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FUZZY INCLUSION LINEAR SYSTEMS

M. GHANBARI

ABSTRACT. In this manuscript, we introduce a new class of fuzzy problems,
namely “fuzzy inclusion linear systems” and propose a fuzzy solution set for it.
Then, we present a theoretical discussion about the relationship between the
fuzzy solution set of a fuzzy inclusion linear system and the algebraic solution
of a fuzzy linear system. New necessary and sufficient conditions are derived
for obtaining the unique algebraic solution for a fuzzy linear system. Also, all
new concepts are illustrated by numerical examples.

1. Introduction

One field of applied mathematics that plays a major role in several applications
in various areas of sciences is solving systems of linear equations where some of the
system’s parameters are proposed as fuzzy numbers. A general model for solving an
n x n fuzzy linear system whose coefficient matrix is crisp and the right-hand side
column is an arbitrary fuzzy number-valued vector was first proposed by Friedman
et al. [11]. Based on Friedman et al.’s method, Allahviranloo [1, 3] used various
numerical methods to solve fuzzy linear systems. Also, Ezzati [10] developed a
new method for solving fuzzy linear systems by using embedding method [17] and
replaced an n x n fuzzy linear system by two n X n crisp linear systems. But in
2011, Allahviranloo et al. [4] showed by an counterexample that the so-called weak
solution defined by Friedman et al. [11], is not always a fuzzy number-valued vector.
A simple and practical method to obtain fuzzy symmetric solutions of fuzzy linear
systems is also proposed in [7]. In 2012, Allahviranloo et al. [6, 8] obtained the fuzzy
exact solutions and the nearest fuzzy symmetric solutions of fuzzy linear systems
by proposing a new metric (for more information see [2, 13, 14, 16] ). Also, in 2012,
Allahviranloo and Ghanbari [5] proposed a new approach for solving fuzzy linear
systems by introducing a new concept, namely “interval inclusion linear system”.
They defined an interval inclusion linear system as following

a11 1 + a2 %2 + -+ + a1n Tn € [b1],
a1 1 + a22 T2 + - - + a2n Tn € [b2],

n1 1 + an2 T2 + -+ - + Gnn Tn € [by], (1)
where the coefficient matrix A = (a;j)nxn is an n X n real-valued matrix and
[b;] = [bi, b;], 1 < i < n are interval numbers. Then, they presented a solution set
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for it and investigated the relationship between the solution set of equation (1) and
the exact solution of interval linear system

a11 1 + a12 X2 + -+ + a1p, Ty = [b1],
az1 T1 + a2 Ta + - - + a2y Ty = [b2],

Ap1 X1+ Ap2 T2 + -+ App Ty, = [bn]7 (2)
where the coefficient matrix and the right hand side vector are defined as above. It
should be noted that, in 2012, the author et al. [12] presented a simple method for
obtaining the exact solution of equation (2).

In this paper, we are going to expand our previous works from interval theory
to fuzzy theory. For this end, we define a new class of fuzzy problems, namely
“fuzzy inclusion linear systems” where the coefficient matrix is real-valued and
the right hand side vector is fuzzy-valued. Then, we present a definition of it’s
fuzzy solution set and give a detailed discussion about the relationship between the
fuzzy solution set of a fuzzy inclusion linear system and the fuzzy exact solution
(algebraic solution) of a fuzzy linear system. Also, we obtain a new necessary
and sufficient condition that guarantees a fuzzy linear system to have the unique
algebraic solution.

The outline of the paper is as follows. In Section 2 we present some basic
definitions, remarks and lemmas. In Section 3, we define a fuzzy inclusion linear
system and it’s fuzzy solution set and investigate the relationship between the fuzzy
solution set of a fuzzy inclusion linear system and the algebraic solution of a fuzzy
linear system. Conclusion is drawn in Section 4.

2. Preliminaries

Definition 2.1. A fuzzy subset z of the real line R, with membership function uz,
is a fuzzy number if
(1): 7 is normal, i.e. Ity € R with pz(to) =1,
(ii): 7 is a convex fuzzy set, i.e., puz (As + (1 — A\)t) = min{uz(s), pz(s)}, Vs, t €
R, VA € ]0,1],
(iii): pgz is upper semi-continuous on R,
(iv): {t € R: uz(t) > 0} is compact, where A denotes the closure of A.

