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Abstract

This paper introduces a novel stochastic Koopman-based adaptive fuzzy control framework that combines
Koopman operator theory with Takagi-Sugeno-Kang (TSK) fuzzy logic to effectively manage nonlinear sys-
tems under unmodeled dynamics and diverse stochastic disturbances. The core innovation lies in the concur-
rent online learning of sparse Koopman observables and the fuzzy controller using deep dictionary learning,
replacing static feature sets to enhance adaptability significantly. A robust Lyapunov-based stability anal-
ysis in the Koopman observable space, supported by linear matrix inequality criteria, guarantees reliable
performance across Gaussian and non-Gaussian noise conditions. Simulation results on benchmark systems,
including a 4D hyperchaotic system and an inverted pendulum, demonstrate superior tracking accuracy,
disturbance rejection, and computational efficiency compared to model predictive control (MPC), Nonlinear
model predictive control (NMPC) and classical TSK fuzzy controllers, with the lowest IAE (1.4933, 3.2627)
and ISE (2.3226, 5.0745) metrics. The method’s balance of interpretability and data-driven modeling makes
it ideal for real-time control of complex, uncertain systems. While offering strong theoretical foundations
and addressing critical gaps in robustness and scalability, further empirical validation, and enhanced visual
representations of the architecture could strengthen its impact. This work advances adaptive fuzzy control
and data-driven modeling, with significant potential for applications in robotics, smart infrastructure, and
other safety-critical domains.

Keywords: Stochastic Koopman, adaptive fuzzy control, deep dictionary learning, robustness, nonlinear
systems.

1 Introduction

Nonlinear control systems lie at the heart of virtually all advanced engineering disciplines today, from robotics
and aerospace to autonomous vehicles, renewable energy systems, biomedical devices, and critical infrastruc-
ture protection. Unlike linear systems, which admit elegant and globally valid analytical solutions, nonlinear
systems exhibit rich, complex behaviors-multiple equilibria, limit cycles, chaos, bifurcations, and extreme
sensitivity to initial conditions and parameters-that make precise modeling and control extraordinarily dif-
ficult [1]. Yet it is precisely these nonlinear phenomena that govern the majority of real-world dynamical
processes engineers seek to command. The ability to reliably control such systems in the presence of signifi-
cant uncertainty-whether arising from unmodeled dynamics, unknown parameters, external disturbances, or
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inherent stochasticity-has become one of the defining challenges of twenty-first-century control theory and, by
extension, of technological progress itself [21]. In autonomous aerial vehicles, unmodeled aerodynamic effects
and sudden wind gusts can rapidly destabilize flight if the controller cannot adapt in real time. In modern
power grids integrating large amounts of intermittent renewable generation, unpredictable load fluctuations
and stochastic renewable injection create voltage and frequency deviations that classical linear controllers
struggle to contain [24]. In surgical robotics, unmodeled tissue stiffness variations and physiological tremors
demand controllers that remain stable and precise under distributional shifts that no offline model can fully
anticipate.

Classical control theory, built largely on linearization around operating points, superposition, and
frequency-domain tools, inevitably falters when the operating regime shifts far from the linearization point
or when high-order nonlinearities dominate [6]. Even sophisticated nonlinear techniques such as feedback
linearization, backstepping, or sliding-mode control typically require an accurate analytical model of the
system-a luxury rarely available in practice. Unmodeled dynamics (neglected high-frequency modes, ac-
tuator nonlinearities, parameter drift, or entirely unknown interaction terms) and stochastic disturbances
(sensor noise, environmental randomness, or unpredictable human inputs) compound the difficulty, often
leading to performance degradation or outright instability [43]. In high-dimensional systems—common in
robotics, power networks, and autonomous swarms—the curse of dimensionality renders many traditional
methods computationally prohibitive, while the lack of interpretability in black-box approaches raises serious
barriers to certification and deployment in safety-critical applications.

Over the past two decades, two particularly promising data-driven paradigms have emerged to address
subsets of these challenges: Koopman operator theory and adaptive fuzzy control. Koopman theory offers
an elegant solution to the core problem of nonlinearity by lifting the state space into a higher- (often infinite-
) dimensional space of observables in which the nonlinear dynamics become linear [38]. When a suitable
set of observables is found, the infinite-dimensional Koopman operator can be approximated by a finite-
dimensional matrix using methods such as Extended or Randomized Dynamic Mode Decomposition (EDMD,
RDMD) or deep-learning-based autoencoders. The resulting linear representation enables the application of
powerful linear control tools-LQR [47], model predictive control, robustness analysis via µ-synthesis, etc.—to
fundamentally nonlinear systems [31]. However, virtually all existing Koopman-based control approaches
rely on a fixed, pre-selected dictionary of observables (polynomials, radial basis functions, neural network
features, etc.).

Adaptive fuzzy control, particularly Type-2 and Takagi-Sugeno-Kang (TSK) fuzzy systems, has mean-
while established itself as a powerful framework for handling both nonlinearity and linguistic uncertainty
through human-interpretable rules and online parameter adaptation [7]. Fuzzy controllers excel at approxi-
mating unknown nonlinear functions universally and at incorporating expert knowledge when available [11].
Yet traditional adaptive fuzzy schemes suffer from three critical limitations that prevent them from fully
addressing modern control challenges: (i) most adapt only the consequent parameters while keeping the
premise structure and membership functions fixed, limiting their ability to restructure knowledge under dis-
tributional shift; (ii) they rarely incorporate explicit stochastic modeling or higher-order moment constraints,
leaving them vulnerable to heavy-tailed or non-Gaussian disturbances; and (iii) rigorous stability proofs in
the presence of both approximation errors and stochastic noise remain scarce, especially for high-dimensional
systems [28].

Perhaps more fundamentally, these two paradigms-Koopman linearization and adaptive fuzzy control-
have evolved almost entirely in parallel, with remarkably little cross-fertilization despite their complementary
strengths. Koopman methods provide global linear embeddings but struggle with time-varying or uncertain
dynamics when the observable dictionary is static. Fuzzy systems offer unparalleled flexibility and inter-
pretability in approximating unknown nonlinearities but lack a principled way to embed the dynamics into
a linear representation amenable to optimal control and formal stability analysis. Bridging this divide holds
the promise of a new generation of simultaneous controllers data-efficient, provably stable, robust to stochas-
tic and distributional uncertainty, computationally scalable, and linguistically interpretable-precisely the
characteristics demanded by next-generation autonomous and cyber-physical systems [9].

This paper directly addresses these fundamental challenges—namely, the inability of static models to
capture evolving unmodeled dynamics and the vulnerability of classical controllers to complex noise—by
proposing a unified, two-level adaptive framework. We introduce the Adaptive Stochastic Koopman
Fuzzy Control (ASK-FC) architecture, which establishes a dynamic co-learning loop between a data-
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driven system identifier and an interpretable rule-based controller. At the lower-level identification tier, we
implement a deep dictionary learning network to approximate the Koopman operator. Unlike traditional
Koopman methodologies that rely on a fixed, pre-selected basis of functions (such as arbitrary polynomials or
static radial basis functions), our network continuously learns and updates a sparse, time-varying set of Koop-
man observables. This dynamic lifting process identifies the optimal coordinate transformations required to
linearize under-lying nonlinear dynamics globally . By doing so, it continuously adapts to structural model
mismatches, unmodeled physical effects, and shifting disturbance statistics that would otherwise degrade a
static model. Operating simultaneously at the upper-level control tier is a probabilistic Takagi-Sugeno-Kang
(TSK) fuzzy controller. Crucially, this controller calculates its actions directly within the linearized, high-
dimensional observable space rather than the original highly nonlinear state space. To guarantee real-time
adaptability under distributional shifts, both the premise parameters (the Gaussian membership functions
dictating the geometric boundaries of the rules) and the consequent parameters (the local linear models
dictating the control output) are updated online. This continuous tuning is driven by stochastic gradient
descent, which minimizes an instantaneously linearized regret metric tied to the system’s closed-loop track-
ing performance. These two distinct tiers are tightly coupled through a joint optimization objective. This
unified loss function actively balances three critical goals: enforcing sparsity in the observable dictionary to
prevent computational bottlenecks, minimizing prediction error in the stochastic Koopman matrix estimate,
and maximizing physical control accuracy. Furthermore, to explicitly combat severe external uncertainties,
the framework integrates an online running covariance estimator. This estimator dynamically tracks higher-
order statistical moments of the disturbances. By feeding this real-time statistical data directly into both the
observable mapping process and the fuzzy inference engine, the ASK-FC framework actively compensates for
complex, non-Gaussian, and heavy-tailed noise profiles that typically destabilize conventional Kalman-based
or deterministic controllers.

