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CREDIBILITY-BASED FUZZY PROGRAMMING MODELS TO
SOLVE THE BUDGET-CONSTRAINED FLEXIBLE
FLOW LINE PROBLEM

A. GHODRATNAMA, S. A. TORABI AND R. TAVAKKOLI-MOGHADDAM

ABSTRACT. This paper addresses a new version of the flexible flow line prob-
lem, i.e., the budget constrained one, in order to determine the required num-
ber of processors at each station along with the selection of the most eco-
nomical process routes for products. Since a number of parameters, such as
due dates, the amount of available budgets and the cost of opting particular
routes, are imprecise (fuzzy) in practice, they are treated as fuzzy variables.
Furthermore, to investigate the model behavior and to validate its attribute,
we propose three fuzzy programming models based upon credibility measure,
namely expected value model, chance-constrained programming model and
dependent chance-constrained programming model, in order to transform the
original mathematical model into a fuzzy environment. To solve these fuzzy
models, a hybrid meta-heuristic algorithm is proposed in which a genetic al-
gorithm is designed to compute the number of processors at each stage; and
a particle swarm optimization (PSO) algorithm is applied to obtain the op-
timal value of tardiness variables. Finally, computational results and some
concluding remarks are provided.

1. Introduction

In today’s world, high demands for goods and urgency to supply them have
caused new and modern types of manufacturing systems to come into focus. A
flexible flow line is one of the modern manufacturing systems with several applica-
tions in industry, in which the required machines are arranged serially in different
work stations (stages) according to the process route of given products where at
least one work station has more than one processor. Primary products in the form
of raw materials enter the required stations stage by stage in a forward flow manner
and are converted into the final products. The main problems arising in a flexi-
ble flow line from the scheduling viewpoint consist of sequencing sub-problem (i.e.,
determining the sequence vector by which the products enter the line) and assign-
ment sub-problem (i.e., assigning the incoming products to the available machines
at each stage with parallel processors).

The literature of flexible flow line problem is abundant dealing with different vari-
ants of the problem. Various processors (with similar process capabilities like differ-
ent turning machines) can be assigned to every stage. Obviously, a higher number
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of processors results in a lesser completion time, because products are distributed
among processors uniformly, therefore, the completion time of each product is also
reduced. In this paper, a new version of the flexible flow line problem, i.e., the
budget constrained one is proposed by which the available budget is also incor-
porated in the model formulation. In this way, the number of processors at each
stage is determined by taking into account the cost of processors. Figure 1 shows
a schematic view of concerned system. Notably, the model has only one objec-
tive function, i.e., minimization of weighted tardiness times. In this paper, we
develop three distinct credibility-based fuzzy programming models based on cred-
ibility measure, namely, the expected value, the chance-constrained programming
and the dependent chance-constrained programming models. To solve these fuzzy
models, a hybrid meta-heuristic algorithm is also proposed. In order to compare the
proposed fuzzy models and validate the proposed solution algorithm, an extensive
computational experiments conducted and the corresponding numerical results are

reported.
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The remainder of this paper is organized as follows. The literature review is
provided in section 2. The proposed fuzzy flexible flow line model is elaborated
in section 3. Some required preliminaries on credibility measure are introduced in
section 4, and the proposed credibility-based fuzzy programming models as well
as their crisp equivalent models are given in section 5. A hybrid meta-heuristic
algorithm is developed in section 6 to solve the resulting complex models heuristi-
cally. Computational experiments and respective results are reported in section 7.
Finally, the concluding remarks are given in section 8.

