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Abstract

In this paper, we introduce the concept of vector simulation for vector general fuzzy automata (VGFAs). An algorithm
is developed to decide vector simulation between two VGFAs in polynomial time. We prove that the union of vector
simulations is again a vector simulation. For any VGFA, we construct its quotient automaton and show that the identity
relation is the only vector simulation on the quotient, which implies its minimality.
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1 Introduction

The theory of finite automata is a cornerstone of theoretical computer science, providing a rigorous framework for
modeling computation and system behavior. Over the decades, extensive research has enriched the algebraic and
structural properties of automata, deepening both their theoretical foundations and practical applications [1, 4, 5].
The extension of classical automata into the fuzzy domain, known as fuzzy finite automata (FFAs), was pioneered by
Wee [21] and Santos [15, 16] in the late 1960s. Subsequent developments in fuzzy language theory by Lee and Zadeh
[10], and Thomason and Marinos [18], established a conceptual basis for analyzing FFA behavior, paving the way for
incorporating uncertainty and imprecision into computational models.

Algebraic formalization of FFAs was further advanced by Malik and Mordeson [12, 13], who developed a robust
framework for algebraic fuzzy finite automata. Wechler [20] extended the field by introducing abstract set values,
enabling generalized fuzzy automata capable of handling imprecise information. These developments significantly
broadened the applicability of fuzzy automata in real-world contexts.

FFAs have been applied across diverse domains, including adaptive learning systems [11], pattern recognition [3, 13],
database theory [3, 13], and discrete event systems [11, 14]. They also underpin fuzzy neural networks widely used in
machine learning, control, and optimization problems [19, 22]. Doostfatemeh and Kremer [2] introduced general fuzzy
automata (GFAs), addressing limitations in membership assignment and providing a flexible framework for systems with
multiple memberships. Practical applications of GFAs include intelligent selective packet discarding in communication
networks [6] and state minimization and dynamic reduction under semantically similar environments, with applications
to air pollution modeling in smart cities [7, 8]. Complementary algebraic perspectives have been provided by La Guardia
et al. [9], who studied semi-vector spaces and semi-algebras with direct applications in fuzzy automata, enriching the
mathematical foundations of the field.

Despite these advances, vector general fuzzy automata (VGFA) remain relatively underexplored. While GFAs
provide a flexible modeling framework, a systematic approach for analyzing VGFA behavior and minimizing their
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structure is lacking. In particular, no established notion of vector simulation exists to capture behavioral equivalence
between VGFAs and support minimization rigorously. Motivated by this gap, the present study introduces the concept of
vector simulation for VGFA, develops an efficient algorithm to determine such simulations, and establishes their closure
properties. By constructing the quotient VGFA and proving that the identity relation is the only vector simulation
on it, we show that the quotient VGFA is minimal. This work not only provides a new theoretical framework for
analyzing VGFA but also extends minimization techniques in fuzzy automata to the vector domain while demonstrating
computational feasibility.

The remainder of this paper is organized as follows. Section 2 reviews fundamental concepts related to general fuzzy
automata. Section 3 introduces vector simulation for VGFAs, presents an algorithm for its computation, and analyzes
its time complexity. We then establish closure properties of vector simulations, define the quotient VGFA, and prove
that the identity relation is the only vector simulation on the quotient. Finally, we demonstrate the minimality of the
quotient VGFA, highlighting the efficiency and optimization inherent in this approach.

2 Preliminaries

In this section, we present some notions that are important in the following section.

