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Abstract

For a given metric space (X, d), by F(X) we denote the family of all normal fuzzy sets of X, which are upper semicon-
tinuous and have compact support. In this paper, firstly, we prove that, if X is compact and f : X — X is a continuous
function, then its Zadeh’s extension f : F(X) — F(X) is continuous with respect to the d, metric. Then we analyze
some properties of Zadeh’s extension with respect to d,, metrics including positive Lyapunov stability, strong sensitivity
and transitivity.

Keywords: Fuzzy sets, d), metrics, Zadeh’s extension, (strong) sensitivity, positive Lyapunov stability.

1 Introduction

In 1965, Lofti Zadeh defined fuzzy sets in [I5] as a class of objects with different degrees of membership. He also stated
in the 70’s a way to induce, from a given f : X — X, a function whose domain consists of the fuzzy subsets of X: its
Zadeh’s extension.

In the last decades, many researchers have studied F(X) endowed with different metrics, among others d., and
Skorokhod metric (dp), see for instance [7, 8, 12]. In 1990, Diamond and Kloeden [3] defined the metric d, in the
hyperspace of all the fuzzy sets in R™, for p € [1,00). In [I] the authors have studied separability and completeness
of F(X) regarding d, metrics. The d, metrics are defined by the Lebesgue integral, for more information related to
Lebesgue measure theory, see [9].

A discrete dynamical system is a pair (X, f), where X is a metric space and f : X — X is a continuous function. The
collective dynamics of f can be analyzed through the induced dynamical system f : K(X) — K(X) where K(X) is the
hyperspace of all non-empty subsets of X endowed with the Hausdorff metric, see [2, [I3] for instance. Another way to
study collective dynamics is through Zadeh’s extension with respect to different metrics. The authors of [6], [7 8 1T, 12]
have dedicated their efforts to study Zadeh’s extension with respect to do, dg and sendograph metrics.

The aim of this work is to analyze the behavior of some dynamical properties of ,Zadeh’s extension regarding the d,
metric, in the hyperspace of fuzzy sets. The d, metric exhibits a behavior that is difficult to characterize through its a
a-levels, which is why proofs of its dynamic properties have relied on techniques that are different from those used in
the aforementioned metrics; moreover, some results appear in contrast with the findings reported for dg, dy, and ds.
The first mandatory step is to analyze whether Zadeh’s extension is continuous with respect to the d, metrics, where
we find the first discrepancy with the dg, ds and d, metrics.

This paper is organized as follows. In Section 2, we give some definitions and some known facts about them. Section
3, is devoted to analyzing continuity of Zadeh’s extension. The main result of this section is Theorem [3.5] From this,
it follows the continuity the Zadeh’s extension is continuous with respect to d, metric, whenever the underlying space
is compact (see Corollary . Example shows that compactness is essential. In Section 4 we deal with stability
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properties of Zadeh’s extension. Finally, in section 5 we analyze dynamical properties. In Proposition [5.6] it is proved
that strong sensitivity of a dynamical system with a compact domain is inherited by its Zadeh’s extension in hereditary.

2 Preliminaries

In this paper (X, d) denotes the metric space, where X is a set endowed with the metric d, and By(z,d) = {y € X :
d(z,y) < 6} denotes the open ball with center at x € X and radius ¢ > 0. The intervals [0, 00) and [0, 1] are denoted
by RT and I, respectively.

A fuzzy set u on the metric space X is a function u : X — I. For any given fuzzy set u the following sets can be
distinguished u, = {z € X : u(z) > a}, for a € (0,1] and ug = {z € X : u(z) > 0} = U{uy : @ € (0,1)}, they are
known as the a-levels and the support of u, respectively. As we have indicated above as usual, the hyperspace F(X)
is defined as the family of all upper semicontinuous fuzzy sets v with compact support such that u; # (). Note that for
a given u € F(X) the a-level u, is compact, for each o € (0,1]. And if A C X, is a non-empty compact set, then the
characteristic function x4 : X — I belongs to F(X). If A = {z}, then we write x, instead of x (4.

Now, let us keep in mind that for a given metric space (X, d), the Hausdorff metric is defined on K(X), the hyperspace
of the non-empty compact subsets of X, by di(A, B) = max{p(4, B), p(B,A)}. In turn, p(A4, B) = max{d(a,B) : b €
B} = maxgzea{minyep d(a,b)}.

The following result is well known; see [§] for instance.

Proposition 2.1. Let (X,d) be a metric space. If A, B,C,D,F € K(X), then it is true that:
i) If dg(A,D) <e and dg(B,F) <e¢, then dgy(AUB,DUF) <.

It is a well-known fact that if u is a fuzzy set, then v can be defined by its a-levels. The following two propositions
express this condition.

