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Abstract

This study investigated the impact of fuzzy nanoparticle volume fraction on the heat transport of ternary hybrid
nanofluid (THNF) over a moving wedge, considering factors such as magnetic field, thermal radiation, and shape factor.
The governing nonlinear coupled partial differential equations are transformed into ordinary differential equations using
a suitable similarity transformation. The reformulated ordinary differential equations are then converted into fuzzy
differential equations by utilizing the a-cut technique. The shooting method is employed to perform a numerical
simulation via MATLAB. The present study reveals that the THNF exhibits a significantly enhanced heat transfer rate
approximately 36.29% higher than the hybrid nanofluid, 59.30% higher than the nanofluid, and 69.87% higher than the
base fluid. The volume fraction of nanoparticles in THNF may vary due to factors like inconsistencies during synthesis,
particle aggregation, and dispersion stability, leading to uncertainty in predicting fluid behavior. To address this
uncertainty, a fuzzy logic approach is employed. In the present study, triangular and trapezoidal fuzzy numbers are used
to represent the nanoparticle volume fraction in THNF. By employing the technique in conjunction with the associated
membership functions, the impact of these fuzzy parameters on different shape factors is systematically analyzed. The
findings reveal that the blade-shaped nanoparticle exhibits higher heat transport than the other nanoparticle shapes.

Keywords: Magnetohydrodynamic, ternary hybrid nanofluid, shape effect, thermal radiation, triangular fuzzy number,
trapezoidal fuzzy number.

1 Introduction

Improving heat transfer is crucial in various engineering applications, such as cooling systems, energy production, elec-
tronics, and renewable energy technologies. Nanofluid (NF) for enhancing thermal properties by adding nanoparticles
into base fluid (BF) like water, ethylene glycol, and oils. The idea of improving thermal conductivity by adding solid
particles to fluid was first proposed by Maxwell [25] in 1873. However, challenges like sedimentation, clogging, and
erosion in flow channels emerged. In response, Masuda et al. [24] demonstrated that dispersing nanoparticles in a
BF can enhance both the thermal conductivity and viscosity of liquids. Later, Choi and Eastman [9] expanded on
Maxwell’s model in 1995 by using nanometer-sized particles with larger surface area, which improved heat transport
and suspension stability. They also noted that nanoparticles can flow smoothly through small channels without causing
blockages. Numerous studies [7], 22, [3T] have since confirmed that nanofluids exhibit better thermal conductivity than
base fluid.

The next progression in this field is the development of hybrid nanofluids (HNF), which combines two or more types
of nanoparticles to optimize both thermal conductivity and rheological properties, leading to even better heat transfer
performance compared to BF. Alqahtani et al. [4] explored the Falkner-Skan flow of HNF over a moving wedge under
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convective boundary conditions. They applied a modified Buongiorno model to analyze ethylene glycol-water with
molybdenum disulfide and silver nanoparticles considering joule heating, Lorentz force and radiation. Zainal et al. [37]
investigated the impact of heat absorption, magnetic field, and suction effect on steady magnetohydrodynamic (MHD)
flow in (Al O3 + Cu/H5 O) over permeable stretching/shrinking wedge using bvpdc MATLAB solver. Choudhary et al.
[11I] examined the heat transfer behavior of (Ti0O2 + CuO / H,O) HNF flows past a moving wedge under the effects of
magnetic field, thermal radiation, and a porous medium. They utilized a mass-based model to analyze their results.
The heat and mass transport behavior of MHD HNF flow between two interconnected sheets under a magnetic field,
viscosity, thermophoresis, and Brownian motion was done by Jalili et al. [I8]. Rao et al. [30] investigated two dimen-
sional (2-D) MHD flow of (Al303 + Ag / H> O) with first order boundary slip conditions over a porous stretching sheet.
They solved using the Keller-Box numerical method.

To further optimize the thermal enhancement, THNF blends three different nano-sized particles in a base fluid.
Varatharaj et al. [34] focused on optimizing heat transfer in Casson THNF (Al; O3 + Ag + TiO2 / H> O) on a stretched
surface with slip effect and thermal radiation. They solved numerically combined Runge -Kutta and Keller-Box meth-
ods. Raji et al. [28] investigated the boundary layer flow over a porous wedge for THNF under the influence of a
constant transverse magnetic field and heat radiation. Shanmugapriya et al. [33] explored the heat transport enhance-
ment of THNF(Cu+ Aly O3+ MWCNT / Hy O) of different nanoparticle shapes through a magnetized stretching curved
surface with thermal radiation effects. Some researchers [3| [14] have studied the THNF over a wedge.

