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EXISTENCE OF EXTREMAL SOLUTIONS FOR IMPULSIVE
DELAY FUZZY INTEGRODIFFERENTIAL EQUATIONS IN
n-DIMENSIONAL FUZZY VECTOR SPACE

Y. C. KWUN, J. S. KIM, J. S. HWANG AND J. H. PARK

ABSTRACT. In this paper, we study the existence of extremal solutions for
impulsive delay fuzzy integrodifferential equations in n-dimensional fuzzy vec-
tor space, by using monotone method. We show that obtained result is an
extension of the result of Rodriguez-Lépez [8] to impulsive delay fuzzy inte-
grodifferential equations in n-dimensional fuzzy vector space.

1. Introduction

Fuzzy theory has developed engineering, economics, agriculture, computers, etc.
in various fields by many scholars since 1965. Moreover fuzzy integrodifferential
equations are a field of increasing interest, due to their applicability to the analysis
of phenomena where imprecision in inherent.

Some authors have studied fuzzy integrodifferential equations. Balasubrama-
niam and Muralisankar [1] proved the existence and uniqueness of fuzzy solutions
for the semilinear fuzzy integrodifferential equation with nonlocal initial condition.
Kwun et al. [3] studied nonlocal controllability for the semilinear fuzzy integrod-
ifferential equations in n-dimensional fuzzy vector space. Kwun et al. [4] studied
controllability for the impulsive semilinear nonlocal fuzzy integrodifferential equa-
tions in n-dimensional fuzzy vector space.

Many authors have studied extremal solutions for fuzzy differential equations. In
[8], Rodriguez-Lépez studied the existence and approximation of extremal solutions
for fuzzy differential equation by using monotone iterative technique in one dimen-
sional fuzzy vector space E'. Nieto and Rodriguez-Lépez [6] studied existence of
extremal solutions for quadratic fuzzy equations. Rodriguez-Lépez [7] proved the
existence of solutions for impulsive fuzzy differential equations with periodic bound-
ary value using monotone method in one dimensional fuzzy space. Recently, Kwun
et al. [5] proved the existence of extremal solutions for impulsive fuzzy differential
equations with periodic boundary value in n-dimensional fuzzy vector space.
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In this paper, we study the existence of extremal solutions for the following
impulsive delay fuzzy integrodifferential equations in fuzzy vector space.

drglt(t) = fq, (t7 (xi)h fot QZ(ta S, (xl)s)ds)a te J7

x;(t) = ¢i(t), t € [-r,0],

wi(t) = I(zaty)), t#tk, k=1,2,---,m, i=1,2,--- ,n, (1)
where T > 0, J = [0,T], 0 < t; < -+ < ty, < typy1 = T, EY is the set of
all upper semi-continuously convex fuzzy numbers on R with EY # E% (i # j),
Ji:Jx Ey x BNy — EY and ¢; : J x J x Ey, — EY are regular continuous fuzzy
function, (z;); = z;(t +0), 6 € [-r,0]. ¢; € C([-r,0], EY) is initial function and
Iy, € C(EY;, EY) are bounded functions.

2. Preliminaries

In this section, we give basic definitions, terminologies, notations and Lemmas
which are most relevant to our investigated and are needed in later chapters. All
undefined concepts and notions used here are standard.

A fuzzy set of R™ is a function u : R™ — [0,1]. For each fuzzy set u, we
denote by [u]* = {& € R" : u(z) > «a} for any a € (0,1], its a-level set and
[u]® = cl{z € R™ : u(x) > 0}(the closure of {x € R" | u(z) > 0}). Let u,v be
fuzzy sets of R™. It is well known that [u]* = [v]® for each a € [0, 1] implies u = v.
Let E™ denote the collection of all fuzzy sets of R™ that satisfies the following
conditions:

(1) w is normal, i.e., there exists an xg € R™ such that u(xg) = 1;

(2) w is fuzzy convex, i.e., u(Ax + (1 — A)y) > min{u(x),u(y)} for any x,y € R",
0<A<T

A
(3) u(x) is upper semi-continuous, i.e., u(xg) > limy_oou(zy) for any z € R
1

(k 07 ,27"')71'k—>z0;

(4) [u]® is compact.
We call u € E™ a n-dimension fuzzy number.

Wang et al. [11] defined n-dimensional fuzzy vector space and investigated its
properties.

For any u; € E, i = 1,2,--- ,n, we call the ordered one-dimension fuzzy num-
ber class uy,us, - ,u, (i.e., the Cartesian product of one-dimension fuzzy num-
ber uy,ug, -+ ,u,) a n-dimension fuzzy vector, denote it as (ug, ug, -+ ,uy), and

call the collection of all n-dimension fuzzy vectors (i.e., the Cartesian product

—~
E x E x --- x E) n-dimensional fuzzy vector space, and denote it as (E)™.

