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EXISTENCE OF EXTREMAL SOLUTIONS FOR IMPULSIVE

DELAY FUZZY INTEGRODIFFERENTIAL EQUATIONS IN

n-DIMENSIONAL FUZZY VECTOR SPACE

Y. C. KWUN, J. S. KIM, J. S. HWANG AND J. H. PARK

Abstract. In this paper, we study the existence of extremal solutions for
impulsive delay fuzzy integrodifferential equations in n-dimensional fuzzy vec-

tor space, by using monotone method. We show that obtained result is an

extension of the result of Rodŕıguez-López [8] to impulsive delay fuzzy inte-
grodifferential equations in n-dimensional fuzzy vector space.

1. Introduction

Fuzzy theory has developed engineering, economics, agriculture, computers, etc.
in various fields by many scholars since 1965. Moreover fuzzy integrodifferential
equations are a field of increasing interest, due to their applicability to the analysis
of phenomena where imprecision in inherent.

Some authors have studied fuzzy integrodifferential equations. Balasubrama-
niam and Muralisankar [1] proved the existence and uniqueness of fuzzy solutions
for the semilinear fuzzy integrodifferential equation with nonlocal initial condition.
Kwun et al. [3] studied nonlocal controllability for the semilinear fuzzy integrod-
ifferential equations in n-dimensional fuzzy vector space. Kwun et al. [4] studied
controllability for the impulsive semilinear nonlocal fuzzy integrodifferential equa-
tions in n-dimensional fuzzy vector space.

Many authors have studied extremal solutions for fuzzy differential equations. In
[8], Rodŕıguez-López studied the existence and approximation of extremal solutions
for fuzzy differential equation by using monotone iterative technique in one dimen-
sional fuzzy vector space E1. Nieto and Rodŕıguez-López [6] studied existence of
extremal solutions for quadratic fuzzy equations. Rodŕıguez-López [7] proved the
existence of solutions for impulsive fuzzy differential equations with periodic bound-
ary value using monotone method in one dimensional fuzzy space. Recently, Kwun
et al. [5] proved the existence of extremal solutions for impulsive fuzzy differential
equations with periodic boundary value in n-dimensional fuzzy vector space.
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In this paper, we study the existence of extremal solutions for the following
impulsive delay fuzzy integrodifferential equations in fuzzy vector space.

dxi(t)
dt = fi

(
t, (xi)t,

∫ t
0
qi(t, s, (xi)s)ds

)
, t ∈ J,

xi(t) = φi(t), t ∈ [−r, 0],
xi(t

+
k ) = Ik(xi(tk)), t 6= tk, k = 1, 2, · · · ,m, i = 1, 2, · · · , n, (1)

where T > 0, J = [0, T ], 0 < t1 < · · · < tm < tm+1 = T, EiN is the set of

all upper semi-continuously convex fuzzy numbers on R with EiN 6= EjN (i 6= j),
fi : J × EiN × EiN → EiN and qi : J × J × EiN → EiN are regular continuous fuzzy
function, (xi)t = xi(t + θ), θ ∈ [−r, 0]. φi ∈ C([−r, 0], EiN ) is initial function and
Ik ∈ C(EiN , E

i
N ) are bounded functions.

2. Preliminaries

In this section, we give basic definitions, terminologies, notations and Lemmas
which are most relevant to our investigated and are needed in later chapters. All
undefined concepts and notions used here are standard.

A fuzzy set of Rn is a function u : Rn → [0, 1]. For each fuzzy set u, we
denote by [u]α = {x ∈ Rn : u(x) ≥ α} for any α ∈ (0, 1], its α-level set and
[u]0 = cl{x ∈ Rn : u(x) > 0}(the closure of {x ∈ Rn | u(x) > 0}). Let u, v be
fuzzy sets of Rn. It is well known that [u]α = [v]α for each α ∈ [0, 1] implies u = v.
Let En denote the collection of all fuzzy sets of Rn that satisfies the following
conditions:

(1) u is normal, i.e., there exists an x0 ∈ Rn such that u(x0) = 1;

(2) u is fuzzy convex, i.e., u(λx+ (1−λ)y) ≥ min{u(x), u(y)} for any x, y ∈ Rn,
0 ≤ λ ≤ 1;

(3) u(x) is upper semi-continuous, i.e., u(x0) ≥ limk→∞u(xk) for any xk ∈ Rn
(k = 0, 1, 2, · · · ), xk → x0;

(4) [u]0 is compact.

We call u ∈ En a n-dimension fuzzy number.

Wang et al. [11] defined n-dimensional fuzzy vector space and investigated its
properties.

For any ui ∈ E, i = 1, 2, · · · , n, we call the ordered one-dimension fuzzy num-
ber class u1, u2, · · · , un (i.e., the Cartesian product of one-dimension fuzzy num-
ber u1, u2, · · · , un) a n-dimension fuzzy vector, denote it as (u1, u2, · · · , un), and
call the collection of all n-dimension fuzzy vectors (i.e., the Cartesian product︷ ︸︸ ︷
E × E × · · · × E) n-dimensional fuzzy vector space, and denote it as (E)n.

Definition 2.1. [12] If u ∈ En, and [u]α is a hyperrectangle, i.e., [u]α can be
represented by

∏n
i=1[uαil, u

α
ir], i.e., [uα1l, u

α
1r] × [uα2l, u

α
2r] × · · · × [uαnl, u

α
nr] for every

α ∈ [0, 1], where uαil, u
α
ir ∈ R with uαil ≤ uαir when α ∈ (0, 1], i = 1, 2, · · · , n, then we

call u a fuzzy n-cell number. We denote the collection of all fuzzy n-cell numbers
by L(En).
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Theorem 2.2. [11] For any u ∈ L(En) with [u]α =
∏n
i=1[uαil, u

α
ir] (α ∈ [0, 1]), there

exists a unique (u1, u2, · · · , un) ∈ (E)n such that [ui]
α = [uαil, u

α
ir] (i = 1, 2, · · · , n

and α ∈ [0, 1]). Conversely, for any (u1, u2, · · · , un) ∈ (E)n with [ui]
α = [uαil, u

α
ir]

(i = 1, 2, · · · , n and α ∈ [0, 1]), there exists a unique u ∈ L(En) such that [u]α =∏n
i=1[uαil, u

α
ir] (α ∈ [0, 1]).

Remark 2.3. [11] Theorem 2.2 indicates that fuzzy n-cell numbers and n-dimension
fuzzy vectors can represent each other, so L(En) and (E)n may be regarded as iden-
tity. If (u1, u2, · · · , un) ∈ (E)n is the unique n-dimension fuzzy vector determined
by u ∈ L(En), then we denote u = (u1, u2, · · · , un).