In the modeling and solution of differential equations (DEs), various physical complexities such as geometrical
configurations, variable coefficients, system parameters, and boundary conditions are critical. However, in practical
scenarios, these factors are subject to uncertainties arising from measurement inaccuracies, experimental errors, and
mechanical imperfections. This is where fuzzy set theory (FST) comes in. It allows us to deal with these uncertainties
in a way that classical methods can’t. While traditional models assume everything is exact and clear-cut, fuzzy sets
recognize that things are so simple. Instead of saying something either fully belongs or doesn’t belong to a set, fuzzy
sets let us describe degrees of membership, making it easier to work with uncertainties. This flexibility is useful when
we use fuzzy differential equations (FDE’s), which helps in controlling fuzziness. The idea behind fuzzy sets was first
introduced by Lotfi Zadeh [36] in 1965, and later expanded by Chang and Zadeh [10] with fuzzy numbers, followed by
generalizations by Dubois and Prade [13]. Several studied have included fuzzy logic into nanofluids analyses. Al-Saedi
et al. [5] investigated Jeffery-hamel flow by adding nanoparticles into the base fluid and treated volume fraction as
an uncertain parameter. Their study introduces the Homotopy Analysis Method (HAM) for analyzing fuzzy velocity
profiles. The impact of thermal radiation on the micropolar hybrid nanofluid flow between porous channel walls are
examined by Kumar et al. [23]. They explored the uncertain effects on fuzzy velocity, microrotation and temperature
profiles. Ayub et al. [6] studied the fluid flow in a vertical duct under uncertain conditions on cross hybrid nanofluid.
They found that the effects of magnetic field, viscosity and nanoparticle volume fraction influence flow behavior and
thermal characteristics. Shanmugapriya et al. [32] analyzed casson hybrid nanofluid over a moving wedge with chemical
reactions under a fuzzy environment. Their results showed that hybrid nanofluids improve heat transfer compared to
single nanofluids. Zulquarnain et al. [39] studied tri-hybrid Maxwell nanofluid flow a Riga wedge using fuzzy volume
fractions. They analyzed the effects of porosity, nonlinear convection, and triangular fuzzy numbers on velocity and
temperature distributions. Deepa et al. [12] examined blood-based Sisko ternary hybrid nanofluid flow over a stretching
cylinder, using fuzzy triangular numbers to model nanoparticle volume fraction. It highlights the effect of magnetic
field, cylinder curvature and chemical reactions in velocity, temperature and concentration profiles.

These investigations highlight the usefulness of fuzzy logic in modelling the uncertain nanoparticle volume fraction.
However, these existing studies are restricted to channel flow, plane, vertical duct, wedge and Riga wedge flows. These
works mostly deal with nanofluid or hybrid nanofluid with non-Newtonian fluid and do not consider ternary hybrid
nanofluid in wedge flow. Even though fuzzy logic has been used before, to our knowledge, no study applies triangular
and trapezoidal fuzzy numbers to ternary hybrid nanofluid over a wedge geometry. This gap creates the need for the
present work.

1.1 Motivation

In this study, authors have focused on the impact of nanoparticle shapes on THNF, which consists of three different
nanoparticle Cu, Als O3, and MWCNT dispersed in base fluid Hy O. Research in this area can lead to improved thermal
management systems and lead to new advancements in nanofluid based technologies. However, a thorough review of
existing studies reveals a significant gap: no research has yet explored the behavior of THNF over a wedge in a fuzzy
environment.
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1.2 Objective

The authors of the present study examine the flow behavior of THNF over a wedge, considering key factors such
as MHD and thermal radiation. A physical fluid flow model is developed, and through an appropriate similarity
transformation, the partial differential equations (PDEs) are converted into a system of ordinary differential equations
(ODEs). To handle uncertainties, FDE’s are formulated using a-cut, triangular and trapezoidal fuzzy numbers. The
shooting method in MATLAB is employed to solve the FDE’s and the effects of the key parameters are visualized as
3-D plots.

1.3 Novelty

The novelty of the present work is

e The effects of magnetized THNF with different nanoparticle shapes over a moving wedge in a fuzzy environment

have not been explored in previous research.
e In this study, the nanoparticle volume fraction for THNF are represented using triangular and trapezoidal fuzzy

number, with the help of a-cut.
e A comparison of the effects between various nanoparticle shapes is made using fuzzy membership functions.

2 Basic definitions

This section introduces fundamental definitions and notations related to fuzzy systems, which will be utilized in subse-
quent computations.

Definition 1. [36] Let X denote a universe of discourse and & be any element of X. The Fuzzy set (Fye;) F on X
is defined as a set of ordered pairs, 7 = {(&, M#(Z)) | £ € X} where Mz(&) : X — [0,1] is called the membership
function.

Definition 2. [36] For a F.; F defined on a universe X, the a-cut of F, denoted by F, is: F, = {z e X | Mx(7) > at,
where « € [0, 1].

Definition 3. [27] A F.: F on R is said to be a Fuzzy number (Frumper) if the following conditions are satisfied.
. ]E" is a convex fuzzy set, i.e.,uz(AZ1 + (1 — A\)&2) > min{puz(#1), pz(Z2)}, for all #1,32 € R and A € [0,1].
e F is normalized, i.e., there exists &y € R such that Mz(Zo) =1 (here, & is the mean value of F).
o Mz (&) is piecewise continuous.
e The support of F, i.e., supp(F), must be bounded.