Definition 2.1. [12] If v € E", and [u]® is a hyperrectangle, i.e., [u]* can be

represented by []i; [u$, uf], ie., [ufy, uf.] x [ug), ug,] X - X [u%,u®,] for every
a € [0,1], where u$}, ug. € R with u§ < u$. when a € (0,1],i=1,2,--- ,n, then we

call u a fuzzy n-cell number. We denote the collection of all fuzzy n-cell numbers
by L(E™).
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Theorem 2.2. [11] For any u € L(E™) with [u]* =[]\, [u3, u$] (a € [0,1]), there

exists a unique (U1, us, - ,Up) € (E)" such that [u;]* = [uf,ul] (i =1,2,--- ,n
and o € [0,1]). Conversely, for any (u1,uz, - ,uy,) € (E)" with [u;]* = [uf, ug.]
(i=1,2,---,n and o € [0,1]), there exists a unique w € L(E™) such that [u]* =

[Tz [, uiy] (o €0, 1)),

Remark 2.3. [11] Theorem 2.2 indicates that fuzzy n-cell numbers and n-dimension
fuzzy vectors can represent each other, so L(E™) and (E)™ may be regarded as iden-
tity. If (up,ug,- - ,u,) € (E)™ is the unique n-dimension fuzzy vector determined
by u € L(E™), then we denote u = (uy,ua, -+, Un).

Let (E4)" = EY x E% x -+ x E%, Ey (i = 1,2,--- ,n) is fuzzy subset of R.
Then (E4)" C (E)™.

Definition 2.4. [12] The complete metric Dy, on (E%)"(i = 1,2, -+ ,n) is defined
by

Difuv) = swp du([ul”[]")
axs
= s e {1 — ol i, — o)

for any u,v € (E%)", which satisfies d,(u + w,v + w) = dr (u,v).

Definition 2.5. Let u,v € C([-r,T], (E%)™)

Hi(u,v) = s D (u(t), v(t)).

Definition 2.6. The derivative 2/(¢) of a fuzzy process z € (E%)" is defined by
[’ (0] = T ) @), (@5 ()]
i=1
provided that equation defines a fuzzy 2/(t) € (E4)".

Definition 2.7. The fuzzy integral fba z(t)dt, a,b € [0,T] is defined by

n a

[/bax(t)dtr =11 {/baxfj(t)dt/b xg(t)dt}

i=1

provided that the Lebesgue integrals on the right hand side exist.

Definition 2.8. [7] Let z,y € E'. We say that = < y if and only if z¢ < y* and
x& <y for every a € [0,1].

Definition 2.9. Let z = (:pl,xg,o~~ o) Y= (Y1,Y2,  »Yn) € (EY)". We say
that © <,, y if for ;,y; € Ely,i=1,2,--- ,n,

i < Y-
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Lemma 2.10. [8] If {f.} € C([c,d], E), g € C([c,d], E') are such that
fm<g, VneN,
and f,(t) converges to f(t) in E', for allt € [c,d], then f < g.

Definition 2.11. [12] Let 2,y € E™. If there exists z € E™ such that = y+2z then
we call z, y having Hukuhara difference and y is called the Hukuhara difference of
x and y, denoted = — y.

Definition 2.12. [2] A fuzzy set u € E” is called a Lipschitzian fuzzy set if it is a
Lipschitz function of its membership grade in the sense that

dp ([u]®, [u]”) < Kla - 5|
for all a, B € [0,1] and some fixed, finite constant K.

Lemma 2.13. [8] Let I be a closed interval in R, and B C C(I, E*) such that, for
allz € B and t € I, x(t) is a continuous fuzzy number. Consider

Br={F,:z€B}CC(0,1] x I,R),
Br={zr:2€ B} CC(0,1] x I, R),
where
L:[0,1] x I — R,
(a,;t)  —=Tr(at) = (x(t))r(a) = (#(t))as,
and
ZTr:[0,1] x I — R,
(@,t) = Tala,t) = @) r(0) = (@(t))ar
if Br, and Bg are relatively compact sets in (C([0,1] x I, R),|| - HOO) then B is a
relatively compact set in C(I, E1).
3. Existence of Extremal Solutions

In order to prove the existence of extremal solutions for equations in n-dimensional
fuzzy vector space, we define

f= 1, a5 fn),

q=(q1,92, ", qn),

= ((z1)¢, (@)1, -+, (Tn)e)s
x(t) (z1(t), 22(t), -+, za(?)),
B(t) = (#1(1), d2(t), -+, Pn(t)),

thenfv q, Tt, :L'(t), ¢() (EN) ’ 1:1,2,"',71
We consider the following impulsive delay fuzzy integrodifferential equations in
fuzzy vector space (E%)™:

dz(tt) _ ( f’fo ds) ted,
z(t) = ¢(t), t € [~ 7‘70],
x(ti :I’C(x(tk)), t;’étfﬂ k=1,2,--- ,m, (2)
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where T > 0, J = [0,T], 0 < t; < -+ < tm < tms1 =T, f : J x (Ei)" x
(Ey)" — (BE4y)™ and ¢ : J x J x (E4)" — (E%)™ are regular continuous fuzzy
function, z; = x(t +0), 0 € [-r,0]. ¢ € C([-7,0],(E%)") is initial function and
I € C((EY)™, (E%)™) are bounded functions.