Definition 2.1. [17] Let F be a field and n ∈ N0 (the set of non-negative integers). Define Fn as the vector space of
n-dimensional column vectors over F . A vector general fuzzy automaton (VGFA) is an automaton denoted by

F̃v = (Q,X, R̃, Z, δ̃, ω̃, E1, E2, E3, E4),

with the following properties:

(i) Let k,m, r ∈ N0 such that:

1. Q = Fk is a nonempty finite set of states,

2. X = Fm is a finite set of input symbols,

3. R̃ ⊆ P (Q̃) is the set of L-fuzzy start symbols,

4. Z = Fr is a finite set of output symbols.

(ii) There exist matrices A (of size k × k), B (of size k ×m), and C (of size r × k), all over F , such that:

1. δ̃ : (Q× [0, 1])×X ×Q → [0, 1] is the augmented transition function, where

δ(u, a,Au+Ba) ∈ ∆,

2. ω̃ : (Q× [0, 1])× Z → [0, 1] is the augmented output function,

3. E1 : [0, 1]× [0, 1] → [0, 1] is called the membership assignment function. It combines the current membership
degree of a state with the membership degree of a transition to produce the membership degree of the next
state.

4. E2 : [0, 1] × [0, 1] → [0, 1] is called the membership assignment output function. It operates similarly to E1,
but at the output stage: it combines the membership degree of the current state with the degree of the output
transition to produce the membership degree of the output symbol.

5. E3 : [0, 1]∗ → [0, 1] is called the multi-membership resolution function. When multiple transitions lead to the
same next state (possibly via different paths or inputs), each may contribute a different membership degree.

6. E4 : [0, 1]∗ → [0, 1] is called the multi-membership resolution output function. It serves the same role as
E3, but at the output level: when multiple membership degrees are assigned to the same output symbol, E4

resolves them into a single value.

Definition 2.2. [17] Let
F̃v = (Q,X, R̃, Z, δ̃, ω̃, E1, E2, E3, E4),

be a VGFA. We define the max-min vector general fuzzy automaton

F̃ ∗
v = (Q,X, R̃, Z, δ̃∗, ω̃, E1, E2, E3, E4),
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where δ̃∗ : Q×X∗ ×Q → [0, 1]× [0, 1] satisfies the following conditions:

δ̃∗((u1, µ
ti(u1)),Λ, u2) =

{
1 if u1 = u2,

0 otherwise.
(1)

For every i ≥ 0,
δ̃∗((u1, µ

ti(u1)), ai+1, u2) = δ̃((u1, µ
ti(u1)), ai+1, u2),

and recursively:

δ̃∗((u1, µ
t0(u1)), a1a2 . . . an−1, un) = ∨

{
δ̃((u1, µ

t0(u1)), a1, u2) ∧ δ̃((u2, µ
t1(u2)), a2, u3) ∧ . . .

∧ δ̃((un−1, µ
tn−2(un−1)), an−1, un)

∣∣∣∣ u2 ∈ Qact(t1), . . . , un−1 ∈ Qact(tn−1)

}
,

(2)

where ai ∈ X for all 1 ≤ i ≤ n− 1.
Since the vector GFA operates in discrete time, we also use the notation:

ut+1 = Aut +Bat, (3)

ωut
= Cut, (4)

where ut ∈ Qact(t), at ∈ X, and ωqt ∈ Z for t ∈ N0.

In the rest of paper, vector general fuzzy automaton(VGFA) denote automaton by 13-tuple machine

(F,Q,X,A,B,C, R̃, Z, δ̃, ω̃, E1, E2, E3, E4),

and M̃vi denotes VGFA M̃vi = (F i, Qi, X,Ai, Bi, Ci, R̃i = (ui, 1), Zi, δ̃i, ω̃i, E1, E2, E3, E4) over field F i.

3 Vector simulation of vector general fuzzy automata

We begin by introducing the concept of vector simulation for two given VGFA. Next, we prove that the union of any
collection of vector simulations also forms a valid vector simulation. Utilizing this union, we construct the largest vector
simulation and demonstrate that the corresponding quotient VGFA derived from it is the minimal VGFA.

Definition 3.1. Let M̃v1 and M̃v2 be two vector general fuzzy automata (VGFA), and let ⊩ be a binary relation on
Q1 ×Q2. For any subset K ⊆ Q2, define:

Z⊩(K) = {ν ∈ Q1 | ∃ν′ ∈ K, ν ⊩ ν′}.