Definition 4. [27] A Triangular Fuzzy Number (TriF,umper) is represented by three real parameters F = {i1,12,13},
where i; < iy < 3. It defines a F,.; on the real line R with the membership function (M 3z(Z)) given by

I if < < iy,

ig—ll ?
) ia—7 p . . .
M]-'(‘T) - i;,iQa if 19 <& < 13, (1)
0, otherwise.
B(¥; a) (% o)
-1 -1 ﬁl(jfi 0)
L T,(%; 0)
1, @) 405 05+
. P
I~1 ¥y (F: 1)=02(: 1)
= &
- R
R
JQ:_Q)
& 7,(%; 0) U(X; a) = 7y (X; a)=05(%; )
X } } X
1 0 0 - 1
a-cut v(¥; a)

Figure 1: Membership function of TriF,,mper
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Here, i1, 75 and i3 denotes the lower limit, the modal value, and the upper limit of the F,,,mper, respectively, and, it
is illustrated in Figure

Definition 5. [27] A Trapezoidal Fuzzy Number ( TrapFpumper) denoted by F is defined as {iy, is, 3,44} where i; <
io <13 < i4. It represents a Fye; on R with the Mz (&) defined as

0, T <1

T—1 .

- —, 11 < T <12

2 — 101

Mxz(z) =11, 12 <& <3 (2)

g — & B

- —, 13 < T <1y

14 — 13

0, T > iq

Here, i1 and i3 denote the lower and upper bounds, respectively, while the interval [is, i4] represents the region where
the membership value is equal to 1 and, it is illustrated in Figure

Figure 2: Membership function of TrapFumper
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Definition 6. [32] Let I be a real interval. A function @ : I — F is called a Fuzzy process (Fprocess), denoted as v(Z; ).
It is defined by o(&;a) = [i§,i], & € I, a € [0,1]. The derivative of a Fpyocess 0(&; ) with respect to #, denoted by
do(@a) _ [di‘f‘ dig‘} )

do(z;o) - .
—5i s also a Fs and is defined as o T e

Definition 7. [32] Let I C R and © be a fuzzy-valued function on 1. Let o(#; ) = [if, 4] for all a-cuts. Assume that
1§ and i§ have continuous derivatives and are differentiable for all & € I and a € [0,1]. Then, the derivative of the

fuzzy-valued function is defined as [%} = [Cfg , ng } . Similarly, higher-order derivatives can be defined in the
«

same manner. A F,.per represented as an ordered pair of functions [%] satisfies the following conditions:
«

di&
i

o
dig

i. and T

are continuous in [0, 1].

i . . .

ii. S is an increasing function on [0, 1].
X

dig

dz

iii. is a decreasing function on [0, 1].

dig _ di§
T S @

iv. on [0,1].

3 Mathematical formulation

An incompressible 2-D steady MHD flow of a THNF over a moving wedge is considered. The study incorporates for
the combined effects of thermal radiation and nanoparticle shape factor on heat transfer performance, as illustrated
in the Figure [3| The flow field is described by the velocity components (u,v) in the z and y directions, respectively.
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The velocity of the stretching wedge is defined as w.,,(x) = U,z™, while the external free stream velocity is given by
Ue(x) = Usoz™. The parameter m = 3/(2 — 3) corresponds to the Hartree pressure gradient. A uniform magnetic
field By is applied along the z-axis direction, influencing the electrically conducting THNF. The wall temperature T, is
assumed to be higher than the ambient fluid temperature T, resulting in heat transfer from the surface into the fluid.
To account for thermal radiation effects, the Rosseland approximation is adopted, which is appropriate for optically
thick media. According to this approximation, the radiative heat flux ¢, is given by:

40t oT?
I = "3 oy’

where ¢* is the Stefan-Boltzmann constant, k* is the mean absorption coefficient, and T represents the local fluid
temperature within the boundary layer. To linearize the nonlinear term T*, a Taylor series expansion is carried out
about the ambient temperature T,,. By neglecting higher-order terms, the expression is simplified to obtain:

T ~ 4T3 T - 3TL.
Substituting this approximation into the radiative heat flux expression yields:

160*T3

= =7,
¢ ke

©OF e N

Sphere Brick Cylinder Platelet Blade

Nanoparticle Shapes
Base Fluid

(Cu + Ala03 + MWCNT/H,0) - . -

Ternary Hybrid Nanofluid R TR
Mixture o5 A

Figure 3: Schematic flow diagram

3.1 Governing equations

The fundamental governing equations describing the flow and heat transport behavior of this THNF are based on the
formulation introduced by Mishra et al. [26] and Amar et al. [2].

Uy + vy =0, (3)
due | UTHNF oprB?
Uy + VUy = Ue + Uyy + Ue — U), 4
Y dr PTHNF v PTHNF( ) @
k 1 Jq,
Ty + 0T, = — TN 1 (5)

(pcp)THNF v (PCp)THNF Gy'

The imposed boundary constraints are

u=uy(x) =Upz™, v=0, T=T, aty=0,
=ue(x) =Usz™, T =T as y — o0.
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Table 1: Physicochemical traits of Base fluid and Nanoparticles [I5, [19]

Properties H,O Cu AlzO3 MWCNT

C, (J/kgK) 4179 385 765 796
k(W/mK) 0613 400 40 3000
p (kg/m3)  997.1 8933 3970 1600

3.2 Special features of THNF (Cu + AlsO3 + MWCNT | HyO)

The physicochemical properties of the THNF are summarized in Table while their corresponding mathematical
formulations are provided in Eq. @ [T, 20].