To define solutions for the impulsive fuzzy integrodifferential equations, we con-
sider the following space:

Q, = {ml :J = By ¢ (zi)k € C(Jk, EY), Jk = (tk,tks1], and there exist
xi(o—‘r)) ‘Ti(T_)D xl(t;c‘r)’ Wlth xl(tl;) = xl(tk)7 (k = 1a25 e ,Mm, 1= 1727' o ,’I’L)},
Let O, =Q;,NC([-r,T],EY), i=1,2,---,n, and Q' =[], Q.

Definition 3.1. For the partial ordering <,, a function a € Q' is a <,-lower
solution for (2) if

a, <, f(t,at,fg q(t,&as)ds), tedJ,
Cl(t) <n ¢(t)a te [—’I", O]a
a(t;:) <n Ik(a’(tk))a k=1,2,---,m,
we define a <,,-upper solution b € Q' as a function satisfying the reverse inequalities.

To find extremal solutions for equations (2) by using monotone method, for
M >0, let
dx(t ¢
20 < ata(e) + £ (0 (s [ altos. (2).)ds) = M(0),
0
And if F(t,mt,fg q(t7s7xs)ds) = f(t, mt,fot q(t,&xs)ds) — Mz(t), then we con-

sider the following equations:

dﬂ(cigt) = Muz(t) + F(t,xt,fg q(t,s,ms)ds), teJ,

z(t) = ¢(t), t € [-r,0],

z(th) = Iu(z(t)), t#te, k=1,2,--- ,m. (3)
We define Z;(¢) : [—r,T] — (E4)" for z,(¢) € C(J, (EY)™), 0 € [-r,0],

o e), t+0e[-r0,
xt(d’)_{ zi(¢), t+0€J.

Assume the following;:
(F1) For Zt, s, Mty &, Uty 0p € C([—7,T], (E%)™), there exist positive numbers
h, k, p so that

o ([P(o)]" (0]
< hd ([oe)® 1)) + ke ([ue]” [or]”)
i (la(t. 5,7:)]° [a(t, 5,€)1°) < pdu(in]*,[6:]°)

and F(t, X{()} (O), X{O} (0)) = X{O} (0)
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(F2) For z, y € C(J : (E4)"), there exists ad >0, k=1,2,--- ,m, so that
di ()], [Iuy(t)))”) < ddg ([ ()] [y(0)°),

and Ik(X{O} (0)) = X{O} (O)
(F3) ¢(d + hT + kpT?) < 1.
Lemma 3.2. If x € ' is an integral solution of (3), then x € Q' is given by
z(t) = 4

4)(0)
5000)+ [ St =P (s.2.00). [ als.m3-(0)ar) s

+ Y St —t)In(z(t)), tE

0<tp<t

Z‘(t) = ¢(t)a te [_Tv 0]7
where S(t) = exp{fot Mdt} is continuous with |S(t)] <c¢, ¢>0, forallte J.

Theorem 3.3. If hypotheses (F1)-(F3) are hold. Then the equations (3) have a
unique solution x € Q.

Proof. Let § > 0 satisfy

)

Wl >

ar (1Se(0)*, [6(0)]*) <
for t € [-r,T] and
0
c(d+ hT + kpT?) sup Dy (xt(¢>), X0 (0)) <2
oe[—r,0] 3
Let we define K, the nonempty closed bounded subset of € €/, by

K = {neq [n(0) = 6(0), Hi(n,0) < 6}.
Define a mapping G on K by
Gau(@)(0) = 8)60) + [ 8(t = )P (5.2.00), [ als.r3(0)ar)ds
+ S —te) I(x(tr))-

0<tr <t
For GZ(¢), if —r <t + 6 <0, then GZ¢(4)(0) = ¢(t + ) and hence

Hi(Gzy, 9) <

wl >

If0<t+0<T, then
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i ([GE:(6)(0))". [6(6))")

t+6

:dL([S(t+9)¢(o)+/0 S(t+9—s)F(s,fEs((b),/Osq(s,T,EET(@)dT)ds
Y St tonGew)] L [¢0)])
0<ty<t+0

< i ([S(t+0)0(0)], [6(0)]) + du ([9(0)]°, [6(0)]°)
+f an([se+0-9F(s7.00) [ ats.matopar)]”

0
[S(8)F (s, X103 (0), X0} (0))]* ) ds

+i ([ Se+0—thw)] [ S St - )Xoy 0)])

0<tp<t+0 0<tr <t

<3 2w [ o, i )

shp [ (fnr (017, [y 0)]) ) ds

+eddy ([a(t))°, [X(0) (0))°).

Dy (G2:(0)(6),6(6))
= swp_di([G7(6)(0)", [6(0)]°)

0<a<l

<3 dae [ s (s (01 i OF)

+hp /0 i, ([2+(9))", [X10) (0)]° ) dr ) ds

+cd sup dL<[x(t)]a7[X{0}(O)]a)

0<a<l

<24 g Y ch /O " Dy (:zzs(gb),?({o}(()))ds

+ekp /O " /0 D1 (xT(qS), X{O}(O))dms +edDy, (x(t), X0y (0)).