Similarly, for any subset H ⊆ Q1, define:

Z⊩(H) = {ν′ ∈ Q2 | ∃ν ∈ H, ν ⊩ ν′}.

The relation ⊩ can be extended to subsets of Q1 and Q2. For H ⊆ Q1 and K ⊆ Q2, the extension is defined as:

H ⊩ K ⇐⇒ H ⊆ Z⊩(K) and K ⊆ Z⊩(H)

⇐⇒
(
∀ν ∈ H, ∃ν′ ∈ K, ν ⊩ ν′

)
and

(
∀ν′ ∈ K, ∃ν ∈ H, ν ⊩ ν′

)
.

Definition 3.2. Let M̃v1 and M̃v2 be two vector general fuzzy automata (VGFAs). The relation ⊩ is called a vector
simulation (VS) if the following conditions hold:

1. u1
0 ⊩ u2

0,

2. u1 ⊩ u2 implies that A1u1 +B1a ⊩ A2u2 +B2a,

3. u1 ⊩ u2 implies that C1u1 = C2u2.



150 M. Shamsizadeh, Kh. Abolpour, H. Bordbar

Algorithm 1 An algorithm for computing vector simulation of two given vector general fuzzy automata

1: Input: Two VGFAs M̃vi = (F i, Qi, X,Ai, Bi, Ci, R̃i, Zi, δ̃i, ω̃i, F1, F2, F3, F4), where Q1 = {u1, u2, . . . , un}, Q2 =
{v1, v2, . . . , vm}, R̃1 = (u1, 1), R̃2 = (v1, 1), and X = {a1, a2, . . . , ar}.

2: Set i = 1.
3: For k = 1, 2, . . . , n and l = 1, 2, . . . ,m, set uk ⊩i vl if and only if C1uk = C2vl.
4: Set i = i+ 1.
5: Set j = 1.
6: For k = 1, 2, . . . , n and l = 1, 2, . . . ,m, set uk ⊩i vl if and only if uk ⊩i−1 vl and A1uk +B1aj ⊩i−1 A2vl +B2aj .
7: Increment j by 1.
8: If j ≤ r, go to Step 6. Otherwise, proceed to the next step.
9: If ⊩i=⊩i−1, proceed to the next step. Otherwise, go to 4.

10: If u1 ⊩i v1, proceed to the next step. Otherwise, go to 12.
11: Output: ⊩i.
12: Output: fail.

The algorithm described here computes a vector simulation between two specified VGFAs, denoted as M̃v1 and M̃v2.
If no simulation exists between M̃v1 and M̃v2, the algorithm terminates and indicates failure.

The time complexity for Step 3 is O(mn). The sequence from Steps 5 to 8 forms a loop, which will iterate no
more than O(mnr) times. Similarly, the series of Steps 4 to 9 also constitutes a loop, with a maximum repetition of
O(mn) times. The time complexity for Step 10 does not exceed O(mn). Consequently, the overall time complexity is
O(m2n2r).

Note 1. Let M̃vk , k = 1, 2, 3 be three VGFAs. If ⊩1 is a vector simulation (VS) between M̃v1 and M̃v2, and ⊩2 is a
VS between M̃v2 and M̃v3, then their composition

⊩=⊩1 ◦ ⊩2= {(ν1, ν2) | ∃ν such that ν1 ⊩1 ν and ν ⊩2 ν2},

is a VS between M̃v1 and M̃v3.

Theorem 3.3. Let M̃vi , i = 1, 2, be two VGFAs, and let {⊩i| i ∈ I} be an arbitrary nonempty set of vector simulations
(VSs) between M̃v1 and M̃v2. Let ⊩=

⋃
i∈I ⊩i. Then, ⊩ is a VS.