2. Literature Review

In a flow line (or flow shop) system, each machine center involves just one ma-
chine. If at least one machine center has more than one machine, then the system
is called a flexible flow-line system [2, 43]. Therefore, flexible flow lines can be
considered as a mixture of flow lines and parallel machines systems. Scheduling
a set of jobs in a flexible flow-line is a NP-complete problem [17]. Flexible flow-
line problems have received considerable attention from researchers during the last
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two decades. However, the scheduling criterion most frequently considered in those
papers was the maximum completion time [8, 20]. Furthermore, these studies
propose either an exact algorithm, which can solve at most medium-sized prob-
lem instances, or different types of heuristic or approximation algorithms [22, 30].
Botta-Genoulaz [5] proposed six heuristic approaches for minimizing the maximum
tardiness in a scheduling problem with N jobs and M stages in a flexible flow-line en-
vironment with identical parallel machines under time lag and due date constraints.
Lin and Liao [23] proposed a near-optimal heuristic approach for minimizing the
maximum tardiness in a two-stage flexible flow-line scheduling problem. They pro-
pose an integer-linear programming model and apply a genetic algorithm and a
lower bound as approximate solution methods, respectively. Vob and Witt [54]
studied a 16-stage real-life scheduling problem in a flexible flow-line environment
to minimize the tardiness. They develop a limited resource mathematical model
based on this scheduling problem, and then solve it using a heuristic approach.
Liu and Chang [29] used a Lagrangian Relaxation approach for solving the m-stage
flexible flow-line problem that minimizes the sum of setup and preparation times.
Kurz and Askin [21] examined the m-stage flexible flow-line problem with sequence-
dependent setup times for minimizing the makespan. Pugazhendhi et al [39] applied
some heuristic approaches for the m-stage flexible flow-line problem to minimize the
total weighted flow-time. Ruiz et al [43] and Ruiz and Maroto [42] used heuristic
and meta-heuristic approaches for minimizing the makespan in the m-stage flexible
flow-line problem. In the conventional scheduling problems, the input parameters,
such as job processing times, ready times and due dates, are often assumed to be
deterministic [18]. However, in the real-world situations, these parameters are often
tainted with uncertainties. In this regard, scheduling problems can be classified into
two categories: deterministic and uncertain (e.g., stochastic or fuzzy) ones. How-
ever, when formulating a scheduling problem in the real-world, various parameters
are often imprecise in nature. For example, the processing time of a given job is
around 3 minutes and its due date is about 10. This is especially true when the
sufficient objective data are not available and these factors should be estimated by
relying on the knowledge and experience of the decision maker. In these cases, it
seems to be more appropriate to consider the parameters as fuzzy ones. There are
also several research works in the scheduling literature under fuzzy environment.
Konno and Ishii [20] discussed about an open line scheduling problem with the
fuzzy allowable time and fuzzy resource constraint when dealing with fuzzy due
dates. Shivinian et al [49] considered an optimization problem with linear objective
function subject to fuzzy relation inequalities constraints with max-average compo-
sition. Safi et al [44] eliminated the difficulties of the Zimmermann method [56] for
solving fuzzy linear programming problems. Cadenas and Verdegay [7] surveyed the
main models and methods in fuzzy mathematical programming. Also, regarding
to fuzzy concept many researchers have considered the use of heuristic and meta-
heuristic algorithms in their studies [e.g., see 3,10,11,19,45,35]. Litoiu and Tadei
[24] developed some new models for real-time task scheduling with fuzzy deadline
and processing times. Abbas-bandy and Alavi [1] introduced a method for solving
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fuzzy linear systems. Cadenzas and Verdegay [6] considered a primer on fuzzy op-
timization models and methods. Mehdizadeh et al [32] solved an optimum problem
considering fuzzy clustering criteria by a hybrid PSO and fuzzy c-mean clustering
algorithm. To tackle fuzzy scheduling models heuristically, there are some rules,
such as the classical dispatching rules [36], fuzzy ranking [31] fuzzy dominance rela-
tion methods [4] and so on. Here, we are facing with a fuzzy optimization problem
for which the three recently developed fuzzy programming models based upon the
credibility measure are proposed, and appropriate strategies are applied to defuzzify
these fuzzy models. In this way, the expected value model is first presented [26]
which is the most commonly used approach to solve the practical problems where
the decision maker wants to make such a decision with the minimum expected cost
subject to some expected constraints [40]. The chance-constrained programming
model [16,25,28,41] is another commonly used formulation when the decision maker
wishes to satisfy some chance constraints in at least some given confidence levels
[27]. Dependent chance programming model is the third commonly used approach
[27] which is appropriate when the decision maker may prefer to maximize the cred-
ibility of satisfying the event when the total cost is no more than a given value,
such as capital limit.

3. Proposed Fuzzy Flexible Flow Line Model

The main assumptions used in the model formulation are as follows:
A fuzzy cost is considered for each of multiple routes as well as each processor type
at each stage.
Processing times and due dates of products are considered as fuzzy parameters.
Number of required processors at each stage is endogenously determined through
the solution process.
Number of process stages is given.
At each stage, more than one processor can be installed.
No backward movement is allowed.
For each route the successive stages are predefined.
Two fuzzy budgets, including the total cost limit of purchasing of processors and
selecting of routes, are considered.

Also, the following notations are used to formulate the problem mathematically.
Indices:

i Index of processing stages, i € I = {1,..,m}

j Index of processors at stage i,j € J; = {1,..,n;}

k Index of products, k € K = {1,..,v}

r Index of processing routes, r € R = {l,...,w}

Input Parameters:

Ry Set of processing routes available for product k, Ry C R.

I,. Ordered set of processing stages for route r, I, = {fr, ..., (¢ = )y, i, ..., .} C I
fr First processing stage in route 7.

l, Last processing stage in route r.

Pikr Fuzzy processing time in stage ¢ for product k£ and route 7.
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B, Fuzzy dedicated budget to purchase the required machines.
EQ Fuzzy dedicated budget to consider various routes.

Dy, Fuzzy due date of product k.

Q@ A large number (not less than schedule length).

C; Unit purchasing cost of machine type 1.

C,r Cost of arranging route r for producing the product k.

W; Weight of job i based on management viewpoint.