144 Y. C. Kwun, J. S. Kim, J. S. Hwang and J. H. Park

Hence
H, (G, )
= sup DL(G@(@:WH))
0¢c[—r,0]

6 (5 t+0
<2404 Dy (2.(8), X01(0))d
S3+3te 065[1_11:0]/ L(w (6), X0y ( )) s

t+0
+ckp sup / /DL X{O}(O)>d7ds

ted sup Dy (x(t), X10)(0))
oe[—r,0]

5 1)
0 hT Dy (24(6), X0y (0
Sgt3te 068[1711:’0] L<x (@), X0y ( ))

+ckpT? sup DL(xS(¢),X{O}(0))+cd sup DL(x(t),X{O}(O))
0e[—r,0] 0e[—r,0]

IN
wl >

+ - +c(d+hT + kpT?) sup Dy, (xt(gb), X{o}(0)>

oe[—r,0]

IN
S Wl

Therefore we have

Gii(¢) € K, ie. G:K — K.

Furthermore, if 24(¢), y:(¢) € K, then we have
d; ([G3:(9))° [G(0))")
t+60 s
= au([s6+000) + [ S +0-9F (.00, [ als.m 3 (0)dr)ds
+ Y S+ 0- )t

0<tp<t+0

S(t+975)F(s7§s(d))/ s, 7, Y- (@))dT )ds
Y S+e- Lt )

0<tp<t+0

</0t+9d ([S(t—l—@—s $,Zs(¢ /OqSTxT rz,
{ (t+60—s) F( / STyT(¢))dT>i|a>d5

t+6

[S(t+0)6(0) +

0
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+dL([ Z S(t+6— tk)fk(x(tk))rv

0<tp<t+0

S S(+0- L))

0<tp<t+0

< c/otw (hdL ([xs(qﬁ)]“, [ys(eb)]“) + kp /O dy ([a:T(gz;)]a, [yT((;,)]a)dT) ds
eddy ([2()]°, [y(®)").

D1 (G3(6), Giu() )
= sup_di (GO [GT(9))")

0<a<1
<on [ s (O (o))
+ckp/t+0/0 Oi‘;ﬂ’ldL [yT(QS)]O‘)deS
+ed s da (o)), [y(t)]a)
t+6 t+6
<eh [ Dy (a0)u@))ds+ ek [ [ Dy (a0).00(0) ) dras

Hence
H, (G31, G )

= sup DL(G@(@,G@(@)

oe[—r,0]

<ch sup /H(9 DL(xs(gb),ys(gﬁ))ds

0e[—r,0]

t+6
—|—cl<;p sup / / DL xT ), yr (P drds +ecd sup Dy (m(t),y(t))
[—7,0] oe[—r,0]

<chT sup Dy (a(0).:(9)) +ckpT® sup Dp(:(6),(6))
6€[—r,0] 6€[—r,0]

+cd sup DL(x(t),y(t))
oe[—r,0]

< c(d+ RT + kpT?)Hy (x4, yt).-
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By hypothesis (F3), G is a contraction mapping. Using the Banach fixed point
theorem, the equations (3) have a unique fixed point z;(¢) € K. This complete the
proof of theorem. O

Now, for showing the existence of extremal solutions of equations (2), the fol-
lowing Lemmas 3.4 and 3.5 are, respectively, extensions of Lemmas 2.10 and 2.13
(see [8]) to n-dimensional fuzzy vector space.

Lemma 3.4. Let {P,} = {(P,)1 x (Pn)g X o X (Po)n} C C(le,d]n, (Ex)"), P =
(PLXPox--xP,), Q=(Q1 X QX -+-X Qn) € C([e,d]n, (EY)™) are such that
P <, Q

and P, (t) converges to P(t) in (E%)"™, for allt € [c,d],, then P <,, Q.
Proof. By Lemma 2.10, for each i = 1,2,--- ,n, (P,); < Q; and (P,);(t) converges

to P;(t) in E', then P; < Q;. Therefore P, <,, @ and P,(t) converges to P(t) in
(E4)™, for all t € [c,d],, then P <,, Q. O

Lemma 3.5. Let H = Hy x Hy X --- x H,, C Q. We consider
H,={m :x € H} CC(0,1] x [-r,T],R"),
H,={z,:x€ H} CC([0,1] x [-r,T], R"),

where Ty(a,t) = (z(t))S, Tr(ayt) = (z(t))¥. If H, and H, are relatively com-
1

r

pact sets in (C’([O, | X [=r,T],R"),|| - |leo), then H is a relatively compact set in
C([=r 11, (Ex)")-
Proof. By Lemma 2.13, for each i = 1,2, --- ,n, H; and H;, are relatively compact
sets in C([0,1] x [=7,T], R). Then

H =HyxHyx-xHy
and

FT‘:FLI‘XF2T Xoees xgnr

are relatively compact sets. In consequence, H is a relatively compact set. (I
Assume the following;:

(F4-) FOI' a'u te Ja ahbtawhyt S Q/> at Sn Tt Sn Yt Sn bt7
t

F(t,xt,/otq(t,s,xs)ds) <n F(t,yt,/o q(t,s,ys)ds>.