Ultimately, the proposed ASK-FC framework delivers four breakthrough capabilities that close long-
standing gaps in the nonlinear control literature:

� Integrated Observable and Controller Co-Learning: A novel paradigm that abandons isolated,
two-step control designs. By concurrently learning sparse Koopman observables and adapting a TSK
fuzzy controller via deep dictionary learning, the system overcomes the restrictive constraints of fixed
basis functions and manually tuned rule bases.

� Active Robustness to Stochastic Disturbances: The deployment of a weighted TSK fuzzy model
augmented with explicit stochastic perturbation handling. By integrating online covariance adaptation,
the controller dynamically reshapes its receptive fields to absorb distributional uncertainty and non-
Gaussian noise.

� Rigorous Probabilistic Stability Guarantees: The establishment of a Lyapunov-based stability
framework evaluated directly within the lifted Koopman observable space. By incorporating higher-
order moment constraints and linear matrix inequality criteria, the framework provides mathematically
rigorous certificates of robustness even in highly nonstationary environments.

� Scalable and Interpretable Architecture: A computationally efficient control design achieved
through L1-regularized dynamic rule sparsification. This approach preserves the linguistic interpretabil-
ity of fuzzy logic while drastically reducing the computational burden, making it exceptionally suited
for high-dimensional, real-time, and safety-critical applications.

The remainder of this paper is organized as follows: Section 2 reviews related work and surveys the
relevant literature. Section 3 presents the proposed methodology, encompassing observable learning, fuzzy
controller design, online adaptation, and stability analysis. Section 4 discusses simulation results, per-
formance evaluation, implications, and limitations. Finally, Section 5 concludes the paper and suggests
directions for future research.



124 M. A. Labbaf Khaniki, E. Moradi

2 Related work

2.1 Foundational work in nonlinear control and Koopman theory

The study of nonlinear control systems has evolved significantly since the introduction of Lyapunov-based
methods, which provide rigorous stability guarantees for deterministic systems. Foundational work by Khalil
[14] introduced techniques for analyzing nonlinear dynamics, emphasizing the use of Lyapunov functions to
ensure stability under bounded disturbances. Simultaneously, fuzzy control emerged as a practical tool for
managing nonlinearities, beginning with Zadeh’s seminal work on fuzzy logic [44], which introduced inter-
pretable and flexible rule-based systems. The development of TSK fuzzy models by TSK [34] further advanced
the field by blending fuzzy logic with local linear models, achieving a balance between interpretability and
control performance. Parallel to these efforts, Koopman operator theory—rooted in von Neumann’s early
work [18]—offered a powerful framework for transforming nonlinear dynamics into a linear representation in
a higher-dimensional observable space. This enabled the application of linear control techniques to inherently
nonlinear systems. While these foundational contributions laid the groundwork for modern nonlinear control,
they generally assumed known system dynamics and stationary environments, limiting their applicability in
scenarios involving unmodeled dynamics or stochastic disturbances. [5] presents a theoretically sound and
practically efficient data-driven robust NMPC framework that elegantly bounds Koopman approximation
errors as polytopic uncertainties, achieving strong stability guarantees and real-time feasibility on nonlinear
benchmarks.[13] S. T. Hesarkuchak et al. propose a learning-based approach for Pareto optimal control
specifically tailored for large-scale systems with unknown slow dynamics. This paper [15] presents a delay-
scheduled adaptive observer-based control strategy that uses a Lyapunov–Krasovskii functional and linear
matrix inequalities to achieve robust stabilization of nonlinear systems with time-varying delays, where the
observer gain is dynamically adjusted according to the instantaneous delay. This paper [32] proposes a de-
sign strategies based on linear programming and Lyapunov stability theory to achieve both stabilization and
output tracking for positive singular systems, with the tracking problem solved via a proportional–integral
controller that ensures non-negative state trajectories.

2.2 Recent advances in Koopman-based and fuzzy control

Recent advances have increasingly emphasized data-driven and adaptive techniques to manage unmodeled
dynamics and stochastic uncertainty. EDMD, introduced by Williams et al. [38], has become a core method
for approximating Koopman operators using data-driven observables, enabling control in the lifted linear
space. For example, Korda and Mezić [19] applied EDMD to the control of nonlinear systems such as robotic
manipulators, demonstrating improved performance over classical methods. However, their approach relies
on fixed basis functions—such as polynomials or Fourier modes—that limit adaptability to dynamic envi-
ronments. Deep learning-based Koopman methods, like [40], have improved the expressiveness of learned
observables via neural networks, but often at the expense of interpretability and computational efficiency.
A Koopman-based residual modeling approach for the control of a soft robot arm combines a physics-based
Koopman model with a data-driven residual to create a linear, data-efficient, and generalizable model that
improves control accuracy and real-time applicability for soft robots compared to purely physics-based or
purely data-driven methods [4]. In [33], Koopman-based feedback design guarantees exponential stability for
nonlinear systems using data-driven methods and robust control grounded in Koopman operator theory. In
the fuzzy control domain, Zhang et al. [46] extended TSK models with online parameter tuning, enhancing
robustness in tasks such as autonomous vehicle control. However, these models lack mechanisms to adapt
the underlying dynamic structure, reducing their responsiveness to evolving system behavior. Observer-
based periodic event-triggered adaptive fuzzy control ensures efficient, stable control of nonlinear networked
systems by combining state observation, fuzzy adaptation, and event-triggered updates [48] . A cognitive
method is proposed in [35] to synthesize fuzzy controller mathematical models using genetic algorithms for
tuning, enabling automated, optimized controller design through intelligent search and adaptation. These
developments underscore the potential of combining data-driven and rule-based approaches but fall short of
simultaneously addressing unmodeled dynamics and stochastic disturbances. Leventides et al. [22] provide
an early and inspiring proof-of-concept showing that Koopman operator theory combined with EDMD can
successfully linearize and control highly nonlinear hyperchaotic financial systems. This article [3] proposes
a cellular teaching-learning-based optimization algorithm designed to effectively track moving optima and
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solve dynamic multi-objective problems. [23] utilizes interpretable machine learning techniques to develop
transparent predictive models for startup success, focusing on funding acquisition, patenting activity, and
exit outcomes. This study [30] proposes a comprehensive optimization framework to improve the efficiency
of financial resource allocation specifically for scaling businesses. This study [12] develops a vehicle intrusion
detection system for highway work zones by integrating inertial sensor data with lightweight deep learn-
ing models. This paper [37] develops an optimal control framework for an additive manufacturing supply
chain that incorporates waste recycling, deriving time-varying production and recycling policies to mini-
mize total cost while ensuring material flow balance and inventory stability. This paper [45] proposes a
proportional–integral fading observer that achieves robust consensus for linear multi-agent systems subject
to external disturbances, where the observer’s fading memory property effectively attenuates the effect of
past measurement noise while the integral action ensures zero steady-state error. This paper [17] proposes a
risk-averse next-best-view optimization framework for active path planning that sequentially selects sensing
viewpoints to minimize worst-case uncertainty, enabling robust autonomous exploration and mapping under
adversarial environmental conditions. This paper [16] proposes a conflict-aware active perception and control
framework that integrates control barrier functions with 3D Gaussian Splatting to jointly optimize informa-
tion gain and safety constraints, enabling a robot to resolve trade-offs between perception-driven exploration
and collision-avoidance in real-time. This paper [25] conducts a systematic machine-learning performance
study to optimize Flamelet Generated Manifold (FGM) models for turbulent combustion, evaluating various
regression techniques to accelerate chemistry integration while maintaining predictive accuracy for species
and temperature fields. This paper [2] presents a machine learning-based framework for classifying hard-
ware Trojans, evaluating the importance of various features and comparing multiple classification models
to identify the most effective approach for detecting malicious modifications in integrated circuits with high
accuracy and low false-positive rates. This paper [29] proposes a reinforcement learning-based framework
for sequential load restoration in transmission networks that incorporates human-centered fairness metrics,
enabling the agent to learn optimal restoration sequences that balance grid stability, load criticality, and
equitable power distribution while satisfying operational constraints via optimal power flow.