Proof. Let ⊩= ∪i∈I ⊩i. Then u ⊩ u′ if and only if u ⊩i u
′, for some i ∈ I. Since I is nonempty, we have u1

0 ⊩ u2
0. Now,

let u ⊩ u′. Then there exists i ∈ I such that u ⊩i u
′. So, for every a ∈ X, A1u + B1a ⊩i A2u

′ + B2a, for some i ∈ I.
Then A1u + B1a ⊩ A2u

′ + B2a, for every a ∈ X. Also, if u ⊩ u′, then u ⊩i u
′, for some i ∈ I. So, C1u ⊩i C2u

′, for
some i ∈ I. Therefore, C1u ⊩ C2u

′. Hence, the claim holds.

Theorem 3.4. Let M̃vi , i = 1, 2, be two VGFAs, and let ⊩ be a vector simulation (VS) between M̃v1 and M̃v2. If
u ⊩ u′, then for every x ∈ X∗, x = a1a2 . . . an, we have

A
|x|
1 u+

|x|−1∑
i=0

A
|x|−i−1
1 B1ai ⊩ A

|x|
2 u′ +

|x|−1∑
i=0

A
|x|−i−1
2 B2ai.

Proof. We prove the claim by induction on |x| = n. At first, let u ⊩ u′ and n = 0. Then x = Λ. So, A0
1u +

Σ−1
i=0A

|x|−i−1
1 B1ai = u ⊩ u′ = A0

2u
′+Σ−1

i=0A
0−i−1
2 B2ai. Now, let the claim holds, for every y ∈ X∗ such that |y| = n−1

and n ≥ 2. Let x = yan−1, y = a0a1...an−2 ∈ X∗, an−1 ∈ X and |x| = n. Then by the induction hypothesis
An−1

1 u+Σn−2
i=0 A

n−i−2
1 B1ai ⊩ An−1

2 u′ +Σn−2
i=0 A

n−i−2
2 B2ai. Now, by Definition 3.2,

A1(A
n−1
1 u+Σn−2

i=0 A
n−i−2
1 B1ai) +B1an−1 ⊩ A2(A

n−1
2 u′ +Σn−2

i=0 A
n−i−2
2 B2ai) +B2an−1.

So,
An

1u+Σn−2
i=0 A

n−i−1
1 B1ai +B1an−1 ⊩ An

2u
′ +Σn−2

i=0 A
n−i−1
2 B2ai +B2an−1.

Then
An

1u+Σn−1
i=0 A

n−i−1
1 B1ai ⊩ An

2u
′ +Σn−1

i=0 A
n−i−1
2 B2ai.

Hence, the claim holds.
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Definition 3.5. Let M̃v = (F,Q,X,A,B,C, R̃ = (u0, 1), Z, δ̃, ω̃, F1, F2, F3, F4) be a VGFA. The behavior of M̃v is the
map β : X∗ → Z defined by

β(x) = Cu′, where u′ = A|x|u0 +

|x|−1∑
i=0

A|x|−i−1Bai, x = a0a1 . . . a|x|−1.

Example 3.6. Before presenting the computations, we briefly describe the role of each matrix in both automata. In
F̃v1, the state-transition matrix A1 is the 3×3 anti-diagonal permutation matrix over F2, which reverses the coordinate
ordering of each state vector. The input matrix B1 is the all-ones column vector, so reading input b = [1] adds
1 = (1, 1, 1)T (mod 2) to the current state, effectively flipping all bits, while reading input a = [0] leaves the state
unaffected. The output matrix C1 extracts the third coordinate of the current state, so the output is determined solely
by the last entry of each state vector. Together, these matrices encode a linear automaton over F 3

2 whose transition
function is δ̃1(v, x) = A1v +B1x and whose output function is ω̃1(v) = C1v.