(F5) For ¢ € C([-r,T],(EY)"), «, B € [0,1] and Ve > 0, there exists 62 > 0
such that |a — 8| < da,
a B) « =
i ([6(0))°, [6(0))7) < .
(F6) For Zy, §r, ur € C([—r,T],(E4)"™), «, B € [0,1] and Ve > 0, there exists
83 > 0 such that |a — B8] < 03, dp([z4]%, [2:)P) < e,
€

di ([P (30,5017, [F(t. 50 30)7) < 5
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dL([q(s,T, @))*, la(s,7,a))7) < G;T'

(F7) For z € (E%)", o, € [0,1] and Ve > 0, there exists §; > 0 such that
‘Oé — B| < b4,

([ Y new)]" [ X new))]) < o
0<tp<t 0<tr<t
We can now employ Lemma 3.5 with

H={(an): € :a; < (an)t < bt}
Then the set H is closed bounded convex.
Lemma 3.6. Consider a function A defined by

A la, b, —
nooe An =y,

which satisfies:

(i) A([a, b]n) < [, bln,

(ii) A is <,,-nondecreasing.
Proof. For a fixed 7 € [a, b],,, we consider the problem
#'(8) = M(t) + F(t.n(t), [y alt. s,n(s))ds), ¢ € [0,7],

(t) = ¢(t)7 te [7707 O]a
(t5) = Lu(n(tr)), t#tr, k=1,2,---,m, (4)

8

T

which has, by Theorem 3.3, a unique solution z,, € {¥'.
We prove that A is <,-nondecreasing. Aa >, a, and Ab <,, b. Indeed, let
7, ¢ € [a,b] be such that n <, ¢, then An and A are functions in Q' and

t

(An) () = Mae) + P (t.0(0), [ att.s.0(s))ds)

’ t
<0 MO+ F (1,600, [ attos.cls)ds) = (A0, ¢ 0.1,
(An)(t) = (AQ)(t) <n (Ap)(t) = (AQ)(1), t € [-7,0],
(A (#7) = Ik(n(te)) < Ie(C(tr) = (AQE), k=1,2,--,m,
so we obtain that An <,, A¢ on [—r, T]. Moreover, let Aa € ', which satisfies, the
properties of the <,-lower solution and the partial ordering,
t
(1) <0 Ma(t) + F(ta(t). [ a(t.5,0(9)ds) = (Aa)(e), € 0.7)
0

a(t) <n (Ad)(t) = (Aa)(t), t € [-r,0],
a(ty) <n Ir(a(ts)) = (Aa)(t]), k=1,2,--- ,m,
then a <, Aa on [—r,T]. Similarly, b >, Abon [-r,T].
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This prove that A : [a, b],, — [a, b],, and A is nondecreasing. Define the sequences
{an}, {bn} such that ag = a, bp = b, ap+1 = Aa, and b, 11 = Ab,,. It can be proved
that {a,} is nondecreasing, {b,} is nonincreasing, and

a=ay <, a1 Sngnangnbngngnbl Snbozb

Note that a,, is the solution to

' (t) = May,_1( —|—F(t,an 1 fo (t,s,an_1(s ))ds)7 t €10,T],

(t) = (), € [-r0],
w(ty) = (anfl(tk))» =1,2,---,m,

8

and b,, is the solution to

0 —Mbn,l(t)—kF(t,bn 1(8), [ q(t, 5,bn s ))ds), te 0,7,
.'I}(t) = )? te [—’I", O]a
o(ty) = In(bn-1(tr), k=1,2,---,m

([l
Theorem 3.7. Let a,b € ' be, respectively, <,-lower and <, -upper solutions for
equations (2) with a <,, b on [—r,T|. By condition of Lemma 3.6 and hypotheses
(F1)-(F7), there exist monotone sequences {an} 1 p, {bn} I v in ', where ag =
a, bp = b, and p,~ are the extremal solutions to equations (2) in the fuzzy functional
interval

[a, b, ={zeQ:a<,x<,bon[-rT]}

Proof. We prove that {a,} and {b,} are uniformly equicontinuous in C([—r, T], (E%,)™).
In consequence, there exist convergent subsequences {an;} — p, {bn;} — 7 in
C([—=r,T], (E%)™), hence, by monotonicity {a,} — p, {bn} — vin C([—r, T], (E4)"),
that is, {a,} — p, {bp} — v in Q. In order to apply given in Lemma 3.5, we have
to prove that {a,}, {b,} are equicontinuous in C([—r,T], (E%)"). Indeed, for each
n € N, using the integral representation of a,, in [—r, T, we obtain

an(t) S(t)an(0)+/0t S(ts)F(s,(an_l)s(s),/Os q(s, T, (an_l)T(T))dT)ds

+ Z tftk Ik an l(tk))’ te [OaT]a

O<trp<t

an(t) = ¢(t)7 le [_Ta 0]

