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INTUITIONISTIC FUZZY BOUNDED LINEAR OPERATORS

A. NARAYANAN, S. VIJAYABALAJI AND N. THILLAIGOVINDAN

Abstract. The object of this paper is to introduce the notion of intuitionistic

fuzzy continuous mappings and intuitionistic fuzzy bounded linear operators
from one intuitionistic fuzzy n-normed linear space to another. Relation be-

tween intuitionistic fuzzy continuity and intuitionistic fuzzy bounded linear

operators are studied and some interesting results are obtained.

1. Introduction

The main purpose of this paper is to introduce the notion of intuitionistic fuzzy
continuous mappings and intuitionistic fuzzy bounded linear operators in line with
the classical results of fuzzy bounded linear operators [5, 6, 10, 11]. The theory
of n-norms on a linear space was introduced by Gähler [13, 14] and subsequently
developed by several authors [12, 16, 18, 23]. The theory of intuitionistic fuzzy sets
was introduced by Atanassov [1, 2, 3] and the notions of fuzzy n-normed linear space
and intuitionistic fuzzy n-normed linear space have been recently introduced by the
present authors [21, 25]. The concepts of t-norm and t-co-norm were introduced
by Schweizer and Sklar [24]. Fuzzy topology has very important applications in
quantum particle physics, particularly in connection with both string and ε(∞)

theory which were studied by Elnaschie [8, 9].
In this paper we introduce the notions of intuitionistic fuzzy continuities and

intuitionistic fuzzy bounded linear operators and discuss interesting relationships
that exist between them.

In this section we give some definitions and results which are necessary for the
sequel. Throughout this paper for convenience we denote a given linear space X
over a field F by X × ...×X︸ ︷︷ ︸

n

= Xn. Let Z = (x1, x2, ..., xn) ∈ Xn.

Definition 2.1.[15] Let n ∈N(natural numbers) and X be a real linear space of
dimension d ≥ n.(Here we allow d to be infinite). A real-valued function ||•, ..., •||
on Xn is called an n-norm on X if it satisfies the following properties:

(1) ||x1, x2, ..., xn|| = 0 if any only if x1, x2, ..., xn are linearly dependent
(2) ||x1, x2, ..., xn|| is invariant under any permutation of x1, x2, ..., xn

(3) ||x1, x2, ..., αxn|| = |α| ||x1, x2, ..., xn||, for any real α
(4) ||x1, x2, , xn−1, y + z|| ≤ ||x1, x2, ..., xn−1, y||+ ||x1, x2, ..., xn−1, z||,
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The pair (X, ||•, ..., •||) is called an n-normed linear space.

Definition 2.2.[15] A sequence {xk} in an n-normed linear space (X,||•, ..., •||) is
said to converge to an x ∈ X (in the n-norm)whenever

lim
k→∞

||x1, x2, ..., xn−1, xk − x|| = 0

for every x1, x2, ..., xn−1 ∈ X.

Definition 2.3.[21] Let X be a linear space over a real field F . A fuzzy subset N
of Xn ×R(R- set of real numbers) is called a fuzzy n-norm on X
if and only if:
(N1) For all t ∈ R with t ≤ 0, N(Z, t) = 0.
(N2) For all t ∈ R with t > 0,

N(x1, x2, ..., xn, t) = 1 ⇔ x1, x2, ..., xn are linearly dependent.

(N3) N(x1, x2, ..., xn, t) is invariant under any permutation of x1, x2, ..., xn.
(N4) For all t ∈R with t > 0,

N(x1, x2, ..., cxn, t) = N(x1, x2, ..., xn,
t

|c|
), ifc 6= 0, c ∈ F (field).

(N5) For all s, t ∈ R,

N(x1, x2, ..., xn + x
′

n, s + t)

≥ min
{

N(x1, x2, ..., xn, s), N(x1, x2, ..., x
′

n, t)
}

.

(N6) N(Z, ◦) is a non-decreasing function of R and lim
t→∞

N(Z, t) = 1.

The pair (X, N) is called a fuzzy n-normed linear space or in short f-n-NLS.

Definition 2.4.[24] A binary operation ∗ : [0, 1] × [0, 1] → [0, 1] is a continuous
t-norm if ∗ satisfies the following conditions:

(1) ∗ is commutative and associative
(2) ∗ is continuous
(3) a ∗ 1 = a for all a ∈ [0, 1]
(4) a ∗ b ≤ c ∗ d whenever a ≤ c and b ≤ d and a, b, c, d ∈ [0, 1].