The thermophysical properties of THNF are given by

HWTHNF = usr(l — vcu) (1 — va,0,) 21 — euwent) >°

PTHNF = (1= pcu){(1 = va1,0,)[(1 — epywenT)PBF + PMWENTPMWONT)

krunr = KunF - (k‘cu + (n = Dknnr — (n — Docu(kunr — kcu)>
kow + (n — Dkuanre + pou(kane — kow)
- ~ ep <kA1203 + (n—1Dknr — (n— 1)pao, (kne — kAz203)> .
k05 + (0 — 1)knr + ©A1,04 (e — ka1,05)

e — kpp - <kMWCNT + (n—1kpr — (n — L)omwent(ksr — kMWCNT))
kvwent + (n — Dksr + opwont (ke — kvwont)
(pCp)rane = (1 = wcu){(1 = ©a1,0:) [(1 — emwent) (pCp)BR
+ emwent(pCp) MwenT| + ©a1,0,(PCp) AL, 04 }
+ @cu(pCp)cu

The nanoparticle volume fractions of copper (Cu), aluminium oxide (Al2O3) and multi-walled carbon tube (MWCNT)
are denoted as @cu, val,0, and ywent respectively. The thermal conductivity of each nanoparticle is denoted by
kcu, kai,04, kvwonT and kpr for the base fluid. The thermal conductivity of HNF and NF is represented by kunr
and knp respectively. The density of each nanoparticle is denoted by pcw, pai,o0s, ppywenT and ppr for the base
fluid. Similarly, the volumetric heat capacity of each nanoparticle is denoted by (pCp)cw, (0Cp) a1,04: (PCp) MwenNT
and (pCp)pr for the base fluid.

Here, prunr, pTuNF, krane, and (pCp)Tune represent the dynamic viscosity, density, thermal conductivity, and
volumetric heat capacity of the ternary hybrid nanofluid, respectively. The shape factor (n) represents the influence of
nanoparticle geometry on the nanofluid’s flow, their impact on thermal conductivity and heat transfer. The different
shapes of nanoparticle conduct heat and interact with the fluid in distinct ways. Here n = 3,3.6,4.9,5.7 and 8.6
represents sphere, brick, cylinder, platelet and blade shaped nanoparticle.

3.3 Expressing the governing equation in dimensionless form

The physical model is simplified using the following similarity transformations, as adopted in the studies by Jabeen et
al. [I7] and Zeeshan et al. [38]. The similarity variable ¢ and stream function ¢ are defined as:

. b 00 =g ®)

_Tw_Too

¢ o 219]3FUooxm+1
N m+1

1/2 m vz _
] Ji(e} C_[(JFDUDO} T2 I'— T

Using the similarity transformations, the velocity components v and v are expressed as:

U= Z—Zj = Uxz™ f'(¢), 9)
m xmfl 1/2 m —
o e I GRRs-==] (10)

Substituting the above similarity transformations into the governing equations (Egs. , and ) and applying
the boundary layer approximations, the system of PDEs is reduced to a set of coupled nonlinear ODEs, as given in
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Eq. and .

2m 2
///_AA = 12_1_ 1" AM s 1_ /: 11
P s |22 - g A (S2 ) a- 1) =0 (1)

R PrAjg 4m
1+ — | — —_— 12
o () - Tae (- o) o 12

The employed boundary conditions are

f0)=0, f(0)=~, 60)=1, f'(c)=1, 6(x)=0. (13)
The non-dimensional parameters used in Egs. .7 are defined as follows: Magnetic parameter: M = pnggm,

160*T

160 To 8w (pCp)BE
3 ne

, Prandtl number: Pr = i
BF

Radiation parameter: R = , Moving wedge parameter: v = g—w And the

thermal parameters

2.5

A =1 —9cu) (1 — pano0,) (1 — omwent) 2%,

)"
A = 1 — SOCu)
Az = (1= pcu){(1 = 0a1,0,) [(1 — erwent) (pCp)BF + erwent (PCop) MwenT| + ©a1,05(PCp) A,04 }»
+ SDC'u(PC )Cu7
kTHNF
Ay = ———.
* kpr

{ — P A1,05) [(1 — OMWCNT)PBF + SDMWCNTPMWCNT] + SDA1203PA1203} + ©cupcu,

3.4 Important quantities of engineering interest

In the context of THNF flow and heat transfer, the skin friction factor (Sf,) and the Nusselt number (Nu,,) are critical
parameters. The expressions for these quantities are expressed as follows [17] :

2Tw Lqw
Sfr = , Nuy=——F7—, 14
f pBrUZ2 kpr(Tw — Two) (14)
where; 7, and ¢, stand for wall shear stress and the heat flux, respectively.
Ju oT 160*TS 0T
Tw = MTHNF -| » Guw = — |KkTHNF o~ . 15
dy y=0 Y [ 0y y=0 R ay y=0 (15)

Using the similarity transformations and temperature relation (Eq. ) along with the velocity component u (Eq. @D)
into the wall quantity definitions (Eq. ), the expressions are transformed into the dimensionless forms given below.