Proposition 2.2. [8, Proposition 4.9] Let X be a Hausdorff space anduw € F(X). If L: T — (K(X),dp) is the function
defined by L(a) = ug for all a € 1, then the following holds:

i) L is left continuous on (0,1];

ii) Alirih L) = Upsq up and ,\lg(l;h L(\) C ug for each o € [0,1);
iii) L is right-continuous at 0.

Conversely, for any decreasing family {us : « € I} C K(X) satisfying i) and iii), there exists a unique w € F(X) such
that we, = uy for every a € 1.

Proposition 2.3. Let (X, d) be a metric space and u,v € F(X). Then u, = vq for all a € 1 if and only if u = v.

In recent decades F(X) has been provided with various metrics constructed from some metric d defined on X. The
doo is defined by doo(u, v) = sup{dp (ua,vs) : a € I} for u,v € F(X). It is easy to see that dy(ta, Va) < doo(u,v) for
each a € I. The Skorokhod metric dy is defined on F(X) as:

do(u,v) = inf{e : It € T such that sup : [t(a) — a| < € and doo (u, tv) < €},
acl

where T is the family of all increasing homeomorphisms from I onto itself and tv = ¢(v). From the definition of dy it
immediately follows that do(u, w) < deo (u, w) and dg (e, we) < do(ta, we) for a =0, 1.

Another common way to provide F(X) with a metric is to use the sendographic metric. Consider a metric space
(X,d). Take u € F(X). The sendograph of u is defined as follows:

send(u) = {(z,a) € up x I :u(z) > a}.

The sendograph metric dg on F(X) is defined as the Hausdorff metric (on K(X x I)). If u,v € F(X), then
ds(u,v) = dp(send(u), send(v)). It is known that dg < dy < dw [5, Proposition 2.7].
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And so, we finally proceed to define the metric that is the main subject of this paper. For a given real number
p > 1, the metric d, : F(X) x F(X) — R7 is defined by the Lebesgue integral:

1 5
dp(u,v) = {/ dH(ua,va)pda} , for u,v € F(X),
0

from this, it follows that d,(u,v) < doo(u,v). A proof that d, is a metric can be found in [I]. Henceforth, the measure
of a set A, denoted by m(A), means the Lebesgue measure.

3 Fuzzy sets and Zadeh’s extension

In this section X denotes an arbitrary metric space. If f : X — X is a continuous function, its Zadeh’s extension
f: F(X) — F(X) is defined as follows:

7 sup{u(z) 1z € f~1(y)}, if f7'(y) #0.
0, if f~1(y) =0.

The construction of Zadeh’s extension guarantees the well-behaved nature of the a-levels of fuzzy sets in F(X).

~

Proposition 3.1. [§] If f: X — X is a continuous function, then [f(u)]a = f(ua) for each u € F(X) and a € L.

Unlike the sendographic metric dg, the Skorokhod metric dy and d., for which we have that f: (X,d) — (X,d) is
a continuous function if and only if its Zadeh’s extension f : (F(X),d,) = (F(X),d,) is continuous, where p = 5,0, 00
(see [8] and [I0]). The continuity of f is not sufficient to ensure the continuity of I (F(X),dp) = (F(X),dp), as the
following example shows.

Example 3.2. Let X be the interval = [0, 00) with the usual metricd andp > 1. If f : X — X is defined by f(x) = 22,

then we will prove that J?: F(X) — F(X) is not continuous with respect to d,. Fix u = Xo, then u, = {0}, for a € L.
For any n € N, we define u,, € F(X) through its a-levels as follows:

[0,n], ifae€l0, n%p]
[un]a =

{0}, ifae (.1
So:

n, ifaée [0, n—ﬁp} .
dH(uom [un]a) -
0, ifae (1],

n2p

Thus:

=

& 1\]7 1
d n) = pd = p —_— = — ll N,
(U, Unp,) < ; n a> [n (nQi"ﬂ - foralln €

~

this means that, {untnen converges to u with respect to d,. On the other hand, [f(u)]la = f(ua) = {0}, for each a € L.
And also:

Flun)la = flunle) =07, ifa e o, o]

[.]/C\(un)]a = f([un]a) = {0}7 if a € (lepa 1:| .
Therefore,
n?  ifac 0,5,

n2r

0, ifae(#,l].
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In other words, for all n € N we have:

dy(Flu), Flun)) = ( / " (Fw)lo. [ﬂun)]a)pda); - ( / - n%da); 1.

Therefore {f(un)}nen does not converge to f(u) regarding dp, that is Zadeh’s extension 7 F(X) = F(X) is not
continuous regarding d, metric. O

The result above shows that the continuity of a function f does not guarantee the continuity of ]?even for locally
compact metric spaces.