Definition 2.5.[24] A binary operation � : [0, 1] × [0, 1] → [0, 1] is a continuous
t-co-norm if � satisfies the following conditions:
(1) � is commutative and associative
(2) � is continuous
(3) a � 0 = a for all a ∈ [0, 1]
(4) a � b ≤ c � d whenever a ≤ c and b ≤ d and a, b, c, d ∈ [0, 1].

Definition 2.6.[1] Let E be any set. An intuitionistic fuzzy set A of E is an object
of the form A = {(x, µA(x), γA(x))|x ∈ E}, where the functions
µA : E → [0, 1] and γA : E → [0, 1] respectively denote the degree of membership
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and non-membership of the element x ∈ E and for every x ∈ E,
0 ≤ µ(x) + γ(x) ≤ 1.

Definition 2.7.[25] An intuitionistic fuzzy n-normed linear space (i-f-n-NLS) is an
object of the form

A = {(Z,N(Z, t),M(Z, t))|Z ∈ Xn},
where X is a linear space over a real field F , ∗ is a continuous t-norm, � is a con-
tinuous t-co-norm and N,M are fuzzy sets on Xn × (0,∞) such that
N denotes the degree of membership, M denotes the degree of
non-membership of (Z, t) ∈ Xn × (0,∞) and N and M satisfy the following condi-
tions:

(i) N(Z, t) + M(Z, t) ≤ 1;
(ii) N(Z, t) > 0;
(iii) N(x1, x2, ..., xn, t) = 1 if and only if x1, x2, ..., xn are linearly dependent;
(iv) N(x1, x2, ..., xn, t) is invariant under permutation of x1, x2, ..., xn;
(v) N(x1, x2, ..., cxn, t) = N(x1, x2, ..., xn, t

|c| ) if c 6= 0, c ∈ F ;

(vi) N(x1, x2, ..., xn, s) ∗N(x1, x2, ..., x
′

n, t) ≤ N(x1, x2, ..., xn + x
′

n, s + t);
(vii) N(Z, ◦) : (0,∞) → [0, 1] is continuous;
(viii) M(Z, t) > 0;
(ix) M(x1, x2, ..., xn, t) = 0 if and only if x1, x2, ..., xn are linearly dependent;
(x) M(x1, x2, ..., xn, t) is invariant under permutation of x1, x2, ..., xn;
(xi) M(x1, x2, ..., cxn, t) = M(x1, x2, ..., xn, t

|c| ), if c 6= 0, c ∈ F ;

(xii) M(x1, x2, ..., xn, s) �M(x1, x2, ..., x
′

n, t) ≥ M(x1, x2, ..., xn + x
′

n, s + t);
(xiii) M(Z, ◦) : (0,∞) → [0, 1] is continuous.

Remark 2.8. For convenience we denote the intuitionistic fuzzy n-normed linear
space by A = (X, N,M, ∗, �).

2. Intuitionistic Fuzzy Continuous Mappings

In this section we introduce different types of intuitionistic fuzzy continuous
mappings over intuitionistic fuzzy n-normed linear spaces and derive some related
results.

In what follows on let A = (X, N1,M1, ∗, �) and B = (Y,N2,M2, ∗
′
, �′

) will
denote two intuitionistic fuzzy n-normed linear spaces, where X and Y are linear
spaces over the same real field.

Definition 3.1. A mapping T from one intuitionistic fuzzy n-normed linear space
A to another intuitionistic fuzzy n-normed linear space B is said to be intuitionistic
fuzzy continuous at Z0 = (x01, x02, ..., x0n) ∈ Xn if, for given ε > 0, α ∈ (0, 1), there
exist δ = δ(α, ε) > 0 and β = β(α, ε) > 0 such that for all Z ∈ Xn,
N1((x1, x2, ..., xn)− (x01, x02, ..., x0n), δ) > β

and M1((x1, x2, ..., xn)− (x01, x02, ..., x0n), δ) < 1− β
⇒ N2(T (x1, x2, ..., xn)− T (x01, x02, ..., x0n), ε) > α
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and M2(T (x1, x2, ..., xn)− T (x01, x02, ..., x0n), ε) < 1− α.
Briefly,

N1(Z − Z0, δ) > β and M1(Z − Z0, δ) < 1− β
⇒ N2(T (Z)− T (Z0), ε) > α and M2(T (Z)− T (Z0), ε) < 1− α.

If T is intuitionistic fuzzy continuous at each point of Xn, then T is said to be
intuitionistic fuzzy continuous on Xn.