3m ” Uso (m+1)
sf 2prane T f(0) 2or (16)
PBF U020 x2m
ktane /m+1 R Ugoxmtl ,
Nu, = ————/— |1+ — —— 6(0). 17
" kpr 2 ( - A4> UBF (©) (1)
After simplification and by introducing the local Reynolds number Re, = % the expression can be written in the
following non-dimensional form:
1 m+1
Sf.Rel® = \/ 2£(0). (18)
g (1= pcu)22(1 = pa,0,)"25(1 — puwent) 25 2 70

_ k m+1 R
N 05 _ _ MTHNE JTPT 2 (4 22 ) gr (). 19
uzRe; [ 1/ 5 + A, 6'(0) (19)



82 B. Amudha, M. Shanmugapriya, R. Sundareswaran, Said Broumi

4 Solution methodology

In the present study, a numerical approach is employed to solve the nonlinear boundary value problem (BVP) arising
from the governing equations. Such problems are generally difficult to handle analytically due to their nonlinear and
coupled nature. Therefore, an efficient numerical technique is required to obtain accurate solutions.

The shooting method converts the BVP into an initial value problem (IVP). In this approach, the unknown boundary
conditions at the initial point are estimated and iteratively refined so that the boundary conditions at infinity are
satisfied. A Newton-Raphson iteration scheme is used to update the guessed values and ensure convergence of the
solutions. To apply the shooting method, the system of equations are reduced to a set of first-order ODEs using
variable substitutions as follows: f =1y, f/'=1ls, [f'=l3, 6=1, 0 =Is.

Using the above transformations, the governing equations from Eq. to Eq. are reduced to coupled system of
first-order differential equations, as presented in Eq. and .

2m 2
b=y [ 2@ ) —zlzg] Y (m+1) (1-1), (20)
Pr As [ 4m
Il = L8 loly — lyl5] . 21
ST 1+ R/A, Ay {m+124 15] (21)

The corresponding boundary conditions are expressed as:

ll(O) = 07 lg O) =7, l3(0) = aq, l4(0) = 1, l5(0) = asz, (22)

la(00) =1, l4(o0) = 0.
Here, a; and as represent the unknown initial conditions that must be determined. The unknown initial guesses a; and
ag are iteratively adjusted using the Newton-Raphson method. For each set of guessed values, the system of differential
equations is integrated numerically over the domain 0 < ¢ < (. The computed values at (., are the compared with
the prescribed boundary conditions. The iteration process continues until the maximum error between computed and
required boundary conditions is less than 107, ensuring convergence.

Pseudo Code: Shooting method

Step 1: Define parameters and domain ¢ € [0, (o]

Step 2: Convert governing equations into first-order ordinary differential equations.
Step 3: Assign known boundary conditions and guess unknown initial values a; and as .
Step 4: Solve the ODE system numerically.

Step 5: Compute residual errors at { = (.

Step 6: Update guesses using Newton-Raphson method.

Step 7: Repeat Steps 4-6 until convergence max (| R;|) < 1076,

Step 8: Evaluate: Sf, =13(0), Nu, = —I5(0).

After achieving convergence, the physical quantities of interest are obtained from the wall derivatives as: Sf, = f/(0) =
13(0), Nuy = 6(0) = —15(0). These values are directly extracted from the numerical solution at ( = 0 and are used to
analyze the skin friction and heat transfer characteristics.

4.1 Validation

To verify the accuracy of our numerical solution, Tables 2| and [3| present the value of the skin friction factor (Sf,) and
Nusselt number (Nu,) for the base fluid (pcy = @ a1,0, = emwonT = 0) with the magnetic parameter M = 0, and for
various values of m. The slight deviations observed in the Homotopy Perturbation Method (HPM) results are due to
the inherent approximate nature of the perturbation series. However, the numerical shooting method shows excellent
agreement with existing results, confirming the accuracy of the present mathematical model.
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Table 2: Comparison of f”(0) at selected values of m when M = pcu = a0, = ¢mwent = 0 and Pr = 6.2.

m Yacob et al. [35] Ibrahim et al. [16] Chakraborty et Present Results Present Results

al. [§] Shooting HPM
0 0.4696 0.469600 0.469600 0.469600 0.458334
1/11 0.6550 0.654994 0.654993 0.654994 0.666666
1/5 0.8021 0.802125 0.802125 0.802125 0.875000
1/3 0.9277 0.927680 0.927680 0.927680 1.083333
1/2 1.0389 1.038900 1.038900 1.038900 1.291666
1 1.2326 1.232587 1.232587 1.232587 1.708333

Table 3: Comparison of 0'(0) at selected values of Pr when m = M = ¢y = ©a1,0, = ppwent = 0.

Pr  Khan and Pop [21] Raju et al. [29] Gopi Krishna and Present Results Present Results

Shanmugapriya Shooting HPM
[22]

0.72 0.4184 0.4181 0.4181 0.4184 0.4233
1 0.4696 0.4696 0.4696 0.4696 0.4583

2 0.5972 0.5972 0.5972 0.5972 0.5833
3 0.6860 0.6860 0.6860 0.6860 0.7083
6 0.8673 0.8673 0.8673 0.8673 1.0833
10 1.0297 1.0297 1.0297 1.0297 1.5833

