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INTUITIONISTIC FUZZY BOUNDED LINEAR OPERATORS

A. NARAYANAN, S. VIJAYABALAJI AND N. THILLAIGOVINDAN

ABSTRACT. The object of this paper is to introduce the notion of intuitionistic
fuzzy continuous mappings and intuitionistic fuzzy bounded linear operators
from one intuitionistic fuzzy n-normed linear space to another. Relation be-
tween intuitionistic fuzzy continuity and intuitionistic fuzzy bounded linear
operators are studied and some interesting results are obtained.

1. Introduction

The main purpose of this paper is to introduce the notion of intuitionistic fuzzy
continuous mappings and intuitionistic fuzzy bounded linear operators in line with
the classical results of fuzzy bounded linear operators [5,6,10,11]. The theory
of n-norms on a linear space was introduced by Gdahler [13,14] and subsequently
developed by several authors [12,16, 18,23]. The theory of intuitionistic fuzzy sets
was introduced by Atanassov [1, 2, 3] and the notions of fuzzy n-normed linear space
and intuitionistic fuzzy n-normed linear space have been recently introduced by the
present authors [21,25]. The concepts of t-norm and ¢-co-norm were introduced
by Schweizer and Sklar [24]. Fuzzy topology has very important applications in
quantum particle physics, particularly in connection with both string and (>
theory which were studied by Elnaschie [8,9].

In this paper we introduce the notions of intuitionistic fuzzy continuities and
intuitionistic fuzzy bounded linear operators and discuss interesting relationships
that exist between them.

In this section we give some definitions and results which are necessary for the
sequel. Throughout this paper for convenience we denote a given linear space X
over a field F by X x ... x X = X", Let Z = (z1,%2,...,Tp) € X™.

S —

n
Definition 2.1.[15] Let n €N(natural numbers) and X be a real linear space of
dimension d > n.(Here we allow d to be infinite). A real-valued function ||e, ..., e||
on X" is called an n-norm on X if it satisfies the following properties:

(1) ||z1, 22, ..., zy|| = 0 if any only if a1, z, ..., , are linearly dependent
(2) ||z1, 22, ..., x| is invariant under any permutation of x1,xa, ..., T,
(3) llz1, z2, ..y axy|| = |af |21, 22, ..., zy ]|, for any real a

(4) Hl'lvaa vxnflvy—’_ZH < Hxlvx%'“vxnflvy” + H:Ehx?a "';xnflv'z”a
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The pair (X, ||e, ..., ||) is called an n-normed linear space.

Definition 2.2.[15] A sequence {x}} in an n-normed linear space (X,||e, ..., ®||) is
said to converge to an « € X (in the n-norm)whenever
klim [|z1, 22y ooy Tp—1, 2k — || =0
— 00

for every z1,x9,...,xp_1 € X.

Definition 2.3.[21] Let X be a linear space over a real field F'. A fuzzy subset N
of X™ x R(R- set of real numbers) is called a fuzzy n-norm on X

if and only if:

(N1) For all t € R with t <0, N(Z,t) =0.

(N2) For all t € R with t > 0,

N(z1,22,...,Tpn,t) =1 < x1, 29, ...,x, are linearly dependent.

(N3) N(z1,x2, ..., Tn,t) is invariant under any permutation of x1, za, ..., Tp.
(N4) For all t €R with ¢t > 0,

t
H), ife # 0, ¢ € F(field).

N(z1,x9,...,cTpn,t) = N(x1, T2, ..., Tp,

(N5) For all s,t € R,
N(l‘l, T2, ..., Ty + .Z'In, s+ t)
> min{N(xl,xg,...7xn,s),N(x1,x2,. z t)}

(N6) N(Z,0) is a non-decreasing function of R and tlim N(Z,t)=1.

The pair (X, N) is called a fuzzy n-normed linear space or in short f-n-NLS.

Definition 2.4.[24] A binary operation x : [0,1] x [0,1] — [0,1] is a continuous
t-norm if * satisfies the following conditions:

(1) % is commutative and associative

(2) * is continuous

(3) a*x1=aforall a €[0,1]

(4) axb < c*d whenever a < cand b <d and a,b,¢,d € [0,1].

Definition 2.5.[24] A binary operation ¢ : [0,1] x [0,1] — [0,1] is a continuous
t-co-norm if ¢ satisfies the following conditions:

(1) ¢ is commutative and associative

(2) ¢ is continuous

(3) ac0=aforall a €[0,1]

(4) aob < codwhenever a < cand b <dand a,b,c,d € [0,1].