In the sequel, the metric spaces (F(X),ds), (F(X),do), (F(X),ds) and (F(X),d,) will be denoted respectively
by Foo(X), Fo(X), Fs(X) and Fp(X). If {u,}nen is a sequence of fuzzy sets on F(X), by g, we denote, for a fixed
n € N, the function g, : I — [0, 00) which is defined as follows g, (@) = di ([tn]a, ta). The next result will be helpful.

Lemma 3.3. Let (X,d) be a metric space, {un}tnen, a sequence of fuzzy sets in F(X), u € F(X) and p > 1. If
{un }nen converges to u with respect to d,,, then {gn(o)}nen converges to zero in measure.

Proof. Fix € > 0. For each n € N and § > 0 consider the following sets F,,(6) = {a € I : g, (o) > ¢}. For a given 9 > 0

choose €1 = 6%(50 > 0. Since {up nen converges to u with respect to the metric d,, there exists N € N, such that for
each n > N, we have that:

1 1 b v
€r 0o > dp(up,u) = (fo dH([un]a,ua)pda> > (fEn(Jo)éng‘> ,
€00 > (62m(En(80))7 -
Therefore € > m(E,(dp)). That is li_>m m(En,(60)) = 0 which concludes the proof. O

In order to attain the next result we may argue similarly:

Corollary 3.4. Let (X,d) be a metric space, {un tnen and {v, }nen be two sequences of fuzzy sets on F(X) and p > 1.
If lim dp(un,vyn) =0, then {dg([un]a, [Vn]a) tnen converges to zero in measure.
n—oo

Lemma and Corollary are aimed at establishing a statement that specifies sufficient conditions to deduce the
continuity of f, with respect to d,, from continuity of f. In fact we will prove a stronger theorem.

A popular way for constructing fuzzy sets is precisely to use known fuzzy sets. With that intention the Hutchinson
operator is defined. Let (X, d) be a metric space and f1, fo, -, fx, with k € N, be a family of continuous functions
from X into itself. In [8] the Hutchinson operator F : F(X) — F(X) was defined levelwise by [F(u)]o = [f1(u)]s U
[fz(u)]a U---u [ﬁ(u)]a, for v € I. In [8] mit was proven that F' is well defined and that it is continuous regarding d
and dy. We now proceed to prove the similar result for d, metrics.

Theorem 3.5. Let (X,d) be a compact metric space, p > 1 and k € N. If f1, fa,--- , fr + X — X are continuous
functions, then Hutchinson operator F : Fp(X) — Fp(X) is continuous as well.

Proof. Let {u,}nen € F(X) be a sequence that converges to u € F(X) with respect to d,. Fix € > 0. Since (X, d)
is compact, the metric space (K(X),dg) is also compact, so f : (K(X),dg) — (K(X),ds) is uniformly continuous.
Thus, there is 6 > 0 such that from dg (A, B) < 4 it follows that d (f;(A), f;(B)) < 57 for each i = 1,2,--- k. In
consequence, Proposition tells us that dg (A, B) < § implies:

dr (FL(A) U fa(A)U---U fi(A), Ai(B)U fo(B)U--- U fi(B)) < 2— (1)

By the Lemma {gn }nen converges to zero in measure. Thus, there exists N € N, such that if n > N, then

P
I: n > 5 970’ 2
m(fa €T gufa) > 6)) < .7 )
where L is the diameter of X. From this follows that dg (f1([tun]e)U- U fx([un]a), f1(ta)U- U fr(us)) < L, for each
n € N. We define, for each n € N, the set E,, = {a € I: g, () > §}. Fix ng > N and observe that according we have
that:
[ i gl U+ U fillan, o). () U+ U o)) da <
E

o
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p p e p e

nQ

On the other hand if a € T\ Ej,,, then dg ([tn,]a, ta) < 0. Thusimplies that dg (f1([tngla) U+ U fr([tngla), fi (ta) U
~2U Fulua) < ¢ and
2P

_ /4

/ dH(.le([u7Lo]a)U"’Ufk([uno]a)afl(ua)U"'U]Fk(ua))pda< % (4)
JIAV

So and imply that db(F(un,), F(v)) < €?. Therefore {F(uy,)}nen converges to F'(u) with respect to d;,, which
implies that F': F,(X) — F,(X) is continuous. O

Corollary 3.6. Let (X,d) be a compact metric space, p > 1 and f : X — X a continuous function. Then f: Fp(X) —
Fp(X) is continuous.