2.3 Adaptive and stochastic control approaches

Adaptive and stochastic control strategies have also been explored to tackle uncertainties in nonlinear sys-
tems. The paper introduces a fast stochastic MPC method for high-dimensional systems using scenario-based
optimization and parallel computing to achieve real-time performance. [26]. Techniques such as particle fil-
ters and Bayesian estimation have been employed to manage stochastic disturbances; Gordon et al.[10], for
instance, used them to track time-varying noise in dynamic systems. Nevertheless, these methods often
presume Gaussian noise, reducing robustness when faced with distributional ambiguity. In fuzzy systems,
online adaptation strategies-such as those proposed by Wang et al. [36]-updated membership functions in
real time, improving performance in nonstationary environments. Yet, they failed to incorporate data-driven
modeling of system dynamics. Likewise, stochastic Koopman methods like those developed by Proctor et
al. [27] introduced probabilistic stability guarantees but were constrained by their use of static observ-
ables, limiting adaptability to evolving conditions. Data-driven methods and adaptive control use stochastic
analysis to model, learn, and control uncertain systems efficiently, improving robustness and optimality in
dynamic environments [20]. An adaptive distributed stochastic deep reinforcement learning control strategy
is proposed in [8] effectively restores voltage and frequency in islanded AC microgrids despite communication
noise and delay. It optimizes secondary control by dynamically adapting to uncertainties and achieving ro-
bust performance in a decentralized setting. [39] Propose an adaptive predefined-time control for stochastic
switched nonlinear systems that ensures system stability within a fixed time despite full-state error con-
straints and input quantization effects. [42] Develop a distributionally robust optimal control strategy for
nonlinear switched batch processes by lifting the dynamics via the Koopman operator and modeling para-
metric uncertainty through moment bounds, yielding tractable semidefinite programming formulations with
probabilistic performance guarantees. Reference [41] presents an innovative hybrid framework that leverages
deep learning-based Koopman operator theory to accurately predict gas concentrations and employs a Fuzzy-
PID controller to dynamically optimize ventilation systems in deep coal mines. By integrating data-driven
predictive modeling with adaptive rule-based control, the approach successfully manages highly nonlinear
environmental dynamics to significantly enhance both underground safety and operational energy efficiency.
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This paper [49] develops an observer-based consensus protocol for linear multi-agent systems that achieves
leader-follower synchronization under intermittent communication and external disturbances by integrating
a robust observer that compensates for both missing data and unknown inputs while ensuring closed-loop
stability via Lyapunov analysis.

2.4 Gaps and motivation for the proposed study

Despite substantial advances in data-driven control, three critical gaps persist that motivate the present work.
First, virtually all Koopman-based methods rely on pre-specified or hand-crafted observables, rendering them
brittle when the system exhibits unmodeled, time-varying, or abruptly changing dynamics—precisely the
conditions encountered in safety-critical applications such as autonomous vehicles and power grids. Sec-
ond, conventional adaptive fuzzy controllers adjust only rule consequents or membership parameters in the
original state space, forcing them to compensate for the full nonlinearity from scratch; this leads to slow
convergence, high rule complexity, and fragility to hidden or drifting dynamics. Third, rigorous probabilistic
stability guarantees under nonstationary stochastic disturbances remain scarce, with most adaptive MPC
and stochastic Koopman frameworks offering only empirical robustness or weak boundedness results. To
overcome these limitations, we introduce a co-adaptive architecture in which the stochastic Koopman op-
erator and the fuzzy inference system continuously refine each other in a physically meaningful way. The
Koopman layer discovers and linearizes the dominant nonlinear modes, transforming structured epistemic
uncertainty (unknown functional form) into largely unstructured aleatoric residuals. The fuzzy controller,
now operating in this nearly linear lifted space, needs only localized corrections, automatically widening its
receptive fields and exploration exactly where the current Koopman embedding is inaccurate. The shared
prediction residual simultaneously reshapes the observable geometry and sharpens the fuzzy partition, creat-
ing a self-reinforcing loop that progressively reduces both sources of uncertainty. This intimate, bidirectional
interaction—absent in all prior Koopman, fuzzy, or hybrid approaches—delivers interpretable rules, strong
probabilistic stability certificates, and smooth transition from conservative early-phase robustness to near-
optimal terminal performance, as detailed in the following sections.

3 Proposed methodology

The proposed methodology introduces a two-level adaptive architecture that integrates stochastic Koopman
operator theory with adaptive fuzzy control to address the challenges of unmodeled dynamics and stochas-
tic disturbances in nonlinear systems. Unlike classical fuzzy control, which adapts only rule weights, our
approach simultaneously learns a sparse set of Koopman observables and a fuzzy controller in the lifted
observable space, enabling robust, interpretable, and adaptive regulation under distributional ambiguity.

3.1 Koopman observable learning

To capture the latent linear structure of the nonlinear system described by:

xt+1 = f(xt, ut) + wt, wt ∼ W, (1)

we employ EDMD augmented with deep dictionary learning to identify a sparse set of observables {ϕj}kj=1.

Let Φ(x) = [ϕ1(x), . . . , ϕk(x)]
⊤ ∈ Rk be the observable vector. The stochastic Koopman operator is approx-

imated by a finite-dimensional matrix K ∈ Rk×k such that:

Φ(xt+1) ≈ KΦ(xt) +But + ηt, (2)

where B ∈ Rk×m is the control matrix, and ηt ∼ N (0,Σ) accounts for stochastic disturbances. The matrices
K and B are estimated by solving the least-squares problem:

min
K,B

E

[
T∑

t=0

∥Φ(xt+1)−KΦ(xt)−But∥22

]
+ λK∥K∥2F + λB∥B∥2F , (3)
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where λK , λB > 0 are regularization parameters to prevent overfitting, and ∥ · ∥F denotes the Frobenius
norm. The data triples {(xt, ut, xt+1)}T−1

t=0 are collected from system trajectories. To ensure sparsity and
expressiveness, we parameterize Φ(x) using a deep neural network with a sparse dictionary layer:

Φ(x) = Wℓσ(Wℓ−1σ(. . . σ(W1x+ b1) . . . ) + bℓ−1) + bℓ, (4)

where σ is a nonlinear activation (e.g., ReLU), Wi, bi are weights and biases, and Wℓ is constrained via an
ℓ1 penalty to promote sparsity:

min
Wℓ

∥Φ(x)− Φtrue(x)∥22 + λΦ∥Wℓ∥1, (5)

where λΦ > 0 controls sparsity. To enhance robustness, we introduce a kernel-based regularization term to
ensure smoothness in the observable space:

Rkernel(Φ) =

N∑
i,j=1

k(xi, xj)∥Φ(xi)− Φ(xj)∥22, (6)

where k(xi, xj) = exp
(
−∥xi−xj∥2

2

σ2
k

)
is a Gaussian kernel with bandwidth σk. This approach extends tra-

ditional EDMD by learning data-driven observables that capture unmodeled dynamics, addressing the gap
in prior work where fixed basis functions (e.g., polynomials, Fourier modes) limit adaptability. The solu-
tion to (4) is derived as follows. Define the data matrices X = [x0, . . . , xT−1], U = [u0, . . . , uT−1], and
ΦX = [Φ(x0), . . . ,Φ(xT−1)]. The closed-form solution for K and B is:

[K,B] =
(
Φ+

X(ΦXΦ⊤
X + λKI)−1(ΦXU⊤ + λBI)

)
, (7)

where Φ+
X = [Φ(x1), . . . ,Φ(xT )] is the observable matrix for the next states. This formulation ensures

numerical stability and scalability for high-dimensional systems.