Definition 3.2. A mapping T from one intuitionistic fuzzy n-normed linear space
A to another intuitionistic fuzzy n-normed linear space B is said to be strongly
intuitionistic fuzzy continuous at Z0 ∈ Xn if, for given ε > 0, there exists δ > 0
such that for all Z ∈ Xn,

N2(T (Z)− T (Z0), ε) ≥ N1(Z − Z0, δ) and
M2(T (Z)− T (Z0), ε) ≤ M1(Z − Z0, δ).

If T is strongly intuitionistic fuzzy continuous at each point of Xn, then T is said
to be strongly intuitionistic fuzzy continuous on Xn.

Definition 3.3. A mapping T from one intuitionistic fuzzy n-normed linear space
A to another intuitionistic fuzzy n-normed linear space B is said to be weakly
intuitionistic fuzzy continuous at Z0 ∈ Xn if, for given ε > 0 and α ∈ (0, 1), there
exists δ = δ(α, ε) > 0 such that for all Z ∈ Xn,

N1(Z − Z0, δ) ≥ α and M1(Z − Z0, δ) ≤ 1− α
⇒ N2(T (Z)− T (Z0), ε) ≥ α and M2(T (Z)− T (Z0), ε) ≤ 1− α.

If T is weakly intuitionistic fuzzy continuous at each point of Xn, then we say that
T is weakly intuitionistic fuzzy continuous on Xn.

Definition 3.4. A mapping T from one intuitionistic fuzzy n-normed linear space
A to another intuitionistic fuzzy n-normed linear space B is said to be
sequentially intuitionistic fuzzy continuous at Z0 ∈ Xn, if for any sequence {Zk, k ≥
1}, with Zk → Z0 implies T (Zk) → T (Z0).
In other words,

lim
k→∞

N1(Zk − Z0, t) = 1 and lim
k→∞

M1(Zk − Z0, t) = 0, for all t > 0.

⇒ lim
k→∞

N2(T (Zk)− T (Z0), t) = 1 and lim
k→∞

M2(T (Zk)− T (Z0), t) = 0,

for all t > 0.

If T is sequentially intuitionistic fuzzy continuous at each point of Xn, then T is
said to be sequentially intuitionistic fuzzy continuous on Xn.

Theorem 3.5. Let T : A → B be a mapping, where A and B are intuitionistic
fuzzy n-normed linear spaces. If T is strongly intuitionistic fuzzy continuous then
it is sequentially intuitionistic fuzzy continuous, but not conversely.

Proof. First we suppose that T is strongly intuitionistic fuzzy continuous at Z0.
Then for each ε > 0 there exists δ > 0 such that for all Z,
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N2(T (Z)− T (Z0), ε) ≥ N1(Z − Z0, δ) and
M2(T (Z)− T (Z0), ε) ≤ M1(Z − Z0, δ). (3.1)

Let {Zk, k ≥ 1} be a sequence such that Zk → Z0.

That is, lim
k→∞

N1(Zk − Z0, t) = 1 and lim
k→∞

M1(Zk − Z0, t) = 0 for all t > 0.

Now from (3.1) we have,

N2(T (Zk)− T (Z0), ε) ≥ N1(Zk − Z0, δ) and
M2(T (Zk)− T (Z0), ε) ≤ M1(Zk − Z0, δ)
⇒ lim

k→∞
N2(T (Zn)− T (Z0), ε) ≥ lim

k→∞
N1(Zk − Z0, δ) and

lim
k→∞

M2(T (Zk)− T (Z0), ε) ≤ lim
k→∞

M1(Zk − Z0, δ)

⇒ lim
k→∞

N2(T (Zk)− T (Z0), ε) = 1 and lim
k→∞

M2(T (Zk)− T (Z0), ε) = 0.

Since ε is a small arbitrary positive number, it follows that T (Zk) → T (Z0). 2

The following example shows that sequentially intuitionistic fuzzy continuity of
T does not imply strong intuitionistic fuzzy continuity of T .

Example 3.6. Let (X,||•, •, ..., •||) be an n-normed linear space.
Define a ∗ b=min{a, b} and a � b=max{a, b} for all a, b ∈ [0, 1], t > 0, c > 0,

N1(x1, x2, ..., xn, t) = t
t+||x1,x2,...,xn|| , M1(x1, x2, ..., xn, t) = ||x1,x2,...,xn||

t+||x1,x2,...,xn|| .