Let (EiN )n = E1
N × E2

N × · · · × EnN , EiN (i = 1, 2, · · · , n) is fuzzy subset of R.
Then (EiN )n ⊆ (E)n.

Definition 2.4. [12] The complete metric DL on (EiN )n(i = 1, 2, · · · , n) is defined
by

DL(u, v) = sup
0<α≤1

dL([u]α, [v]α)

= sup
0<α≤1

max
1≤i≤n

{|uαil − vαil|, |uαir − vαir|}

for any u, v ∈ (EiN )n, which satisfies dL(u+ w, v + w) = dL(u, v).

Definition 2.5. Let u, v ∈ C([−r, T ], (EiN )n)

H1(u, v) = sup
−r<t≤T

DL(u(t), v(t)).

Definition 2.6. The derivative x′(t) of a fuzzy process x ∈ (EiN )n is defined by

[x′(t)]α =

n∏
i=1

[(xαil)
′(t), (xαir)

′(t)]

provided that equation defines a fuzzy x′(t) ∈ (EiN )n.

Definition 2.7. The fuzzy integral
∫ a
b
x(t)dt, a, b ∈ [0, T ] is defined by[ ∫ a

b

x(t)dt
]α

=

n∏
i=1

[ ∫ a

b

xαil(t)dt,

∫ a

b

xαir(t)dt
]

provided that the Lebesgue integrals on the right hand side exist.

Definition 2.8. [7] Let x, y ∈ E1. We say that x ≤ y if and only if xαl ≤ yαl and
xαr ≤ yαr for every α ∈ [0, 1].

Definition 2.9. Let x = (x1, x2, · · · , xn), y = (y1, y2, · · · , yn) ∈ (EiN )n. We say
that x ≤n y if for xi, yi ∈ EiN , i = 1, 2, · · · , n,

xi ≤ yi.
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Lemma 2.10. [8] If {fn} ⊆ C([c, d], E1), g ∈ C([c, d], E1) are such that

fn ≤ g, ∀n ∈ N,
and fn(t) converges to f(t) in E1, for all t ∈ [c, d], then f ≤ g.

Definition 2.11. [12] Let x, y ∈ En. If there exists z ∈ En such that x = y+z then
we call x, y having Hukuhara difference and y is called the Hukuhara difference of
x and y, denoted x− y.

Definition 2.12. [2] A fuzzy set u ∈ En is called a Lipschitzian fuzzy set if it is a
Lipschitz function of its membership grade in the sense that

dH([u]α, [u]β) ≤ K|α− β|
for all α, β ∈ [0, 1] and some fixed, finite constant K.

Lemma 2.13. [8] Let I be a closed interval in R, and B ⊆ C(I, E1) such that, for
all x ∈ B and t ∈ I, x(t) is a continuous fuzzy number. Consider

BL = {xL : x ∈ B} ⊆ C([0, 1]× I,R),

BR = {xR : x ∈ B} ⊆ C([0, 1]× I,R),

where

xL : [0, 1]× I → R,

(a, t) → xL(a, t) = (x(t))L(a) = (x(t))al,

and

xR : [0, 1]× I → R,

(a, t) → xR(a, t) = (x(t))R(a) = (x(t))ar.

if BL and BR are relatively compact sets in (C([0, 1] × I,R), ‖ · ‖∞), then B is a
relatively compact set in C(I, E1).

3. Existence of Extremal Solutions

In order to prove the existence of extremal solutions for equations in n-dimensional
fuzzy vector space, we define

f = (f1, f2, · · · , fn),

q = (q1, q2, · · · , qn),

xt = ((x1)t, (x2)t, · · · , (xn)t),

x(t) = (x1(t), x2(t), · · · , xn(t)),

φ(t) = (φ1(t), φ2(t), · · · , φn(t)),

then f, q, xt, x(t), φ(t) ∈ (EiN )n, i = 1, 2, · · · , n.
We consider the following impulsive delay fuzzy integrodifferential equations in

fuzzy vector space (EiN )n:
dx(t)
dt

= f
(
t, (x)t,

∫ t
0
q(t, s, (x)s)ds

)
, t ∈ J,

x(t) = φ(t), t ∈ [−r, 0],
x(t+k ) = Ik(x(tk)), t 6= tk, k = 1, 2, · · · ,m, (2)
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where T > 0, J = [0, T ], 0 < t1 < · · · < tm < tm+1 = T, f : J × (EiN )n ×
(EiN )n → (EiN )n and q : J × J × (EiN )n → (EiN )n are regular continuous fuzzy
function, xt = x(t + θ), θ ∈ [−r, 0]. φ ∈ C([−r, 0], (EiN )n) is initial function and
Ik ∈ C((EiN )n, (EiN )n) are bounded functions.

To define solutions for the impulsive fuzzy integrodifferential equations, we con-
sider the following space:

Ωi =
{
xi : J → EiN : (xi)k ∈ C(Jk, E

i
N ), Jk = (tk, tk+1], and there exist

xi(0
+), xi(T

−), xi(t
+
k ), with xi(t

−
k ) = xi(tk), (k = 1, 2, · · · ,m, i = 1, 2, · · · , n)

}
,

Let Ω′i = Ωi
⋂
C([−r, T ], EiN ), i = 1, 2, · · · , n, and Ω′ =

∏n
i=1 Ω′i.

Definition 3.1. For the partial ordering ≤n, a function a ∈ Ω′ is a ≤n-lower
solution for (2) if 

a′t ≤n f
(
t, at,

∫ t
0
q(t, s, as)ds

)
, t ∈ J,

a(t) ≤n φ(t), t ∈ [−r, 0],
a(t+k ) ≤n Ik(a(tk)), k = 1, 2, · · · ,m,

we define a ≤n-upper solution b ∈ Ω′ as a function satisfying the reverse inequalities.

To find extremal solutions for equations (2) by using monotone method, for
M > 0, let

dx(t)

dt
= Mx(t) + f

(
t, (x)t,

∫ t

0

q(t, s, (x)s)ds
)
−Mx(t).

And if F
(
t, xt,

∫ t
0
q(t, s, xs)ds

)
= f

(
t, xt,

∫ t
0
q(t, s, xs)ds

)
−Mx(t), then we con-

sider the following equations:
dx(t)
dt = Mx(t) + F

(
t, xt,

∫ t
0
q(t, s, xs)ds

)
, t ∈ J,

x(t) = φ(t), t ∈ [−r, 0],
x(t+k ) = Ik(x(tk)), t 6= tk, k = 1, 2, · · · ,m. (3)

We define x̂t(φ) : [−r, T ]→ (EiN )n for xt(φ) ∈ C(J, (EiN )n), θ ∈ [−r, 0],

x̂t(φ) =

{
φ(t), t+ θ ∈ [−r, 0],
xt(φ), t+ θ ∈ J.