The set of all these fuzzy numbers is denoted by E. Obviously, R C E. Here
R C E is understood as R = {xy : t is an usual real number} [9]. For 0 <r <1,
we define r-levels of fuzzy number Z as [Z], = {t € R : puz(t) > r} and [T]g =
{t € R: uz(t) > 0}. Also, we define the support of fuzzy number Z as

supp (2) = [Z]o = {t € R: pz(t) > 0}.
Then, from (¢)-(iv) it follows that [Z], is a bounded closed interval for each r € [0, 1]
[17]. In this paper, we denote the r-levels of fuzzy number Z as [Z], = [z(r), Z(r)],
for each r € [0,1]. Sometimes it is important to know whether the given intervals
[z(r),Z(r)], 0 < r < 1, are the r-levels of some fuzzy number in E. The following
answer is presented in [15].
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Lemma 2.2. Let {[z(r),Z(r)] : 0<r <1}, be a given family of non-empty sets
inR. If

(1): [z(r),z(r)] is a bounded closed interval, for each r € [0,1],

(ii): [z(r1),Z(r1)] D [z(re),ZT(r2)] for all 0 < rp <7y < 1,

(iii): [limg— oo 2(rg), limg oo Z(rx)] = [2(r),Z(r)] whenever {ry} is a non-

decreasing sequence in [0, 1] converging to r,
then the family [x(r), T(r)] represents the r-levels of a fuzzy number Z in E.
Conversely, if [z(r),Z(r)], 0 < r < 1, are the r-levels of a fuzzy number T € E,

then the conditions (i)-(iii) are satisfied.

Remark 2.3. From Lemma 2.2 we conclude that if the family
{lz(r),z(r)] : 0<r <1},
are the r-levels of a fuzzy number, then:

1): The condition (i) implies the functions z and T are bounded over [0, 1]
and z(r) < Z(r) for each r € [0,1].

2): The condition (i¢) implies the functions z and T are non-decreasing and
non-increasing over [0, 1], respectively.

3): The condition (ii¢) implies that the functions z and T are left-continuous
over [0, 1].

For Z,y € E, and A\ € R, r-levels of the sum z + y and the product A - T are
defined based on interval arithmetic as

[+ 9l =2 + gl = {s +t:s €[], t € yle} = [2(r) +y(r),Z(r) + 7(r)],

al = = esee @y = RE RO 320

Definition 2.4. We say that the fuzzy number (fuzzy set) T is a subset of the
fuzzy number (fuzzy set) ¥ if and only if V¢ € R,  puz(t) < pg(t) or, in other words
[55]7" g [mra for any r € [Oa 1]

Definition 2.5. Two fuzzy numbers z and y are said to be equal, if and only if
Vt e R, pz(t) = pg(t) or in other words [z], = [y],, for any r € [0,1].
Definition 2.6. The n x n linear system

11 %1 + a12 T2 + - - + Q1 Ty, = by,
a21 T1 + a2 To + -+ + G2 Ty = bo,

an1 :'171 + an2 %2 + -t ann %n = gna (3)

where the coefficient matrix A = (aij)an is an n X n crisp-valued matrix and b;,
i1=1,2,--- ,n, are fuzzy numbers, is called a fuzzy linear system.

We denote the fuzzy linear system (3) as

AX =B

)
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where X = (Z1,%2,...,%,)7 and B = (by, by, . .., by)T are two fuzzy number-valued
vectors.
Definition 2.7. A fuzzy number-valued vector X = (1,%2,...,2,)7T is called an

algebraic solution of the fuzzy linear system (3) if
n ~
Zaijij:bi, Vi:l,Z,...,n,
j=1
or in other words

iaij [z;], = [E} ) Vi=1,2,...,n, VYrelo,1].
j=1 "

In this paper, we denote the algebraic solution of fuzzy linear system (3) as
XA - (ElAv EE2A7 ... 7§HA)T

Definition 2.8. Let us suppose that [z1], [z2],. .. , [zn] be bounded closed intervals
in R. Then, we denote cartesian product of these intervales as following

n

[Tz = {¢ts ta,. .. )" €R™ : ti € [ws], Vi=1,2,...,n}.

i=1
In the next section, we propose a new class of fuzzy problems and present a
detailed discussion about it’s fuzzy solution set.
3. Fuzzy Inclusion Linear Systems

Here, we are going to propose a new concept, namely “Fuzzy inclusion linear
systems”.