The set {{a,} : n € N} is uniformly equicontinuous in the variable ¢, a. For
t+ 6 € [—r0], then for o, 8 € [0,1], given € > 0 there exists §; > 0 such that
‘Oé — B| < 51,

({1 [ (o)) <
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By hypotheses (F5)-(F7), for t + 6 € [0,7], then for a, 8 € [0,1], given € > 0
there exist ds, d3,d4 > 0 such that |a — 8] < min{ds, d3,04},

dr ([(an)e(@))", [(@n)e(0))")
= do([S(t+0)6(0)

+/Ot+9 S(t+0—)F (s, (anfl)s(ab)v/os (5,7, @n-1)+(8))dr ) ds

+ Z S(t+07tk)lk((an71)(tk))i| )

0<ty <t40

[S(t+9)¢(0)
- /Otw S(t+0 = 9)F (5, @n-1)+(9), / (5,7, (@n-1)+(8))dr ) ds
+ S(t+9ftk)fk((an—l)(tk))r)

0<ty <t+60

< di ([S(t+ 0)8(0)]", [S(t + )(0))°)
[T ([0 0- 98 (5. @)@, [ a7 Gos)eo1ir)]

0

[S(t +O— s)F(s, (@n-1)s(9), /0 q(s, 7, (5n71)f(¢))d7>r)ds
war(| Y st+o- tk)Ik((anA)(tk))r’

0<ty <t+6

[ Z S(t+60-— tk)lk((an_l)(tk))} B)

0<ty <t+6

< cdz ([0, [6(0)]° )

+c/0t+0 dL([F(s7 (anfl)s(d’)v/os q(s, 7, (anfl)T(¢))dT)]a7
[F(s, (@n—1)s(0), /OS q(s, T, (anfl)-r(qs))dT)]ﬁ)ds

ved([ Y l@e)] [ Y nlen@)])

0<ty<t+0 0<ty <t+0
t+6 s
€ € € €
<c— — ——d )d —.
_630+C/0 (6cT+/0 6¢csT T s+c3c
Hi ((an)e, (an): )

= sup DL((an)t7(an)t>
6e[—r,0]
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= swp - supdi([(@)i(@))", [(@):(0))

9e[—r,0] 0<a,B<1
t+0 s
13 13
< £ £ dr)d
selang] (CSC C/O (6CT +/0 GesT T) steg. )

T s
e g
< £ dr)ds + c—
C3c+c/0 <60T+/0 GesT T) S+03c

Thus the set {{a,} : n € N} is uniformly equicontinuous in the variable « € [0, 1].
And for k=1,2,--- ,m,
di ([(@)( @)1, [(@n)i-v (6))")
= i ([$(+0)6(0)

t+0 s
+/0 S(t +6— S)F(S7 (anfl)s((b)a/o Q(S? T, (an,1)7—<(/b))d7) ds
+ Z S(t+0*tk)Ik((an—l)(tk))}aa

0<tr<t+6

[S(t — ¢ +0)¢(0)

+ /OHIH St—t' +0— s)F(& (@n-1)s—s (), /s q(s, 7, (anfl)fff’(“ﬁ))‘”) ds

0

> Sttt — )] )

0< (t—t/ ) <t—t'+0

<ol [ [s6+0-0r (e o). [[sen o)) i

0

t—t'+6 s a
/O [S(t—t/-l-ﬂ—s)F(s,(anfl)s—s/(‘ls)y/O a(s, 7. (@n-1)r—r (¢))dr ) | ds)
wdi ([ Y0 S0 -t hl(an)t)]

0<tp<t+0

S St 0 — L) - w)]°)

0<(t—t" ) <t—t'+6

gchdL( /O He[an s (0)]%ds, /O H/w[(an 1)s— (aﬁ)}“ds)

t+0 t—t'+0
—|—ck:de( [(an-1) “des/ / [(an-1) O‘des

0
tedd, ([(an—1)(t0))". @) (¢ = ))" )
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Then by hypotheses (F1)-(F3), provided we take ¢t > ' > 0, then we have

Hy ((@n)e: (an)i-r)
= sup D ((an)e(6), (an)e-v(9))

oc[—r,0]

= supsup g ([(an)i(6)]", [(an)o—r (9)]°)

0c[—r,0] 0<a<1

<ch sup sup dL(/0t+0[(an1)s(¢)}“ds, /Ot_t,+9[(an1)ss'(¢)]“ds)

0e[—r,0] 0<a<l

t+6 s
sty sp s du( [ [ an)n @) aras

e[—r,0] 0<a<l
t—t'+0 s
| [ anso)earas)
0 0

ted sup sup dy ([(an-1) (0% [(an-1) (= )]°)
6ec[—r,0] 0<a<l

<ch swp Dy / Y n)e(B)ds, /O T e (6)ds)