Definition 2.6.[1] Let F be any set. An intuitionistic fuzzy set A of E is an object
of the form A = {(x, pa(x),va(x))|x € E}, where the functions
pa:E —[0,1] and y4 : E — [0,1] respectively denote the degree of membership
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and non-membership of the element x € F and for every x € F,
0<p(z)+v(x) <1

Definition 2.7.[25] An intuitionistic fuzzy n-normed linear space (i-f-n-NLS) is an
object of the form

A={(Z,N(Z,t),M(Z,t))|Z € X"},

where X is a linear space over a real field F, % is a continuous t-norm, ¢ is a con-
tinuous t-co-norm and N, M are fuzzy sets on X" x (0, 00) such that
N denotes the degree of membership, M denotes the degree of
non-membership of (Z,¢) € X™ x (0,00) and N and M satisfy the following condi-
tions:
(1) N(Z,t) + M(Z,t) < 1;
it) N(Z,t) > 0;
iii) N(x1,%2, ..., Tpn,t) = 1 if and only if z1, 29, ..., 2, are linearly dependent;
) N(x1, 22, ..., Tn,t) is invariant under permutation of z1, za, ..., Tp;
v) N(21,22, ..., cTn,t) = N(21, T2, ..., T, 1) if ¢ # 0, c € F;

(

(

(

( E

(Vi) N (21, @2, s T, 8) % N(21, T2, ooy Ty 1) < N (21, Ty ooy Ty 4 Ty, 5 4 1);
(vii) N(Z,0): (0,00) — [0, 1] is continuous;

(viii) M(Z,t) > 0;

(ix) M(x1,xo, ..., Ty, t) = 0 if and only if xq, xa, ..., z, are linearly dependent;
() M(z1,22,...,Zn,t) is invariant under permutation of z1, zs, ..., Tp;

(xi) M(z1,xa,...,cxpn,t) = M(x1,z2, ..., Ty, ﬁ), ifc#0,ce F;

(zii) M(z1,22,...,Tn,s) © M(z1, 22, ...7m/n,t) > M(x1,x2, .0y Ty + x;, s+1t);
(xiti) M(Z,0) : (0,00) — [0,1] is continuous.

Remark 2.8. For convenience we denote the intuitionistic fuzzy n-normed linear
space by A = (X, N, M, x,0).

2. Intuitionistic Fuzzy Continuous Mappings

In this section we introduce different types of intuitionistic fuzzy continuous
mappings over intuitionistic fuzzy n-normed linear spaces and derive some related
results.

In what follows on let A = (X, Ny, M;,#,0) and B = (Y7N2,M2,*/,<>/) will
denote two intuitionistic fuzzy n-normed linear spaces, where X and Y are linear
spaces over the same real field.

Definition 3.1. A mapping T from one intuitionistic fuzzy n-normed linear space
A to another intuitionistic fuzzy n-normed linear space B is said to be intuitionistic
fuzzy continuous at Zy = (o1, o2, .., Ton) € X ™ if, for given € > 0, a € (0, 1), there
exist § = d(a,€) > 0 and B = B(«a, €) > 0 such that for all Z € X,
Nl((l'h Ty ey {L‘n) — (1'01, T2,y oeey :L‘on), (5) >0

and Ml((Il, X9, ,.Z’n) — (m()l,.’l?og, ...,xon),é) <1-p

= No(T(x1,xa,....xn) — T(xo1, T2, -y Ton), €) >
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and Ms(T(z1, 22, ..., xn) — T(201, To2, ---, Ton), €) < 1 — a.
Briefly,

Nl(Z— 20,5) > 5 and Ml(Z— Zo,(S) <1 —6
= No(T(Z) — T(Zo),€) > a and My(T(Z) — T(Zo),¢) < 1 — av.

If T is intuitionistic fuzzy continuous at each point of X", then T is said to be
intuitionistic fuzzy continuous on X".

Definition 3.2. A mapping T from one intuitionistic fuzzy n-normed linear space
A to another intuitionistic fuzzy n-normed linear space B is said to be strongly
intuitionistic fuzzy continuous at Zy, € X™ if, for given € > 0, there exists § > 0
such that for all Z € X™,

NQ(T(Z) — T(Zo)76) 2 Nl(Z — Zo,(s) and

My(T(Z) = T(Zo),€) < Mi(Z = Zo,6).