The proof of the next fact is essentially the same as the previous one it is enough to replace Lemma [3.3] with

Corollary

Proposition 3.7. Let (X, d) be a compact metric space, p > 1 and f : (X,d) — (X,d) a be continuous function. Then
[ Fp(X) = Fp(X) is uniformly continuous.

However, compactness is not a necessary condition in establishing the continuity of f: Fp(X) — Fp(X) as evidenced
by the identity function.

4 Stability for (F,(X), )

A discrete dynamical system is a pair (X, f) where X is equipped with a metric d and f : X — X is a continuous
function. Let us recall that fO(z) = Id(z), f'(z) = f(z), f2(z) = f(f'(x)), f3(x) = f(f?(x)) and for each k € N,
fF(x) = f(f*¥1(x)). As usual for 2y € X the orbit of a point 2y € X is the sequence:

anf(x0)7f2($0)’ T ’fn(xo)v T

which is denoted by O(zg, f). By virtue of Corollary E Zadeh’s extension [ : Fp(X) — Fp(X) is a continuous
function, as long as f : X — X is a continuous function and (X, d) is a compact metric space, all of which brings to
mind the discrete fuzzy dynamical system (F,(X), f)

Let (X, f) be a discrete dynamical system if the orbits of neighboring points remain close, it is considered to have
stable behavior. The following property captures the aforementioned idea.

Definition 4.1. Let (X,d) be a metric space, f: X — X and xg € X. We say that xg € X is a positively Lyapunov
stable (PLS) point if for each € > 0, there exists § > 0 such that, if d(zo,y) < 9, then d(f™(xo), f"(y)) < € for alln > 0.
We say that (X, f) is a positively Lyapunov stable (PLS) function, if each x € X is PLS.

It is a well-known fact that for each open cover C of a compact metric space X, there exists 6 > 0 such that, if
z,y € X and d(z,y) < 0, there is C € C with {z,y} C C.

Lemma 4.2. Let (X,d) be a compact metric space and f : X — X a PLS function, then for all € > 0, there exists
0 > 0 such that, if d(z,y) < 9, then d(f™(x), f"(y)) <€, for alln > 0.

Proof. Fix e > 0. Since f is PLS, for each € X, there exists 6, > 0 such that f"(Ba(z,0:)) € Ba(f" (), §) for all
n > 0. Note that {B4(z,d,) : © € X} is an open cover of X hence, there exists 6 > 0 such that, if d(z,y) < J, then
there exists xo, with {x,y} C Ba(xo,0dz,). So d(x,20) < 0z, and d(y,x0) < 0z,, therefore d(f™(x), f*(x0)) < § and
d(f"(y), f*(wo)) < § for all n > 0, hence d(f™(x), f*(y)) < € for all n. > 0. O

A~

n —
It is a well known fact that if f: (X,d) — (X,d) is a continuous function, then (f) = fn, we refer the reader to

— ~\ N
[12] for instance. So we can write f” instead of ( f) . Henceforth, we suppose that f : X — X is a continuous function.

Proposition 4.3. If (X,d) is a compact metric space and p > 1, then the following statements are equivalent.

i) f:X = X is PLS;
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ii) f:K(X)— K(X) is PLS:
i) f: F,(X) = Fp(X) is PLS.

Proof. To prove i)— ii), let us assume that f is PLS. We fix A € K(X) and € > 0. By Lemma there exists
0 > 0 such that, d(z,y) < §, implies d(f™(z), f"(y)) < ¢, for all n > 0. Take B € K(X) such that di (A4, B) < 4§, by
definition of PLS and Lemma we have that for each one pair a € A and b € B it holds that d(f™(a), f"(B)) < €
and d(f™(b), f"(A)) < € Therefore dg (f"(A), f*(B)) < €

Now, let us assume that ii) is true and fix ¢ > 0. Notice that (X) is a compact metric space. As f: K(X) — K(X)
is PLS, Lemma implies the existence of § > 0 such that, if d(A4, B) < ¢ then d(f"(A), f*(B)) < E for each n € N.

Take u € F(X) and n € N. For each v € F(X) such that d(u,v)

P
E, ={a€l:dy(us, ve) > 6}, by an argument similar to the proof of Lemma@ 4Lp (Ey), so for
each n € N is satisfied that

P
(P (), F(v) < / Ld, + / () do < D'm(E) + & = & < o)
E, (0,1\E, \47r 4 2

We can get proof of implication iii)— i) by using d(z,y) = dp(xz,xy) and d(f(z), f(v)) = dp(f(Xz), fxy)) =
dp(Xf(2) Xf(y)) for all z,y € X. O

We can argue analogously to prove the following result.