0€[—r,0]

t+6 t—t'+0
—|—ck;p bup DL / / an—1) des/ / Ap—1)r—r )deS)
[—7,0]

ted sup DL(<an,1><tk>7<an71)<<t—t>k)
oc[—r,0]

< chT sup DL((an_l)t((b),(an—l)t—t'(¢))

oe[—r,0]

+ckpT?  sup DL((an—l)t(¢)7(an—l)t—t’(¢))
oc[—r,0]

+cd  sup DL((anfl)Otk)z(anfl)((t_t/)k)
oe[—r,0]

c(d + hT + kpT?) H, ((an_l)t(qb), (an—l)t—t/(¢))'

Hence Hy((an)t(¢), (an)i—w(¢)) — 0 as t' — 0 the set {{a,,} : n € N} is uniformly
equicontinuous in the variable t € [—r, T']. The case of equicontinuity from the right
is similar.

In consequence, {{a,} : n € N} is uniformly equicontinuous in the variable

€ [0,1], t € [—r,T]. This proves that {{a,} : n € N} is uniformly equicontin-
uous in C([—r,T],(E%)™)). And proceeding similarly, and also for {b,}. Hence
{an},{bn} € B. Next, we have to prove that p,~ are solutions to (2). To check
that p is a solution to (2), we prove that
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pe(9) = 5(t)$(0)
+/0 S(t—s)F(s,ﬁsw%/o Q(SaTvﬁT(qs))dT)ds

+ > St —t)I(p(tr)), t € [0,7],

0<t), <t
p(t) = ¢(t), t € [-r,0],
and p is a solution to (2). The previous problem have solution since p € €, and
a <, a, <, bon Q, for every n, hence, a <,, p <, bon Q. For k=1,2,--- ,m,
we prove that the limit of the following expression is zero as n tends to +oo.

di ([t (@)" [p1(6))")
= d.([S(t+0)6(0)
[ 5 0= 9 (5 G0 [ o @0 )i
+ Y S+ - (a0

0<tp<t+6
[S(t+0)(0)
+f S +0- 9P (55400, / " qs,7, 7 (9))dr ) ds
+ Y S+ 0- L))
0<trp<t+6

<o [ an (w001 0" )as
t+6 s
A R (AR e

eddy, ([(an—1) )] [p(t)]°)-

Hence

Hi((an)ep) = sw D ((an)u(0),m(6))

oe[—r,0]

= s sup_dy([(an)s(6))", [pi(0))")

oe[—r,0] 0<a<l

<eh s s [ dy (@O

0c[—r,0] 0<a<l
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vetp s sy [ [ () 0 o (01 s

0c[—r,0] 0<a<l

+cd sup  sup dL([(anq)(tk)]%[P(tk)]a)
0€[—r,0] 0<a<l

< chT sup DL((an—l)t(¢)apt(¢))

oe[—r,0]

+ckpT? sup Dy, ((anfl)t((b)v Pt(¢))
oe[—r,0]

+cd  sup DL((an—l)t(d))yp(tk)>
oe[—r,0]

< (d+ T+ kpT) H ((an-1)1. 1)

Therefore Hy((an)t, pt) — 0 as n — +o0.

Using that I and F' are continuous convergence of a,_; towards p, we obtain
that p is a solution to (2). For function v, we follow a similar procedure. Finally,
if 2 is a solution to (2) such that a <, <, b, using that A is nondecreasing, we
obtain

ap =A"a <, A"r =2 <,, A"b=b,,

then, by Lemma 3.4,
P <nx<p7.

In conclusion, x exists between p and 7. (]

4. Example

We consider the following two one-dimensional impulsive delay fuzzy integrodif-
ferential equations

dwit) _ z‘(t, (M)t»fot ai(t, s, (xi)S)dS>’ e
¢i(t), t € J,
= Lo(wi(ty)), t#ty, k=1,2,---,m, i=1,2, (5)

?T‘+\—/
I

where T > 0,J = [0,7], 0 < t; < -+ < ty, < tyy1 = T, EY,i = 1,2, is the set
of all upper semi-continuously convex fuzzy numbers on R with E%, # E?v (i #7),
fi:Jx By x By — E% and ¢; : J x J x E§, — E% are regular continuous fuzzy
function, (z;); = z;(t +0), 0 € [-r,0]. ¢; € C([-7,0], EY) is initial function and
I, € C(EY, EY) are bounded functions.
Let for 1 =1, 2,
t _ t
5i(t (xi)t,/ Gt s, (w:),)ds) = 20(z:)? +/ (t — s)(xs)ods, t € [0,T].