If T is strongly intuitionistic fuzzy continuous at each point of X™, then T is said
to be strongly intuitionistic fuzzy continuous on X™.

Definition 3.3. A mapping T from one intuitionistic fuzzy n-normed linear space
A to another intuitionistic fuzzy n-normed linear space B is said to be weakly
intuitionistic fuzzy continuous at Zp € X™ if, for given € > 0 and a € (0, 1), there
exists 6 = §(«, €) > 0 such that for all Z € X",
Nl(Z — Z0,§) Z o and Ml(Z — 20,5) S 11—«
= No(T(Z) —T(Zp),€) > o and Ma(T(Z) — T(Zp),€) <1—a.

If T is weakly intuitionistic fuzzy continuous at each point of X", then we say that
T is weakly intuitionistic fuzzy continuous on X".

Definition 3.4. A mapping T from one intuitionistic fuzzy n-normed linear space
A to another intuitionistic fuzzy n-normed linear space B is said to be
sequentially intuitionistic fuzzy continuous at Zy € X", if for any sequence {Zy, k >
1}, with Zy — Zy implies T(Zy,) — T(Zy).
In other words,

klggo Ny(Zy — Zp,t) =1 and lerr;o M, (Zy, — Zy,t) =0, for all t > 0.

= klim No(T(Zy) — T(Zp),t) =1 and klim My (T(Zy) — T(Zy),t) =0,
for all t > 0.

If T is sequentially intuitionistic fuzzy continuous at each point of X", then T is
said to be sequentially intuitionistic fuzzy continuous on X™.

Theorem 3.5. Let 7' : A — B be a mapping, where A and B are intuitionistic
fuzzy n-normed linear spaces. If T is strongly intuitionistic fuzzy continuous then
it is sequentially intuitionistic fuzzy continuous, but not conversely.

Proof. First we suppose that T is strongly intuitionistic fuzzy continuous at Zj.
Then for each € > 0 there exists § > 0 such that for all Z,
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NQ(T(Z) — T(Z0)7€) > Nl(Z — Z(),(S) and
My(T(Z) = T(Zo), €) < My(Z — Zo, ). (3.1)

Let {Z, k > 1} be a sequence such that Z;, — Z,.
That is, klim Ny(Zy — Zp,t) =1 and klim Mi(Zy, — Zy,t) =0 for all t > 0.

Now from (3.1) we have,

NQ(T(Zk;) - T(Zo), 6) > Nl(Zk - Z(),(S) and
MQ(T(Zk,) - T(Zo), 6) S Ml(Zk - Zo, (S)
= klim No(T(Z,) — T(Zp),€) > klim Ny (Zy — Zy,9) and

khm MQ(T(Zk) — T(Zo), E) S khm Ml(Zk — Zo, 5)
= klim No(T(Zy) — T(Zy),e) =1 and klim My(T(Zy) — T(Zy),€e) = 0.
—00 — 00

Since € is a small arbitrary positive number, it follows that T(Z) — T(Zy). O

The following example shows that sequentially intuitionistic fuzzy continuity of
T does not imply strong intuitionistic fuzzy continuity of 7'

Example 3.6. Let (X,||e, e, ..., ¢||) be an n-normed linear space.
Define a * b=min{a, b} and a ¢ b=max{a,b} for all a,b € [0,1], t > 0, ¢ > 0,

Mi(z1,22, ..y Ty, t) = Mzr,@z, el

Nl(mlvx%"'vxnat): t+[[T1,22, . T

_ _cllzi,ma,.mn]
MQ(I’l,I’Q,...,ZL'n,t)— L

No(21, 22,0 0, 1) = v Fr—|

I
t+cl|z1,z2,.20]]

Briefly, Ni(Z,t) = sy, Mi(Z,t) = (2, No(Z,4) = gy and Ma(Z,1) = 1020
Then

A={(Z,Ni(Z,t), Mi(Z,1))|Z € X"}
and

B ={(Z,N2(Z, 1), Ma(Z,1))|Z € X"}

are intuitionistic fuzzy n-normed linear spaces.

z4

Now consider a function T'(Z) = 172

Choose a sequence {Zy, k > 1} such that Z, — Zo.
Now for all ¢ > 0 we have,

lim Nl(Zk — Z(),t) =1 and lim M1(Zk — Z07t) =0

4 Z H
hm e 7H k=201l =0
= Mmooty = 0 12— Zo]

:>khm | Zx — Zol| = 0. (3.2)