Assume the following:

(F1) For x̂t, ŷt, η̂t, ξ̂t, ût, v̂t ∈ C([−r, T ], (EiN )n), there exist positive numbers
h, k, p so that

dL
([
F
(
t, x̂t, ût

)]α
,
[
F
(
t, ŷt, v̂t

)]α)
≤ hdL

(
[xt]

α, [yt]
α
)

+ kdL
(

[ut]
α, [vt]

α
)
,

dL
(

[q(t, s, η̂s)]
α, [q(t, s, ξ̂s)]

α
)
≤ pdL([ηs]

α, [ξs]
α)

and F (t,X{0}(0),X{0}(0)) = X{0}(0).
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(F2) For x, y ∈ C(J : (EiN )n), there exists a d > 0, k = 1, 2, · · · ,m, so that

dL

(
[Ik(x(tk))]α, [Ik(y(tk))]α

)
≤ ddL

(
[x(t)]α, [y(t)]α

)
,

and Ik(X{0}(0)) = X{0}(0).

(F3) c(d+ hT + kpT 2) < 1.

Lemma 3.2. If x ∈ Ω′ is an integral solution of (3), then x ∈ Ω′ is given by

x(t) = xt(φ)(0)

= S(t)φ(0) +

∫ t

0

S(t− s)F
(
s, x̂s(φ),

∫ s

0

q(s, τ, x̂τ (φ))dτ
)
ds

+
∑

0<tk<t

S(t− tk)Ik(x(tk)), t ∈ J,

x(t) = φ(t), t ∈ [−r, 0],

where S(t) = exp{
∫ t

0
Mdt} is continuous with |S(t)| ≤ c, c > 0, for all t ∈ J .

Theorem 3.3. If hypotheses (F1)-(F3) are hold. Then the equations (3) have a
unique solution x ∈ Ω′.

Proof. Let δ > 0 satisfy

dL

(
[S(t)φ(0)]α, [φ(0)]α

)
≤ δ

3
,

for t ∈ [−r, T ] and

c(d+ hT + kpT 2) sup
θ∈[−r,0]

DL

(
xt(φ),X{0}(0)

)
≤ δ

3
.

Let we define K, the nonempty closed bounded subset of ∈ Ω′, by

K =
{
η ∈ Ω′ | η(0) = φ(0), H1(η, φ) ≤ δ

}
.

Define a mapping G on K by

Gxt(φ)(0) = S(t)φ(0) +

∫ t

0

S(t− s)F
(
s, x̂s(φ),

∫ s

0

q(s, τ, x̂τ (φ))dτ
)
ds

+
∑

0<tk<t

S(t− tk)Ik(x(tk)).

For Gx̂t(φ), if −r ≤ t+ θ ≤ 0, then Gx̂t(φ)(θ) = φ(t+ θ) and hence

H1(Gx̂t, φ) ≤ δ

3
.

If 0 < t+ θ ≤ T , then
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dL

(
[Gx̂t(φ)(θ)]α, [φ(θ)]α

)
= dL

([
S(t+ θ)φ(0) +

∫ t+θ

0

S(t+ θ − s)F
(
s, x̂s(φ),

∫ s

0

q(s, τ, x̂τ (φ))dτ
)
ds

+
∑

0<tk<t+θ

S(t+ θ − tk)Ik(x(tk))
]α
,
[
φ(θ)

]α)
≤ dL

(
[S(t+ θ)φ(0)]α, [φ(0)]α

)
+ dL

(
[φ(0)]α, [φ(θ)]α

)
+

∫ t+θ

0

dL

([
S(t+ θ − s)F

(
s, x̂s(φ),

∫ s

0

q(s, τ, x̂τ (φ))dτ
)]α

,

[S(t)F (s,X{0}(0),X{0}(0))]α
)
ds

+dL

([ ∑
0<tk<t+θ

S(t+ θ − tk)Ik(x(tk))
]α
,
[ ∑

0<tk<t

S(t− tk)Ik(X{0}(0))
]α)

≤ δ

3
+
δ

3
+ c

∫ t+θ

0

(
hdL

(
[xs(φ)]α, [X{0}(0)]α

)
+kp

∫ s

0

dL

(
[xτ (φ)]α, [X{0}(0)]α

)
dτ
)
ds

+cddL

(
[x(t)]α, [X{0}(0)]α

)
.

DL

(
Gx̂t(φ)(θ), φ(θ)

)
= sup

0<α≤1
dL

(
[Gx̂t(φ)(θ)]α, [φ(θ)]α

)
≤ δ

3
+
δ

3
+ c

∫ t+θ

0

sup
0<α≤1

(
hdL

(
[xs(φ)]α, [X{0}(0)]α

)
+kp

∫ s

0

dL

(
[xτ (φ)]α, [X{0}(0)]α

)
dτ
)
ds

+cd sup
0<α≤1

dL

(
[x(t)]α, [X{0}(0)]α

)
≤ δ

3
+
δ

3
+ ch

∫ t+θ

0

DL

(
xs(φ),X{0}(0)

)
ds

+ckp

∫ t+θ

0

∫ s

0

DL

(
xτ (φ),X{0}(0)

)
dτds+ cdDL

(
x(t),X{0}(0)

)
.
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Hence

H1

(
Gx̂t, φ

)
= sup
θ∈[−r,0]

DL

(
Gx̂t(φ), φ(θ)

)
≤ δ

3
+
δ

3
+ ch sup

θ∈[−r,0]

∫ t+θ

0

DL

(
xs(φ),X{0}(0)

)
ds

+ckp sup
θ∈[−r,0]

∫ t+θ

0

∫ s

0

DL

(
xτ (φ),X{0}(0)

)
dτds

+cd sup
θ∈[−r,0]

DL

(
x(t),X{0}(0)

)
≤ δ

3
+
δ

3
+ chT sup

θ∈[−r,0]

DL

(
xs(φ),X{0}(0)

)
+ckpT 2 sup

θ∈[−r,0]

DL

(
xs(φ),X{0}(0)

)
+ cd sup

θ∈[−r,0]

DL

(
x(t),X{0}(0)

)
≤ δ

3
+
δ

3
+ c(d+ hT + kpT 2) sup

θ∈[−r,0]

DL

(
xt(φ),X{0}(0)

)
≤ δ.

Therefore we have

Gx̂t(φ) ∈ K, i.e. G : K → K.