Corollary 4.4. Let (X,d) be a compact metric space and p > 1. Then:

i) If v € X is PLS of (X, f), then xo is PLS in (F,(X), f).

o~

i) If A€ K(X) is PLS of (K(X), f), then xa is PLS in (F,(X),

~—

Now we will address to contractions, these functions are relevant in many areas of mathematics.

Definition 4.5. Let (X,d) be a metric space. A function f : X — X is a Lipschitz function, if there exists a 0 < A
such that, for all x,y € X we have that:

d(f(z), f(y)) < Md(z,y).

If A < 1, then f is said to be a contraction.

Note that, if (X,d) is a metric space and f: X — X is a contraction with factor A € [0,1), then d(f"(z), f"(y)) <
A"d(z,y). In particular f is also PLS, because lim A" = 0.

n— o0
Let (X,d) be a metric space. If f: (X,d) — (X,d) is a contraction, then its Zadeh’s extension f : (F(X),ds) —
(F(X),dw) is a contraction (see [7]), but, particularly if X =1, in [14] there exists a contraction f such that its Zadeh’s
extension f : (F(X),do) = (F(X),dp) is not a contraction.

Proposition 4.6. Let (X,d) be a metric space, p > 1 and k € N. If f1, fo, -+, fx : X — X are contractions, then the
Hutchinson operator F : F,(X) — Fp(X) is a contraction.

Proof. Since f1, fa, -, fr are contractions, then there are A1, Ag, -+, A\x € [0,1) such that d(f;(x), fi(v)) < \d(z,y),
for anyone z,y € X and 1 < ¢ < k. We define A = max{A1, -+, A}, note that A < 1. If u,v € F(X), by Proposition
2.1l we have that:

H(fi(ua) U U fi(ua), f1(va) U+ U fre(va)) < Adp(ta, va)-

Therefore:
/ du (fi(ua) U fr(ua), fi(va) U U fe(va))Pda < /\pdg(u,v),

this means that d,(F(u), F(v)) < Adp(u,v). Hence F : F,(X) — F,(X) is a contraction. O

Corollary 4.7. Let (X,d) be a metric space and p > 1. Then f : (X,d) — (X,d) is a contraction, if and only if its
Zadeh’s extension f : Fp(X) — Fp(X) is a contraction.
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Proof. Suppose that f : (X,d) — (X,d) is a contraction; to prove that fA: Fp(X) = Fp(X) is a contraction, it is
enough to consider F' = f in the previous proposition. For the inverse implication, notice that d(z,y) = dp(xz, Xy) and

o~

d(f(@), F() = dp(F(xa), Fxy)) = dp(X5(0)s Xs() for all 2,y € X. O

If in Proposition [f.6|and Corollary [£.7], the word contraction is replaced by the Lipschitz function, the results remain
correct.

It is well known that if a function f is a contraction (Lipschitz function), then it is continuous and PLS. According
to the previous result, if f is a contraction (Lipschitz function), then e Fp(X) = Fp(X) is a contraction (Lipschitz
function), hence it is continuous and PLS, regardless of the compactness of the space X. It is worth mentioning that
in [I] it was proven that if X is a compact metric space, then F,(X) is complete for any p > 1. This implies that if f
is a contraction on X then its Zadeh’s extension has a unique fixed point.

5 Sensitivity, transitivity and periodic density

A dynamical system is Devaney chaotic if it is transitive, sensitive and has a dense set of periodic points. However,
it is known that any transitive system with a dense set of periodic points is also sensitive. The properties related to
Devaney chaos is studied below.

Note that at the opposite extreme of the PLS property, the sensitivity to initial conditions is defined for the discrete
dynamical system (X, f), which shows has instability at any point.

Definition 5.1. Let (X, f) be a dynamical system.

i) A function f : X — X is sensitive [4 (or sensitive to initial conditions) if there exists 6 > 0 such that for all
z € X and for all e > 0 there are y € X and n € N such that d(z,y) < € and d(f"(z), f*(y)) > 0.

i) A function f: X — X is said to be strongly sensitive if we can take A > 0 such that for each x € X and ¢ > 0
there is ng € N such that for each n > ng there is y € X with d(x,y) < € and d(f"(x), f"(y)) > A.

In other words, f is sensitive if each x € X is not PLS. Note that strong sensitivity implies sensitivity to initial
conditions, but the converse is not always true (see [I3, Example 1.2]).

In [6] it is shown that if (X, d) is a metric space and (F(X),d,) is (strongly) sensitive for p = 00,0, S, then (X, d) is
also (strongly) sensitive. The proof is based on the fact that ds(u, xz) = deo(u, Xz) = do(u, Xz) = dg(ug, {z}), for all
u € F(X) and z € X. However, it does not always occur that dy(u, xz) = dg(u, {z}), so the proofs follow a different
path.