=1 and hm
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Now No(T'(Zk) — T(Zo),t)

t

Tz za
tte|| =2y — 25|
1+2Zj; 1422
2 2
_ t1+Z5 1+ 251
t|\1+Z721\|\|1+Z3|+c\|Zﬁ+ZﬁZ§—Z6‘—Z%Z§|\

_ H+ZE 111+25 1
I+ ZRNN+ZG 1+l l(Z — Z0)(Ze+Z0) (23 +28)+ 2 25 (23— Z3

— Hl+ 2211+ 25 | and
t1+ZZ 111+ 251+l Zk — Zol | |(Zr+20)(Z2+23)+ 22 22 (Z1+Z0) ]|

M2(T(Zy) — T(Zo),t)

4 4
cl 1f§2 - 1fZ2 I
— k 0
k4,
1+Z% 1+22
_ o|| 23+ 2 28 - 25~ 25 21|
T+ 22|+ 28 |+l Z2E+ 2t 22— 25— 25 22|

t+c||

— | Zi—Zolll|(Zk+20)(ZR+28)+ 22 28 (Z+Z0) ||
tH114+Z2 114+ 28 [+l Zk— Zo [ (Zr+20) (Z2+28)+ 22 23 (Z1+Zo) ||

Hence by (3.2) it follows that for all ¢ > 0,
klllrolo No(T(Zi) — T(Zo),t) =1 and klirgo My(T(Zy) — T(Zo),t) =0
= T(Zy) — T(Zy) in B.

Let € > 0 be given. Then

No(T(Z) — T(Zo),€) > N1(Z — Zy, 6)

lli+22|[|[1+22]] S s
T+ 22+ Z3 [+ k1 2 - Zoll[[(Z2+Z0) (224 Z3) + 2223 (24 20)| = SHI1Z—Zo)]]

=

and MQ(T(Z) — T(Zo),e) S Ml(Z — 20,5)

N k|| 2= Zol||[(Z+20)(22+28)+22 28 (Z+Z0) | < 5
HI+Z2 M1+ 25 [+k11Z = Z0l11(Z+20)(22+28)+ 22 25 (Z+Z0)| = 0+[1Z—Zoll

So, cd||Z — ZollI|Z + Zo|| 22 + 23 + 22Z3|| < |1 + Z2||||1 + Z3||Z — Zo||

el|1+ 221423
=0s k|1Z+2Zolll|122+22+2222]] (for Z # Zy).

(3.3)

We see that T is continuous at Zo if there exists 6 > 0 satisfying (3.3) for all Z # Zo.

Let §; = inf [11+22 1111+ 23| where the infimum is taken over all Z, Z # Z,. Then

1Z+Zoll| 22+ 23 +22 23|
0 = 161 satisfies (3.3).

But §1 = 0 which is impossible.
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Therefore T is not strongly intuitionistic fuzzy continuous.

Theorem 3.7. Let T': A — B be a mapping, where A and B are intuitionistic fuzzy
n-normed linear spaces. Then T is intuitionistic fuzzy continuous if and only if it is
sequentially intuitionistic fuzzy continuous .

Proof. Suppose that T is intuitionistic fuzzy continuous at Zy. Let {Zx,k > 1} be a se-
quence such that Z, — Zy. Let € > 0, be given. Since T is intuitionistic fuzzy continuous
at Zo there exists 6 > 0 and 3 = S(a,€) € (0,1) such that for all Z,

Nl(Z— Zo,d) > (3 and Ml(Z— 20,5) <1-p

= No(T(Z) —T(Zo),e) > a and M2(T(Z) — T (Zp),e) <1—a.
Since Z, — Zy, there exists a positive integer ko such that

Nl(Zk — ZO,(S) > ﬂ and M1(Zk — Zo,é) <1-— ,3, for all k > ko.

Then
NQ(T(Zk) — T(Z()),E) > o and MQ(T(Zk) - T(Z()),E) <l—«a
= lerIolo NQ(T(Zk) — T(Zo), t) =1 and leHOIO MQ(T(Zk) — T(Zo), t) = 0.

Since € > 0 is arbitrary, hence T'(Zx) — T'(Zo).

Next we suppose that T is sequentially intuitionistic fuzzy continuous at Z.
If possible, suppose that T is not intuitionistic fuzzy continuous at Zo.