Furthermore, if xt(φ), yt(φ) ∈ K, then we have

dL

(
[Gx̂t(φ)]α, [Gŷt(φ)]α

)
= dL

([
S(t+ θ)φ(0) +

∫ t+θ

0

S(t+ θ − s)F
(
s, x̂s(φ),

∫ s

0

q(s, τ, x̂τ (φ))dτ
)
ds

+
∑

0<tk<t+θ

S(t+ θ − tk)Ik(x(tk))
]α
,

[
S(t+ θ)φ(0) +

∫ t+θ

0

S(t+ θ − s)F
(
s, ŷs(φ),

∫ s

0

q(s, τ, ŷτ (φ))dτ
)
ds

+
∑

0<tk<t+θ

S(t+ θ − tk)Ik(y(tk))
]α)

≤
∫ t+θ

0

dL

([
S(t+ θ − s)F

(
s, x̂s(φ),

∫ s

0

q(s, τ, x̂τ (φ))dτ
)]α

,[
S(t+ θ − s)F

(
s, ŷs(φ),

∫ s

0

q(s, τ, ŷτ (φ))dτ
)]α)

ds
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+dL

([ ∑
0<tk<t+θ

S(t+ θ − tk)Ik(x(tk))
]α
,

[ ∑
0<tk<t+θ

S(t+ θ − tk)Ik(y(tk))
]α)

≤ c
∫ t+θ

0

(
hdL

(
[xs(φ)]α, [ys(φ)]α

)
+ kp

∫ s

0

dL

(
[xτ (φ)]α, [yτ (φ)]α

)
dτ
)
ds

+cddL

(
[x(t)]α, [y(t)]α

)
.

DL

(
Gx̂t(φ), Gŷt(φ)

)
= sup

0<α≤1
dL

(
[Gx̂t(φ)]α, [Gŷt(φ)]α

)
≤ ch

∫ t+θ

0

sup
0<α≤1

dL

(
[xs(φ)]α, [ys(φ)]α

)
ds

+ckp

∫ t+θ

0

∫ s

0

sup
0<α≤1

dL

(
[xτ (φ)]α, [yτ (φ)]α

)
dτds

+cd sup
0<α≤1

dL

(
[x(t)]α, [y(t)]α

)
≤ ch

∫ t+θ

0

DL

(
xs(φ), ys(φ)

)
ds+ ckp

∫ t+θ

0

∫ s

0

DL

(
xτ (φ), yτ (φ)

)
dτds

+cdDL

(
x(t), y(t)

)
.

Hence

H1

(
Gx̂t, Gŷt

)
= sup
θ∈[−r,0]

DL

(
Gx̂t(φ), Gŷt(φ)

)
≤ ch sup

θ∈[−r,0]

∫ t+θ

0

DL

(
xs(φ), ys(φ)

)
ds

+ckp sup
θ∈[−r,0]

∫ t+θ

0

∫ s

0

DL

(
xτ (φ), yτ (φ)

)
dτds+ cd sup

θ∈[−r,0]

DL

(
x(t), y(t)

)
≤ chT sup

θ∈[−r,0]

DL

(
xt(φ), yt(φ)

)
+ ckpT 2 sup

θ∈[−r,0]

DL

(
xt(φ), yt(φ)

)
+cd sup

θ∈[−r,0]

DL

(
x(t), y(t)

)
≤ c(d+ hT + kpT 2)H1(xt, yt).
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By hypothesis (F3), G is a contraction mapping. Using the Banach fixed point
theorem, the equations (3) have a unique fixed point xt(φ) ∈ K. This complete the
proof of theorem. �

Now, for showing the existence of extremal solutions of equations (2), the fol-
lowing Lemmas 3.4 and 3.5 are, respectively, extensions of Lemmas 2.10 and 2.13
(see [8]) to n-dimensional fuzzy vector space.

Lemma 3.4. Let {Pn} = {(Pn)1 × (Pn)2 × · · · × (Pn)n} ⊂ C([c, d]n, (E
i
N )n), P =

(P1 × P2 × · · · × Pn), Q = (Q1 ×Q2 × · · · ×Qn) ∈ C([c, d]n, (E
i
N )n) are such that

Pn ≤n Q
and Pn(t) converges to P (t) in (EiN )n, for all t ∈ [c, d]n, then P ≤n Q.

Proof. By Lemma 2.10, for each i = 1, 2, · · · , n, (Pn)i ≤ Qi and (Pn)i(t) converges
to Pi(t) in E1, then Pi ≤ Qi. Therefore Pn ≤n Q and Pn(t) converges to P (t) in
(EiN )n, for all t ∈ [c, d]n, then P ≤n Q. �

Lemma 3.5. Let H = H1 ×H2 × · · · ×Hn ⊂ Ω′. We consider

H l = {xl : x ∈ H} ⊆ C([0, 1]× [−r, T ], Rn),

Hr = {xr : x ∈ H} ⊆ C([0, 1]× [−r, T ], Rn),

where xl(α, t) = (x(t))αl , xr(α, t) = (x(t))αr . If H l and Hr are relatively com-
pact sets in (C([0, 1] × [−r, T ], Rn), || · ||∞), then H is a relatively compact set in
C([−r, T ], (EiN )n).

Proof. By Lemma 2.13, for each i = 1, 2, · · · , n, Hil and Hir are relatively compact
sets in C([0, 1]× [−r, T ], R). Then

H l = H1l ×H2l × · · · ×Hnl

and

Hr = H1r ×H2r × · · · ×Hnr

are relatively compact sets. In consequence, H is a relatively compact set. �

Assume the following:

(F4) For all t ∈ J, at, bt, xt, yt ∈ Ω′, at ≤n xt ≤n yt ≤n bt,

F
(
t, xt,

∫ t

0

q(t, s, xs)ds
)
≤n F

(
t, yt,

∫ t

0

q(t, s, ys)ds
)
.

(F5) For φ ∈ C([−r, T ], (EiN )n), α, β ∈ [0, 1] and ∀ε > 0, there exists δ2 > 0
such that |α− β| < δ2,

dL

(
[φ(0)]α, [φ(0)]β

)
≤ ε

3c
.

(F6) For x̂t, ŷt, ût ∈ C([−r, T ], (EiN )n), α, β ∈ [0, 1] and ∀ε > 0, there exists
δ3 > 0 such that |α− β| < δ3, dL([xt]

α, [xt]
β) < ε,

dL

(
[F (t, x̂t, ŷt)]

α, [F (t, x̂t, ŷt)]
β
)
≤ ε

3cT
.
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dL

(
[q(s, τ, ût)]

α, [q(s, τ, ût)]
β
)
≤ ε

6csT
.

(F7) For x ∈ (EiN )n, α, β ∈ [0, 1] and ∀ε > 0, there exists δ4 > 0 such that
|α− β| < δ4,

dL

([ ∑
0<tk<t

Ik(x(tk))
]α
,
[ ∑

0<tk<t

Ik(x(tk))
]β)
≤ ε

3c
.