N2(x1, x2, ..., xn, t) = t
t+c||x1,x2,...,xn|| , M2(x1, x2, ..., xn, t) = c||x1,x2,...,xn||

t+c||x1,x2,...,xn||

Briefly, N1(Z, t) = t
t+||Z|| , M1(Z, t) = ||Z||

t+||Z|| , N2(Z, t) = t
t+c||Z|| and M2(Z, t) = k||Z||

t+c||Z|| .

Then

A = {(Z, N1(Z, t), M1(Z, t))|Z ∈ Xn}

and

B = {(Z, N2(Z, t), M2(Z, t))|Z ∈ Xn}

are intuitionistic fuzzy n-normed linear spaces.

Now consider a function T (Z) = Z4

1+Z2

Choose a sequence {Zk, k ≥ 1} such that Zk → Z0.

Now for all t > 0 we have,

lim
k→∞

N1(Zk − Z0, t) = 1 and lim
k→∞

M1(Zk − Z0, t) = 0.

⇒ lim
k→∞

t
t+||Zk−Z0||

= 1 and lim
k→∞

||Zk−Z0||
t+|Zk−Z0|

= 0

⇒ lim
k→∞

||ZK − Z0|| = 0. (3.2)
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Now N2(T (Zk)− T (Z0), t)

= t

t+c||
Z4

k
1+Z2

k

−
Z4
0

1+Z2
o
||

=
t||1+Z2

n||||1+Z2
0 ||

t||1+Z2
n||||1+Z2

0 |+c||Z4
k
+Z4

k
Z2

0−Z4
0−Z2

k
Z4

0 ||

=
t||1+Z2

k||||1+Z2
0 ||

t||1+Z2
k
||||1+Z2

0 ||+c||(Zk−Z0)(Zk+Z0)(Z2
k
+Z2

0 )+Z2
k

Z2
0 (Z2

k
−Z2

0 ||

=
t||1+Z2

k||1+Z2
0 ||

t||1+Z2
k
||||1+Z2

0 ||+c||Zk−Z0||||(Zk+Z0)(Z2
k
+Z2

0 )+Z2
k

Z2
0 (Zk+Z0)|| and

M2(T (Zk)− T (Z0), t)

=
c||

Z4
k

1+Z2
k

−
Z4
0

1+Z2
0
||

t+c||
Z4

k
1+Z2

k

−
Z4
0

1+Z2
o
||

=
c||Z4

k+Z4
kZ2

0−Z4
0−Z4

0Z2
k||

t||1+Z2
n||||1+Z2

0 |+c||Z4
k
+Z4

k
Z2

0−Z4
0−Z4

0Z2
k
||

=
c||Zk−Z0||||(Zk+Z0)(Z2

k+Z2
0 )+Z2

kZ2
0 (Zk+Z0)||

t+||1+Z2
k
||||1+Z2

0 ||+c||Zk−Z0||||(Zk+Z0)(Z2
k
+Z2

0 )+Z2
k

Z2
0 (Zk+Z0)|| .

Hence by (3.2) it follows that for all t > 0,

lim
k→∞

N2(T (Zk)− T (Z0), t) = 1 and lim
k→∞

M2(T (Zk)− T (Z0), t) = 0

⇒ T (Zk) → T (Z0) in B.

Let ε > 0 be given. Then

N2(T (Z)− T (Z0), ε) ≥ N1(Z − Z0, δ)

⇒ ε||1+Z2||||1+Z2
0 ||

ε||1+Z2||||1+Z2
0 ||+k||Z−Z0||||(Z+Z0)(Z2+Z2

0 )+Z2Z2
0 (Z+Z0)|| ≥

δ
δ+||Z−Z0)||

and M2(T (Z)− T (Z0), ε) ≤ M1(Z − Z0, δ)

⇒ k||Z−Z0||||(Z+Z0)(Z2+Z2
0 )+Z2Z2

0 (Z+Z0)||
ε+||1+Z2||||1+Z2

0 |+k||Z−Z0||||(Z+Z0)(Z2+Z2
0 )+Z2Z2

0 (Z+Z0)|| ≤
δ

δ+||Z−Z0||

So, cδ||Z − Z0||||Z + Z0||Z2 + Z2
0 + Z2Z2

0 || ≤ ε||1 + Z2||||1 + Z2
0 ||Z − Z0||

⇒ δ ≤ ε||1+Z2||1+Z2
0 ||

k||Z+Z0||||Z2+Z2
0+Z2Z2

0 ||
(for Z 6= Z0). (3.3)

We see that T is continuous at Z0 if there exists δ > 0 satisfying (3.3) for all Z 6= Z0.