Then there exist € > 0 and a > 0 such that for any § > 0 and 8 € (0,1) there exists
W € X" (depending on 4, 3) such that

N1(Z0 —VVJS) > (8 and M1(Z0 —VV,(S) <1l-p,
but N2(T(Zo) — T(W),e) < a and Mz(T(Zo) —T(W),¢e) > 1— a. (3.4)

Thus, for f=1— 2,6 =

P k=1,2,..., there exists Wy such that

1
k+1°

Ni(Zo = Wi, 37) > 1 — 747 and Mi(Zo — Wi, 157) < 731

but NQ(T(ZO) — T(Wk),é) < « and MQ(T(ZO) — T(Wk),é) >1—a.

Taking § > 0, there exists ko such that 1~ < § for all k > ko.

h+1
Then
N1(Zo — Wi, 8) > Ni(Zo — Wi, 147) = 1 — 47 and
Mi(Zo — Wi, 8) < M1(Zo — Wk, %H) < %H
= klir{:o N1(Zo — Wg,0) =1 and nlLIl;loMz(Zo — Wk, 6)=0
= Wi — Zy.

However by (3.4), N2(T(Zo) — T(Wg),€) < o and M2(T(Zo) — T(Wk),€) > 1 —a.

Hence lim N2(T'(Zo) — T(Wy),€) # 1 and klg{)lo M>(T(Zo) — T(Wk),€) # 0.

k—oo

Thus T'(W},) does not converge to T'(Zp) but Wi, — Zy which contradicts our assumption.
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Hence T is intuitionistic fuzzy continuous at Zy. O

3. Intuitionistic Fuzzy Bounded Linear Operators

We now introduce the notion of strongly intuitionistic fuzzy bounded linear operators
and weakly intuitionistic fuzzy bounded linear operators on an intuitionistic fuzzy n-
normed linear space.

Definition 4.1. Let T : A — B be a linear operator where A and B are intuitionistic

fuzzy n-normed linear spaces. T is said to be strongly intuitionistic fuzzy bounded on X",

if and only if there exists a positive number L such that for all Z € X™ and s > 0,
No(T(Z),s) > Ni(Z, ¢) and Ma2(T(Z),s) < Mi(Z, 3).

Definition 4.2. Let T': A — B be a linear operator where A and B are intuitionistic
fuzzy n-normed linear spaces. T is said to be weakly intuitionistic fuzzy bounded on X",
if for any « € (0,1) there exists Lo > 0 such that for all Z € X™ and t > 0,

N1 (Z, i) >« and My(Z, i) <l-«a

= N2(T(Z),t) > aand M2(T(Z),t) <1—«a.

Theorem 4.3. For intuitionistic fuzzy n-normed linear spaces A and B, let T : A —
B be a linear operator. If T is strongly intuitionistic fuzzy bounded then it is weakly
intuitionistic fuzzy bounded, but not conversely.

Proof. First we suppose that T is strongly intuitionistic fuzzy bounded.
Then there exists L > 0 such that for all Z and ¢ > 0, we have
NQ(T(Z)vt) 2 Nl(Z7 %) and M2(T(Z)7 S) < Ml(Z7 %)

Thus, for any « € (0, 1), there exists Lo(= L > 0) such that
Ni(Z,7) > aand Mi(Z, =) < 1—a

= No(T(Z),t) > e and M2(T(Z),t) <1—c, for all Z € X™ and t > 0.

This implies that T' is weakly intuitionistic fuzzy bounded. a
We now provide a counterexample to the converse.

Example 4.4. Let (X,||e, o, ..., o]|) be an n-normed linear space.
Define a * b=min{a, b} and a ¢ b=max{a, b} for all a,b € [0, 1],
Ny (Z,t) = S22 ap(z,0) = 220 ¢S (1 Z]] and

t2+[Z]]2° t2+[[Z][2?

zZ
NQ(th) = m7 MQ(Zat) = tﬂﬂlz‘u

Then for ¢ > ||Z]],

Nl(Z, ﬁ) >«
#(1-a)? 12|
Z—a)TH |21 =

= (1 —a)” = ||Z|]* > at?(1 - )* + of | Z|)*
= t2(1—a)® —at?*(1 —a)® > [|1Z]*(1 + «)

= ||z < 2=
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1
= |Z|| < w

(t+a)2 1 1
=+ HZH < t((l—a)(l—a)ff(l-&-a)f)
(14a)2
1
L s (o)’ 41
HIZI= a2+t E (1)
Now,

(1+a)3
l-a)l-a)? +(14+a)z
:>1+a+a32a2

Thus by (4.1), we have

m > a, for all a € (0,1).