Let F̃v1 = (F,Q1, X,A1, B1, C1, R̃1, Z, δ̃1, ω̃1, E1, E2, E3, E4) be a VGFA defined over field F = Q2 of integers modulo

2 such that A1 =

0 0 1
0 1 0
1 0 0

 , B1 =

11
1

 , C1 =
[
0 0 1

]
, Q1 = {v1 =

00
0

 , v2 =

00
1

 , v3 =

10
0

 , v4 =

11
0

 , v5 =01
1

 , v6 =

11
1

}, X = {a = [0], b = [1]}, R̃1 = (

00
0

 , 1), Z = {
[
0
]
,
[
1
]
}.

Similarly, F̃v2 operates over F 2
2 : the matrix A2 is the 2× 2 swap permutation, B2 is the all-ones column vector in

F 2
2 (so input b = [1] flips both bits of A2u), and C2 extracts the second coordinate as output.
Let F̃v2 = (F,Q2, X,A2, B2, C2, R̃2, Z, δ̃2, ω̃2, E1, E2, E3, E4) be a VGFA defined over field F = Q2 of integers modulo

2 such that A2 =

[
0 1
1 0

]
, B2 =

[
1
1

]
, C2 =

[
0 1

]
, Q2 = {u1 =

[
0
0

]
, u2 =

[
1
1

]
, u3 =

[
0
1

]
, u4 =

[
1
0

]
}, R̃2 = (

[
0
0

]
, 1).

The following computations determine the transition function δ̃1(vi, x) = A1vi + B1x for each state vi ∈ Q1 and
each input x ∈ X. All arithmetic is performed modulo 2. Note that input a = [0] contributes nothing, so the next state
is simply A1vi, whereas input b = [1] adds B1 = (1, 1, 1)T , flipping every bit of A1vi.

So, we have

A1v1 +B1a =

0 0 1
0 1 0
1 0 0

00
0

+

11
1

 [
0
]
=

00
0

 = v1,

A1v1 +B1b =

0 0 1
0 1 0
1 0 0

00
0

+

11
1

 [
1
]
=

11
1

 = v6,

A1v2 +B1a =

0 0 1
0 1 0
1 0 0

00
1

+

11
1

 [
0
]
=

10
0

 = v3,

A1v2 +B1b =

0 0 1
0 1 0
1 0 0

00
1

+

11
1

 [
1
]
=

01
1

 = v5,

A1v3 +B1a =

0 0 1
0 1 0
1 0 0

10
0

+

11
1

 [
0
]
=

00
1

 = v2,
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A1v3 +B1b =

0 0 1
0 1 0
1 0 0

10
0

+

11
1

 [
1
]
=

11
0

 = v4,

A1v4 +B1a =

0 0 1
0 1 0
1 0 0

11
0

+

11
1

 [
0
]
=

01
1

 = v5,

A1v4 +B1b =

0 0 1
0 1 0
1 0 0

11
0

+

11
1

 [
1
]
=

10
0

 = v3,

A1v5 +B1a =

0 0 1
0 1 0
1 0 0

01
1

+

11
1

 [
0
]
=

11
0

 = v4,

A1v5 +B1b =

0 0 1
0 1 0
1 0 0

01
1

+

11
1

 [
1
]
=

00
1

 = v2,

A1v6 +B1a =

0 0 1
0 1 0
1 0 0

11
1

+

11
1

 [
0
]
=

11
1

 = v6,

A1v6 +B1b =

0 0 1
0 1 0
1 0 0

11
1

+

11
1

 [
1
]
=

00
0

 = v1.

The output values are computed via ω̃1(vi) = C1vi. Since C1 = [0 0 1] extracts the third coordinate, the output is 1
precisely for those states whose third entry is 1, namely v2, v5, v6, and 0 otherwise.

Also, we have C1v1 = 0, C1v2 = 1, C1v3 = 0, C1v4 = 0, C1v5 = 1, C1v6 = 1.
Analogously, the transitions of F̃v2 are computed via δ̃2(ui, x) = A2ui + B2x over F 2

2 . Here A2 swaps the two
coordinates, and B2 = (1, 1)T again flips both bits when input b = [1] is applied.