Decision Variables:

n; Number of parallel processors in stage ¢ which is equal to the size of J;, repre-
senting the processor members of stage 1.

Cinaz Schedule length.

C), Completion time of product k in final stage.

C;r, Completion time of product k in stage i.

Cikr Completion time in stage ¢ for product k and route 7.

T}, Tardiness time of delivering product k to customer.

d;x: Departure time of product k£ from stage 1.

d;k Departure time from stage i for product k£ and route r.

x5 1, if product £ is assigned to processor j € J; in stage ¢ € I; otherwise, x;;; = 0.
Zijkr 1, if product k is assigned to processor j € J; in stage ¢ € I and is processed
via route r; otherwise, z;z, = 0.

yrt 1, if product k precedes product [; otherwise, yg; = 0.

zr 1, if processing route r is selected.

By using the above notations, the proposed fuzzy mathematical programming
model for the concerned flexible flow line problem is as follows:

MinSy_ywy, x Ty (1)

Yies Tijkr = 2r, k € K,7 € Ri,i € I, (2)

YkeKZreRy, DikrTijhr < EkeKE?jjkﬁiMZT + minker, reRy (Pikr), (3)
2iel,jed;:|J;i| >1

Choer > ]Skarzr, ke K,r € Ry (4)

Cirkr - C(i—l)rkr Z ﬁirszru ke K,'I" S Rka (Z - 1)1"77;7" S I’r : ir > fr (5)
Cikr + Q(2 + Ykt — 2 — Zs) > dis +ﬁik7"z7‘7 k;l € K, re Ry (6)
seERiel;NI; :k<land|J;| =1,

Cils+Q(37ykl72rfzs) 2 dikr +§ilsz.97 k7l€K7 TGRI@ (7)
seRiel,NLjeJi: k<land|J;]>1

Cikr + Q(2 + Yri — Tijkr — Tijis) > dits + Dikr2r, k,1 € K, 7 € Ry, (8)
seERiel,yN :j€Ji:k<land|J;] > 1,

Cits + Q3 — Yri — Tijkr — Tijis) > dikr + Puszs, k1 € K, 1 € Ry, (9)
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seERielyNLjeJi: k<land|J;| >1,

Cirkr = d(ifl),. +piTk7'ZT' ke er S Rk7 (7' - 1)7'7 ir S IT . Z.T' > fT' (10)
Cis = d(ifl)r + Di, krZr ke K, r € Ry, (@ - 1)T7 tp €Lt ip > fr (11)
dikrSera kEKa TERkaiEIT (12)
Cioer = dikr, k€ K, 1€ Ry (13)
Cioer <Crs k€ K, 1 € Ry, (14)
Ol,‘k:'r < Omaaw ke K, rc Ry (15)
Cma,z > Z Z < pi]j;ZT‘ + Z (m’inkEK, TERY (ﬁhk’l‘)) i€ .[7 (16)
kEK reRy |Ji hel:h#i -
T, = mazy{0, Cy Dy} (17)
ZZTZI;kGK; (18)
rERp .
Z ci X n; < By (19)
» i=1
Y D> Cuxz<B 20
k=1 reRy

l‘ijkr:(),k€K,T‘GRk,iEIT,jEJiI |J1|:].
v =0, ke K k>1

Cier(),CkZO,TkZO,k€K,T€Rk,i€Ir (23)7(24)’
digr > 0,k € K,r € Ry,i € I,

Tijer € {0,1}, 2, € {0,1},k € K,r € Ry, i € I,.,j € J; (27),(28
yr € {0,1} k,l e K (29

The objective function (1) minimizes the sum of the weighted tardiness times.
Constraint (2) guarantees that in every stage with parallel processors each product
is assigned to exactly one processor, if the stage is in the selected processing route;
otherwise, the product is not assigned to this stage. Constraint (3) equalizes in ev-
ery stage the workload assigned to each parallel processor. Constraint (4) ensures
that each product is processed in the first stage of its selected route, and constraint
(5) guarantees that it is also processed in all the downstream stages. Constraints
(6) and (7) show product non-interference for single processors. For parallel proces-
sors, constraints (6) and (7) related to product non-interference use up additional
assignment variables X, and X;j;,. For a given sequence of products and selected
processing routes, only one of constraints (8) and (9) is active when both products
k and 1 are assigned to the same processor. Equation (10) indicates that process-
ing of each product in every stage starts immediately after its departure from the
previous stage of the selected route. Constraints (11) and (12) enforce variable
upper bounds on completion and departure times. Equation (13) ensures that each
product leaves the system as soon as it is completed in the last stage of its selected
route. Constraint (14) defines the completion time of product K .Constraint (15)
defines the maximum completion time, and Constraint (16) imposes a lower bound
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on it. Equation (17) computes the tardiness time of each product. Equation (18)
ensures that exactly one processing route is selected for each product. Constraint
(19) defines an upper bound for the budget of machine purchasing allocated to each
stage. Similarly, Constraint (20) defines an upper bound for the budget of adopting
the specific route for producing each product. Finally, Constraints (21)-(29) show
the type of different decision variables.

