑺 ∖ {𝑖})]𝑠𝑢𝑝 (𝛼)} ,
∣ 𝑵 ∣!
𝑺 ⊆𝑵
where 𝒔 is the number of players in 𝑺, ∀ 𝑖 ∈ 𝑵 .
Deﬁnition 3.7. Player 𝑖 is a dummy in 𝒗
˜ if [˜
𝒗 (𝑺)]sup (𝛼) − [˜
𝒗 (𝑺 ∖ 𝑖)]sup (𝛼) =
[˜
𝒗 (𝑖)]sup (𝛼) for each coalition 𝑺 that includes 𝑖.
Deﬁnition 3.8. Players 𝑖 and 𝑗 are interchangeable in ⟨𝑵 , 𝒗
˜⟩, if [˜
𝒗 (𝑺∖{𝑖})]sup (𝛼) =
[˜
𝒗 (𝑺 ∖ {𝑗})]sup (𝛼), ∀ 𝑺 ⊆ 𝑵 .
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Now, we introduce the axiomatic characterization of the 𝛼-optimistic Shapley
value and show that this is the unique value that is ﬁt for all these axioms.
(1) SYM(symmetry): if 𝑖 and 𝑗 are interchangeable in ⟨𝑵 , 𝒗
˜⟩, then 𝝋𝑖 (𝑵 , 𝒗
˜) =
𝝋𝑗 (𝑵 , 𝒗
˜);
(2) DUM(dummy player): if 𝑖 is a dummy in ⟨𝑵 , 𝒗
˜⟩, then 𝝋𝑖 (𝑵 , 𝒗˜) = [˜
𝒗 (𝑖)]𝑠𝑢𝑝 (𝛼)
(3) ADD(additivity): for any two games 𝒗
˜ and 𝒘,
˜ there is 𝝋𝑖 (˜
𝒗 + 𝒘)
˜ = 𝝋𝑖 (˜
𝒗 )+
𝝋𝑖 (𝒘)
˜ for all 𝑖 ∈ 𝑵 , where 𝒗
˜+𝒘
˜ is deﬁned as [(˜
𝒗 + 𝒘)(𝑺)]
˜
𝑠𝑢𝑝 (𝛼) =
[˜
𝒗 (𝑺)]𝑠𝑢𝑝 (𝛼) + [˜
𝒗 (𝑺)]𝑠𝑢𝑝 (𝛼), ∀ 𝑺 ⊆ 𝑵 .
Theorem 3.9. The 𝛼-optimistic Shapley value is the only value that satisﬁes SYM,
DUM, and ADD.
The proof is similar to that of the excepted Shapley value. We omit it here.
4. An Example
Suppose that there are 4 petroleum production countries in a game, that is,
𝑵 = {1, 2, 3, 4}. Denote by 𝑺 04 = {1, 2, 3, 4} the coalition that includes all four
players. Denote by 𝑺 13 = {1, 2, 3} the coalition that includes three players but not
player 4; similarly denote 𝑺 23 = {1, 2, 4}, 𝑺 13 = {1, 3, 4} and 𝑺 13 = {2, 3, 4}. Denote
by 𝑺 12 = {1, 2} the coalition that includes players 1 and 2, the action of which is
independent of players 3 and 4, where players 3 and 4 act independently; similarly
denote 𝑺 22 = {1, 3}, 𝑺 32 = {1, 4}, 𝑺 42 = {2, 3}, 𝑺 52 = {2, 4} and 𝑺 62 = {3, 4}. Finally,
denote by
𝑆1 the game in which the four players act independently, i.e., there does not exist
any coalition.
Then the payoﬀ of 𝑺 04 is a triangular fuzzy number, denoted by (𝑎04 , 𝑏04 , 𝑐04 ) =
(300, 500, 700). The payoﬀ of the coalition that includes three players is a triangular
fuzzy number, denoted by (𝑎13 , 𝑏13 , 𝑐13 ) = (200, 400, 500), (𝑎23 , 𝑏23 , 𝑐23 ) = (200, 350, 600),
(𝑎33 , 𝑏33 , 𝑐33 ) = (200, 375, 550) and (𝑎43 , 𝑏43 , 𝑐43 ) = (150, 400, 550), respectively. The payoﬀ of any coalition that includes two players is also a triangular fuzzy number, denoted by (𝑎12 , 𝑏12 , 𝑐12 ) = (100, 200, 300), (𝑎22 , 𝑏22 , 𝑐22 ) = (100, 150, 400), (𝑎32 , 𝑏32 , 𝑐32 ) = (100, 210, 280),
(𝑎42 , 𝑏42 , 𝑐42 ) = (50, 100, 550), (𝑎52 , 𝑏52 , 𝑐52 ) = (150, 200, 250) and (𝑎62 , 𝑏62 , 𝑐62 ) = (60, 220, 300), respectively. Finally for 𝑺 1 , the payoﬀ of which is again a triangular fuzzy number,
denoted by (𝑎01 , 𝑏01 , 𝑐01 ) = (50, 100, 150).
This is a four-player coalitional game with fuzzy payoﬀs, in which the membership functions of fuzzy payoﬀs are deﬁned as follows:
⎧