Example 5.2. Let X =R, p=1 and d the usual metric. Take 3 € X, and u as follows:

5 if z € ]0,2].
0, otherwise.

Then uq = [2a, 2], for each a € T and therefore dp(uq,{3}) =3 — 2a. Thus:

dp(u, x3) = /01(3 —2a)da = 2.
Whereas dg (uo, {3}) = d([0,2], {3}) = 3.

Proposition 5.3. Suppose that (X,d) is a compact metric space and p > 1. Iff: Fp(X) = Fp(X) is sensitive, then:
i) f: X — X is sensitive.

i) f:K(X)— K(X) is sensitive.

Proof. Suppose that f: Fp(X) — Fp(X) is sensitive and that f is not sensitive (f is not sensitive), then there exists

z9 € X (Ap € K(X)) which is PLS in (X, f) ((K(X), f)), then Corollaryimplies that xz, (x4,) is PLS in (F,(X), f),
which is a contradiction. Therefore we obtain i) and ii). O

Since that strong sensitivity implies sensitivity, the next result follows from Proposition |5.3
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Corollary 5.4. Suppose that (X,d) is a compact metric space and p > 1. Iff: Fp(X) = Fp(X) is strongly sensitive,
then:

i) f: X — X is sensitive.
i) f:K(X)— K(X) is sensitive.

We emphasize the compactness hypothesis in Proposition In general, it is not always true that, if f: F(X)—
F(X) is sensitive, then f: X — X is sensitive, as may be verified in the following example:

Example 5.5. Let X = [0,00) with the usual metric d and p > 1. We define f : X — X as follows:

z, if x € [0,1].

fx) =
2 —1, ifx € (1,00).

Observe that f is a Lipschitz map. Take two different points x,y € [0,00). If x and y belong to [0, 1], then |f(x)— f(y)| =

lz—y|. Ifx,y € (1,00), then |f(x)—f(y)| = 2|z—y|. Finallyif, z € [0,1] andy € (1, 00), which implies0 < y—1 < y—zx.

Thus d(f(z), fly) =le—Ry—-1)|=lz—y|l+|y—1| < |z —y|+ |x —y| = 2|z — y|, hence [ is a Lipschitz map with

constant A = 2. In order to prove that Zadeh’s extension is a Lipschitz map, we can argue as in the proof of Proposition
with only one map and prove that f is Lipschitz. It is also continuous, because so is any Lipschitz map.

Letu € F(X) and 0 < e < 1. We define ag = maxug, and xg = ag + 2. Note that o € (1,00). We define the fuzzy set

¢ as follows:

u(z), if x € wo.
o(x) = 72;’;8, if v = .
0, otherwise.

Note that u # ¢ and ¢po = ua U {zo} for all a < 55— p, hence dp(¢a,ua) = d(xo,ua) < zo. If —mfzp < a <1, then
0
Uo = Do, thus dg(da,ua) = 0. Therefore:

e L P
2;0“8 P P 2;zg p €
dp(u’ QZS) = 0 dH(uOév ¢a) dO/ S 0 :COdOé - 5 < €.

On the other hand, if a < %, we have two possibilities ag € [0,1] or ag € (1,00). If ag € [0,1], then uy, C [0,1
0
and maxuq < ao, hence du(f"(¢a), f"(ua)) = d(f"(20), [ (ua)) = d(2"zo — (2" — 1),ua) = d(2"zo — (2" — 1), a0)
|27z — 2"+ 1—ag| = 2" (ag+2) — 2"+ 1 —ap| = [(2%ap —ag) + 1 +2"| > 2". Ifag € (1,00) then dH(f”(gba) f"(ua))
d(2"ro— (2" —1),2"%ap — (2" —1)) = [2"(ap +2) — 2" +1—-2"ag +2" — 1| > 2". In the another case, when giar <<
we have dg (f™*(da), f*(ua)) = 0. Therefore:

=

"I\/ Il

dH(f”(ua),f"(%))pda] 2%2”.

To

dy(f" (), F(¢)) = [ /O

Due to the Archimedean property, there exists ng € N, such that for all n > ng, we have that ﬁ?” > 1, that is,

I Fp(X) — Fp(X) is strongly sensitive (and therefore sensitive) with constant A = 1. However, f is not sensitive
(and therefore, it is not strongly sensitive neither) since for each 6 > 0 we can consider xo = 1/2 and ¢ = min{1/4,4}
for which we have that for each n € N from |y — xo| < € it follows that |f™(y) — f™"(xo)| = |y — zo| < e < I

In the opposite direction, in [5] it is shown that if (X, d) is strongly sensitive, then(F(X),d,) is also strongly
sensitive, for p = 00,0,.S. The proof uses the fact that for every u,v € F(X), we have dg (ug, vo) < do(u,v) < doo (u, v);
however, as Example shows, in the d, metric, it is not always true that dg(uo,vo) < dp(u,v).