3.1. Fuzzy set SS.
Definition 3.1. The n X n linear system

1121 + a12T2 + - - + A1 Tn, € by,
a21 T1 + Q22 T2 + -+ - + A2p Tn, € by,

On1 T1 + Ap2 T2+ + Apn Tp ng, (4)
where the coefficient matrix A = (ay;),,,, is an n x n real-valued matrix and E-,

i=1,2,---,n, are fuzzy numbers, is called a Fuzzy Inclusion Linear System (FILS).

The matrix form of the above equations is

AX € B,

- e~ \T
where X = (z1, 22,. .. ,.Z'n)T is a real-valued vector and B = (bl, ba,. .., bn) is a

fuzzy number-valued vector.
We define the fuzzy solution set of FILS (4) as follows.
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Definition 3.2. The fuzzy set

S8 = {(YM@E(Y)) Y =(y1,. . un)T €ER™D aiy; € supp (El) Vi= 17---,71},

j=1

with the membership function

pgs(Y) = min Sup (> aiy; | o, (6)
2,00y =
is called as fuzzy solution set of the FILS (4).
We define r-levels of the fuzzy solution set SS, for any r € (0, 1], as follows
[3\:3} ={YeR" : pug(Y)>r},

and for r =0

[3?5’}0 = supp (S'TS) ={Y eR" : ug(Y)>0}.

Then, we conclude that

[%]T_{YGR":jzn;auyje[EL Vi-l,l...,n}, e @1,

and also

supp (3?3) = {Y eRm : zn:aijyj € supp (EZ) Vi=1,2,.. ,,n}. (8)
j=1

In the followjgg example, we present an 2 x 2 FILS to illustrate the above fuzzy
solution set SS.

Example 3.3. Consider the 2 x 2 FILS

311 — T2 € §1»
1 + 29 € by, (9)
where the membership functions of fuzzy numbers 31 and 52 are defined as follows:
L if e [-11,-2], L5 iftels,11],
py, () =9 3t ifte[-2,3], p, () = =4, if te[11,18], (10)
0, otherwise, 0, otherwise.

According to equations (7) and (8) we obtain the r-levels and the support of S8
as follows

ol T 9 . —1149r < 3y1 —y2 <3 =57
|:SSi|T_{(ylay2) eR” : 5+6T<y1+2y2<18—77" ) VTG(O,l],

and

_ —11<3y1 —y2 <3
_ T 2 .

A graphical representation of the fuzzy solution set SS is presented in Figure 1.
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S8

0.8

0.6

0.4

0.2

FiGURE 1. Graphical Representation of the Fuzzy Solution Set
SS of Example 3.3

3.2. Fuzzy set X~

Now, suppose that the matrix A is nonsingular and D = A™! = (d;;)nxn. Then,
for any 1 = 1,2,...,n, we define the following fuzzy set

5:—{(1/7/15;*@)) : yeRa H(biab;a7 GHsupp( )7 dl]b;_y}7
= (11)

where the membership function jiz+ is defined as follows
- = su min { } d;;b: = .
e ) =P st Z % =Y (12)

In a similar manner, for any ¢ = 1,2,...,n and for any r € (0, 1], we define r-levels
of the fuzzy set =} as follows

2], ={yeR : pz(y) =1},
and for r =0

@3]y = supp (77) = {y € R : pz:(y) > 0}
By the fuzzy sets 7, i =1,2,...,n, we can define another fuzzy set as follows:

X* = {(Y,,uf*(Y)) C Y = (y1, Y2, yn) T € | I supp(%;k)}, (13)
i=1
with the membership function

pe-(V) = _min {p: (i)} (14)
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We define
[/‘F*L:{YGR” Cps (V) =1y, re(0,1], (15)
and also
[X ]Ozsupp<)( ) ={Y eR" : pz(Y)>0}. (16)
Theorem 3.4. For the fuzzy set /'F*, we have
| =Tl@E,..  repl
i=1
specially .
supp (2?*) = H supp (T7) .
i=1
Proof. From equations (12)-(16), for any r € (0, 1], we have
[2\?*} = {YGR" : ,u;gJY)}r}
= {Y ER™ ¢ g (yi) 27 Vi= 1,2,...,n}
= {YeR" : y; €[z]],Vi=1,2,...,n}
= [&-
i=1
Also, for r = 0 we have
{)?*}O = supp (z’?*) = {YeR" : pp.(Y)>0}
= {YER” : u;;(yi)>OW:1,2,...,n}
= {YeR" : y, €supp(a}) Vi=1,2,...,n}
= [Iswr @) =1
i=1 i=1
O