0 0

For a positive constant M, let

= M ()¢ + 2t(z;)? +/0 (t — 8)(2i)sds — M(z;)s.
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Put
F (t, (xi)t,/ot a(t, s, (mi)s)ds) = 3t(a)? + /Ot(t — ) (1) sds — M(i)e,

zi(t) = ¢i(t), i=1,2, te|-r0,

Azi(ty) = @i(t]) — 2i(ty)
is impulsive effect at t =t (k =1,2,--- ,m). Let

F(t,zt,/ot q(t,s,zs)ds)

= (B (@ [ @ltos, @00)ds), B (1 w2 / a(t5,(22).)ds)

0
- (§t(m1)? + /Ot(t — ) (x1)2ds — M (1), 2t(x2); + /Ot(t — 5)(z2)2ds — M(mz)t),
(

Az(tr) = (Azi(te), Aza(te)), tF#te, k=1,2,--- ,m,
Le(z(te)) = (Te(z1(tk)), In(z2(tk)))

v)
t:) - 1(t,:),1,‘2(t:) 7$2(t;)), t 75 Lk, k= 1,2,---,m.

We consider the following equations

{ da;lgt) = Mz(t) +F(t,:ct7f0t q(t,s,xs)ds), t e 0,7,

z(t) = o(t), t € [-r,0],
e(t) = Iu(x(ty)), t#th, k=1,2,---,m. (6)

The a-level set of fuzzy numbers are the following:
0 =[a—1,1—a], [2]* =[a+1,3—a] for all & € [0,1], M = 1. Then a-level
set of F(t,@, fot q(t, s,fs)ds) is

F(t.7, tq(t,s,fs)ds :
0

= [z + [ (¢ s)(wa)uds - (o))

[}

«

x[2t(@2)? +/0 (t = 8)(w2)ods — (w2),]
= (@7 e + [ =9l gods = (@)
x (1217 - tl(z=)2)" + / (t = 5)[(w2)s]ds — [(z2):]°)
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2 2 ¢
— (o 13— a @ @5+ [ (6= )@t @).dds (@) (25,)1)
0
t
X ([Ol + 17 3— OZ} : t[(mgl)t27 (‘T%r)?] + / (t - 8)[(%‘31)57 (wg'r)s]ds - [(xgl)tz (x%'r)t])
0
t
— [t Ve + [ (= 9)aids - @5
0
t
(3 — a)t(zf,)? +/ (t = 8)(@)ods — (2,):]
0
t
X [(a + 1)t(x3); + / (t — s)(x5))sds — (x5))s,
0

(3= at(a3 )i+ [ (6= 9)a5ds — 050
Further, we have
an([F(t [ attszas)]" [F (e |

2 t
:dL(H([(a+1)t(x3)§+/o (t = s)(25)sds — (x5)s,

=1

t

o0,5,3005)] )

B=ata)+ [ (1= s)(ah)ds = @]
(o et + [ (6= 5)(0i)eds = i)

(3 - )t} + / (¢ - ) u8)uds - 451]))

<t max (@ + DI(R)? - @3 3 - )5 - WE3)

+/O (t—s) g?éﬂ(zfi)s = (i)l [(@3.)s — (yir)s|hds
+ 1%11??2“(%3% — (Wa)el, [(@5)e — (yi)el s
<T@B-a) &lfgzﬂ(ffﬁ)t = (i)ell(@)e + (i)l
(@5 )e — (i)l [(25)e + (i) el

2
(5 1) s (16— G 5 — )

1<i<2

< 3T[(x5 ) + (ir)eldr ([z]”, [ye] ™) + (T? + 1)dL([3?t]aa [y:]*)
= hdr([z:]®, [ye)™) + kdr([2:]%, [y]Y),

where h and k satisfy the hypothesis (F1). Since Ij is a bounded function, we
know that the hypothesis (F2) holds. Choose T such that 7' < (1 — ¢d)/ch. Then
all conditions stated in Theorem 3.3 are satisfied, so the equations (6) have a
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unique fuzzy solution. Since ¢ is a continuous function on [—r, T, hypothesis (F5)
satisfied. Next, we show that the hypothesis (F6) satisfies. For «, € [0, 1] and
given € = 3%T53 > 0, there exist

€

T riE o i B )
such that
o= Bl < b, dumn]" [wn]f) < <,
then
an([F(tn [ atsz0as)] " [F (5 [ ats.m00s)])

2

= dy (TL ([t + et + | (= ) ads — )

=1

— a)t(z)? t—sxqss—mqt,
3=+ [ (= 9)a)ds— @]
3+ el + [ = 9)ah)uds — ()

0

(8 = B)t()i + / (¢ 9)al)ds - (@)]))

< ¢ max {|(a+ 1)(2f); - (5 + D@71 13 = @)(@5,)f = 3 = B) (5 )71}

+ [ (=9 a1 — @H)L w8, = @) lhs

1<i<

+ poax (5o = ()l [(@6) = (@h i}

< 37 max {|(«5)e — (@)ell(@)e + (@)l [(@5)e = (@5)ell(@5)e + (25}

2
*(T? +1) mmax (1) = @i)el, 1(w6)e = (@5 )el}

2
< 8T\ + @l )eldn (o], [20%) + (G +1)defwd®, [2]?)
2

= (371 + @il + o +1)di (2, [2:]?)

N T2 1
(3715 )e + @0)el + 5 +1) 505

IN

<

3cT

Then all conditions stated in Theorem 3.7 are satisfied, so the problem (5) has a
unique extremal solution.

<
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