4. Preliminaries

The fuzzy set theory introduced by Zadeh [55] is increasingly applied to a wide
variety of practical problems. In the fuzzy decision making environment, there
are three prominent fuzzy measures, i.e., the possibility, necessity and credibility
measures. Let & be a fuzzy variable with membership function u, and u and r
be two real numbers. Then, the possibility degree of occurrence of a fuzzy event,
characterized by & < r, is defined by:

Pos{¢ < r} = supy<,uu(u) (30)

While the necessity degree of occurrence of this fuzzy event is defined by:
Nec{¢ <r} =1—Pos{{>r}=1— supy >rpu(u). (31)

Also, the credibility measure C, is defined as an average of possibility and necessity
measures, i.e.,

Cr{i¢<r}= %(Pos{{ <r}+ Nec{¢ <r}) (32)

Note that a fuzzy event may fail even though its possibility achieves 1, and hold
even though its necessity is 0. However, the fuzzy event must hold if its credibility
is 1, and fail if its credibility is O.

In this paper, the fuzzy parameters are treated by trapezoidal membership func-
tions. Noteworthy, there are different possible forms for presenting the membership
function of fuzzy parameters such as: linear, piece-wise linear, exponential, hyper-
bolic, etc. (see Peidro and Vasant [37] for a comparison of the main types of mem-
bership functions). However, the literature review indicates that among the various
types of membership functions, the most feasible form for constructing a member-
ship function when formulating fuzzy mathematical programming models especially
for practical problems is the linear one in the form of triangular or trapezoidal mem-
bership functions, although there may be preferences for other patterns with some
applications [50,56]. The main advantage of these linear membership functions is
that they generate equivalent, efficient and computationally linear models. More-
over, they are the most common tool for modeling the ambiguous parameters due
to their computational efficiency and simplicity in data acquisition (for more justi-
fications, see [34,38,51-53]).

Figures 2 and 3 show these well-known membership functions. Notably, the trian-
gular membership function is a special case of the trapezoidal membership function.
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FIGURE 3. A Triangular Membership Function

As such, by considering a trapezoidal membership function, we have:

]

otherwise (33)

Accordingly, the possibility, necessity and credibility degrees of the event & < r,
respectively, are as follows:

1 b<r
Pos{¢ <r}= =2 a<r<b
0  otherwise (34)
1 d<r
Nec{¢ <r} = = c¢<r<d
0  otherwise (35)
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1 d<r
26(15_22) c<r<d
Cri¢<r}= : b<r<ec
ﬁ a<r<b
0 otherwise (36)

5. Credibility-based Models and Their Crisp Equivalent Ones

In this section, the original fuzzy model proposed for the problem is first con-
verted to three distinct credibility-based fuzzy programming models. Then, appro-
priate strategies are applied to transform these credibility-based models into their
crisp equivalent ones.

6. The Expected Value Model (EWM)

Herein, the concept of the expected value for a fuzzy variable and its related
crisp equivalent decision model are reviewed. Let £ be a fuzzy variable. Then, the
expected value of £ is defined by:

oo 0
Ef¢] = / Cr{€ >r}dr f/ Cr{¢ <r}dr (37)
0 —o0
In this way, for the fuzzy variable ai = (a, b, ¢, d) with the trapezoidal membership

function where a < b < ¢ < d, the following equation shows how its expected value
can be obtained [26].

c d . bte
E[&]:b+c+1/b 1dx+1/ < ddxf%/ P g = AT0TCTd g
€ c b

2 2 Jot 2 c—d 4

2

Consequently, by taking into account the aforementioned definitions, the original
fuzzy mathematical model (1)-(29) can be reduced to the following expected value
model.

Minimize the crisp objective function given in (1)

E Er E Ni T ZT ; D,
kEK e|1:t}k| [Pikr] + mingek reryx (EPier]),  (39)
7

iel,jeldJ;:|J|>1
Ciokr > E[Df kr)2r, k€ K,r € Ry, (40)

Yher Xrery EDikr]Tijrr <

Cirkr - C(ifl),.kr > E[ﬁirkr}zra ke K,r € Ry, (Z - 1)T7 ir € Iy 0y > fr (41)