4.2 Translating the crisp problem into a fuzzy problem through fuzzy differential equa-
tions

Even small variations in the volume fraction of the nanoparticle can influence the velocity and temperature in fluid flow
problems. In many studies, the volume fraction of nanoparticles is typically considered within the range of 0.01 to 0.04.
Since the fluid flow behavior depends on these specific crisp values, any uncertainty arising from fixing these values can
affect the results. Fuzzy logic helps to reduce this uncertainty by considering a range of possible values instead of just
one. So, when dealing with complex heat transfer problems, it is useful to treat the nanoparticle volume fractions as
Frumber- In this study, the volume fraction of nanoparticles is treated as TriF umper [0, 0.05, 0.1] and a TrapF,,,,.per
[0, 0.05, 0.1, 0.15], as shown in Table [4] To handle these Fpymper, the a-cut technique is used, which helps convert the
equations into fuzzy differential equations (FDEs).The converted FDEs are

P(Ga) = i (2GR ) - S ) )+ ar () - Fcan =0 @
e (144 ) - B | P i) - sG] =0 (o)

The boundary conditions are

f((aa) =0, f/(C»a) =
f(¢a)=1, 0(¢.a)=0
Here, the fuzzy velocity profile is f'(¢,a) = M( a), f(¢,
upper bound of the velocity profile. Similarly, (¢, ) = |8

0(C,a)=1 at (=0

as ( — 00 (25)

)], where f'((,a) is the lower bound and f(¢,«) is the
(¢, ), 6(¢, )] represents the fuzzy temperature profile.

Table 4: TriF pymper and TrapF e Values for fuzzy nanoparticle volume fraction

Fuzzy Number
PCus PAIO3) PMWCNT

Crisp Value
[0.01-0.04]

a-cut
[0.05a, 0.15 — 0.05¢/]

TriF umper a-cut TrapF
[0, 0.05, 0.1] [0.05c, 0.1 — 0.05¢/]

number

[0, 0.05, 0.1, 0.15]
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Here, a € [0, 1] denotes the level of membership in the a-cut representation. The TriF ,umper and TrapF defines

the uncertainty range of the nanoparticle volume fraction at different a-levels.

number

5 Results and discussion

In this section, graphical illustrations of dimensionless parameters, extracted from the numerically obtained solutions,
are utilized to examine the effects of various physical factors on the flow dynamics of the THNF via 3-D plots. For
the numerical simulation, the ranges for the control parameters were selected based on existing literatures [3], [IS],
m: 01<m<1, 1<M<3 05<R<2 072<Pr<10, 01<+v<0.7, 0.01<@cu, PaosPMwcNT <
0.15, 3 <n < 8.6. The dimensionless parameters are examined within a defined numerical interval so that the analysis
represents conditions commonly encountered in practical applications. These intervals are selected to achieve a balance
between physical realism and computational practicality. By using suitable parameter limits, the model can accurately
represent the behavior of the system while maintaining numerical stability and efficiency. Extremely large or small
parameter values may cause instability or divergence, leading to unreliable outcomes. Therefore, the chosen ranges
for the non-dimensional parameters are aligned with findings from previous experimental and theoretical studies to
ensure the validity and consistency of the results. The fixed values of the parameters are taken as: m = 0.5, M =
15, R=1 Pr=62  ~v=05 ©wcu=pano; = euwcnt = 0.05, n = 8.6. The 3D plots illustrate the
relationship between the parameters m, M, R, Pr, pcy, = @ai,0, = ¢mwent = 0 and the skin friction coefficient and
Nusselt number. Figure EI depicts the influence of the Hartree pressure gradient parameter (m) and magnetic field
parameter (M) on f”(0). It is observed that both m and M exhibit an increasing trend within the range 0.1 <m <1
and 1 < M < 2. As the velocity of the fluid particles increases, both m and M contribute to an upward trend in the
skin friction coefficient.

¢ THNF - THNF ¢ THNF —— THNF

1.2
0.9 2 13
1.4
0.85 1.4 4
g 1.5
=S
0.8 h 1.6
-1.8 17
0.75
1.8
Figure 4: Impact of m and M on f”(0). Figure 5: Impact of R and ¢ on 6(0).

Figure |5| displays the impact of the radiation parameter (R) and the total nanoparticle volume fraction (¢ =
©cu+©ai05 +rmwent) on the Nusselt number component 6(0), which shows an increasing trend. As both R and ¢
increase, 6(0) exhibits a higher rate of change, indicating their significant influence on thermal transport characteristics.
The influence of the Prandtl number (Pr) and nanoparticle volume fraction (¢) on ¢’(0) is illustrated in Figure[6] An
increasing trend in 6'(0) is observed with rising values of Pr and ¢, highlighting their impact on enhancing heat transfer
rates. Table[5] provides the numerical results for S f, and Nu,, corresponding to various flow parameters for the THNF,
specifically Cu + Al,O3 + MWCNT/H,O.
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Table 5: Impact of THNF and HNF Parameters on Sf, and Nu,