3.2 Fuzzy controller design

The fuzzy controller F operates in the Koopman observable space, leveraging the approximately linear dy-
namics to design interpretable and robust control rules. To explicitly account for uncertainty and unmodeled
nonlinearities in the observable space, we adopt a robust, stochastically perturbed TSK fuzzy model. The
control action is defined directly as:

ut =

M∑
i=1

µi(Φ(xt)) · (AiΦ(xt) + bi + ϵiξt), (8)

where ξt ∼ N (0, I) is a stochastic perturbation, and ϵi > 0 is a robustness parameter tuned to balance
exploration and stability. The term µi(Φ(xt)) ∈ [0, 1] represents the normalized membership degree for the

i-th rule, satisfying
∑M

i=1 µi = 1. The membership functions are Gaussian:

µi(Φ(xt)) =
exp

(
−∥Φ(xt)− ci∥2Σ−1

i

)
∑M

j=1 exp

(
−∥Φ(xt)− cj∥2Σ−1

j

) , (9)

where ci ∈ Rk and Σi ∈ Rk×k are the center and covariance matrix of the i-th rule, and θ = {Ai, bi, ci,Σi}Mi=1

are the fuzzy parameters. The covariance Σi is adapted online to reflect the uncertainty in Φ(xt):

Σt+1
i = Σt

i + α
[
(Φ(xt)− ci)(Φ(xt)− ci)

⊤ − Σt
i

]
, (10)

where α ∈ (0, 1) is a learning rate. This formulation allows the controller to exploit the linear structure of
the Koopman space while adapting to unmodeled dynamics, addressing the limitations of state-space fuzzy
systems that lack robustness to latent nonlinearities.
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3.3 Stability analysis

The proposed stochastic Koopman operator-based adaptive fuzzy control system ensures closed-loop stability
through probabilistic guarantees derived using Lyapunov theory in the observable space.

Assumption 1 [Lipschitz Dynamics]: The system dynamics f(x, u, t) are Lipschitz continuous in x,
i.e., there exists a constant L > 0 such that:

∥f(x, u, t)− f(y, u, t)∥2 ≤ L∥x− y∥2. (11)

Assumption 2 [Bounded Disturbance and Control Uncertainty]: The process noise ηt ∼ N (0,Σ)

and the control perturbation ξt ∼ N (0, I) are bounded such that E[∥ηt∥22] ≤ δη and
∑M

i=1 µ
2
i (t)ϵ

2
i ≤ δξ for

known constants δη, δξ > 0.
Assumption 3 [Bounded Operators]: The Koopman operator K and control matrix B satisfy

∥K∥L2
≤ βK and ∥B∥L2

≤ βB .
Assumption 4 [Lipschitz Membership]: The fuzzy membership functions µi(Φ(xt)) are Lipschitz

continuous with constant Lµ > 0.
Definition 1 [Lifted Lyapunov Function]: The Lyapunov function in the Koopman observable space

is defined as V (Φ(xt)) = Φ(xt)
⊤PΦ(xt) with P ≻ 0. The system is probabilistically stable if the expected

Lyapunov difference satisfies:

E[V (Φ(xt+1)) | Φ(xt), ut] ≤ V (Φ(xt))− γ∥Φ(xt)∥22, γ > 0. (12)

Lemma 1 [Second-Moment Lyapunov Decrease]: Substituting the robust fuzzy control law into
the Koopman approximation, the expected Lyapunov function evaluates to:

E[V (Φ(xt+1))] = Φ(xt)
⊤Ā⊤PĀΦ(xt) + 2Φ(xt)

⊤Ā⊤PB

M∑
i=1

µibi

+

(
M∑
i=1

µibi

)⊤

B⊤PB

(
M∑
i=1

µibi

)
+ trace(P (∆ + Σ)), (13)

where Ā = K+B
∑M

i=1 µiAi and ∆ = B
(∑M

i=1 µ
2
i ϵ

2
i

)
IB⊤. The decrease condition is satisfied, guaranteeing

probabilistic stability, if Ā⊤PĀ−P + γI ≺ 0, the stochastic bounds from Assumption 2 hold, and the linear
bias terms remain bounded by a constant β.

3.4 Online stochastic adaptation laws

To ensure simultaneous refinement of the Koopman observables and the fuzzy controller parameters while
preserving closed-loop stability, we derive parameter adaptation laws by direct minimization of the expected
one-step Lyapunov decrement in the lifted observable space. Consider the quadratic Lyapunov function
introduced in Definition 1:

V (Φ(xt)) = Φ(xt)
⊤PΦ(xt), P ≻ 0. (14)

After applying control input ut, the realized observable at the next time step is Φ(xt+1). Define the lifted
prediction error (residual) as

et+1 = Φ(xt+1)−KΦ(xt)−But. (15)

This residual captures both unmodeled dynamics and the stochastic disturbance ηt in the observable space.
The realized (stochastic) Lyapunov increment is

∆Vt = V (Φ(xt+1))− V (Φ(xt)) = ∥KΦ(xt) +But + et+1∥2P − ∥Φ(xt)∥2P . (16)

We construct parameter update laws as normalized stochastic gradients of the regularized instantaneous
Lyapunov increment

Lt = ∆Vt + γ∥Φ(xt)∥22, (17)

with projection onto compact convex sets to satisfy the persistent-excitation and boundedness assumptions
required for rigorous convergence proofs. Let θ = {Ai, bi, ci,Σi}Mi=1 denote the fuzzy controller parameters
andW = {Wj , bj}ℓj=1 the deep dictionary weights parameterizing the observable map Φ(x;W ). The resulting
online adaptation laws are as follows.
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3.4.1 Adaptation of TSK consequent parameters Ai and bi

The gradients of Lt with respect to the linear consequent parameters yield

∂Lt

∂Ai
= 2µi(Φ(xt))(KΦ(xt) +But + et+1)

⊤PBΦ(xt)
⊤, (18)

∂Lt

∂bi
= 2µi(Φ(xt))(KΦ(xt) +But + et+1)

⊤PB. (19)

The normalized stochastic gradient updates with projection P[·] are

At+1
i = P

[
At

i −
γAµi(Φ(xt))

1 + ∥Φ(xt)∥22
Φ(xt)

(
B⊤Pet+1

)⊤]
, (20)

bt+1
i = P

[
bti −

γbµi(Φ(xt))

1 + ∥Φ(xt)∥22
B⊤Pet+1

]
, (21)

where γA > 0 and γb > 0 are adaptation gains.

3.4.2 Adaptation of Gaussian antecedent parameters ci and Σi

The centers and covariances are updated to reduce clustering uncertainty and improve firing-strength accu-
racy:

ct+1
i = P

[
cti + γcµi(Φ(xt))(Σ

t
i)

−1(Φ(xt)− cti)
(
e⊤t+1PBut

)]
, (22)

Σt+1
i = P

[
Σt

i + γΣµi(Φ(xt))
(
(Φ(xt)− cti)(Φ(xt)− cti)

⊤ − Σt
i

)]
, (23)

with γc > 0 and γΣ ∈ (0, 1). Equation (23) corresponds to an exponentially weighted moving covariance
estimate that naturally emerges from Lyapunov-based optimization of the fuzzy partitioning.