Let δ1 = inf
||1+Z2||||1+Z2

0 ||
||Z+Z0||||Z2+Z2

0+Z2Z2
0 ||

where the infimum is taken over all Z, Z 6= Z0. Then

δ = ε
k
δ1 satisfies (3.3).

But δ1 = 0 which is impossible.
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Therefore T is not strongly intuitionistic fuzzy continuous.

Theorem 3.7. Let T : A → B be a mapping, where A and B are intuitionistic fuzzy
n-normed linear spaces. Then T is intuitionistic fuzzy continuous if and only if it is
sequentially intuitionistic fuzzy continuous .

Proof. Suppose that T is intuitionistic fuzzy continuous at Z0. Let {Zk, k ≥ 1} be a se-
quence such that Zk → Z0. Let ε > 0, be given. Since T is intuitionistic fuzzy continuous
at Z0 there exists δ > 0 and β = β(α, ε) ∈ (0, 1) such that for all Z,

N1(Z − Z0, δ) > β and M1(Z − Z0, δ) < 1− β
⇒ N2(T (Z)− T (Z0), ε) > α and M2(T (Z)− T (Z0), ε) < 1− α.

Since Zk → Z0, there exists a positive integer k0 such that

N1(Zk − Z0, δ) > β and M1(Zk − Z0, δ) < 1− β, for all k ≥ k0.

Then
N2(T (Zk)− T (Z0), ε) > α and M2(T (Zk)− T (Z0), ε) < 1− α
⇒ lim

k→∞
N2(T (Zk)− T (Z0), t) = 1 and lim

k→∞
M2(T (Zk)− T (Z0), t) = 0.

Since ε > 0 is arbitrary, hence T (Zk) → T (Z0).

Next we suppose that T is sequentially intuitionistic fuzzy continuous at Z0.

If possible, suppose that T is not intuitionistic fuzzy continuous at Z0.

Then there exist ε > 0 and α > 0 such that for any δ > 0 and β ∈ (0, 1) there exists
W ∈ Xn (depending on δ, β) such that

N1(Z0 −W, δ) > β and M1(Z0 −W, δ) < 1− β,
but N2(T (Z0)− T (W ), ε) ≤ α and M2(T (Z0)− T (W ), ε) ≥ 1− α. (3.4)

Thus, for β = 1− 1
k+1

, δ = 1
k+1

, k = 1, 2, ..., there exists Wk such that

N1(Z0 −Wk, 1
k+1

) > 1− 1
k+1

and M1(Z0 −Wk, 1
k+1

) < 1
k+1

,

but N2(T (Z0)− T (Wk), ε) ≤ α and M2(T (Z0)− T (Wk), ε) ≥ 1− α.

Taking δ > 0, there exists k0 such that 1
k+1

< δ for all k ≥ k0.

Then
N1(Z0 −Wk, δ) ≥ N1(Z0 −Wk, 1

k+1
) ≥ 1− 1

k+1
and

M1(Z0 −Wk, δ) ≤ M1(Z0 −Wk, 1
k+1

) ≤ 1
k+1

⇒ lim
k→∞

N1(Z0 −Wk, δ) = 1 and lim
n→∞

M2(Z0 −Wk, δ) = 0

⇒ Wk → Z0.

However by (3.4), N2(T (Z0)− T (Wk), ε) ≤ α and M2(T (Z0)− T (Wk), ε) ≥ 1− α.

Hence lim
k→∞

N2(T (Z0)− T (Wk), ε) 6= 1 and lim
k→∞

M2(T (Z0)− T (Wk), ε) 6= 0.

Thus T (Wk) does not converge to T (Z0) but Wk → Z0 which contradicts our assumption.
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Hence T is intuitionistic fuzzy continuous at Z0. 2

3. Intuitionistic Fuzzy Bounded Linear Operators

We now introduce the notion of strongly intuitionistic fuzzy bounded linear operators
and weakly intuitionistic fuzzy bounded linear operators on an intuitionistic fuzzy n-
normed linear space.

Definition 4.1. Let T : A → B be a linear operator where A and B are intuitionistic
fuzzy n-normed linear spaces. T is said to be strongly intuitionistic fuzzy bounded on Xn,
if and only if there exists a positive number L such that for all Z ∈ Xn and s > 0,

N2(T (Z), s) ≥ N1(Z, s
L

) and M2(T (Z), s) ≤ M1(Z, s
L

).