We can now employ Lemma 3.5 with

H = {(an)t ∈ Ω′ : at ≤ (an)t ≤ bt}.

Then the set H is closed bounded convex.

Lemma 3.6. Consider a function A defined by

A : [a, b]n → Ω′

η 7→ Aη = xη,

which satisfies:

(i) A([a, b]n) ⊆ [a, b]n,
(ii) A is ≤n-nondecreasing.

Proof. For a fixed η ∈ [a, b]n, we consider the problem
x′(t) = Mη(t) + F

(
t, η(t),

∫ t
0
q(t, s, η(s))ds

)
, t ∈ [0, T ],

x(t) = φ(t), t ∈ [−r, 0],
x(t+k ) = Ik(η(tk)), t 6= tk, k = 1, 2, · · · ,m, (4)

which has, by Theorem 3.3, a unique solution xη ∈ Ω′.
We prove that A is ≤n-nondecreasing. Aa ≥n a, and Ab ≤n b. Indeed, let

η, ζ ∈ [a, b] be such that η ≤n ζ, then Aη and Aζ are functions in Ω′ and

(Aη)′(t) = Mη(t) + F
(
t, η(t),

∫ t

0

q(t, s, η(s))ds
)

≤n Mζ(t) + F
(
t, ζ(t),

∫ t

0

q(t, s, ζ(s))ds
)

= (Aζ)′(t), t ∈ [0, T ],

(Aη)(t) = (Aφ)(t) ≤n (Aϕ)(t) = (Aζ)(t), t ∈ [−r, 0],

(Aη)(t+k ) = Ik(η(tk)) ≤n Ik(ζ(tk)) = (Aζ)(t+k ), k = 1, 2, · · · ,m,

so we obtain that Aη ≤n Aζ on [−r, T ]. Moreover, let Aa ∈ Ω′, which satisfies, the
properties of the ≤n-lower solution and the partial ordering,

a′(t) ≤n Ma(t) + F
(
t, a(t),

∫ t

0

q(t, s, a(s))ds
)

= (Aa)(t), t ∈ [0, T ],

a(t) ≤n (Aφ)(t) = (Aa)(t), t ∈ [−r, 0],

a(t+k ) ≤n Ik(a(tk)) = (Aa)(t+k ), k = 1, 2, · · · ,m,

then a ≤n Aa on [−r, T ]. Similarly, b ≥n Ab on [−r, T ].
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This prove that A : [a, b]n → [a, b]n and A is nondecreasing. Define the sequences
{an}, {bn} such that a0 = a, b0 = b, an+1 = Aan and bn+1 = Abn. It can be proved
that {an} is nondecreasing, {bn} is nonincreasing, and

a = a0 ≤n a1 ≤n · · · ≤n an ≤n bn ≤n · · · ≤n b1 ≤n b0 = b.

Note that an is the solution to
x′(t) = Man−1(t) + F

(
t, an−1(t),

∫ t
0
q(t, s, an−1(s))ds

)
, t ∈ [0, T ],

x(t) = φ(t), t ∈ [−r, 0],
x(t+k ) = Ik(an−1(tk)), k = 1, 2, · · · ,m,

and bn is the solution to
x′(t) = Mbn−1(t) + F

(
t, bn−1(t),

∫ t
0
q(t, s, bn−1(s))ds

)
, t ∈ [0, T ],

x(t) = φ(t), t ∈ [−r, 0],
x(t+k ) = Ik(bn−1(tk)), k = 1, 2, · · · ,m.

�
Theorem 3.7. Let a, b ∈ Ω′ be, respectively, ≤n-lower and ≤n-upper solutions for
equations (2) with a ≤n b on [−r, T ]. By condition of Lemma 3.6 and hypotheses
(F1)-(F7), there exist monotone sequences {an} ↑ ρ, {bn} ↓ γ in Ω′, where a0 =
a, b0 = b, and ρ, γ are the extremal solutions to equations (2) in the fuzzy functional
interval

[a, b]n := {x ∈ Ω′ : a ≤n x ≤n b on [−r, T ]}.

Proof. We prove that {an} and {bn} are uniformly equicontinuous in C([−r, T ], (EiN )n).
In consequence, there exist convergent subsequences {anj

} → ρ, {bnj
} → γ in

C([−r, T ], (EiN )n), hence, by monotonicity {an} → ρ, {bn} → γ in C([−r, T ], (EiN )n),
that is, {an} → ρ, {bn} → γ in Ω′. In order to apply given in Lemma 3.5, we have
to prove that {an}, {bn} are equicontinuous in C([−r, T ], (EiN )n). Indeed, for each
n ∈ N, using the integral representation of an in [−r, T ], we obtain

an(t) = S(t)an(0) +

∫ t

0

S(t− s)F
(
s, (ân−1)s(s),

∫ s

0

q(s, τ, (ân−1)τ (τ))dτ
)
ds

+
∑

0<tk<t

S(t− tk)Ik(an−1(tk)), t ∈ [0, T ],

an(t) = φ(t), t ∈ [−r, 0].

The set {{an} : n ∈ N} is uniformly equicontinuous in the variable t, α. For
t + θ ∈ [−r, 0], then for α, β ∈ [0, 1], given ε > 0 there exists δ1 > 0 such that
|α− β| < δ1,

dL

(
[(an)t(φ)]α, [(an)t(φ)]β

)
< ε.
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By hypotheses (F5)-(F7), for t + θ ∈ [0, T ], then for α, β ∈ [0, 1], given ε > 0
there exist δ2, δ3, δ4 > 0 such that |α− β| < min{δ2, δ3, δ4},

dL
(

[(an)t(φ)]α, [(an)t(φ)]β
)

= dL
([
S(t+ θ)φ(0)

+

∫ t+θ

0

S(t+ θ − s)F
(
s, (ân−1)s(φ),

∫ s

0

q(s, τ, (ân−1)τ (φ))dτ
)
ds

+
∑

0<tk<t+θ

S(t+ θ − tk)Ik((an−1)(tk))
]α
,

[
S(t+ θ)φ(0)

+

∫ t+θ

0

S(t+ θ − s)F
(
s, (ân−1)s(φ),

∫ s

0

q(s, τ, (ân−1)τ (φ))dτ
)
ds

+
∑

0<tk<t+θ

S(t+ θ − tk)Ik((an−1)(tk))
]β)

≤ dL
(

[S(t+ θ)φ(0)]α, [S(t+ θ)φ(0)]β
)