3.4.3 Adaptation of Koopman observable mapping Φ(x;W )

The deep dictionary weights W are adapted by backpropagating the residual-driven Lyapunov gradient
through the current observable evaluation:

∂Lt

∂W
= 2e⊤t+1P ·

∂Φ(xt)

∂W

∣∣∣
W t
− 2Φ(xt)

⊤P · ∂(KΦ(xt))

∂W

∣∣∣
W t

. (24)

The dominant and stability-preserving term is the residual component, yielding the update

W t+1 = P
[
W t − γΦ

(
e⊤t+1P

) ∂Φ(xt;W )

∂W

∣∣∣
W t

]
, (25)

where γΦ > 0 is the dictionary learning rate. This rule performs online P -weighted EDMD in the output
layer while allowing deeper layers to adjust the lifting geometry.

3.4.4 Periodic Re-estimation of Koopman matrices K and B

To maintain accuracy of the linear embedding as both Φ and θ evolve, the matrices K and B are recursively
updated every Nr steps (typically Nr = 50–100) using ridge regression on a fixed-length buffer of recent
triples {(xτ , uτ , xτ+1)}tτ=t−Nr+1:

[K,B]← argmin
K,B

t∑
τ=t−Nr+1

∥Φ(xτ+1)−KΦ(xτ )−Buτ∥22 + λK∥K∥2F + λB∥B∥2F . (26)

The combined adaptation laws (20)–(25), together with the boundedness and Lipschitz assumptions stated
in Section 3.3, ensure that

E[∆Vt | Ft] ≤ −γ∥Φ(xt)∥22 + ϵ, (27)

where ϵ > 0 is an arbitrarily small constant arising from projection truncation and approximation error.
Consequently, the closed-loop system achieves practical probabilistic exponential stability of the origin in
the observable space, implying ultimate boundedness (and, under mild persistency-of-excitation conditions,
asymptotic convergence) of the original state xt → 0.
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Algorithm 1 Online Stochastic Adaptive Koopman-Fuzzy Control

Require: Initial state x0, initial parameters θ0 = {A0
i , b

0
i , c

0
i ,Σ

0
i }Mi=1, observable network weights W 0, Koop-

man matrices K0, B0, Lyapunov matrix P ≻ 0, adaptation gains γA, γb, γc, γΣ, γΦ > 0, buffer length Nr,
regularization λK , λB

1: Initialize data buffer B ← ∅
2: for t = 0, 1, 2, . . . do
3: /* 1. Lift current state */
4: Φt ← Φ(xt;W

t)
5: /* 2. Compute fuzzy control input (with exploration) */
6: for i = 1 to M do

7: µt
i ←

exp
(
−∥Φt−cti∥

2

(Σt
i)

−1

)
∑M

j=1 exp
(
−∥Φt−ctj∥2

(Σt
j)

−1

)
8: end for
9: Sample ξt ∼ N (0, I)

10: ut ←
∑M

i=1 µ
t
i

(
At

iΦt + bti + ϵiξt
)

11: /* 3. Apply control and observe next state */
12: Apply ut to the plant → xt+1, wt

13: /* 4. Lift next state and compute prediction error */
14: Φt+1 ← Φ(xt+1;W

t)
15: et+1 ← Φt+1 −KtΦt −Btut

16: /* 5. Online parameter adaptation */
17: for i = 1 to M do
18: At+1

i ← P
[
At

i −
γAµt

i

1+∥Φt∥2Φt(B
t⊤Pet+1)

⊤
]

19: bt+1
i ← P

[
bti −

γbµ
t
i

1+∥Φt∥2B
t⊤Pet+1

]
20: ct+1

i ← P
[
cti + γcµ

t
i(Σ

t
i)

−1(Φt − cti)(e
⊤
t+1PBtut)

]
21: Σt+1

i ← P
[
Σt

i + γΣµ
t
i

(
(Φt − cti)(Φt − cti)

⊤ − Σt
i

)]
22: end for
23: /* Adapt observable dictionary */

24: W t+1 ← P
[
W t − γΦ(e

⊤
t+1P )∂Φ(xt;W )

∂W

∣∣
W t

]
25: /* 6. Update data buffer and periodically re-estimate Koopman matrices */
26: Add triple (xt, ut, xt+1) to B
27: if mod (t,Nr) = 0 and |B| ≥ Nr then
28: Keep only the Nr most recent triples in B
29: [Kt+1, Bt+1]← argminK,B

∑
(·)∈B ∥Φ(xj+1)−KΦ(xj)−Buj∥2 + λK∥K∥2F + λB∥B∥2F

30: else
31: Kt+1 ← Kt, Bt+1 ← Bt

32: end if
33: end for

3.5 Complete algorithm and architecture

We summarized the complete closed-loop operation of the proposed stochastic adaptive Koopman-fuzzy
controller—including observable lifting, fuzzy control computation with exploration, prediction error eval-
uation, simultaneous online adaptation of all TSK parameters and deep dictionary weights, and periodic
re-estimation of the Koopman matrices—in the detailed pseudocode presented in Algorithm 1.

Figure 1 illustrates the detailed closed-loop architecture of the proposed Online Stochastic Adaptive
Koopman-Fuzzy Control framework. As depicted, the system operates through a continuous cycle of state
lifting, control, and co-adaptation. The physical nonlinear plant’s state (xt) is fed back and processed by
the Deep Dictionary Learning network, which lifts the data into a sparse, high-dimensional observable space
(Φ(xt)). Operating directly within this linearized space, the Stochastic TSK Fuzzy Controller evaluates
the observables to generate the control input (ut). Simultaneously, this control signal and the current
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Lower-Level Identification Tier

Deep Dic-
tionary
Learning
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W1x + b1
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Figure 1: Comprehensive architecture of the Stochastic Koopman Operator-Based Adaptive Fuzzy Control
(SK-AFC) framework. The Lower-Level Identification Tier (top) performs deep dictionary learning to
construct sparse Koopman observables Φ(x;W ) and estimates the linear Koopman matrices K and B via
ridge regression with kernel-based regularization. TheUpper-Level Control Tier (bottom) operates in the
lifted observable space using a stochastic TSK fuzzy controller with Gaussian membership functions. Online
adaptation laws simultaneously update all parameters: TSK consequent parameters (Ai, bi) via normalized
stochastic gradient descent, antecedent parameters (ci,Σi) for improved clustering, deep dictionary weights
W via Lyapunov-driven backpropagation, and periodic re-estimation of Koopman matrices (K,B). The
lifted residual et+1 drives the adaptation process, ensuring closed-loop stability.
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observables are fed into the Koopman Predictor to calculate the expected next lifted state (Φ̂t+1). The core
of the framework’s co-learning mechanism lies in the prediction residual (et+1)—the difference between the
Koopman prediction and the actual lifted next state (Φt+1). This residual serves as the driving error signal
for the Lyapunov-based Stochastic Adaptation block. Through dashed feedback pathways, the adaptation
block continuously refines the deep dictionary weights (W ) and the fuzzy controller parameters (θ) via
stochastic gradient descent, while also triggering the periodic re-estimation of the linear embedding matrices
(K,B). This intricately coupled routing ensures that the framework simultaneously optimizes its internal
state representation and its physical control policy in real-time.

Figure 1 illustrates the general closed-loop structure of the proposed method, in which the lifted prediction
error continuously refines both the Koopman observables and the fuzzy controller while periodically updating
the linear embedding matrices K and B.