Definition 4.2. Let T : A → B be a linear operator where A and B are intuitionistic
fuzzy n-normed linear spaces. T is said to be weakly intuitionistic fuzzy bounded on Xn,
if for any α ∈ (0, 1) there exists Lα > 0 such that for all Z ∈ Xn and t > 0,

N1(Z, t
Lα

) ≥ α and M1(Z, t
Lα

) ≤ 1− α

⇒ N2(T (Z), t) ≥ α and M2(T (Z), t) ≤ 1− α.

Theorem 4.3. For intuitionistic fuzzy n-normed linear spaces A and B, let T : A →
B be a linear operator. If T is strongly intuitionistic fuzzy bounded then it is weakly
intuitionistic fuzzy bounded, but not conversely.

Proof. First we suppose that T is strongly intuitionistic fuzzy bounded.
Then there exists L > 0 such that for all Z and t > 0, we have

N2(T (Z), t) ≥ N1(Z, t
L

) and M2(T (Z), s) ≤ M1(Z, t
L

).

Thus, for any α ∈ (0, 1), there exists Lα(= L > 0) such that
N1(Z, t

Lα
) ≥ α and M1(Z, t

Lα
) ≤ 1− α

⇒ N2(T (Z), t) ≥ α and M2(T (Z), t) ≤ 1− α, for all Z ∈ Xn and t > 0.

This implies that T is weakly intuitionistic fuzzy bounded. 2

We now provide a counterexample to the converse.

Example 4.4. Let (X,||•, •, ..., •||) be an n-normed linear space.
Define a ∗ b=min{a, b} and a � b=max{a, b} for all a, b ∈ [0, 1],

N1(Z, t) = t2−||Z||2
t2+||Z||2 , M1(Z, t) = 2||Z||

t2+||Z||2 , t > ||Z|| and

N2(Z, t) = t
t+||Z|| , M2(Z, t) = ||Z||

t+||Z|| .

Then for t > ||Z||,

N1(Z, t
Lα

) ≥ α

⇒ t2(1−α)2−||Z||2

t2(1−α)2+||Z||2 ≥ α

⇒ t2(1− α)2 − ||Z||2 ≥ αt2(1− α)2 + α||Z||2

⇒ t2(1− α)2 − αt2(1− α)2 ≥ ||Z||2(1 + α)

⇒ ||Z||2 ≤ t2(1−α)3

1+α
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⇒ ||Z|| ≤ t(1−α)(1−α)
1
2

(1+α)
1
2

⇒ t + ||Z|| ≤ t((1−α)(1−α)
1
2 +(1+α)

1
2 )

(1+α)
1
2

⇒ t
t+||Z|| ≥

(1+α)
1
2

(1−α)(1−α)
1
2 +(1+α)

1
2

(4.1)

Now,

(1 + α)
1
2

(1− α)(1− α)
1
2 + (1 + α)

1
2
≥ α

⇒ 1 + α + α3 ≥ α2

Thus by (4.1), we have
t

t+||Z|| ≥ α, for all α ∈ (0, 1).

So,

N1( Z,
t

Lα
) ≥ α

⇒ N2(T (Z), t) ≥ α.

Similarly, for

M1( Z,
t

Lα
) ≤ 1− α

⇒ M2(T (Z), t) ≤ 1− α.

Thus N1(Z, t
Lα

) ≥ α and M1(Z, t
Lα

) ≤ 1− α

⇒ N2(T (Z), t) ≥ α and M2(T (Z), t) ≤ 1− α.

Hence T is weakly intuitionistic fuzzy bounded.

Now, for t > ||Z||,

N2(T (Z), t) ≥ N1(Z, t
L

) and M2(T (Z), t) ≤ M1(Z, t
L

).

⇔ L2 ≥ t2

2t||Z||+ ||Z||2

⇔ L ≥ (
t2

(2t||Z||+ ||Z||2) )
1
2

⇔ L = ∞ as t →∞.

Hence T is not strongly intuitionistic fuzzy bounded.

Theorem 4.5. Let T : A → B be a linear operator where A and B are intuitionistic
fuzzy n-normed linear spaces. Then
(a) T is strongly intuitionistic fuzzy continuous everywhere on Xn if T is strongly intu-
itionistic fuzzy continuous at a point Z0.
(b) T is strongly intuitionistic fuzzy continuous if and only if T is strongly intuitionistic
fuzzy bounded.