Proposition 5.6. Suppose that (X,d) is a compact metric space, p > 1. If the continuous function f : X — X is
strongly sensitive, then f: Fp(X) — Fp(X) is strongly sensitive as well.
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Proof. Fix A > 0 which witnesses strong sensitivity of f. Take u € F(X) and ¢ > 0. Since the set of all elements
in F(X) with finite support is dense in F,(X) ([1], Theorem 3.7, claim 1), without loss of generality we can consider
that |ug| = k for some k& € N. Suppose that uwg = {x1, 22, -+ ,2,}. For each i = 1,2,--- k, take N; € N which
witnesses strong sensitivity regarding x; and §. Put N = max{Ny, Na,---, Ni} and fix n > N. For each i = 1,2,--- |k
there is y; € X such that d(z;,y;) < § and d(f"(z;), f*(y;)) > A Take z; € u; # 0, thus x; € u, for each
a € 1. Observe that for each ¢ € {1,2,--- ,k} such that ¢ # j only one of the following conditions can be true
d(f™(z;), M) < A2 or d(f™(z;), f*(x:)) < A/2. Put ¢; = y;. Moreover, for each ¢ # j define ¢; = y; whenever
d(f"(x;), f"(xz:)) < A/2 and ¢; = x; otherwise. Note that for each A C ug such that x; € A we have that dy (A, Ba) < §
and dg (f"(A), f*(Ba)) > A/2, where By = {c, : r € Index(A)} and Index(A) is the set of indexes of all the elements
of A. So, by Proposition the family {B,, : « € I} defines a fuzzy set w such that w, = B, . Observe that
dy (Ua,wo) < § and dg (f™(uq), fM(wa)) > A/2, for each a € I, this implies that:

dy(u, w) = </HdH(ua,wa)pda)1/p < (/H(;)pda)l/p -f<e

a7 ) = ( [ (7 @l [P (0] o) "
( [ (7). 7 ) da)l/p > ( / (A/2)pda>l/p N
Therefore f : Fp(X) — Fp(X) is strongly sensitive. 0

Now let us move on to transitivity properties.
Definition 5.7. Let X be a topological space and f : X — X a continuous function.

i) A discrete dynamical system (X, f) is transitive, if for any two non empty open subsets U,V of X, there exists
n € N such that f*(U)NV #0.

ii) A discrete dynamical system (X, f) is weakly mizing, if f X f: X x X = X x X is transitive.
The following fact referred to transitivity regarding d., dp and dg metrics was proven in [7].
Theorem 5.8. [7] Let (X,d) be a metric space. Then, the following conditions are equivalent:

1) (X, f) is weakly mizing;
i) (K(X),f) is transitive;
i) (Fs(X),f) is transitive.
iv) (Fo(X), ) is transitive.

V) (Foo(X ),f) is transitive.

Let us recall that dp(u,v) < doo(u, v), for all u,v € F(z), from which the next two corollaries follow.

Corollary 5.9. Let (X,d) be a compact metric space and p > 1. If (X, f) is weakly mizing, then (.Fp(X),f) 18
transitive.

Corollary 5.10. Let (X,d) be a compact metric space and p > 1. If (K(X), f) is transitive, then (}"p(X),f) is
transitive.

In the other direction, if we assume that f is transitive, we have the following.

Proposition 5.11. Let (X,d) be a compact metric space, p > 1 and f : X — X a continuous function. If (Fp(X), f)
is transitive, then (X, f) is also transitive.
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~

Proof. Takea,b € X, > 0and e > 0. There exist w € F(X) and n € N, such that d,,(x., w) <  and d,(xs, [*(w)) < €.
We define gq (@) = dg([Xala, Wa) = du({a}, wy). Note that, if a < 8, then dy({a}, wg) < dy({a},wy,), i.e. go(e) is a
decreasing function. As

1

) = ( [ 1 (oo da) <

there exists « € (0, 1], for which dg ({a}, w,) < 6, thus dg({a},w1) < d. Analogously prove we can that dg ({b}, f™(w1)) <
€.

If 29 € wy, then d(a,zo) < dg({a},w1) <. Since f"(xo) € f™(wy1) we have that d(b, f"(xo)) < dg({b}, f"(w1)) <
e. Hence d(a,zo) < 0 and d(b, f"(zo)) < € which proves that (X, f) is transitive. O

In the sequel we will focus on the periodic density of the induced map f Let us recall that € X is a periodic
point of f : X — X, if there exists n € N such that f™(z) = . Note that, if u € F(X) is a periodic point, that is,
there exists n € N, then by Proposition f™(ue) = uq for each a € 1.