So,

t
Nl( Z,E)ZOC

= No(T(Z),t) > a.
Similarly, for
M ( Z, Lia) <l-«
= Mx(T(Z),t) <1—a.
Thus N1 (Z, i) >« and M;(Z, i) <l-a
= No(T(Z),t) > a and M2(T(Z),t) <1—a.

Hence T is weakly intuitionistic fuzzy bounded.

Now, for t > ||Z]],
No(T(Z),t) > N1(Z, %) and M>(T(Z),t) < M1(Z, %)
2 t?
&S > —n
2t|1Z]| + 1| 2|2
2
ST e
@zl + 11Z1%)
& L=o0ast— co.

Nl=

e L>(

Hence T is not strongly intuitionistic fuzzy bounded.

Theorem 4.5. Let T : A — B be a linear operator where A and B are intuitionistic
fuzzy n-normed linear spaces. Then

(a) T is strongly intuitionistic fuzzy continuous everywhere on X" if T is strongly intu-
itionistic fuzzy continuous at a point Zy.

(b) T is strongly intuitionistic fuzzy continuous if and only if T is strongly intuitionistic
fuzzy bounded.

Proof. (a) Since T is strongly intuitionistic fuzzy continuous at Zo, for each ¢ > 0 there
exists > 0 such that, for all Z we have:
NQ(T(Z) - T(Zo),e) 2 Nl(Z — Zo,(s) and MQ(T(Z) - T(ZQ),G) S Ml(Z - Zo,d).
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Let W € X", and replace Z by Z + Zo — W. Then
No( T(Z + Zo — W) = T(Zo),€) > Ni(Z + Zo — W — Zo,6) and
My(T(Z + Zo — W) = T(Zo),€) < My(Z + Zo — W — Zo, 6).
= No(T(Z)+T(Zo) = T(W) —T(Zo),€) > N1(Z — W, 6)
and Mo (T(Z) +T(Zo) —T(W) —T(Zo),€) < Mi(Z — W, )
= No(T(Z) —T(W),€) > Ni1(Z — W, 9)
and My(T(Z) —T(W),e) < Mi(Z — W,6).

Since W is arbitrary, it follows that T is strongly intuitionistic fuzzy continuous on X™.

(b) Assume T is strongly intuitionistic fuzzy bounded.

Then there exists L > 0 such that

No(T(Z),€) > N1(Z, 5) and M2(T(Z),¢e) < Mi(Z, 1) for all € > 0.
= No(T(Z) —T(0),e) > N1(Z —0,0) and M2(T(Z) —T(0),¢) < M1(Z —0,6),
where § = £ and 0 = (0,0,...,0) € X".
= T is strongly intuitionistic fuzzy continuous on X".

Conversely, suppose that T is strongly intuitionistic fuzzy continuous on X".
Using continuity of T at Z = 0 for € = 1, there exists § > 0 such that
No(T(Z) —T(0),1) > N1(Z —0,0) and M2(T(Z) —T(0),1) < M1(Z —0,9).
Suppose that Z # 0 and ¢t > 0. Putting U = % we obtain
Nz( T(Z),t)

Hence M (T(Z),t) < Mi(Z, L).

If Z=0and t > 0, then
T(0) =0 and N2(0,t) = N1(0, 75) = 1 and
M>(0,t) = M (0, &) = 0.
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So T is strongly intuitionistic fuzzy bounded. O

Theorem 4.6. Let T : A — B be a linear operator where A and B are intuitionistic fuzzy
n-normed linear spaces. If T is sequentially intuitionistic fuzzy continuous at a point Zo
then it is sequentially intuitionistic fuzzy continuous on X".

Proof. Let Z be an arbitrary point and {Zx, k > 1} be a sequence such that Z; — Z.

Then klin;o Ny (Zk — Z,t) =1 and klingo M(Z, — Z,t) =0
= klin;o Ni((Zx, — Z + Zo) — Zo,t) =1 and
klilr()lo M\((Zx — Z + Zo) — Zo,t) =0 for all t > 0.