£ THNF

THNF

Figure 6: Behavior of f'(¢) aganist A

m M ¥ R Pr PCu  PAILO;  PMWCNT n THNF HNF
S fo Nug S fo Nug

0.1 0.7969 -1.0330 0.8410 -1.1783
0.3 0.8292 -1.2688 0.8745 -1.4474
0.5 0.8522 -1.4175 0.8983 -1.6173
0.7 0.8693 -1.5215 0.9161 -1.7361
1 0.7834 -1.4090 0.8240 -1.6072
1.5 0.8522 -1.4175 0.8983 -1.6173
2 0.9159 -1.4251 0.9670 -1.6261
2.5 0.9756 -1.4318 1.0313 -1.6339
0.1 1.4434 -1.1505 1.5257 -1.2987
0.3 1.1584 -1.2882 1.2227 -1.4630
0.5 0.8522 -1.4175 0.8983 -1.6173
0.7 0.5257 -1.5398 0.5535 -1.7629
0.5 0.8522 -1.5126 0.8983 -1.7605
1 0.8522 -1.4175 0.8983 -1.6173
1.5 0.8522 -1.3393 0.8983 -1.5056
2 0.8522 -1.2733 0.8983 -1.4154
0.72 0.8522 -0.5264 0.8983 -0.6009
1 0.8522 -0.6129 0.8983 -0.6995
6.2 0.8522 -1.4175 0.8983 -1.6173
10 0.8522 -1.7660 0.8983 -2.0155
0.01 0.8544 -1.5582 0.9002 -1.7610
0.05 0.8522 -1.4175 0.8983 -1.6173
0.1 0.8427 -1.2751 0.8886 -1.4672
0.15 0.8267 -1.1579 0.8719 -1.3405
0.01 0.8784 -1.5364 0.9261 -1.7482
0.05 0.8522 -1.4175 0.8983 -1.6173
0.1 0.8181 -1.2934 0.8621 -1.4785
0.15 0.7828 -1.1888 0.8244 -1.3601

0.01 0.8890 -1.5726 - -

0.05 0.8522 -1.4175 - -

0.1 0.8067 -1.2625 - -

0.15 0.7621 -1.1360 - -
3 0.8522 -1.7072 0.8983 -1.8093
4.9 0.8522 -1.5976 0.8983 -1.7374
5.7 0.8522 -1.5550 0.8983 -1.7094
8.6 0.8522 -1.4175 0.8983 -1.6173
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The values of Sf, and Nu, presented in Table [5] are obtained from the numerical solution of the governing equations
using the shooting method. Specifically, these quantities correspond to the wall derivatives f”(0) and —6’(0), respec-
tively. The variation in nanoparticle volume fractions @cu, 41,04, YmwonT influences the thermophysical properties
of the fluid and consequently modifies the velocity and temperature gradients at the wall. These changes are reflected
in the computed values of Sf, and Nu,.

Table 6: Energy transport rate of Cu + AloO3 + MWCNT / HyO

THNF(CU + Aly O3 HNF(CU, + Aly O3

7 +MWCNT / Hy0) /H,O0) Enhancement %
Nug Nug
0.01 -1.8441 -1.8901 2.434
0.03 -1.6185 -1.7488 7.451
0.05 -1.4175 -1.6173 12.35
0.07 -1.2433 -1.4961 16.9
0.1 -1.0282 -1.3333 22.88
0.13 -0.8596 -1.1916 27.86
0.15 -0.7678 -1.1076 30.68
0.17 -0.6893 -1.0311 33.15
0.2 -0.5917 -0.9287 36.29

Table [6] presents the enhancement in energy transport rate for Cu + AlsOs + MWCNT / HyO. The values are
taken when m = 0.5, M =15, R=1 Pr=62 ~v=05 ¢cu =940, =¢mwcnt = 0.05,n = 8.6. For
THNF, all nanoparticle volume fractions 0.01 < @cw, 9 a1,04, YrwenT < 0.2. The computed Nusselt numbers reveal
a significant enhancement in energy performance. It is observed that this THNF exhibits a 36.29% improvement in
energy transmission compared to the hybrid nanofluid, a 59.30% enhancement over the nanofluid, and a significant
69.87% improvement when compared to base fluid. The enhancement in heat transfer is attributed to the combined
effect of multiple nanoparticles, which improves the effective thermal conductivity and heat transfport capability of the
fluid. The percentage enhancement in energy transmission rate is evaluated using:

(Nug)Tane — (Nug)une
(Nug)unr

Enhancement (%) = x 100. (26)

To demonstrate the computation of the enhancement percentage, consider the case when (pcy = ©A1,05 = PMWONT =
0.2). From Table [6] the corresponding values of Nu, are:
HNF (Cu + Aly 03 / HyO): -0.9287.
THNF(Cu + Aly03 + MWCNT / H,O): -0.5917.
Using Eq. , the enhancement in heat transfer is calculated as:
~ —0.5917 — (—0.9287)

Enhancement (%) = —0.9087 x 100 = 36.29%.

The percentage enhancement is computed based on the absolute values of the Nusselt number.

5.1 Fuzzy analysis

This section compares the fuzzy curves of various nanoparticle shapes for THNF through TriF ,ymper and the TrapF', ,..per-
The nanoparticles volume fraction of THNF is considered as TriF ., mper and analyzed using the a-cut approach
(0 < a < 1). The basic governing FDE’s are transformed into lower and upper bounds with the help of the a-cut
approach, and then solved numerically via the shooting technique.
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Figures [7] [ [0} [1O] and [12] illustrate the fuzzy velocity curves by considering the volumetric fraction as a
TriF number [0, 0.05, 0.1] and a TrapF,,,,,per [0, 0.05, 0.1, 0.15] for different nanoparticle shapes at ¢ = 0.5,1,1.5. The
vertical axis represents the fuzzy membership function at various « -cuts, while the horizontal axis shows the variation
in f”(¢). Although the volumetric fractions are modeled as symmetric TriF ,ymper, the resulting fuzzy curves are not
perfectly triangular symmetric. This asymmetry is due to the influence of the governing nonlinear equations. It is
observed that blade-shaped nanoparticles display a wider spread compared to other nanoparticle shapes. Blade-shaped
nanoparticles increase the viscosity and increase fluid resistance. Because of this, the velocity field becomes sensitive
to small variations like changes in nanoparticle fraction, thermal effects, boundary effects. It is shows that uncertainty
is greater than other nanoparticle shapes under both the TriF' pymper and TrapF ,.per