Similarly,

A2u1 +B2a =

[
0
0

]
, A2u1 +B2b =

[
1
1

]
,

A2u2 +B2a =

[
1
1

]
, A2u2 +B2b =

[
0
0

]
,

A2u3 +B2a =

[
1
0

]
, A2u3 +B2b =

[
0
1

]
,

A2u4 +B2a =

[
0
1

]
, A2u4 +B2b =

[
1
0

]
.

Since C2 = [0 1] extracts the second coordinate, the output is 1 for states with second entry equal to 1, namely u2

and u3, and 0 for u1 and u4, and C2u1 = 0, C2u2 = 1, C2u3 = 1, C2u4 = 0.
Having computed the transition and output functions for both automata, we now identify a vector space bisimulation

(VS) between F̃v1 and F̃v2. The relation ⊩ pairs states that agree on output values and whose transitions are compatible
under the relation: states with output 0 in F̃v2 (namely u1, u4) are paired with output-0 states in F̃v1 (namely v1, v3, v4),
and states with output 1 (namely u2, u3) are paired with output-1 states (namely v2, v5, v6), subject to transition com-
patibility.

Then ⊩= {(u1, v1), (u2, v6), (u3, v2), (u4, v3), (u3, v5), (u4, v4)} is a VS between M̃v1 and M̃v2.

Example 3.7. This example illustrates the computation of the output function β of the VGFA M̃v2 from Example 3.6
for two input words: the single symbol a and the two-symbol word ab. Recall that the output for an input word is
computed by first evolving the initial state through the transition function δ̃2 and then applying the output matrix C2

to the resulting state. Specifically, for a single input x ∈ X, the next state is u′ = A2u0 + B2x, and the output is
β(x) = C2u

′, where u0 = (0, 0)T is the initial state given by R̃2.
Let VGFA M̃v2 in Example 3.6. Then we have
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For the input word a = [0], since B2a = 0, the input contributes nothing and the next state is simply A2u0. Since
u0 = (0, 0)T is the zero vector, we get u′ = 0, and the output C2u

′ extracts the second coordinate, which is 0.
β(a) = Cu′, where

u′ = Au1 +Ba =

[
0 1
1 0

] [
0
0

]
+

[
1
1

] [
0
]
=

[
0
0

]
.

So, β(a) = C

[
0
0

]
=

[
0
]
.

For the two-symbol word ab, the computation involves two successive transitions. Starting from the initial state
u0 = (0, 0)T , the automaton first reads a = [0] and then b = [1]. The resulting state after reading ab is given by:

u′ = A2
2 u0 +A2B2a+B2b,

where the first term propagates the initial state through two steps, the second term accounts for the contribution of the
first input a after one further transition, and the third term is the direct contribution of the second input b. Since u0 = 0
and a = [0], the first two terms vanish, and only B2b = (1, 1)T survives, giving u′ = (1, 1)T = u2. The output C2u

′ then
extracts the second coordinate, which is 1.

Also, we have β(ab) = Cu′, where

u′ =

[
0 1
1 0

] [
0 1
1 0

] [
0
0

]
+

[
0 1
1 0

] [
1
1

] [
0
]
+

[
1
1

] [
1
]
=

[
1
1

]
.

Then β(ab) =
[
1
]
.

Theorem 3.8. Let M̃vi , i = 1, 2, be two VGFAs, and let ⊩ be a vector simulation (VS) between them. Then, M̃v1 and
M̃v2 have the same behavior.

Proof. Let x ∈ X∗, |x| = n, x = a0a1...an−1 and β1(x) = C1u, where u = An
1u

1
0 +Σn−1

i=0 A
n−i−1
1 B1ai. By Definition 3.2,

u1
0 ⊩ u2

0 and by Theorem 3.4,

u = An
1u

1
0 +Σn−1

i=0 A
n−i−1
1 B1ai ⊩ An

2u
2
0 +Σn−1

i=0 A
n−i−1
2 B2ai.