T is continuous at Zp we have:
klggo No(T(Zx — Z + Zo) — T(Zp),t) = 1 and
lim My(T(Zx — Z + Zo) — T(Zo),t) =0 forallt >0

:> hm No(T(Z) —T(Z) +T(Zo) — T(Zo),t) =1 and

hm Mg( (Zk) = T(Z)+T(Zo) — T(Zo),t) =0 for all t > 0

:> hm No(T(Zk) = T(Z),t) =1 and kl;r{)lo My(T(Zx) —T(Z),t) =0
for all t>0

Thus len;O N1 (Zk — Z,t) =1 and klirrgo Mi(Zi — z,t) =0forallt >0
= klingo No>(T(Zk) —T(2),t) =1 and khﬂrr;o My (T(Zy) —T(Z),t) =0,

for all t > 0.
This shows that T is sequentially intuitionistic fuzzy continuous on X". O

Theorem 4.7. Let T : A — B be a linear operator where A and B are intuitionistic
fuzzy n-normed linear spaces. Then

(a) T is weakly intuitionistic fuzzy continuous on X" if T' is weakly intuitionistic fuzzy
continuous at a point Zj.

(b) T is weakly intuitionistic fuzzy continuous if and only if T" is weakly intuitionistic fuzzy
bounded.

Proof. (a) Since T is weakly intuitionistic fuzzy continuous at Zo, hence for each € > 0
and « € (0, 1), there exists 6(«, €) > 0, such that for all Z € X",

Nl(Z— Zo,(S) 2 a and Ml(Z— Zo,(S) S 1—«
= No(T(Z) —T(Zo),€) > aand M2(T(Z) — T(Zo),e) <1—a.
Taking any Y € X", and replacing Z by Z + Zo — Y we get
N1(Z+Z0—Y—Zo,5) > o and Ml(Z-i-ZU—Y—Zm&)Sl—OL
= NQ(T(Z + Zo - Y) - T(ZQ),E) Z (0% and MQ(T(Z + Z(] - Y) - T(Zo),ﬁ) S 1—a.

That is N1(Z —Y,0) >aand M1(Z -Y,0) <1—a
= No(T(Z) —T(Y),e) > aand Ma(T(Z) —T(Y),e) <1-—a.

Since Y is arbitrary, it follows that 7" is strongly intuitionistic fuzzy continuous on X".
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(b) First we suppose that T is weakly intuitionistic fuzzy bounded.
Then for any a € (0, 1), there exists Mo > 0 such that for all £ > 0 we have

Ni( Z—)ZaandMl(Z —)Sl—a

" La " La
= No(T(Z ) )>aand My(T(Z),t) <1—a.
= Ni1(Z — )>aandM1(Z 0—)§1—a

= No(T(Z) — (0) €) > aand Mx(T(Z) —T(0),e) <1—afore>0
= N1(Z —0,6) > « and M1 (Z — 06)<17awhere(5—L—

[e3

= No(T(Z) — T(0),€) > a and Ma(T(Z) — T(0),¢) < 1 — av.

= T is weakly intuitionistic fuzzy continuous on X".

(T
( " La
(
(

Conversely, suppose that T is weakly intuitionistic fuzzy continuous on X".

By continuity of T" at Z = 0 for ¢ = 1, it follows that for all a € (0,1) there exists
d(a, 1) > 0 such that for all Z,
Ni( Z-0,0)>aand M1(Z—-0,0) <1—«
= No(T(Z) —T(0),1) > a and M2(T(Z) - T(0),1) <1—«
= Ni(Z,6) > aand M1(Z,0) <1—«
= N2(T(Z),1) > o and M2(T(Z),1) <1— .
Suppose that Z # 0 and ¢t > 0. Putting Z = %, we have:

Nl(%,é) >aand Mi(—,0)<1—a
U U
= No(T(— . ),1) >« andMg(T(7),1) <l-a
= N1(U,t0) > e and M1(U,t0) <1—«
= No(T(U),t) > a andM2(T(U),t) <1 —«
= Ni(U, Li) >« and M, (U, Li) <l-a«a
= No(T(U),t) > a and Ma(T(U),t) <1 — a,
1
where La = m

= T is weakly intuitionistic fuzzy bounded.

If Z=0and ¢ > 0, then for L, >0,

N1(Z, i,t) = Nx(T(Z),t) =1 and
Ml(Z7i7t):M2(T(Z)7t) 0.
Thus T is weakly intuitionistic fuzzy bounded. g
REFERENCES

[1] K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20 (1)(1986), 87-96.
[2] K. T. Atanassov, More on intuitionistic fuzzy sets, Fuzzy Sets and Systems, 33(1989), 37-46.