+

∫ t+θ

0

dL
([
S(t+ θ − s)F

(
s, (ân−1)s(φ),

∫ s

0

q(s, τ, (ân−1)τ (φ))dτ
)]α

,[
S
(
t+ θ − s)F

(
s, (ân−1)s(φ),

∫ s

0

q(s, τ, (ân−1)τ (φ))dτ
)]β)

ds

+dL
([ ∑

0<tk<t+θ

S(t+ θ − tk)Ik((an−1)(tk))
]α
,

[ ∑
0<tk<t+θ

S(t+ θ − tk)Ik((an−1)(tk))
]β)

≤ cdL
(

[φ(0)]α, [φ(0)]β
)

+c

∫ t+θ

0

dL
([
F
(
s, (ân−1)s(φ),

∫ s

0

q(s, τ, (ân−1)τ (φ))dτ
)]α

,[
F
(
s, (ân−1)s(φ),

∫ s

0

q(s, τ, (ân−1)τ (φ))dτ
)]β)

ds

+cdL
([ ∑

0<tk<t+θ

Ik((an−1)(tk))
]α
,
[ ∑
0<tk<t+θ

Ik((an−1)(tk))
]β)

≤ c ε
3c

+ c

∫ t+θ

0

( ε

6cT
+

∫ s

0

ε

6csT
dτ
)
ds+ c

ε

3c
.

H1

(
(an)t, (an)t

)
= sup
θ∈[−r,0]

DL
(

(an)t, (an)t
)
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= sup
θ∈[−r,0]

sup
0<α,β≤1

dL

(
[(an)t(φ)]α, [(an)t(φ)]β

)
≤ sup
θ∈[−r,0]

(
c
ε

3c
+ c

∫ t+θ

0

( ε

6cT
+

∫ s

0

ε

6csT
dτ
)
ds+ c

ε

3c

)
≤ c ε

3c
+ c

∫ T

0

( ε

6cT
+

∫ s

0

ε

6csT
dτ
)
ds+ c

ε

3c
= ε.

Thus the set {{an} : n ∈ N} is uniformly equicontinuous in the variable α ∈ [0, 1].
And for k = 1, 2, · · · ,m,

dL

(
[(an)t(φ)]α, [(an)t−t′(φ)]α

)
= dL

([
S(t+ θ)φ(0)

+

∫ t+θ

0

S(t+ θ − s)F
(
s, (ân−1)s(φ),

∫ s

0

q(s, τ, (ân−1)τ (φ))dτ
)
ds

+
∑

0<tk<t+θ

S(t+ θ − tk)Ik((an−1)(tk))
]α
,[

S(t− t′ + θ)φ(0)

+

∫ t−t′+θ

0

S(t− t′ + θ − s)F
(
s, (ân−1)s−s′(φ),

∫ s

0

q(s, τ, (ân−1)τ−τ ′(φ))dτ
)
ds

+
∑

0<(t−t′)k<t−t′+θ

S(t− t′ + θ − tk)Ik((an−1)((t− t′)k))
]α)

≤ dL
(∫ t+θ

0

[
S(t+ θ − s)F

(
s, (ân−1)s(φ),

∫ s

0

q(s, τ, (ân−1)τ (φ))dτ
)]α

ds,∫ t−t′+θ

0

[
S(t− t′ + θ − s)F

(
s, (ân−1)s−s′(φ),

∫ s

0

q(s, τ, (ân−1)τ−τ ′(φ))dτ
)]α

ds
)

+dL

([ ∑
0<tk<t+θ

S(t+ θ − tk)Ik((an−1)(tk))
]α
,

[ ∑
0<(t−t′)k<t−t′+θ

S(t− t′ + θ − tk)Ik((an−1)((t− t′)k))
]α)

≤ chdL
(∫ t+θ

0

[(an−1)s(φ)]αds,

∫ t−t′+θ

0

[(an−1)s−s′(φ)]αds
)

+ckpdL

(∫ t+θ

0

∫ s

0

[(an−1)τ (φ)]αdτds,

∫ t−t′+θ

0

∫ s

0

[(an−1)τ−τ ′(φ)]αdτds
)

+cddL

(
[(an−1)(tk)]α, [(an−1)((t− t′)k]α

)
.
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Then by hypotheses (F1)-(F3), provided we take t > t′ > 0, then we have

H1

(
(an)t, (an)t−t′

)
= sup
θ∈[−r,0]

DL

(
(an)t(φ), (an)t−t′(φ)

)
= sup
θ∈[−r,0]

sup
0<α≤1

dL

(
[(an)t(φ)]α, [(an)t−t′(φ)]α

)
≤ ch sup

θ∈[−r,0]

sup
0<α≤1

dL

(∫ t+θ

0

[(an−1)s(φ)]αds,

∫ t−t′+θ

0

[(an−1)s−s′(φ)]αds
)

+ckp sup
θ∈[−r,0]

sup
0<α≤1

dL

(∫ t+θ

0

∫ s

0

[(an−1)τ (φ)]αdτds,

∫ t−t′+θ

0

∫ s

0

[(an−1)τ−τ ′(φ)]αdτds
)

+cd sup
θ∈[−r,0]

sup
0<α≤1

dL

(
[(an−1)(tk)]α, [(an−1)((t− t′)k]α

)
≤ ch sup

θ∈[−r,0]

DL

(∫ t+θ

0

(an−1)s(φ)ds,

∫ t−t′+θ

0

(an−1)s−s′(φ)ds
)

+ckp sup
θ∈[−r,0]

DL

(∫ t+θ

0

∫ s

0

(an−1)τ (φ)dτds,

∫ t−t′+θ

0

∫ s

0

(an−1)τ−τ ′(φ)dτds
)

+cd sup
θ∈[−r,0]

DL

(
(an−1)(tk), (an−1)((t− t′)k

)
≤ chT sup

θ∈[−r,0]

DL

(
(an−1)t(φ), (an−1)t−t′(φ)

)
+ckpT 2 sup

θ∈[−r,0]

DL

(
(an−1)t(φ), (an−1)t−t′(φ)

)
+cd sup

θ∈[−r,0]

DL

(
(an−1)(tk), (an−1)((t− t′)k

)
≤ c(d+ hT + kpT 2)H1

(
(an−1)t(φ), (an−1)t−t′(φ)

)
.

Hence H1((an)t(φ), (an)t−t′(φ))→ 0 as t′ → 0 the set {{an} : n ∈ N} is uniformly
equicontinuous in the variable t ∈ [−r, T ]. The case of equicontinuity from the right
is similar.