Definition 5.12. Let (X,d) be a metric space. A dynamical system (X, f) has periodic density, if set {x € X : f*(z) =
x for some n € N} is dense in X.

Proposition 5.13. Let (X, d) be a metric space. Suppose that v is a metric on F(X), such that for each compact
B C X and v € F(X) there exists a € I such that dg(B,va) < d,(x5,v). If f has periodic density on F.(X), then f
has periodic density on K(X).

Proof. Suppose that U = {v € F(X) : J/C;(’U) = v for some n € N} is dense in F.(X). Let A € K(X) and € > 0, then
there exists w € U such that d,(xa,u) < e. Note that we can find o € I such that dg (A4, us) < dr(xa,u) < €. Since

u € U, there exists m € N such that f™(u) = u, this implies that f™(us) = u,. Thus {ug : 3 € I and u € U} is dense
in K£(X) and contains only periodic points. O

< do(u,w) < doo(u, w). Note that

Bearing in mind that for each pair u,w € F(X) it hold dg (ug,wo) < dg(u, w) < d
) < dp(xa,u). The previous proposition

for each A € K(X) and every u € F(X) there exists a € I such that dy (A, ug
implies the following result.

Proposition 5.14. Suppose that (X,d) is a metric space, p > 1 and r € {00,0, S, p}. Iff has periodic density on
Fr(X) = (F(X),d,), then f has periodic density on K(X).

It is well known that if f : X — X has periodic density, then f : K(X) — K(X) and I Foo(X) = Fool(X)
also have periodic density. On the other hand, in [6] it has been proved that if f : X — X has periodic density,
then f: Fo(X) — Fo(X) also has periodic density. Regarding the question about whether the periodic density of
f: K(X) — K(X) implies periodic density of f: X — X, in [2] there is an example which shows that this fact is not
always true. In contrast we have the next result.

Proposition 5.15. Let (X,d) be a metric space and p > 1. If f has periodic density on (X,d), then f has periodic
density on Fp(X).

Proof. Suppose that f has periodic density on (X, d) and that D is the set of all periodic points of f. In ([I], Theorem
3.7, claim 1) it is proved that, if D is dense in X, then ® = {¢ € F(X) : |po| < 00,99 C D} is dense in F,(X). Fix
@ € @, then there exists k € N such that pg = {z1,22,- - ,2x} C D. For each z; € o with 1 < i < k, there exists
n; € N, such that f™i(z;) = x;, S0 m = n3 Xng X - - - X ny, satisfies that f™(z;) = ;, for all z; € pg. Hence f™(va) = ¢a
for all @ € I which implies Fn(gp) = . Therefore ® is a dense set of periodic points of j?in Fp(X). O

Additionally, in ([I], Theorem 3.7) the authors prove that if D is a dense countable in (X,d), then T' = {¢ € F :
loo] < 00,00 € D and ¢o(X) C Q} is a dense countable in F,(X). Therefore IT' is a countable set of periodic points of

f

Corollary 5.16. Let (X,d) be a metric space and p > 1. If f has a dense countable set of (X,d), which consists only
of periodic points, then f has a dense countable set of F,(X), which consists only of periodic points of f.

The above result is consistent with [6], where it is proven that if f has a dense countable subset of periodic points
of (X, f), then there exists a dense countable subset of periodic points of (Fo(X), f) and a dense countable subset of
periodic points of (Fg(X), f).
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6 Conclusions

In this work, it has been proven that if (X,d) is a compact metric space and f : X — X is a continuous function,
then f : Fp(X) = Fp(X) is also continuous for each p > 1. However, Identity function and Corollary attest that
compactness is not a necessary condition. It is important to note that the conditions for obtaining the continuity of f,
in Corollary [£.7] are over f and not over X. R

On the other hand, Example shows that local compactness of X is not sufficient to ensure the continuity of f. So
the question on which properties on the underlying space guarantee the continuity of the Zadeh’s extension, regarding
dp, metrics, remains an interesting subject for future research.

Moreover in this work, some properties have been analyzed, such as positive Lyapunov stability, contractility, (strong)
sensitivity and transitivity for a dynamical system f : X — X and its Zadeh’s extension f: Fp(X) = Fp(X). For PLS
and sensitivity properties, the compactness of X was used, not only to guarantee the continuity of f Regarding the
question: is it true that the sensitivity of f : F,(X) — F,(X) implies the sensitivity of f : X — X7 Example 3 shows

that in general this is not true. However, we have a positive answer whenever the underlying space X is compact, see
Proposition [5.3]
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