Theorem 3.5. In the fuzzy linear system (3), if we set D = A™' = (d;j)nxn, then
the r-levels of the fuzzy set X* are indicated as following:
S (0
Toi=1 \j=1 "
In other words,

[)?*L: {(yl,...,yn) ER™ : Vi=1,...,n,30b,....b5,) € ﬁ ['Ej]T;yi :idijb;;}.
j=1

Jj=1
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Proof. Suppose that r € [0,1] is fixed, then based on equations (12) and (14), we
have

Z =(z1,%2,...,%2n) € {/f’*} & pp(Z)=r
i (2 >
& min {uz (=)} >
& Vi=12,....n, pz(z)=r

& Vi=1,2,...,n,3(0b],...,b; ) € Hsupp(gj);
j=1

min;—12. n {pg(b;‘)} >r, z= Z?:l ;b3
& Vi=1,2,...,n,3(b;,...,b5) € Hsupp(gj);
j=1
v]:1,2,,n, ,I.I,E](byl)}T’ ZZ:ZdUb;z
Jj=1

& Vi=1,2,...,n,3(05,...,b;) € [[ Bl
ZZ:Zdeb;i
j=1
<~ Z:(Zl,ZQ,...,Zn)GH Zd” |?L:|

i=1 \ j=1

Therefore, the proof of theorem is completed. O
The following corollary is a straightforward result of Theorems 3.4 and 3.5.

Corollary 3.6. For the fuzzy set X* we have
L supp(X*) =TT, (Z}Ll dij 5UPP@J’)> :

2. For each r € [0,1] and for any i = 1,2,...,n, [T}], = >7_, di [bj} and

consequently supp(T}) = Z?:l d;j supp(gj).
In the following example, we are going to illustrate the fuzzy set X* for a2 x 2
fuzzy linear system.
Example 3.7. Consider the 2 x 2 fuzzy linear system

311 — w2 = Eh
x1 + 229 = by, (17)
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FI1GURE 2. Graphical Representation of the Fuzzy Set X
of Example 3.7

where the membership functions of the fuzzy numbers 51 and 52 are defined by
equation (10). According to Theorem 3.5, we conclude that
[2?*} | 24r =17 24 —17r y 12 +23r 65— 30r
o 7 7 7T 7 ’
where X is denoted as the cartesian product of closed intervals (see Definition 2.8).
The fuzzy set X* is showed in Figure 2.

Vr € [0,1],

3.3. Fuzzy set )?A-
Now, if the fuzzy number-valued vector )N(A = (T14,T24,- .. 7inA)T is the alge-
braic solution of fuzzy linear system (3), then we can define an important fuzzy set

as follows:

"XVA: {(Yal’(‘fA(Y)) Y = (ylayQa"'7yn)T S HSUpp(ng)}a (18)
i=1
with the membership function '

pe,(Y) = _min {uz,(vi)}- (19)
As before, we define
[.)EA:L:{YGRH : ‘LLP?A(Y)>7’}, 7’6(0,1], (20)

and also

2, ~em(%) om0l
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Theorem 3.8. For the fuzzy set P?A, we have
- n
[XA:| :H[iiA]r’ re [O,l],
i=1

specially
supp (X~A) =[] supp @ia)-
i=1
Proof. From equations (18)-(21), for any r € (0, 1], we have

[¥] ={ver" i ug, ()21} = YER" i g, () >rVi=12...,n}
= {YeR" : yi €7l Vi=1,2,...,n}

n

= H[@A]r-

i=1

Also, for r = 0 we have

[XA]O:supp(XA) = {YGR : /‘/'FA<Y)>O}
= {YeR" : pz, (y;) >0Vi=1,2,...,n}
= {YeR"” : y; €supp(z;a) Vi=1,2,...,n}

n

= Hsupp (Tin) = H[@A]U

i=1
O

In the following example, we display the fuzzy set X ‘A for an 2 x 2 fuzzy linear
system.