Cik:r + Q(2 + Ykl — Zr — Zs) Z dils + E[ﬁikr]zm ki,l S K7 (S Rk (42)
SERliEI;CﬂIl:k<land|Ji|=1,
Cis + Q(3 — Ykl — Zr — Zs) > digr + E[ﬁils]zsa k,le K, re Ry (43)
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seER el N :k<land|J;| =1,
Citr + Q2+ Yr1 — Tijrr — Tijis) > dits + EDikr|2r, k,l€ K, r € R, (44)
seRichyNl :jeJi:k<land|J|>1
Cits + Q3 — Ykt — Tijkr — Tijis) > digr + Epirs|zs, k,l€ K, r € R, (45)
seERielyNLjeJi: k<land|J;]>1
Cikr = dii—1yr + Elpi k]2 k€ K, 7€ Ry, (i = 1)y, 4 € I 2 i > fr (46)

plk:r T . ~ .
maa: > Z Z ‘J| + Z mZNkeK, rERy (E[phkT])> 1€ I; (47)

keEK reRy hel:h#i
Ty, = max{0,Cy — E[ﬁk]} (48)
=1
5 rk X Zp S E[BQ] (50)

k=1 reRy
Constraints(2), (10)-(15), (18), (21)-(29).

~

7. The Chance-Constrained Programming Model (CCPM)

Chance-constrained programming (CCP) can also be applied to solve practical
optimization problems with the requirement that the chance constraints should
hold with at least some given confidence levels provided as an appropriate safety
margin by the decision maker [25, 28]. The standard fuzzy chance-constrained
programming model can be expressed as follows.

Min
f (51)
s.t.
Crif(z,§) < f} =0 (52)
Crigj(xz,§) <0} >p;, j=1,2,..m (53)

In this mathematical model, x is an n-dimensional decision vector and £ is a fuzzy
vector. Also, f and g; denote the objective function and j-th constraint, respec-
tively. The aim of this model is to minimize f. As the constraint (53) indicates,
the least required credibility of the objective function f is §. Similarly, for the j-th
chance constraint 5; shows the least required credibility level. It is noteworthy that
in this model, ¢ and 3; are predetermined confidence levels given by the decision
maker [40]. In this regard, for any a € (0, 1], the a-critical value is defined by:

Einfla) =inf{r|Cr{{ <r}>a} (54)
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Considering a trapezoidal membership function, the alpha-critical value of £ is com-
puted by:

(1 -2a)a+2ab ifa <05
Eint () = $
(2 —-2a)c+ (2a—1)d ifa>0.5

It should be also noted that the weighted sum of some fuzzy variables, including
both crisp and fuzzy parameters, is also a fuzzy variable. By using the above defi-
nitions, the chance-constrained programming model as the second crisp equivalent
one can be formulated as follows [40].

Min

! (55)
s.t.
CT‘{Z wex < (f)} >« (56)
k=1
g E Er .~i ’I“ZT‘ . ~
Cr{SkexXrer, PikrTijer < el ﬁﬁ"p k + mingex rerg Dikr)} > Bij, (57)
iEI,j€J¢Z|JZ“>1

Cr{Cf.kr > Dt kr2r} = Mr, k€ K,7 € Ry, (58)
CT{CiT.kr - C(ifl)rkr Z ﬁi,.k’r‘zr} Z Mikry ke er S Rk7 (Z - 1)7‘7 (59)

iel, iy > f
Cri{Cikr + Q2+ yrt — 2r — 2s) > dits + Pikr2r} = Mir, k1 € K, 7 € Ry, (60)
seR el :k<land|J| =1,
Cr{Cis + Q3 — Y1 — 2r — 25) = digr + Ditszsy > Qar, k1 € K, 7 € Ry, (61)

seER e, :k<land|J;| =1,

Cr{Cirr + Q2 + Y1 — Tijir — Tijis) > dits + Pikr2zr} > Akir, (62)
kJleK, reRg,seR il :jeJi:k<land|J;|>1

Cr{Ciis + Q(3 — Ykt — Tijler — Tijis) > dikr + DitsZs} > Nkir, (63)

kileKreRyseRiely(\LjeJ: k<land|J|>1

CT{Cirk:r = d(ifl)'r +5i7.krzr} > \I/ikzr ke K7 S Rk7 (Z - 1)7‘a (64)

ir € Lt ip > fy

Zr : _ .
| + Y (minkex, rer, Bure))} = @i i € 1; (65)
hel:hi

Cr{cmaa: > Z Z < pf]:

keK reRy

Cr{T) = maz{0,C) — ﬁk}} >wp ke K (66)
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CT{Z cix ni < B} >k (67)
i=1

Cr{z Z Crp X 2n < ég} > Ko (68)
k=1 r€ERy

Constraints (2), (10)-(15), (18), (21)-(29).
In the CCPM formulation, equations (55), (56) are applied in order to convert
the chance constraints into their crisp equivalent ones.

8. Dependent Chance-Constrained Programming Model (DCPM)

Sometimes the decision maker may hope that the total weighted tardiness time
does not exceed a given level TWT for the sake of customer satisfaction. That
is, the credibility of fuzzy event should be maximized. In order to formulate this
type of a decision system, Liu [27-28] provided a theoretical framework of fuzzy
dependent-chance programming (DCP), where the underlying philosophy is based
on selecting the decision with maximal credibility to meet the event. From this
view, we can present a credibility maximization model for our problem as follows:
Constraint

Max

Cr{f(z,€) < fo}- (69)
s.t

Constraint (54).