Intuitionistic Fuzzy Bounded Linear Operators 101

[3] K. T. Atanassov, Intuitionistic fuzzy sets, Physica-Verlag Heidelberg, Newyork, 1999.

[4] T. Bag and S. K. Samanta, Finite dimensional fuzzy normed linear spaces, The Journal of
Fuzzy Mathematics, 11(3)(2003), 687-705.

[5] T. Bag and S. K. Samanta, Fuzzy bounded linear operators, Fuzzy Sets and Systems,
151(2005), 513-547.

[6] S. C. Chang and J. N. Mordesen, Fuzzy linear operators and fuzzy normed linear spaces, Bull.
Cal. Math. Soc., 86(1994), 429-436.

[7] G. Deschrijver and E. Kerre , On the Cartesian product of the intuitionistic fuzzy sets, The
Journal of Fuzzy Mathematics, 11 (3)(2003), 537-547.

[8] MS. Elnaschie, On the uncertainty of Cantorian geometry and two-slit experiment, Chaos,
Soliton and Fractals, 9 (3)(1998), 517-529.

[9] MS. Elnaschie, On the verications of heterotic strings theory and € theory, Chaos, Soliton
and Fractals,11 (2) (2000), 2397-2407.

[10] C. Felbin, Finite dimensional fuzzy normed linear spaces, Fuzzy Sets and Systems, 48 (1992),
239-248.

[11] C. Felbin, The Completion of fuzzy normed linear space, Journal of Mathematical Analysis
and Applications, 174 (2)(1993), 428-440.

[12] C. Felbin, Finite dimensional fuzzy normed linear spaces II, Journal of Analysis, 7 (1999),
117-131.

[13] S. Gahler, Lineare 2-Normierte Riume, Math. Nachr., 28 (1965), 1-43.

[14] S. Gahler, Unter Suchungen Uber Veralla gemeinerte m-metrische Riume I, Math. Nachr.,
(1969), 165-189.

[15] H. Gunawan and M. Mashadi, on n-Normed spaces, International J. Math. & Math. Sci., 27
(10)(2001), 631-639.

[16] A. K. Katsaras, Fuzzy topological vector spaces II, Fuzzy Sets and Systems, 12 (1984), 143-
154.

[17] S. S. Kim and Y. J. Cho, Strict convezity in linear n-normed spaces, Demonstratio Math.,
29 (4) (1996), 739-744.

[18] S. V. Krishna and K. K. M. Sharma, Separation of fuzzy normed linear spaces, Fuzzy Sets
and Systems, 63 (1994), 207-217.

[19] R. Malceski, Strong n-convex n-normed spaces, Mat. Bilten, 21 (1997), 81-102.

[20] A. Misiak, n-inner product spaces, Math. Nachr., 140 (1989), 299-319.

[21] AL. Narayanan and S. Vijayabalaji, Fuzzy n-normed linear space, 24(2005), 3963-3977.

[22] J. H. Park, Intuitionistic fuzzy metric space, Chaos, Solitons and Fractals, 22(2004), 1039-
1046.

[23] G. S. Rhie, B. M. Choi and S. K. Dong, On the completeness of fuzzy normed linear spaces,
Math. Japonica, 45 (1) (1997), 33-37.

[24] B. Schweizer and A. Sklar, Statistical metric spaces, Pacific J. Math., 10(1960), 314-334.

[25] S. Vijayabalaji, N. Thillaigovindan and Y. B. Jun, Intuitionistic fuzzy n-normed linear space,
Submitted to Bulletin of Korean Mathematical Society, Korea.

S. VIJAYABALAJI*, DEPARTMENT OF MATHEMATICS, ANNAMALAI UNIVERSITY, ANNAMALAINAGAR~
608002, TAMILNADU, INDIA
E-mail address: balaji_nandini@rediffmail.com

N.THILLAIGOVINDAN, DEPARTMENT OF MATHEMATICS SECTION, FACULTY OF ENGINEERING AND
TECHNOLOGY, ANNAMALAI UNIVERSITY, ANNAMALAINAGAR-608002, TAMILNADU, INDIA
E-mail address: thillai_n@sify.com

+*CORRESPONDING AUTHOR