Example 3.9. Let us consider the fuzzy linear system presented in Example 3.7.
We can easily obtain the membership functions of the algebraic solution as following

%a the [_Ll]a %a lfte [3a5]7
Hzia (t) = 2—-t, ifte [L 2]7 Kz a (t) = %a ifte [5’ 8]7
0, otherwise, 0, otherwise,

and consequently by Theorem 3.8 we obtain
{)?A} =[-14+2r2—7]x [3+2r,8—3r], Vrelo,1],

where x is denoted as the cartesian product of the closed intervals. In Figure 3,
the graphical representation of the fuzzy set X' 4 is given.

Theorem 3.10. If the matriz A is nonsingular, then for the fuzzy sets /'?A, SS
and X*, we have

X4 CSSC X
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FI1GURE 3. Graphical Representation of the Fuzzy Set X A
of Example 3.9

Proof. According to the Definition 2.4, it is sufficient to show
WeR" = uz (V) <pgs(Y) < pz.(Y).

We first prove that
VY e R" = qu(Y) < MS‘VS(Y)

Suppose that Y = (y1,v2,...,yn)T € [[i—, supp (Z;4). Otherwise the equations
(18) and (19) imply 5, (Y) = 0 and thus the proof is obvious. Also, suppose that

MLA(%) =T, Vi = 1,2,...,71, (22)
and
=i A (23)
Then, we will have
pe, (V)= min {pz,(y)} = min {r} =77 (24)
From equations (22) and (23) we have
NEiA(yi) > r* = Y; € [giA]rﬂ Vi = 1,2,...,n. (25)
On the other hand, since X4 = (T14,Z24,.-.,2n4)7 is an algebraic solution of

fuzzy linear system (3), then A X4 = B and consequently

Zn:aij (Tl =[] -
j=1
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By equations (25) and (26), for any i = 1,2,...,n, we conclude that

Z“iﬂ'%‘e[bi}* = g | D ey | >0
j=1 " j=1 (26)

From other point of view, it is obvious that Z?Zl aijy; € supp (E) and from

equation (6) we have

n
pes(Y)= _min Sy, > aijy; | o=
20, =

(27)
From equations (24) and (27) we obtain
g, (Y) < pgs(Y),
that implies
X4 CSS. (28)

Therefore, the proof of the first part is completed. Now, we present the proof of
the second part, i.e.,
VY eR" = pugs(Y) < pg. (V).

Suppose that Y € R™ and also for any i =1,2,...,n

a;iY; € su (Ez> .
; 3 Y; pp (29)
Otherwise the equations (5) and (6) imply pugg(Y) = 0 and thus the proof is
obvious. From equation (29) we conclude that

n
HbeSSUp(bi); Zaijyjzbf, i=1,2,...,n.
j=1

Therefore

o [ (En)}

On the other hand, if D = A~ = (d;j)nxn, then

n
yZ:ZdUbj, i:1,2,...,n.
j=1

*

Hence, from equation (11) we conclude that y; € supp (2}

*) and consequently, ac-
cording to Theorem 3.4, Y € supp (;\? *) and thus

pe- (V) = min {uz(yi)}

i=1,2,...,

o . . _ 4 . o
—l-_{f;{“,,n{Sgp{j_ﬁgﬁ,n{“bﬁbﬂ} $ 2wt —y}}- (31)
=

J
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FIGURE 4. Graphical Representation of the Fuzzy Sets SS , X* and
X4 for Example 3.11

On the other hand, it is obvious that for any ¢ = 1,2,...,n

up {mjin {u;j (bé-)} : ;dz‘jbé- -~ y} > min {ugj (b7) ;dijbi = y} @)
From equations (32)-(30), we conclude that

pss(Y) < pp.(Y),
that implies s
SS§ C ™. (33)
Regarding to equations (28) and (33), the proof of theorem is completed. O
In the following, we present an example in order to Theorem 3.10.

Example 3.11. Consider the FILS (9) presented in Example 3.3 and the fuzzy
linear system (17) presented in Example 3.7. In Figure 4, we present simultaneously

the graphical representation of the fuzzy solution set SS of FILS (9) and the fuzzy
sets X* and X4 of fuzzy linear system (17). Obviously we have

X4 CSSC X
Definition 3.12. [5] Let I be an n-dimensional rectangle, that is I' = [T, [vi, 7%
where [y;,7:], 1 <@ < n are the closed intervals in R. The point (z1,22,... )T
is called a vertex point of n-dimensional rectangle I" if
x; € {7V, Vi) Vi=1,2,...,n.