By Definition 3.2, C1u = C2(A
n
2u

2
0 +Σn−1

i=0 A
n−i−1
2 B2ai). So, β1(x) = β2(x).

Suppose that |M̃v| denotes the cardinality of states of VGFA M̃v.

Definition 3.9. Let M̃v be a VGFA. M̃v is called the minimal VGFA if |M̃v| ≤ |M̃ ′
v|, for every VGFA M̃ ′

v.

A VS between a VGFA and itself is called a VS on VGFA.

Theorem 3.10. Let M be the set of all vector simulations a (VSs) on the VGFA M̃v. Then, the union of all VSs in
M is an equivalence relation on Q as well as a VS on M̃v.

Proof. By Theorem 3.3, the union of all VSs in M is a VS. Since the identity relation is in M, the union of all VSs is
reflexive. It is clear that ⊩ is a symmetric relation between Q1 and Q2. Now, by induction on i in the algorithm, we
show that ⊩i is transitive. Let u1 ⊩1 u2 and u2 ⊩1 u3. Then C1u1 = C2u2 and C2u2 = C3u3. So, C1u1 = C3u3 and
therefore, u1 ⊩1 u3. Now, suppose that if u1 ⊩i−1 u2 and u2 ⊩i−1 u3, then u1 ⊩i−1 u3. Let u1 ⊩i u2 and u2 ⊩i u3.
Then u1 ⊩i−1 u2 and u2 ⊩i−1 u3 and for every a ∈ X, A1u1 +B1a ⊩i−1 A2u2 +B2a and A2u2 +B2a ⊩i−1 A3u3 +B3a.
So, by induction hypothesis u1 ⊩i−1 u3 and for every a ∈ X, A1u1 +B1a ⊩i−1 A2u3 +B2a. Therefore, u1 ⊩i u3. Then
the relation ⊩ is a transitive relation between Q1 and Q3. So, it is an equivalence relation on Q.

Note 2. Let ⊪ be the union of all VSs on M̃v and D ⊆ Q. Define

1. [K] = {H
∣∣K ⊪ H},

2. ⊨= {(K, [K])
∣∣K ∈ Q},

3. D′ = {[K]
∣∣K ∈ D}.

Theorem 3.11. Let D,E ⊆ Q. Then

1. D ⊪ E if and only if D′ = E′.
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2. D ⊨ D′.

Proof. 1. Let D ⊪ E and [K] ∈ D′. Then K ∈ D. So, there exists T ∈ E such that K ⊪ T . Then [K] = [T ] ∈ E′.
Therefore, D′ ⊆ E′. Similarly, E′ ⊆ D′.

Now, let D′ = E′ and suppose that K ∈ D. Then [K] ∈ D′ = E′. So, [K] ∈ B′ and K ∈ B.

2. Clearly it holds.

Let ⊪, be the union of all VSs on VGFA M̃v = (F,Q,X,A,B,C, R̃ = (u0, 1), Z, δ̃, ω̃, E1, E2, E3, E4). Define M̃ ′
v to

be the quotient VGFA of M̃v as follows:

� Q′ = {[K] | K ∈ Q},

� R′ = [u0],

� µt0([u0]) = 1,

� δ′ : Q′ ×X ×Q′ → [0, 1] defined by

δ′([K], a, [H]) = ∨{δ(K ′, a,H ′) | K ⊪ K ′, H ⊪ H ′},

� ω′([K], z) = ω(K, z).

The rest of the cases are identical to those in M̃v. Clearly, δ
′ and ω′ are well-defined.

Theorem 3.12. Let M̃v be a VGFA and M̃ ′
v be the quotient VGFA of M̃v. Then ⊩ is a VS between M̃v and M̃ ′

v.

Proof. Clearly, u0 ⊨ [u0]. Now, let u1 ⊨ [u2], then u1 ⊪ u2 ⊨ [u2]. So, A1u1 + B1a ⊪ A1u2 + B1a ⊨ A1[u2] + B1a, for
every a ∈ X. Also, let u1 ⊨ [u2]. Then u1 ⊪ u2 ⊨ [u2]. So, Cu1 = Cu2 = C[u2]. Therefore, ⊨ is a VS between M̃v and
M̃ ′

v.