In consequence, {{an} : n ∈ N} is uniformly equicontinuous in the variable
α ∈ [0, 1], t ∈ [−r, T ]. This proves that {{an} : n ∈ N} is uniformly equicontin-
uous in C([−r, T ], (EiN )n)). And proceeding similarly, and also for {bn}. Hence
{an}, {bn} ∈ B. Next, we have to prove that ρ, γ are solutions to (2). To check
that ρ is a solution to (2), we prove that
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ρt(φ) = S(t)φ(0)

+

∫ t

0

S(t− s)F
(
s, ρ̂s(φ),

∫ s

0

q(s, τ, ρ̂τ (φ))dτ
)
ds

+
∑

0<tk<t

S(t− tk)Ik(ρ(tk)), t ∈ [0, T ],

ρ(t) = φ(t), t ∈ [−r, 0],

and ρ is a solution to (2). The previous problem have solution since ρ ∈ Ω′, and
a ≤n an ≤n b on Ω′, for every n, hence, a ≤n ρ ≤n b on Ω′. For k = 1, 2, · · · ,m,
we prove that the limit of the following expression is zero as n tends to +∞.

dL

(
[(an)t(φ)]α, [ρt(φ)]α

)
= dL

([
S(t+ θ)φ(0)

+

∫ t+θ

0

S(t+ θ − s)F
(
s, (ân−1)s(φ),

∫ s

0

q(s, τ, (ân−1)τ (φ))dτ
)
ds

+
∑

0<tk<t+θ

S(t+ θ − tk)Ik((an−1)(tk))
]α
,[

S(t+ θ)φ(0)

+

∫ t+θ

0

S(t+ θ − s)F
(
s, ρ̂s(φ),

∫ s

0

q(s, τ, ρ̂τ (φ))dτ
)
ds

+
∑

0<tk<t+θ

S(t+ θ − tk)Ik(ρ(tk))
]α)

≤ ch
∫ t+θ

0

dL

(
[(an−1)s(φ)]α[ρs(φ)]α

)
ds

+ckp

∫ t+θ

0

∫ s

0

dL

(
[(an−1)τ (φ)]α[ρτ (φ)]α

)
dτds

+cddL

(
[(an−1)(tk)]α, [ρ(tk)]α

)
.

Hence

H1

(
(an)t, ρt

)
= sup
θ∈[−r,0]

DL

(
(an)t(φ), ρt(φ)

)
= sup
θ∈[−r,0]

sup
0<α≤1

dL

(
[(an)t(φ)]α, [ρt(φ)]α

)
≤ ch sup

θ∈[−r,0]

sup
0<α≤1

∫ t+θ

0

dL

(
[(an−1)s(φ)]α[ρs(φ)]α

)
ds
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+ckp sup
θ∈[−r,0]

sup
0<α≤1

∫ t+θ

0

∫ s

0

dL

(
[(an−1)τ (φ)]α[ρτ (φ)]α

)
dτds

+cd sup
θ∈[−r,0]

sup
0<α≤1

dL

(
[(an−1)(tk)]α, [ρ(tk)]α

)
≤ chT sup

θ∈[−r,0]

DL

(
(an−1)t(φ), ρt(φ)

)
+ckpT 2 sup

θ∈[−r,0]

DL

(
(an−1)t(φ), ρt(φ)

)
+cd sup

θ∈[−r,0]

DL

(
(an−1)t(φ), ρ(tk)

)
≤ c(d+ hT + kpT 2)H1

(
(an−1)t, ρt

)
.

Therefore H1((an)t, ρt)→ 0 as n→ +∞.
Using that Ik and F are continuous convergence of an−1 towards ρ, we obtain

that ρ is a solution to (2). For function γ, we follow a similar procedure. Finally,
if x is a solution to (2) such that a ≤n x ≤n b, using that A is nondecreasing, we
obtain

an = Ana ≤n Anx = x ≤n Anb = bn,

then, by Lemma 3.4,

ρ ≤n x ≤n γ.

In conclusion, x exists between ρ and γ. �

4. Example

We consider the following two one-dimensional impulsive delay fuzzy integrodif-
ferential equations

dxi(t)
dt = fi

(
t, (xi)t,

∫ t
0
qi(t, s, (xi)s)ds

)
, t ∈ J,

xi(t) = φi(t), t ∈ J,
xi(t

+
k ) = Ik(xi(tk)), t 6= tk, k = 1, 2, · · · ,m, i = 1, 2, (5)

where T > 0, J = [0, T ], 0 < t1 < · · · < tm < tm+1 = T, EiN , i = 1, 2, is the set

of all upper semi-continuously convex fuzzy numbers on R with EiN 6= EjN (i 6= j),
fi : J × EiN × EiN → EiN and qi : J × J × EiN → EiN are regular continuous fuzzy
function, (xi)t = xi(t + θ), θ ∈ [−r, 0]. φi ∈ C([−r, 0], EiN ) is initial function and
Ik ∈ C(EiN , E

i
N ) are bounded functions.

Let for i = 1, 2,

fi

(
t, (xi)t,

∫ t

0

qi(t, s, (xi)s)ds
)

= 2̃t(xi)
2
t +

∫ t

0

(t− s)(xi)sds, t ∈ [0, T ].

For a positive constant M , let

dxi(t)

dt
= M(xi)t + 2̃t(xi)

2
t +

∫ t

0

(t− s)(xi)sds−M(xi)t.
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Put

Fi

(
t, (xi)t,

∫ t

0

qi(t, s, (xi)s)ds
)

= 2̃t(xi)
2
t +

∫ t

0

(t− s)(xi)sds−M(xi)t,

xi(t) = φi(t), i = 1, 2, t ∈ [−r, 0],

∆xi(tk) = xi(t
+
k )− xi(t−k )

is impulsive effect at t = tk(k = 1, 2, · · · ,m). Let

F
(
t, xt,

∫ t

0

q(t, s, xs)ds
)

=
(
F1

(
t, (x1)t,

∫ t

0

q1(t, s, (x1)s)ds
)
, F2

(
t, (x2)t,

∫ t

0

q2(t, s, (x2)s)ds
))

=
(

2̃t(x1)2t +

∫ t

0

(t− s)(x1)2sds−M(x1)t, 2̃t(x2)2t +

∫ t

0

(t− s)(x2)2sds−M(x2)t
)
,

∆x(tk) = (∆x1(tk),∆x2(tk)), t 6= tk, k = 1, 2, · · · ,m,
Ik(x(tk)) = (Ik(x1(tk)), Ik(x2(tk)))

= (x1(t+k )− x1(t−k ), x2(t+k )− x2(t−k ))

= (x1(t+k )− x1(t−k ), x2(t+k )− x2(t−k )), t 6= tk, k = 1, 2, · · · ,m.