0,
if 𝑣˜˜(𝑘) < 𝑎𝑗𝑘 ,



˜
𝑗


𝑘
⎨ ˜𝑣(𝑘)−𝑎
, if 𝑎𝑗𝑘 ≤ 𝑣˜˜(𝑘) ≤ 𝑏𝑗𝑘 ,
𝑏𝑗𝑘 −𝑎𝑗𝑘
˜
𝜇(𝑣˜(𝑘)) = ˜
˜𝑣(𝑘)−𝑐𝑗𝑘

𝑗
𝑗
˜


 𝑏𝑗𝑘 −𝑐𝑗𝑘 , if 𝑏𝑘 ≤ 𝑣˜(𝑘) ≤ 𝑐𝑘 ,


⎩0,
if 𝑣˜˜(𝑘) > 𝑐𝑗 ,
(8)
𝑘

where 𝑘 = 1, 2, 3, 4, 𝑗 = 1, . . . , 6.
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We assume that the players all adopt the expected criterion. According to the
conclusion that the triangular fuzzy variable 𝝃 = (𝑎, 𝑏, 𝑐) has an expected value
E[𝜉] = (𝑎 + 2𝑏 + 𝑐)/4, we can get the expected values as follows:
E[𝑣˜
˜(4)] = 500,
E[𝑣˜
˜(2)] = 200,

E[𝑣˜˜(3)] = 375,
E[𝑣˜˜(1)] = 100.

By
𝝋𝑖 (𝑁, 𝑣˜
˜) =

{
}
1 ∑
(𝒔 − 1)!(∣𝑵 ∣ − 𝒔)! E[𝑣˜˜(𝑺)] − E[𝑣˜˜(𝑺 ∖ {𝑖})] ,
∣𝑵 ∣!
𝑺 ⊆𝑵

we can easily get
𝝋1 (𝑵 , 𝑣˜
˜) = 𝝋2 (𝑵 , 𝑣˜˜) = 𝝋3 (𝑵 , 𝑣˜˜) = 𝝋4 (𝑵 , 𝑣˜˜) = 125.
From which we can get the Shapley value of the coalitional game as (125, 125, 125, 125).
In what follows, we present the 𝛼-optimistic values under diﬀerent conﬁdence
levels. Firstly, we have the following conclusion: letting 𝝃 = (𝑎, 𝑏, 𝑐) be a fuzzy
variable with 𝑎 < 𝑏 < 𝑐, then the 𝛼-optimistic value of 𝜉 is
{
2𝛼𝑏 + (1 − 2𝛼)𝑐,
if 𝛼 ≤ 0.5,
𝝃 sup (𝛼) =
(2𝛼 − 1)𝑎 + (2 − 2𝛼)𝑏, if 𝛼 > 0.5.
We do the calculation for 𝛼 = 0.6 as an example as follows:
(4)
(0.6) = 460,
𝝃˜𝑣sup

˜𝑣˜(3)
𝜉sup1 (0.6) = 360,

˜𝑣˜(3)
𝝃 sup2 (0.6) = 320,

˜𝑣˜(3)
𝜉sup3 (0.6) = 340,

˜𝑣˜(3)
𝝃 sup4 (0.6) = 350,

˜𝑣˜(2)
𝝃 sup1 (0.6) = 350,

˜𝑣˜(2)
𝝃 sup1 (0.6) = 180,

˜𝑣˜(2)
𝝃 sup2 (0.6) = 140,

˜𝑣˜(2)
𝝃 sup3 (0.6) = 188,

˜𝑣˜(2)
𝝃 sup4 (0.6) = 90,

˜𝑣˜(2)
𝝃 sup5 (0.6) = 190,

˜𝑣˜(2)
𝝃 sup6 (0.6) = 188,

˜

˜

(1)
(0.6) = 90.
𝝃˜𝑣sup

Then we can get that
𝝋0.6
1 = 124.17,

𝝋0.6
2 = 103.33,

𝝋0.6
3 = 127.17,

𝝋0.6
4 = 97.83.

By the same way as above, it is obvious that the 0.6-optimistic core is nonempty
and the payoﬀ proﬁle (124.17, 103.33, 127.17, 97.83) is in the core. If we change the
conﬁdence level from 0.3 to 0.9, we get that the core is still nonempty, but the
payoﬀs are diﬀerent. The table followed is the proﬁles at diﬀerent conﬁdence levels.
It can be seen from Table 1 that as the conﬁdence level 𝛼 increases, the Shapley
value decreases correspondingly, from which we can get the conclusions as follows.
If one player has more conﬁdence in the coalition than other players, i.e., this player
is more risk-aﬀordable, he would choose a lower conﬁdence level to get more payoﬀ;
conversely, if a player is risk-averse, then he would prefer not to aﬀord the risk
of coalition and hopes to keep lower but stable payoﬀ under high conﬁdence level.
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𝛼
0.3
0.4
0.5
0.6
0.7
0.8
0.9

(134.25,
(132.33,
(130.42,
(124.17,
(118.42,
(111.67,
(105.42,
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proﬁles
151.58, 144.58, 159.58)
137.67, 143.33, 126.67)
123.75, 142.08, 103.75)
110.83, 127.17, 97.83)
97.92, 112.25, 89.42)
85.00, 97.33, 86.00)
72.08, 82.42, 80.08)

Table 1. Shapley Values at Diﬀerent Levels
Therefore, both the 𝛼-optimistic Shapley value and the expected Shapley value can
be used to describe the coalitional game with fuzzy payoﬀs, which provide new
methods to solve fuzzy coalitional game, meanwhile more strategies are presented
to satisfy variable preferences of players.
5. Conclusion
In this paper, we presented a new coalitional game model — coalitional game
with fuzzy transferable payoﬀ. For this model, we gave two deﬁnitions of credibilistic Shapley value — the solution of coalitional game, which enable us to analyze the
fuzzy coalitional games. Finally, we provided an example to illustrate the usefulness
of the discussion in this paper.
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