In this approach maximizing the credibility level of objective function f is the
main aim even if the objective function increases in much more value. The respec-
tive constraints like the CCP model try to satisfy the lease required credibility level
of each chance constraint [40].

In this way, the definition of a-critical value for this type of problem is also
applied, except here 7 is equal to one. With the aforementioned comment, the
third crisp equivalent model of original fuzzy model is as follows. Note that in
this mathematical model, all of the lower bounds of credibility measures are fixed
to uppermost values. Again, for converting the chance constraints to their crisp
equivalent ones, equations (55) and (56) are applied.

Max
Cr{d_ Wi x Ti < fo} (70)
k=1
Constraints (2), (10)-(15), (18), (21)-(29), (59)-(70).

9. Proposed Hybrid Meta-Heuristic Algorithm

To solve these three crisp models, a hybrid meta-heuristic algorithm is proposed,
by which a genetic algorithm is designed to compute the number of processors in
each stage. Next, a particle swarm optimization (PSO) algorithm is applied to
obtain the optimal value of tardiness variables. The process of using the designed
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GA and PSO is continued interactively until the termination criterion is satisfied.
Briefly, the main mechanisms of these algorithms are presented below.

10. Particle Swarm Algorithm

Particle swarm algorithm (PSO) is an evolutionary computation technique de-
veloped by Eberhart and Kennedy [9]. Two years later Salerno [46] used PSO on
a number of neural model architectures solving the XOR problem and then ap-
plied that to a real problem. Shi and Eberhart [48] carried out the developments,
applications, and resources related to PSO in the area of engineering and com-
puter science. The PSO structure is similar to the genetic algorithm (GA), which
is initialized with a population of random solutions and searched for the optima
by adapting successive generations. For the optimization process, each particle is
stimulated with a random position (X;q4), velocity (Vq), and a fitness value evalu-
ated with a predefined fitness function. Then, the fitness value of each particle is
updated based on the local best value (P;q) and global best value (Pyq). The PSO
method is formulated as follows. The initial position of z;4 is obtained by:

Tig = Min Tig + 1 X (Max ;g — min T;q) (71)
where r is a uniform random variable between [0, 1] and min and mix represent the
maximum and minimum limits of z;q4.

This equilibrium or relation assures the covering of all feasible solution.

new old

v = vit + C1 X (randi) x (pia — xiq) + C2 x (rands) X (pgd — Tia) (72)

aif = a4 op (73)
If Vid > Vimaz, Vida = Vinas €lse Vig < Viaw, Via = —Vmax (74)

where C7 and Cs are two positive constants, ¢ represent the number of particles and
d is the dimension in the solution space. V4. is a parameter called the maximum
velocity specified by users. Particles’ velocities on each dimension are fixed to the
Vinaz- When the sum of accelerations causes the velocity on that dimension to
exceed the V4., the velocity on that dimension is limited to the V,4,. Therefore,
when V4. is set too high, particles may raise past the excellent solution; when
Vinaz 18 set too low, particles may not explore sufficiently beyond locally superior
regions [41]. In this paper, our proposed PSO is used for attaining the optimal
sequence of jobs to be processed on the machines located in various stages, and
also for selecting the optimal route considered for each product simultaneously.
Figure 4 shows the structure of one particle used in PSO algorithm.

In this regard, both factors are dependent on the number of jobs. For routes,
the minimum and maximum values are fixed to one and four values, respectively.
Furthermore, for continuity, 7, and 7,4, are considered as follows.

Fmin = 0.5 (75)

Trmaz = 4 + 0.5 — epsilon (76)
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Number of Products

1]141]3 ____l |1

Number of Routes

FIGURE 4. The Structure of One Particle Used
in the PSO Algorithm

AlSo, Vs is considered equal to the following equation:

T — T
/Umam — max 10 man (77)

To procreate the initial solution, the primary sequence is regarded as a rearrange-
ment, which is equal to the number of jobs. The initial route is set for each job
equal to the following term as the same as equation (73).

T = Tonin + (Pmaz — Tmin) * rand(1, nvar) (78)

Learning rates, C1 and C2, which are the indicators of individual learning and
society learning, are, set to 2. Noteworthy, the above values for PSO parameters
have been selected based upon a number of initial tests conducted on the problem.
Regarding the above-mentioned comments the main loop of this algorithm is as
follows. In iteration 1, the velocity associated with the routes is set to zero and the
cost associated with each particle is calculated. The best memory of each particle
is set equal to the current particle cost and particle position. When the cost of one
particle is lower than the previous one, the best particle solution memory is updated.
Also, when the best cost of all particles is to be lower than the previous one, the
best global solution memory is updated. Using equation (76), the particle velocity
related to the production routes is updated. Also, for controlling the considered
velocity, the following alternative equation, equation (78), is used.