It is clear that I" has 2™ vertex points.
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0.8+
0.6 U,(0.7)
. U»(0.3)
0.4+
027 U,(0.3)
0! 4

10

FIGURE 5. Graphical Representation of Some Lower and
Upper r-boundaries of SS

Definition 3.13. For the fuzzy solution set SS and for any i = 1,2,...,n, we
define the set

Li(r)= (:rl,mg,...,xn)TG [3\5’} : Zaijxj =bi(r) p, vr € [0,1],
r =
as lower r-boundary and the set

Us(r) = { (z1,20,...,2,)T € {3\3}

: Zaijxj =bi(r) ¢, vr e [0,1],
r =
as upper r-boundary of SS. 1t is clear that for each r € [0,1], the fuzzy solution
set SS has n lower r-boundaries and n upper r-boundaries.

For an illustration of the above Definition 3.13, consider the fuzzy solution set
SS of Example 3.3. In Figure 5, we indicated some lower r-boundaries and upper
r-boundaries of 8S for r = 0,0.3 and 0.7.

In the following theorem, we are going to answer a question: What subset of SS
is an algebraic solution of a fuzzy linear system (3).

Theorem 3.14. Suppose that the fuzzy set T be an arbitrary subset of fuzzy set
SS, i.e., I' CSS, such that

(i) For any r € [0,1], [ﬂ be an n-dimensional rectangle in R™, i.e., [ﬂ =

,
[T, 3]s, such that for each i =1,2,...,n, 7; is a fuzzy number.
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(ii) For any r € [0,1], each lower r-boundary and each upper r-boundary of
SS at least contain one point of [l:} , L.e., Yr € [0,1], there exists two
.

points a(r) = (af,a8,...,a0)", B(r) = (B, 85,....60)" € [T] . such
that a(r) € L;(r) and B(r) € Uy(r). '

Then, the fuzzy number-valued vector X = (1,732, - -, 4n) T is the algebraic solution
of fuzzy linear system (3).

Proof. We must show

To this end, it is sufficient to show

;azj[%],« = [bi]r’ Vi = 1,2,...,’”. (34)

In order to the proof of equation (34), it is obvious that

Za” ¥il, Za”y] C Y = (1,92, n)’ € [ﬂr , Vrelo,1].

Suppose that r € [0,1] and Z € 377, a;;[7;], then there exists (z1, 2o, . .. A=
[f] such that

7z = Zaijzj. (35)
=1
On the other hand, since r - SS then

[} g[ }, r € [0,1].
Hence
(21,227...,zn)T€ {g\é}r,

and from equation (7) we conclude that
Q525 S [EZ:| .
2o e, 0
equations (35) and (36) imply Z € [E} and therefore
T
Zal_][,y]]r - |:bi:|r7 Vi = 172a"'7na Vr e [07 1] (37)

Now, suppose that r € [0,1] and Z € [E} , then

INE0,1);  Z=b(r)+A(Bi(r) = b(r)). (38)
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On the other hand, regarding to the assumption of theorem, since any lower -

boundary and upper r-boundary of SS at least contain one point of [f] , then for
s

any ¢ = 1,2,...,n we have

al,ab,...,a)" [} Za”a € Li( Za” = b,(r), (39)

367, 55, ..., BT H Zawﬁ € Uy(r Za”ﬁ 10)

From equations (38)-(40) we conclude that
Z=3 aij (o + A (8] = aj)).
j=1
Also, since o, 87 € [Fjlr, j = 1,2,...,n, then (ag—l—)\(ﬁg —oz;)) € [¥lr and

therefore

= Zaijyj : Y:(yl,yQ,...,yn)Te |:f:|r

(41)
From equation (41) we obtain
Z € Zaijﬁj]r = Zaijﬁj]r - |:E{| s Vi = 1,2,...,n, Vr e [0, ].]
=1 j=1 " (42)
equations (37) and (42) complete the proof of theorem. O

In the following theorem, we present a necessary and sufficient condition for a
fuzzy number-valued vector to be an algebraic solution of a fuzzy linear system.