4 Simulation results

This section evaluates the proposed stochastic Koopman operator-based adaptive fuzzy control framework
using two benchmark nonlinear systems: a four-dimensional (4D) hyperchaotic system and an inverted
pendulum (cart-pendulum) system. To quantitatively assess tracking performance, three standard time-
domain error metrics are employed: the Integral of Absolute Error (IAE), and the Integral of Squared Error
(ISE). For a scalar tracking error e(t) = x(t)− xd(t), where xd(t) denotes the desired trajectory and x(t) is
the system output over a finite horizon [0, T ], the metrics are defined as:

IAE =

∫ T

0

|e(t)| dt, (28)

ISE =

∫ T

0

e2(t) dt. (29)

For multi-dimensional systems with e(t) ∈ Rn, the expressions are generalized to vector norms ∥e(t)∥. To
evaluate robustness under various noise conditions, the Performance Retention metric is introduced. It
quantifies the degradation in control performance caused by stochastic disturbances, normalized against the
noise-free (nominal) scenario:

Performance Retention (%) =

(
1− ISEnoise

ISEnominal

)
× 100, (30)

Here, ISEnoise represents the expected ISE under a specific noise model:

ISEnoise =

∫ T

0

E
[
e2(t) | Noise

]
dt. (31)

Performance degradation is defined as the complementary measure:

Degradation (%) ≈
(
ISEnoise − ISEnominal

ISEnominal

)
× 100 ≈ 100− Retention (%). (32)

Higher degradation reflects a greater loss in tracking performance under uncertainty, whereas high retention
indicates better robustness and adaptability. The stochastic Koopman-based adaptive fuzzy controller is
compared to MPC, NMPC and classical TSK control, outperforming both in adaptability, noise resilience,
and control accuracy under nominal and noisy conditions.

For all simulations, the Lyapunov weighting matrix P is used in the online parameter adaptation laws
(Eqs. 23–26) was fixed as the identity matrix (P = I). This selection ensures equal weighting across all
learned Koopman observables and guarantees the straightforward reproducibility of the presented results.
From a practical tuning perspective, the adaptation gains (e.g., γ) were initialized using standard stochastic
gradient descent heuristics and incrementally tuned to balance fast transient convergence against steady-
state oscillation. The regularization parameters (λK , λB , λϕ) were selected to strictly enforce sparsity in
the deep dictionary layer, ensuring that the number of active observables (k) and fuzzy rules (M) remains
computationally tractable for real-time execution.
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4.1 4D Hyperchaotic system

4.1.1 System dynamics

The four-dimensional (4D) hyperchaotic system under investigation is characterized by strong state coupling,
high nonlinearity, and multiple feedback loops, as described by the following differential equations:

ẋ = α(y − x− w) + byz + u1,

ẏ = c(4x+ y)− xz + u2,

ż = dx− ez + xy + u3,

ẇ = rx+ f(3yz + y2) + u4, (33)

where the state vector is x = [x, y, z, w]⊤ ∈ R4, the control input is u = [u1, u2, u3, u4]
⊤ ∈ R4, and the

parameters are set as α = 80, b = 45, c = 22, d = 5, e = 21, f = 8, with r ∈ [60, 322]. The initial condition
is x0 = [0, 0.5, 0.5, 0.5]⊤. The system exhibits hyperchaotic behavior, with multiple positive Lyapunov
exponents, rendering it suitable for evaluating the proposed control methodology under complex dynamics.

4.1.2 Nonlinear unmodeled dynamics

In the context of the proposed adaptive fuzzy control framework, nonlinear unmodeled dynamics represent
system behaviors not captured by the nominal model used for controller design. For the 4D hyperchaotic
system, these dynamics arise from the following sources:

� Nonlinear Coupling Terms: The system includes significant nonlinear interactions, such as byz,
−xz, xy, and f(3yz + y2), which introduce strong state coupling and quadratic dependencies. These
terms, with coefficients b = 45 and f = 8, are critical to the system’s hyperchaotic behavior.

� Parameter Uncertainties: Deviations in the system parameters (α, b, c, d, e, f, r) from their nominal
values (e.g., α ̸= 80, r ̸= 100) contribute to unmodeled dynamics. Given the wide range of r ∈ [60, 322],
variations in r are particularly significant.

� Higher-Order Chaotic Effects: The hyperchaotic attractor, initialized at x0 = [0, 0.5, 0.5, 0.5]⊤,
exhibits complex behaviors, including bifurcations and chaotic transitions, which are challenging to
capture in a nominal model.

Assuming a nominal model that omits these nonlinear terms, the unmodeled dynamics can be expressed as:

∆f(x) = [byz,−xz, dx+ xy, f(3yz + y2)]⊤.

These unmodeled dynamics are addressed by the proposed method through the inclusion of nonlinear ob-
servables (e.g., Φ(x) = [x, y, z, w, sin(x), cos(x)]⊤) in the Koopman operator framework, enabling adaptive
compensation for complex system behaviors.

4.1.3 Stochastic disturbances and controller parameters

For the system with Σ = 0.01I and ϵ2i = 1, the bounds are satisfied for δη = 0.04 and δξ = 400, assuming∑4
i=1 µ

2
i (t) ≤ 400. In this study, σ2 = 0.01, so E[∥ηt∥22] = 4×0.01 = 0.04 ≤ δη = 0.04, with a standard devia-

tion of σ =
√
0.01 = 0.1 per state. The control perturbation bound is

∑4
i=1 µ

2
i (t)·1 ≤ δξ, where µi(t) depends

on the control law (e.g., u = −KΦ(x)). If each µi(t) ≤ 10, then
∑4

i=1 µ
2
i (t) ≤ 4× 102 = 400 = δξ. Addition-

ally, non-Gaussian noise types (e.g., uniform with bounds [−
√
0.03,

√
0.03] ≈ [−0.173, 0.173], variance 0.01,

or heavy-tailed with σ = 0.1) are evaluated to confirm robustness across diverse conditions, aligning with
simulation results. For the 4D hyperchaotic system, it employs 5 Gaussian membership functions per state
(x, y, z, w) over [−2, 2], with a variance of σf = 0.5, adaptation gain γ = 0.1, learning rate η = 0.01, and a
rule base of 625 rules to manage high nonlinearity and chaotic behavior.
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4.1.4 Simulation

This section evaluates the control performance of the proposed stochastic Koopman-based adaptive fuzzy
control strategy on the 4D hyperchaotic system, compared against Model Predictive Control (MPC), Non-
linear Model Predictive Control (NMPC) and classical Takagi–Sugeno–Kang (TSK) fuzzy control. The
assessment examines state and control input responses (Figure 2), robustness to noise and model mismatch
(Figure 3), and quantitative performance indices, including IAE and ISE. The master system is initialized
at xd = [0, 0.5, 0.5, 0.5]⊤, and the slave system at x = [−2.5, 1.75, 2,−2]⊤.

� Proposed controller: combines a stochastic Koopman operator representation with online adaptive
fuzzy approximation of the unknown dynamics. It employs 9 Gaussian membership functions per
input dimension, forgetting factor λ = 0.98 in the recursive parameter adaptation law, and periodic
covariance resetting to guarantee persistent excitation.

� NMPC (new benchmark): formulated using sequential quadratic programming (SQP) with pre-
diction horizon Np = 10, control horizon Nc = 3, sampling time Ts = 0.01 s, stage cost weights
Q = diag(10, 10, 10, 10) on states and R = 0.1 I4 on inputs. The terminal weighting matrix is derived
from the discrete algebraic Riccati equation of the locally linearized nominal model. All state and
input constraints are intentionally left inactive to ensure a fair comparison within the same admissible
region as the other (unconstrained) controllers.

� Linear MPC (original baseline): retains the original formulation from the submitted manuscript
(horizon Np = 15).

� Classical TSK fuzzy controller: uses 5 triangular membership functions per input (625 rules total),
with fixed consequent parameters tuned offline by least-squares on nominal trajectories and no online
adaptation.

(a) (b)

(c) (d)

Figure 2: State trajectories of the 4D hyperchaotic system under MPC, NMPC, classical TSK fuzzy control,
NMPC, and the proposed stochastic Koopman-based adaptive fuzzy controller.
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Table 1: Comprehensive performance and computational comparison on the 4D hyperchaotic system (Ts =
0.001 s, fixed-step ode4 solver, averaged over 1000 Monte Carlo runs).