Figures and [18] compare the fuzzy temperature curves for different nanoparticle shapes for THNF
across various ¢ values. In this analysis, THNF volume fractions are modeled as TriF ,ymper and TrapF', . .per» With
PCus PALOs, a0d @prwoNT are taken as non-zero. The fuzzy temperature curves are plotted for different nanoparticle
shape factors, with colors assigned as follows: red for n = 8.6, green for n = 5.7, blue for n = 4.9, orange for n = 3.7
and purple for n = 3. Blade-shaped nanoparticles show a wider spread than the other nanoparticle shapes. Blade-
shaped nanoparticles have more intense contact with the base fluid, because they have a larger surface area compared to
spherical or other shapes. This stronger interaction, even small changes in the volumetric fraction cause bigger effects
in the system. So, the system causing larger uncertainty in the blade-shaped nanoparticle under both the TriF . mper
and a TrapF

number:
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In figures and the fuzzy temperature profiles of nanofluid, hybrid nanofluid and THNF for n = 8.6 are
compared at ¢ = 0.5 using TriF pumper and a TrapF ., ...~ The figure presents three scenarios. In the first scenario,
pcu is expressed as TriF and TrapF numbers and a TrapF',,.ver and is represented by blue lines. The second sce-
nario corresponds to the HNF, where both ¢cy, wai,0, are non zero and is represented by green lines. The third
scenario represents the THNF, where ¢y, and ¢ a;,0, and ¢yweonT are non-zero and is represented by red lines. The
results show that the THNF reaches a higher temperature than the NF and BF. This happens because the combined
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Cu+Als O3+ MWCNT nanoparticles allow heat to move more easily through the fluid, improving its overall thermal
conductivity. As a result, the ternary hybrid nanofluid shows better thermal performance.

Table 7: Mean values of fuzzy data at ( = 0.5

Nanoparticle shapes TriF pumber TrapF ,mber
Velocity Temperature Velocity Temperature
Blade 0.0378 0.0245 0.0567 0.0367
Platelet 0.0379 0.0244 0.0565 0.0368
Cylinder 0.0385 0.0228 0.0578 0.0341
Brick 0.0385 0.0228 0.0577 0.0342
Sphere 0.0384 0.0229 0.0576 0.0343

Table [7] presents the mean values of fuzzy THNF a , expressed as TriF and TrapF numbers. It is observed that
the triangular membership function has lower mean values than the trapezoidal membership function. This indicates
that the triangular membership function captures a better possible value for all shapes. Therefore, the triangular fuzzy
membership function gives more compact results while the trapezoidal fuzzy membership function leads to a wider
variation.

6 Conclusions

The present study focused on the investigation of energy and mass transport in magnetized THNF (Cu + Al2 O3 +
MWCNT / HyO) over a moving wedge under an uncertain environment. The influence of nanoparticle volume fractions
YCu, PAl,0, a0d ©arwonT on the velocity, and temperature for THNF are analyzed. The nanooparticle volume fraction
is considered as both TriF ,umper and TrapF,,..oer With the help of the a-cut technique (0 < & < 1) to manage the
fuzziness. The fuzzy differential equations (FDEs) are solved numerically using the MATLAB solver via the shooting
method. The key outcomes of this study are summarized below:

e The combined effect of the Hartree pressure gradient (m) and magnetic field parameter (M) exhibits an increasing
trend in f”(0).

e The thermal radiation parameter (R), Prandtl number (Pr), and nanoparticle volume fraction (¢) show an
increasing trend in 6'(0).

e THNF achieves a 36.29% higher heat transport rate compared to HNF, 59.30% higher than NF, and 69.87%
higher than base fluid.

e The results obtained using the T7riF,ympber and TrapFy mper reveal that blade-shaped nanoparticles are more
effective in enhancing the heat transport rate compared to other nanoparticle shapes.

e The triangular membership function yields a narrower uncertainty band compared to the trapezoidal membership
function.

Limitations of the study

The present study is carried out under certain simplifying assumptions. The flow is considered steady, and some
thermophysical properties are assumed to be constant. The analysis is restricted to a specific flow configuration over a
moving wedge using similarity transformation. In addition, the uncertainity is introduced only through the nanoparticle
volume fraction within a fuzzy framework, while other parameters are treated as deterministic.

Future scope

In the present study, ternary hybrid nanofluid flow over a moving wedge has been investigated within a fuzzy framework
by incorporating uncertainty in the nanoparticle volume fraction. Future research can extend this model to bio-based
tetra-hybrid nanofluids by including nanoparticle shape effects, variable thermophysical properties, and additional
physical mechanisms such as porous medium, viscous dissipation, and activation energy effects. Moreover, alternative
numerical approaches and comparative analyses may be considered to further validate and improve the results.
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