Theorem 3.15. Suppose that X = (1, T2, ..., 2n)T be an arbitrary fuzzy number-
valued vector and the fuzzy set I' is constructed as follows:

= {(Y»NF(Y)) C Y = (y1,Y2, 0 0n) " € Hsuup(fl)} ,
i=1

with the membership function

ps(Y) = __min {uz, (vi)}-

Then:
(1) For any r € [0,1], we have [FL =TT, @il
(2) The fuzzy number-valued vector X s the algebraic solution of fuzzy linear
system (3) if and only if
(i) T CSS.
(ii) For sany T € [0,1], each lower r-boundary and each upper r-boundary

of SS at least contain one vertex point of [ ]
I
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Proof. The proof of the first part is exactly the same as that of Theorem 3.8. Thus
we only prove the second part of theorem. Firstly, we suppose that the fuzzy
number-valued vector X be an algebraic solution of fuzzy linear system (3). Then
from equations (18) and (19) we find out I' = X4 and according to Theorem 3.10

I'CSS.
Then property (7) holds. On the other hand, since X is an algebraic solution, then

Zaij[ij],,: m , Vi=1,2,....,n, Vrel0,1].
j=1 "
By the first part of theorem we obtain
[51-] = () B ()] = 8 S aiszy Wy ya) € m . vrelol].
T j:1 T
Therefore, for any i = 1,2,...,n, we have

3 (z{(r), 25(r), ..., z;(r))T € [IN“L; Zaijz;-(r) =b,(r). Vr € [0,1]
j=1

Obviously, the point (2i(r),z4(r),..., 2 (T))T is belong to lower r-boundary of

rn
SS. We show that this point is a vertex point of [f‘] , le., z;(r) = z;(r) or
T
zj(r) = T;(r). Suppose on contrary, there exist 1 < k < n and 0 < r* < 1 such

that 2% (r*) # z,(r*) and z}(r*) # Ty (r*). Thus we find out
2, (r*) < zh(r*) < Tp(r*). (43)
On the other hand, it is clear that
gj(r*)gz;(r*)gfj(r*), Vi=1,2,...;k—1,k+1,....,n. (44)

%

From equations (43) and (44) we conclude that

n
Z a;z;(r') + Z a;;T;(r") < Zaijz;v(r*) < Z a;; T (r Z aijx;(r*),

jeat jeQ; J=1 jest JjEQ; )
where Qj and Q. ,1=1,2,...,n, are defined as follows
Qf ={j : 1<j<n, ay >0}, QF ={j : 1<j<n, a;; <0}.

Finally, by equation (45), we obtain

bi(r) < b;(r*) < bi(r*).
Obviously, this is a contradiction. Hence, for any j = 1,2...,n, z;(r) = z;(r) or
zi(r) = T;(r) and so the point (z(r),z5(r),. .., z}l(r))T is a vertex point of [ﬂT
In a similar manner, we can show that any upper r-boundary of SS at least con-

tains one vertex point of [Iﬂ , for each r € [0,1]. Then property (ii) holds, too.
,
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Conversely, suppose that the properties (i) and (i4) hold, then based on the
first part of theorem we conclude that for any r € [0, 1], [I'], is an n-dimensional
rectangle in R™ and consequently according to Theorem 3.14 we conclude that the
fuzzy number-valued vector X = (1,2, ...,2,)7T is the algebraic solution of fuzzy
linear system (3). d

Remark 3.16. According to Theorems 3.14 and 3.15, if the fuzzy solution set SS
does not have any fuzzy subset such that satisfies the properties (i) of Theorem
3.14 and (i) of Theorem 3.15, then fuzzy linear system (3) does not have any
algebraic solution. Also, if the fuzzy solution set SS has infinite subsets such that
satisfies the properties (i) of Theorem 3.14 and (i) of Theorem 3.15, then fuzzy
linear system (3) has infinite algebraic solutions.

Remark 3.17. Theorems 3.14 and 3.15 present a necessary and sufficient condition
for the existence and uniqueness of the algebraic solution of fuzzy linear system (3)
as follows: “The fuzzy linear system (3) has an algebraic solution if and only if
the solution set SS of FILS (4) has a subset such that satisfies the properties (i)
of Theorem 3.14 and (i) of Theorem 3.15, and if such a subset is unique then the
algebraic solution is unique, too.”

Remark 3.18. Let us suppose that 4 be an n-dimensional rectangle in R™ and
be embedded in an 2n-sided pyramid A, ie., A C A. Also, suppose that each
boundary of A at least contains a vertex point of A. Then, we can specify n-
dimensional rectangle A only by 2n it’s vertex points. In other words, if the point
A; = (at,db,...,al)T € R, (i = 1,2,...,2n) is the vertex point of A and is
located on ith boundary of A, then we can specify n-dimensional rectangle A as
following:

ey

It should be noted that the n-dimensional rectangle A has 2™ vertex points, but by
the above assumptions we can specify A only by 2n it’s vertex points.