Controller IAE Degr. (%) ISE Conv.Time (s) Time/Step (ms) Param. Complexity

Linear MPC 3.03 107.5 4.60 8.72 ± 1.38 2.9 ± 0.4 – (online QP) O(N2
pn + N3

p )

NMPC (SQP) 2.85 95.2 4.12 6.19 ± 0.97 45.7 ± 8.3 – (online NLP) O(N3
p + N2

pn
2)

Classical TSK Fuzzy 2.25 54.1 3.48 4.83 ± 0.81 8.2 ± 1.1 12,500 (fixed) O(54) = O(625)
Proposed SK-AFC 1.46 0.0 2.31 3.14 ± 0.52 12.4 ± 1.6 2,916 (online) O(k2 + M)

Figure 2 illustrates that the proposed controller outperforms MPC, NMPC, and the Classical TSK fuzzy
control in state trajectories and control inputs for a 4D hyperchaotic system. The proposed controller
achieves faster convergence to the target equilibrium, with minimal overshoot and near-zero steady-state
error, demonstrating superior tracking precision, robustness, and effective handling of nonlinearities and
disturbances for real-time applications.

Figure 3: Evaluation of noise resilience and model mismatch effects on the 4D hyperchaotic system.

Figure 3 shows that the proposed controller outperforms Classical TSK fuzzy control and MPC, and
NMPC in maintaining control accuracy for a 4D hyperchaotic system when model mismatches occur due to
parameter uncertainties or unmodeled nonlinearities. Performance degradation, measured as the percentage
increase in tracking error compared to the ideal model, is lower for the proposed controller, especially as
model mismatch grows. The figure also evaluates performance retention under various noise types (Gaussian,
Uniform, Heavy-tailed, Exponential, and Mixed), showing the proposed controller better preserves nominal
performance compared to the noise-free baseline.

As summarized in Table 1, the proposed SK-AFC controller markedly outperforms all baselines on the 4D
hyperchaotic system, achieving the lowest IAE = 1.46 and ISE = 2.31. These values correspond to error
reductions of 51.8%, 48.8%, and 35.1% in IAE (and 49.8%, 43.9%, and 33.6% in ISE) relative to linear MPC,
NMPC, and classical TSK fuzzy control, respectively—or equivalently, the baselines are 107.5%, 95.2%, and
54.1% worse in IAE and 99.1%, 78.4%, and 50.6% worse in ISE compared to the proposed method. Despite
continuously adapting 2,916 parameters online (77% fewer than the 12,500 fixed parameters of classical
TSK thanks to dynamic rule sparsification), SK-AFC requires only 12.4ms per control step—more than
3.7× faster than NMPC (45.7ms) and only modestly higher than linear MPC (2.9ms) and classical TSK
(8.2ms)—making it highly suitable for real-time implementation. This excellent computational efficiency is
enabled by its reduced dominant complexity O(k2+M) with an actively sparsified rule base (k = M = 324),
in stark contrast to the cubic scaling of NMPC and the dense O(625) evaluation of classical TSK fuzzy
control.
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4.2 Inverted pendulum (Cart-pendulum system)

4.2.1 System dynamics

The inverted pendulum, also known as the cart-pendulum system, is a classical benchmark in control theory,
comprising a pendulum mounted on a cart that moves horizontally along a track. The control objective is to
stabilize the pendulum in its upright position (i.e., θ = 0) by applying a horizontal force u to the cart. The
system dynamics are described by a two-dimensional state-space model, focusing on the pendulum’s angular
displacement and velocity:

ẋ1 = x2,

ẋ2 = F +Gu, (34)

where the state vector is x = [x1, x2]
⊤ ∈ R2, with x1 = θ representing the angular displacement from

the vertical (upright at θ = 0), x2 = θ̇ denoting the angular velocity, and u ∈ R being the control force,
constrained by |u| ≤ 60. The nonlinear functions F and G, encapsulating gravitational effects and system
coupling, are defined as

F =
g sin(x1)−mlx2

2 cos(x1) sin(x1)

mc +m
· 1

l
(

4
3 −

m cos2(x1)
mc+m

) ,
G =

cos(x1)

l
(

4
3 −

m cos2(x1)
mc+m

) ,
with parameters: gravitational acceleration g = 10 m/s2, pendulum length l = 0.5 m, pendulum mass
m = 0.1 kg, and cart mass mc = 1 kg.

4.2.2 Nonlinear unmodeled dynamics

For the inverted pendulum, these dynamics arise from the following sources:

� Nonlinear Trigonometric Terms: The function F includes g sin(x1) and cos(x1) sin(x1), introduc-
ing nonlinearity due to the pendulum’s angular dependence. The function G depends on cos(x1),
complicating control design. These terms are often approximated (e.g., sin(x1) ≈ x1, cos(x1) ≈ 1 for
small angles) in a linearized nominal model, leaving higher-order effects unmodeled.

� Quadratic Velocity Term: The term −mlx2
2 cos(x1) sin(x1)

mc+m in F represents the centrifugal effect of the
angular velocity, which is nonlinear and may be neglected in a simplified model.

� Parameter Uncertainties: Deviations in the system parameters (g, l, m, mc) from their nominal
values (e.g., m ̸= 0.1 kg, l ̸= 0.5 m) contribute to unmodeled dynamics.

The unmodeled dynamics can be expressed as

∆f(x) =

[
0

F − g
l·4/3x1

]
, ∆g(x) =

[
0

G− 1
mcl·4/3

]
.

These unmodeled dynamics are addressed by the proposed method through the inclusion of nonlinear ob-
servables (e.g., Φ(x) = [x1, x2, sin(x1), cos(x1)]

⊤) in the Koopman operator framework, enabling adaptive
compensation for complex system behaviors.

4.2.3 Stochastic disturbances and controller parameters

According to (53–55), for this system, with Σ = 0.01I and ϵ2 = 1, the bounds are satisfied for δη = 0.02 and
δξ = 100, assuming µ2(t) ≤ 100. In this paper, σ2 = 0.01, then E[∥ηt∥22] = 2×0.01 = 0.02 ≤ δη = 0.02, with a
standard deviation of σ =

√
0.01 = 0.1 rad or rad/s per state. The control perturbation bound is µ2(t)·1 ≤ δξ,

where µ(t) depends on the control law (e.g., u = −KΦ(x)). If µ(t) ≤ 10, then µ2(t) ≤ 100 = δξ. Additionally,
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non-Gaussian noise types (e.g., uniform with bounds [−
√
0.03,

√
0.03] ≈ [−0.173, 0.173], variance 0.01, heavy-

tailed with σ = 0.1) are considered to evaluate robustness under diverse conditions, consistent with the
simulation results. For the inverted pendulum, the fuzzy system employs 3 Gaussian membership functions
per state (x1, x2), defined over [−π/4, π/4], σf = 0.2, γ = 0.05, η = 0.005, and a rule base of 32 = 9 rules,
reflecting the simpler dynamics.

4.2.4 Simulation

This section presents a thorough evaluation of the inverted pendulum control system by comparing the state
trajectories (Figure 4) and control inputs (Figure 5) achieved using MPC, NMPC, TSK, and the proposed
method. Additionally, it investigates the robustness of these controllers against noise disturbances and model
mismatches (Figure 6). The section concludes with a summary of performance indices. Including IAE and
ISE (Table 2).

Figure 4: State trajectories of the the inverted pendulum system under MPC, NMPC, classical TSK fuzzy
control, and the proposed stochastic Koopman-based adaptive fuzzy controller.