particle(i).velocity.r = min(max(particle(i).velocity.r, —vrmaz ), Vrmaz)  (79)

Using equation (75), the particle position related to the production routes is up-
dated. Furthermore, for controlling the considered position, the following equation
is utilized.

particle(i).position.r = min(maz(particle(i).position.rmin), Tmaz) (80)

With respect to the aforementioned points, the cost associated with each particle
containing the memories of the best sequence and the best route is calculated. In
these circumstances, if the cost associated with each particle is reduced, the best
memory of this particle is updated. Also, if the global best cost associated with
all of these particles is reduced, the best global memory of all of those particles is
updated. This process continues iteratively until the termination criterion is met.
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11. Genetic Algorithm

Genetic algorithm (GA) was first proposed by John Holland in the 1960s [14] and
developed by Holland and his students as well as some colleagues at the University
of Michigan in the 1960s and the 1970s [14, 13]. Holland [15] presented the genetic
algorithm as an abstraction of biological evolution and gave a theoretical framework
for adaptation under the GA [12, 33]. Like any other optimization algorithm, the
GA begins by defining the solution string and objective (cost) function and it ends
by testing for convergence. However, this algorithm is quite different from other
algorithms. The components path of the GA is depicted in Figure 5. A cost

Define cost function, variables and
Select GA parameters

!

| Generate initial population |

Decode chromosomes

| Find cost for each chromosome |

Done

F1GURE 5. The Steps of the Proposed Genetic Algorithm

function generates an output from a set of input variables. This function may be
a mathematical function, an experiment or a game. The object is to modify the
output in some desirable fashion by finding the appropriate values for the input
variables. So it can be observed that determining an appropriate cost function
and variables to use are intimately related. The term fitness is extensively used
to designate the output of the objective function in the GA literature. Fitness
denotes a maximization problem. Although fitness has a closer association with
biology than the term cost, the GA begins by definition of a chromosome or an
array of variable values to be optimized. If the chromosome has N, variables
(an N,q-dimensional optimization problem) given by p1,pa, ..., PNyar , then the
chromosome is written as an N, element row vector. In this paper, the genetic
algorithm is used to calculate the number of processors located in each stage. The
method is used to calculate the high and low levels of the number of the processors.
In this regards, it is assumed that the number of processors per stage is at least
one and at most equal to the maximum of the total investment divided by each
processor cost. To produce the random values of processors, the following equation
is used.

T = Tmin + (-rma:c - xmin) X Tand(npop, TLUCL’I“) (81)
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Figure 6 shows the string structure used in GA algorithm.

Number of Stages

Number of Processors

FIGURE 6. The Structure of One String Used in
the GA Algorithm

Regarding to equation, x,,in and x,,ax values are set to the values defined above,
and the random function generates values between zero and one with dimensions,
npop rows and nvar columns. In this way, the related values always fall in the
range between the maximum and minimum number of processors. To become more
realistic these values are rounded. Thus, with these defined values, the main loop
of the algorithm begins. Accordingly, the cost per repetition is regularly calculated
and the top members of the population with the appropriate values are selected, so
that at each iteration, better values are replaced with the previous ones. Also, to
calculate the amount of fitness and adaptation, the following equation is used.

f = exp(—beta * costs) (82)

The cost values used in this relation are normal values and beta is a constant
value. Also, in order to calculate the probabilities of selections, the following equa-
tion is used.

_F
sum(f)

These values are used to rotate the roulette wheel in the selection process of the
crossover operator. Regarding aforementioned comments, two parents are selected
randomly and the crossover operator is performed. The following equations define
the crossover operator to generate the new children to be added to the population.

p= (83)

childl = alpha x p1 + (1 — alpha) X po (84)

child2 = alpha x ps 4+ (1 — alpha) x py (85)

In this equation, alpha is a random number between 0 and 1, and pi is a rep-
resentative parent. Also, in the mutation operator, one chromosome and one gene
are selected at random. The random values between the minimum and maximum
amounts are produced, and this new chromosome is added to the original popu-
lation. Now, the new population consists of the main population, and the new
children generated by the mutation and crossover operators. Now, after observing
the fitness value (cost) of each member of the new population, the superior mem-
bers with a predefined size are selected. This process continues repeatedly until the
termination criterion is met.
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12. Computational Results

In this section, the three crisp equivalent models are solved and compared with
each other in terms of both objective function value and required computational
time. Moreover, to show the behavior of these three approaches interacted by the
proposed meta-heuristic algorithm, their convergence are presented by three figures
separately. The MATLAB software is used to run the proposed meta-heuristic algo-
rithm. After running some initial tests, the termination criteria (i.e., the maximum
iterations) of GA and PSO meta-heuristics are set as 120 and 10, respectively. The
general attributes of the given problems are shown in Table 1. Also, the fuzzy
parameters are shown in the Tables 2 to 4.