We consider the following equations
dx(t)
dt = Mx(t) + F

(
t, xt,

∫ t
0
q(t, s, xs)ds

)
, t ∈ [0, T ],

x(t) = φ(t), t ∈ [−r, 0],
x(t+k ) = Ik(x(tk)), t 6= tk, k = 1, 2, · · · ,m. (6)

The α-level set of fuzzy numbers are the following:

[0̃]α = [α− 1, 1− α], [2̃]α = [α+ 1, 3− α] for all α ∈ [0, 1], M = 1. Then α-level

set of F
(
t, x̂t,

∫ t
0
q(t, s, x̂s)ds

)
is

[
F
(
t, x̂t,

∫ t

0

q(t, s, x̂s)ds
)]α

=
[
2̃t(x1)2

t +

∫ t

0

(t− s)(x1)sds− (x1)t

]α
×
[
2̃t(x2)2

t +

∫ t

0

(t− s)(x2)sds− (x2)t

]α
=
(

[2̃]α · t[(x1)2
t ]
α +

∫ t

0

(t− s)[(x1)s]
αds− [(x1)t]

α
)

×
(

[2̃]α · t[(x2)2
t ]
α +

∫ t

0

(t− s)[(x2)s]
αds− [(x2)t]

α
)
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=
(

[α+ 1, 3− α] · t[(xα1l)2t , (xα1r)2t ] +

∫ t

0

(t− s)[(xα1l)s, (xα1r)s]ds− [(xα1l)t, (x
α
1r)t]

)
×
(

[α+ 1, 3− α] · t[(xα2l)2t , (xα2r)2t ] +

∫ t

0

(t− s)[(xα2l)s, (xα2r)s]ds− [(xα2l)t, (x
α
2r)t]

)
=
[
(α+ 1)t(xα1l)

2
t +

∫ t

0

(t− s)(xα1l)sds− (xα1l)t,

(3− α)t(xα1r)
2
t +

∫ t

0

(t− s)(xα1r)sds− (xα1r)t
]

×
[
(α+ 1)t(xα2l)

2
t +

∫ t

0

(t− s)(xα2l)sds− (xα2l)t,

(3− α)t(xα2r)
2
t +

∫ t

0

(t− s)(xα2r)sds− (xα2r)t
]

Further, we have

dL

([
F
(
t, x̂t,

∫ t

0

q(t, s, x̂s)ds
)]α

,
[
F
(
t, ŷt,

∫ t

0

q(t, s, ŷs)ds
)]α)

= dL

( 2∏
i=1

([
(α+ 1)t(xαil)

2
t +

∫ t

0

(t− s)(xαil)sds− (xαil)t,

(3− α)t(xαir)
2
t +

∫ t

0

(t− s)(xαir)sds− (xαir)t

]
,[

(α+ 1)t(yαil)
2
t +

∫ t

0

(t− s)(yαil)sds− (yαil)t,

(3− α)t(yαir)
2
t +

∫ t

0

(t− s)(yαir)sds− (yαir)t

]))
≤ t max

1≤i≤2
{(α+ 1)|(xαil)2

t − (yαil)
2
t |, (3− α)|(xαir)2

t − (yαir)
2
t |}

+

∫ t

0

(t− s) max
1≤i≤2

{|(xαil)s − (yαil)s|, |(xαir)s − (yαir)s|}ds

+ max
1≤i≤2

{|(xαil)t − (yαil)t|, |(xαir)t − (yαir)t|}ds

≤ T (3− α) max
1≤i≤2

{|(xαil)t − (yαil)t||(xαil)t + (yαil)t|,

|(xαir)t − (yαir)t||(xαir)t + (yαir)t|}

+
(T 2

2
+ 1
)

max
1≤i≤2

{|(xαil)t − (yαil)t|, |(xαir)t − (yαir)t|}

≤ 3T |(xαir)t + (yαir)t|dL([xt]
α, [yt]

α) +
(T 2

2
+ 1
)
dL([xt]

α, [yt]
α)

= hdL([xt]
α, [yt]

α) + kdL([xt]
α, [yt]

α),

where h and k satisfy the hypothesis (F1). Since Ik is a bounded function, we
know that the hypothesis (F2) holds. Choose T such that T < (1− cd)/ch. Then
all conditions stated in Theorem 3.3 are satisfied, so the equations (6) have a
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unique fuzzy solution. Since φ is a continuous function on [−r, T ], hypothesis (F5)
satisfied. Next, we show that the hypothesis (F6) satisfies. For α, β ∈ [0, 1] and
given ε = 1

3cT δ3 > 0, there exist

δ3 =
ε(

3T |(xαir)t + (xβir)t|+ T 2

2 + 1
) > 0

such that

|α− β| < δ3, dL([xt]
α, [xt]

β) < ε,

then

dL

([
F
(
t, x̂t,

∫ t

0

q(t, s, x̂s)ds
)]α

,
[
F
(
t, x̂t,

∫ t

0

q(t, s, x̂s)ds
)]β)

= dL

( 2∏
i=1

([
(α+ 1)t(xαil)

2
t +

∫ t

0

(t− s)(xαil)sds− (xαil)t,

(3− α)t(xαir)
2
t +

∫ t

0

(t− s)(xαir)sds− (xαir)t

]
,[

(β + 1)t(xβil)
2
t +

∫ t

0

(t− s)(xβil)sds− (xβil)t,

(3− β)t(xβir)
2
t +

∫ t

0

(t− s)(xβir)sds− (xβir)t

]))
≤ t max

1≤i≤2
{|(α+ 1)(xαil)

2
t − (β + 1)(xβil)

2
t |, |(3− α)(xαir)

2
t − (3− β)(xβir)

2
t |}

+

∫ t

0

(t− s) max
1≤i≤2

{|(xαil)s − (xβil)s|, |(x
α
ir)s − (xβir)s|}ds

+ max
1≤i≤2

{|(xαil)t − (xβil)t|, |(x
α
ir)t − (xβir)t|}

≤ 3T max
1≤i≤2

{|(xαil)t − (xβil)t||(x
α
il)t + (xβil)t|, |(x

α
ir)t − (xβir)t||(x

α
ir)t + (xβir)t|}

+
(T 2

2
+ 1
)

max
1≤i≤2

{|(xαil)t − (xβil)t|, |(x
α
ir)t − (xβir)t|}

≤ 3T |(xαir)t + (xβir)t|dL([xt]
α, [xt]

β) +
(T 2

2
+ 1
)
dL([xt]

α, [xt]
β)

=
(

3T |(xαir)t + (xβir)t|+
T 2

2
+ 1
)
dL([xt]

α, [xt]
β)

≤
(

3T |(xαir)t + (xβir)t|+
T 2

2
+ 1
) 1

3cT
δ3

≤ ε

3cT
.

Then all conditions stated in Theorem 3.7 are satisfied, so the problem (5) has a
unique extremal solution.
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