Proof. (a) Since T is strongly intuitionistic fuzzy continuous at Z0, for each ε > 0 there
exists δ > 0 such that, for all Z we have:
N2(T (Z)− T (Z0), ε) ≥ N1(Z − Z0, δ) and M2(T (Z)− T (Z0), ε) ≤ M1(Z − Z0, δ).
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Let W ∈ Xn, and replace Z by Z + Z0 −W . Then

N2( T (Z + Z0 −W )− T (Z0), ε) ≥ N1(Z + Z0 −W − Z0, δ) and

M2(T (Z + Z0 −W )− T (Z0), ε) ≤ M1(Z + Z0 −W − Z0, δ).

⇒ N2(T (Z) + T (Z0)− T (W )− T (Z0), ε) ≥ N1(Z −W, δ)

and M2(T (Z) + T (Z0)− T (W )− T (Z0), ε) ≤ M1(Z −W, δ)

⇒ N2(T (Z)− T (W ), ε) ≥ N1(Z −W, δ)

and M2(T (Z)− T (W ), ε) ≤ M1(Z −W, δ).

Since W is arbitrary, it follows that T is strongly intuitionistic fuzzy continuous on Xn.

(b) Assume T is strongly intuitionistic fuzzy bounded.

Then there exists L > 0 such that

N2(T (Z), ε) ≥ N1(Z, ε
L

) and M2(T (Z), ε) ≤ M1(Z, ε
L

) for all ε > 0.
⇒ N2(T (Z)− T (0), ε) ≥ N1(Z − 0, δ) and M2(T (Z)− T (0), ε) ≤ M1(Z − 0, δ),
where δ = ε

L
and 0 = (0, 0, ..., 0) ∈ Xn.

⇒ T is strongly intuitionistic fuzzy continuous on Xn.

Conversely, suppose that T is strongly intuitionistic fuzzy continuous on Xn.

Using continuity of T at Z = 0 for ε = 1, there exists δ > 0 such that
N2(T (Z)− T (0), 1) ≥ N1(Z − 0, δ) and M2(T (Z)− T (0), 1) ≤ M1(Z − 0, δ).

Suppose that Z 6= 0 and t > 0. Putting U = Z
t

we obtain

N2( T (Z), t)

= N2(tT (U), t)

= N2(T (U), 1)

≥ N1(U, δ)

= N1(
Z

t
, δ)

= N1(Z,
t

M
), where L =

1

δ
.

So, N2(T (Z), t) ≥ N1(Z, t
M

) and

M2( T (Z), t)

= M2(tT (U), t)

= M2(T (U), 1)

≤ M1(U, δ)

= M1(
Z

t
, δ)

= M1(Z,
t

M
) where L =

1

δ
.

Hence M2(T (Z), t) ≤ M1(Z, t
L

).

If Z = 0 and t > 0, then
T (0) = 0 and N2(0, t) = N1(0, t

M
) = 1 and

M2(0, t) = M1(0, t
M

) = 0.
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So T is strongly intuitionistic fuzzy bounded. 2

Theorem 4.6. Let T : A → B be a linear operator where A and B are intuitionistic fuzzy
n-normed linear spaces. If T is sequentially intuitionistic fuzzy continuous at a point Z0

then it is sequentially intuitionistic fuzzy continuous on Xn.

Proof. Let Z be an arbitrary point and {Zk, k ≥ 1} be a sequence such that Zk → Z.

Then lim
k→∞

N1(Zk − Z, t) = 1 and lim
k→∞

M1(Zk − Z, t) = 0

⇒ lim
k→∞

N1((Zk − Z + Z0)− Z0, t) = 1 and

lim
k→∞

M1((Zk − Z + Z0)− Z0, t) = 0 for all t > 0.

T is continuous at Z0 we have:
lim

k→∞
N2(T (Zk − Z + Z0)− T (Z0), t) = 1 and

lim
k→∞

M2(T (Zk − Z + Z0)− T (Z0), t) = 0 for all t > 0

⇒ lim
k→∞

N2(T (Zk)− T (Z) + T (Z0)− T (Z0), t) = 1 and

lim
k→∞

M2(T (Zk)− T (Z) + T (Z0)− T (Z0), t) = 0 for all t > 0

⇒ lim
k→∞

N2(T (Zk)− T (Z), t) = 1 and lim
k→∞

M2(T (Zk)− T (Z), t) = 0

for all t > 0

Thus lim
k→∞

N1(Zk − Z, t) = 1 and lim
k→∞

M1(Zk − z, t) = 0 for all t > 0

⇒ lim
k→∞

N2(T (Zk)− T (z), t) = 1 and lim
k→∞

M2(T (Zk)− T (Z), t) = 0,

for all t > 0.
This shows that T is sequentially intuitionistic fuzzy continuous on Xn. 2

Theorem 4.7. Let T : A → B be a linear operator where A and B are intuitionistic
fuzzy n-normed linear spaces. Then
(a) T is weakly intuitionistic fuzzy continuous on Xn if T is weakly intuitionistic fuzzy
continuous at a point Z0.
(b) T is weakly intuitionistic fuzzy continuous if and only if T is weakly intuitionistic fuzzy
bounded.