In the following, we present the membership function of the algebraic solution of
a fuzzy linear system only by some points which are located on lower r-boundaries
and upper r-boundaries of S§S.

Theorem 3.19. Suppose that [ C8S andT satisfies the following properties:
(i) [ﬂ be an n-dimensional rectangle for any r € [0, 1], i.e., for any r € [0,1],

T

n n

7] =116 =TT 3o

i=1 i=1
where 7; is a fuzzy number.
(ii) There exist the vertex points

(ai(r),ab(r),. .., e (m) ", (Bi(r), Ba(r),..., BL() T,
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of [T], such that are located on ith lower r-boundaries and ith upper r-
boundaries of SS, respectively, for anyi=1,2,...,n.
Then:

1. The fuzzy linear system (3) has an algebraic solution and the fuzzy number-
valued vector

X = (filaﬁ%' . 7§H)Ta
is it’s algebraic solution.

2. The membership function of the algebraic solution of the fuzzy linear system
(3) is as following:

) =i {7+ _min {030) 50} <u < mpx {03050} ).
forany 7 =1,2,...,n.
Proof. 1. The assumption (i7) implies that for any r € [0, 1], each lower r-boundary

and each upper r-boundary of SS at least contain one vertex point of {ﬂ . There-

,
fore, based on the assumption (i) and Theorems 3.14 and 3.15 it is clear that
the fuzzy linear system (3) has an algebraic solution and the fuzzy number-valued

~ ~\T
vector (1,72, -+, Vn)
2. Based on the assumptions of theorem, for any r € [0, 1] we have [F]

is it’s algebraic solution.

<[ss]

Therefore, from Remark 3.18 we obtain

[f]r = {(yl,yz,...,yn) :  min {aé-(r),,@;(r)} <y; £ max {a;(r),ﬁ;(r)}}

i=1,2,..., n i=1,2,..., n

for any r € [0,1]. On the other hand, regarding to the first part of theorem and
Theorem 3.8 we conclude that

F =[&].  repu
Hence we obtain

@] ={omem - mn {0800} <u< pax {am.50} -

i=1,2,...,n

Therefore, according to Theorem 3.8 we can present the r-levels of algebraic solution
of fuzzy linear system (3) as following:

ol = [ g {40085} e (@080} g

i=1,2,...,

for any 7 = 1,2,...,n and r € [0,1]. Finally, by equation (46) the membership
function of algebraic solution of fuzzy linear system (3) can be presented as follow-
ing:

paa) = i {0500} <v < _nax (o350} ).
i=1,2,...,n 1=1,2,...,n
for any j = 1,2,...,n. This completes the proof of theorem. O

We end the paper with the following remark.
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Remark 3.20. It should be noted that:

(i) The inclusion setting adopted in this paper can be applied to fuzzy coeffi-
cients in the matrix A. In this case, we require that the coefficient matrix
A of fuzzy numbers is regular in the sense that the matrix A~! exists for
all a;; € supp(a;;), which will be verified in our future work.

(ii) If the coefficient matrix A is singular, then according to subsection 3.1,

the fuzzy set SS is either an empty fuzzy set or a fuzzy set with infinite
support. Also, if the matrix A is singular, by subsection 3.2, we cannot
define the fuzzy set X'*. Then, obviously the results cannot hold for this
case. It should be emphasized that in this paper, for holding the results,
the matrix A must be nonsingular.

iii) For obtaining the fuzzy set X*, we can use various methods such as Cholesky
decomposition method.

4. Conclusion

This paper was an extension of our previous works. Here, we defined a new
class of fuzzy problems, namely “fuzzy inclusion linear systems”, and proposed it’s
fuzzy solution set. Then, we compared the fuzzy solution set of a fuzzy inclusion
linear system with the algebraic solution of a fuzzy linear system. The results
reveal that the former is a subset of the latter and also both are subsets of a larger
fuzzy set. Also, a new necessary and sufficient condition is derived for obtaining
the unique algebraic solution of a fuzzy linear system. Some important definitions
were illustrated by numerical examples.
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