Theorem 3.13. Let M̃ ′
v be the quotient of VGFA M̃v. Then β(M̃v) = β(M̃ ′

v).

Proof. By Theorem 3.12, there is a VS between two VGFAs M̃ ′
v and M̃v. By Theorem 3.8, they have the same

behavior.

Theorem 3.14. The identity relation is the only VS on the quotient VGFA M̃ ′
v.

Proof. Let ⊩ be a VS on M̃ ′
v and [ν] ⊩ [ν′], but [ν] ̸= [ν′]. Let ⊨ ◦ ⊩ ◦(⊨)−1. Then ν ⊨ [ν] ⊩ [ν′] ⊨ ν′. Therefore,

ν ⊪ ν′, which is a contradiction. So, the claim holds.

Definition 3.15. Let M̃v be a VGFA. A state ν ∈ Q is called accessible if there exists an input sequence x ∈ X∗ such
that

δ̃∗((u0, µ
t0(u0)), x, u) > 0.

We say that M̃v is an accessible VGFA if and only if every state in Q is accessible.

Theorem 3.16. Let M̃v be an accessible VGFA, and let ⊩ be the greatest VS on Q. Then the quotient VGFA M̃ ′
v is a

minimal VGFA.

Proof. Let ⊪ be a VS between M̃ ′
v and M̃ ′

v2. Let each state M̃ ′
v2 have a relationship to at least one M̃ ′

v state and every
M̃ ′

v state is related to at most one state of M̃v2. In contrast to Lemma 3.14, the composition ⊪ with its inverse would
not be the identity of tildeM ′

v. Consequently, ⊪ provides a one-to-one correspondence between the states of M̃ ′
v, and

M̃ ′
v2.
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4 Conclusions

In this paper, we introduced the concept of a vector simulation (VS) for vector general fuzzy automata (VGFA). We
demonstrated that the union of any family of VSs is itself a VS, highlighting the inherent structure and coherence in
these relations. Additionally, we explored the construction of the quotient VGFA associated with a given VGFA. We
established that, by utilizing the union of VSs, the quotient VGFA is indeed a minimal VGFA.

Our results provide a deeper understanding of the interplay between vector simulations and VGFA, particularly in
terms of minimizing the structure while preserving essential behaviors. Looking ahead, we aim to explore potential
connections between σ-algebras and VGFA, which could lead to novel insights into the algebraic properties of these
systems. Furthermore, we plan to investigate the relationship between linear spaces, VGFA, and VSs, which may provide
a more comprehensive framework for studying these automata in the context of vector spaces and their applications in
various mathematical and computational fields.

To illustrate the practical relevance of the theoretical framework developed in this paper, we note that the mini-
mization of VGFA via vector simulation has direct implications in coding theory and cryptography. Specifically, the
quotient VGFA construction can be used to reduce the state complexity of linear automata that model error-detecting
and error-correcting codes over finite fields, while preserving their input-output behavior. Similarly, in pseudo-random
sequence generation, minimal VGFA representations lead to more efficient implementations of linear feedback shift
registers over F2. These connections suggest that the results of this paper are not purely theoretical, and we intend to
develop these applications in concrete case studies in future work.

Several promising directions for future research emerge from this study. One avenue is to investigate the extension
of vector simulation to probabilistic or weighted VGFAs, providing a unified framework for modeling complex
and uncertain systems. Another is to explore the connections between vector simulation and algebraic or topological
structures, such as semi-vector spaces and σ-algebras, which may offer new theoretical foundations for VGFA
minimization and behavioral analysis. Finally, practical applications of vector simulation–based minimization in areas
such as linear code generation, error detection and correction, and pseudo-random sequence generation
could provide valuable contributions to cryptography and coding theory.
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