Proof. (a) Since T is weakly intuitionistic fuzzy continuous at Z0, hence for each ε > 0
and α ∈ (0, 1), there exists δ(α, ε) > 0, such that for all Z ∈ Xn,

N1(Z − Z0, δ) ≥ α and M1(Z − Z0, δ) ≤ 1− α
⇒ N2(T (Z)− T (Z0), ε) ≥ α and M2(T (Z)− T (Z0), ε) ≤ 1− α.

Taking any Y ∈ Xn, and replacing Z by Z + Z0 − Y we get

N1(Z + Z0 − Y − Z0, δ) ≥ α and M1(Z + Z0 − Y − Z0, δ) ≤ 1− α
⇒ N2(T (Z + Z0 − Y )− T (Z0), ε) ≥ α and M2(T (Z + Z0 − Y )− T (Z0), ε) ≤ 1− α.

That is N1(Z − Y, δ) ≥ α and M1(Z − Y, δ) ≤ 1− α
⇒ N2(T (Z)− T (Y ), ε) ≥ α and M2(T (Z)− T (Y ), ε) ≤ 1− α.

Since Y is arbitrary, it follows that T is strongly intuitionistic fuzzy continuous on Xn.
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(b) First we suppose that T is weakly intuitionistic fuzzy bounded.

Then for any α ∈ (0, 1), there exists Mα > 0 such that for all t > 0 we have

N1( Z,
t

Lα
) ≥ α and M1(Z,

t

Lα
) ≤ 1− α

⇒ N2(T (Z), t) ≥ α and M2(T (Z), t) ≤ 1− α.

⇒ N1(Z − 0,
ε

Lα
) ≥ α and M1(Z − 0,

ε

Lα
) ≤ 1− α

⇒ N2(T (Z)− T (0), ε) ≥ α and M2(T (Z)− T (0), ε) ≤ 1− α for ε > 0

⇒ N1(Z − 0, δ) ≥ α and M1(Z − 0, δ) ≤ 1− αwhere δ =
ε

Lα

⇒ N2(T (Z)− T (0), ε) ≥ α and M2(T (Z)− T (0), ε) ≤ 1− α.

⇒ T is weakly intuitionistic fuzzy continuous on Xn.

Conversely, suppose that T is weakly intuitionistic fuzzy continuous on Xn.

By continuity of T at Z = 0 for ε = 1, it follows that for all α ∈ (0, 1) there exists
δ(α, 1) > 0 such that for all Z,

N1( Z − 0, δ) ≥ α and M1(Z − 0, δ) ≤ 1− α

⇒ N2(T (Z)− T (0), 1) ≥ α and M2(T (Z)− T (0), 1) ≤ 1− α

⇒ N1(Z, δ) ≥ α and M1(Z, δ) ≤ 1− α

⇒ N2(T (Z), 1) ≥ α and M2(T (Z), 1) ≤ 1− α.

Suppose that Z 6= 0 and t > 0. Putting Z = U
t
, we have:

N1(
U

t
, δ) ≥ α and M1(

U

t
, δ) ≤ 1− α

⇒ N2(T (
U

t
), 1) ≥ α andM2(T (

U

t
), 1) ≤ 1− α

⇒ N1(U, tδ) ≥ α and M1(U, tδ) ≤ 1− α

⇒ N2(T (U), t) ≥ α andM2(T (U), t) ≤ 1− α

⇒ N1(U,
t

Lα
) ≥ α and M1(U,

t

Lα
) ≤ 1− α

⇒ N2(T (U), t) ≥ α and M2(T (U), t) ≤ 1− α,

where Lα =
1

δ(α, 1)

⇒ T is weakly intuitionistic fuzzy bounded.

If Z = 0 and t > 0, then for Lα > 0,

N1(Z, t
Lα

, t) = N2(T (Z), t) = 1 and

M1(Z, t
Lα

, t) = M2(T (Z), t) = 0.

Thus T is weakly intuitionistic fuzzy bounded. 2
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