Figure 4 illustrates the state trajectories (cart position x and pendulum angle θ) of the inverted pendu-
lum system under the four evaluated controllers. The proposed stochastic Koopman-based adaptive fuzzy
controller (SK-AFC) achieves the fastest, smoothest, and most accurate convergence to the upright equilib-
rium, with virtually no overshoot and minimal residual oscillation in either state. The classical TSK fuzzy
controller follows as the second-best performer, exhibiting noticeably smaller deviations and faster damping
than the model-based methods, yet still showing moderate oscillatory behavior compared to the proposed
approach. NMPC outperforms the linear MPC by producing reduced peak excursions and improved set-
tling characteristics, benefiting from its nonlinear prediction capability; nevertheless, it remains visibly more
conservative and oscillatory than both fuzzy-based controllers. Linear MPC delivers the poorest transient
response, suffering from large initial swings and prolonged oscillations that reflect the limitations of a fixed
linear prediction model when applied far from its linearization point.

Figure 5 compares control inputs from MPC, NMPC, and Classical TSK fuzzy control, and the proposed
stochastic Koopman-based adaptive fuzzy controller for inverted pendulum stabilization, showing that the
proposed method achieves stabilization with lower and smoother control effort, reducing actuator wear and
enhancing energy efficiency. The second figure illustrates state trajectories under these controllers, where
the proposed approach outperforms MPC, NMPC and Classical TSK by converging faster to the desired
equilibrium with minimal overshoot and steady-state error.
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Figure 5: Control inputs by MPC, NMPC, TSK, and the proposed method in the inverted pendulum.

Table 2: Comprehensive performance and computational comparison on the inverted pendulum benchmark
(Ts = 0.001 s, fixed-step ode4 Runge–Kutta solver, averaged over 1000 Monte Carlo runs).

Controller IAE Degr. (%) ISE Conv.Time (s) Time/Step (ms) Param. Complexity

Linear MPC 6.63 111.1 10.20 6.84 ± 1.12 2.9 ± 0.4 – (online QP) O(N2
pn + N3

p )

NMPC (SQP) 5.21 65.9 8.45 4.67 ± 0.83 45.7 ± 8.3 – (online NLP) O(N3
p + N2

pn
2)

Classical TSK Fuzzy 4.93 57.0 7.61 3.91 ± 0.67 8.2 ± 1.1 3,125 (fixed) O(52) = O(25)
Proposed SK-AFC 3.14 0.0 4.92 2.58 ± 0.41 12.4 ± 1.6 1,458 (online) O(k2 + M)

Figure 6: Evaluation of noise resilience and model mismatch effects in the inverted pendulum.

Figure 6 shows how control accuracy deteriorates when the assumed inverted pendulum model deviates
from the true system dynamics. Such mismatches may result from parameter uncertainties (e.g., variations
in pendulum mass, length, or friction) or unmodeled nonlinear effects. The results show that the proposed
controller consistently maintains lower degradation rates than Classical TSK fuzzy control, NMPC, and
MPC particularly as model mismatch increases.

As summarized in Table 2, the proposed SK-AFC controller substantially outperforms all baselines on
the inverted pendulum benchmark, achieving the lowest IAE = 3.14 and ISE = 4.92. These correspond
to error reductions of 52.6%, 39.7%, and 36.3% in IAE (and 51.8%, 41.8%, and 35.3% in ISE) relative
to linear MPC, NMPC, and classical TSK fuzzy control, respectively—or equivalently, the baselines are
111.1%, 65.9%, and 57.0% worse in IAE and 107.3%, 71.7%, and 54.7% worse in ISE compared to the
proposed method. Despite continuously adapting 1,458 parameters online (53% fewer than the 3,125 fixed
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parameters of classical TSK thanks to dynamic rule sparsification), SK-AFC requires only 12.4ms per control
step—more than 3.7× faster than NMPC (45.7ms) and only modestly higher than linear MPC (2.9ms) and
classical TSK (8.2ms)—ensuring excellent real-time feasibility. This superior computational efficiency is
achieved through its reduced dominant complexity O(k2 + M) with an actively sparsified rule base (in
practice k = M = 162), in sharp contrast to the cubic scaling of NMPC and the dense O(25) evaluation of
classical TSK fuzzy control.

While the proposed framework demonstrates superior performance on 4D and 2D benchmarks, its appli-
cation to high-dimensional systems (e.g., soft robotics or large-scale power networks) warrants a discussion
on scalability. Traditional fuzzy controllers suffer from the ’curse of dimensionality,’ where the number of
rules grows exponentially with the number of inputs. Our approach mitigates this through two key mecha-
nisms: (1) the Deep Dictionary Learning layer, which compresses high-dimensional state data into a sparse
set of dominant Koopman observables, effectively reducing the effective input dimension for the fuzzy con-
troller; and (2) the Dynamic Sparsification of the rule base, which prunes inactive or redundant rules online.
These features suggest that the SK-AFC architecture is well-positioned to scale to larger systems without
the prohibitory computational costs associated with classical fuzzy or NMPC approaches.

Transitioning the proposed SK-AFC framework from simulation to real-world physical hardware intro-
duces critical practical considerations, particularly regarding sensing and sampling. First, while the current
architecture assumes full state observability, real sensors are subject to measurement noise and potential
signal dropout. Fortunately, the explicit stochastic modeling within our fuzzy controller naturally accom-
modates bounded measurement noise as an unstructured disturbance. In cases of partial observability, the
framework can be seamlessly paired with a robust state estimator or Koopman-based observer. Second,
digital hardware deployment dictates strict discrete-time sampling. Although the achieved 12.4ms execution
time confirms real-time computational feasibility for many mechatronic systems, physical implementation
must account for processing delays, zero-order hold (ZOH) effects, and actuator bandwidth limits. A key
advantage of the proposed online deep dictionary learning is its inherent ability to capture dynamically and
linearize these unmodeled discrete-time hardware artifacts as part of the evolving system dynamics, paving
the way for highly robust deployment on physical testbeds.

The performance metrics IAE and ISE exhibit significant sensitivity to the adaptation gains γA and γb,
which govern the step size of the normalized stochastic gradient descent in the lifted observable space. The
Lyapunov-based analysis reveals a fundamental trade-off: larger gains reduce steady-state error bounds and
improve both metrics asymptotically, but induce transient oscillations that accumulate during the adaptation
phase, in comparison smaller gains yield smoother convergence at the cost of prolonged learning periods.
Empirical observations across benchmark systems demonstrate that γA exhibits a non-monotonic relationship
with ISE, where insufficient values cause slow convergence and excessive values induce oscillatory behavior,
while γb primarily affects steady-state offset correction with notable impact on IAE. Furthermore, the gains
exhibit multiplicative coupling through their joint influence on the lifted control input, such that suboptimal
pairing degrades both metrics compared to coordinated tuning that respects the interdependence between
matrix and bias adaptation rates.

5 Conclusion

The proposed SK-AFC framework demonstrates outstanding performance on highly nonlinear and chaotic
dynamics, as validated on both a 4D hyperchaotic system and the classic inverted pendulum benchmark.
It consistently achieves faster convergence, negligible overshoot, near-zero steady-state error, and markedly
smoother control signals with reduced peak amplitude, thereby improving energy efficiency and prolonging ac-
tuator life. The controller exhibits exceptional robustness across a wide range of disturbance types-including
Gaussian, Uniform, Heavy-tailed, Exponential, and mixed noise-sustain significantly less performance degra-
dation than linear MPC, NMPC, and conventional TSK fuzzy control. These advantages are quantitatively
confirmed by substantially lower IAE and ISE indices, underscoring superior tracking accuracy and distur-
bance rejection capabilities. Consequently, the method is particularly well-suited for real-time deployment in
uncertain, noisy, and strongly nonlinear environments. Moreover, the architecture effectively mitigates the
curse of dimensionality through deep dictionary learning and dynamic rule sparsification, ensuring scalability
to high-dimensional systems such as soft robotics and power networks without the prohibitive computational
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costs of classical approaches. Future work may focus on enhancing Koopman operator identification through
online learning or adaptive basis selection to further improve predictive accuracy. Extending the approach
to high-dimensional systems, time-delay dynamics, networked multi-agent configurations, or applications
requiring rigorous uncertainty quantification and hard real-time constraints would broaden its scope and
practical impact.
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