Number of stages 6

<

Number of products 2

Number of routes 4

TABLE 1. Overall Attributes of Test Problem

The computational results of the three crisp equivalent models, such as tardiness
time, completion times and so on, have been represented through Tables 5 to 10.
Notably, for the chance-constrained programming model, the lower bounds of cred-
ibility measures are fixed to equal values. In this test problem for all constraints
that has fuzzy parameters, a confidence level between [0, 1] can be incorporated
into our computation. In this study an arbitrary value of 0.3 was used to examine
the solutions.

As shown in the tables presented above, it can clearly be observed that the
number of processors is the same for the two methods. In other words, the ge-
netic algorithm has similar behavior for all three methods. Performing the PSO
algorithm, compared to the expected value and chance-constrained programming
methods, the dependent chance-constrained programming produces a lower value
of tardiness and the expected value and chance-constrained programming methods
come next, respectively.

As for the selected routes for processing of parts, different methods give different
results, each route yielding different cost values. Also succession of parts entering
into the processors is different for the methods concerned.

13. Sensitivity Analysis

In this section, some sensitivity analyses are carried out. Four important fac-
tors, i.e., processing time, route cost, purchasing budget and selection budget, are
considered and their impact on the objective function value (O.F.V) is analyzed.
In addition, the number of population and the maximum iteration for running the
genetic algorithm are fixed to 40 and 20, respectively. Figures 7 to 9 show that with
increasing the processing time, the objective function value is also increased, and
each crisp model has its specific optimum objective point. The solution deviation
may be a result of randomness environment.
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Also, Figures 10 to 12 show the route cost impact on the objective function
value. It seems that there is no important sensitivity, and the reason can be found
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Bl.a 180 B2.a 80
Bl.b 190 B2.b 90
Bl.c 210 B2.c 100
Bl.d 220 B2.d 110

TABLE 4. Budgets for Purchasing the Processor
and Selecting Route

Stage 1 2 3 4 5 6
Number of Processors 7 10 7 6 4 4

TABLE 5. Number of the Obtained Processors

Product 1 2 3 4 5 3 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Scheduling
) 5 8 12 3 A7 14 18 19 4 ] s 20 16 10 1 1 & 2 13 7
Positions
Tardiness Time 0 0 [ 0 0 0 0 0 0 0 05 o 0 [ o o0 o 0 0
0 ) 0 1.8 7.8 0 0 0 7 6.5 3.8 0 ) 0 0 5.3 0 6.3 0
E 73 ] 2 18 7.8 8.3 78 8.25 7 8.5 38 43 6.3 78 13 53 58 83 53
43 108 55 18 78 123 15 15 7 65 38 138 118 105 48 53 103

Stage

143 145 55 18 145 178 15 175 7 128 38 203 183 105 115 53 1
185 145 168 6.8 145 178 205 175 128 128 105 203 183 15 15 El 1"

103 10
103 168

218 148 145 178 265 175 178 128 163 203 193 223 115 14 1 103 195

~lo © © o 0 oo
=
W
S

Routes

B wwmalo o s e o=
IS
5]
o
F
o

Route Costs 4.3 4.8 4.5 53 48 5.3 4 58 4.8 4.5 5 58 4.8 58 65 53 3 28 38 48

TABLE 6. Solutions Related to Products

[

]
.
[

Stage ) 1 6

Number of Processors 7 10 7 6 4 4

TABLE 7. Number of the Obtained Processors

objective function value, because in this approach the maximum level has been
generated. It can be anticipated that interaction between all of the parameters has
large impact in this approach.

The impact of purchasing budget on O.F.V has been depicted through Figures
13 to 15. In the expected value and chance-constrained models, by increasing
this impact, the objective function increases to some points then decreases. The
solution deviation may be the result of a randomness environment. Also, dependent
chance-constrained programming has the minimum objective function value.

Finally, the impact of selection budget on O.F.V has been depicted in Figures
16 to 18. It seems that there is no important sensitivity, and the reason can be
found in amount of this parameter and interaction of this parameter with others.
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Product 1 2 3 4 5 6 7 8 9 10 1" 12 13 14 15 16 17 18 19 20
Scheduling
16 18 11 7 4 2 13 10 8 20 19 E] 3 14 1 £ [} 17 18 12
Positions
Tardiness Time 12 36 00 12 42 46 00 00 06 212 172 00 00 20 00 22 12 3.0 152 1.2
1 ] 88 44 22 36 42 58 32 0 106 6.8 0 18 4] 0 486 0 6.2 0 5
2 11 88 44 22 36 42 56 32 28 106 6.8 4 16 98 0 46 36 6.2 10.8 5
o 3 12 88 44 22 38 42 56 32 82 106 6.8 10 16 12 06 46 64 62 154 5
4
7 4 22 88 44 7 8 42 13 10 10 2338 6.8 1" 4 12 58 46 64 15 186 13
5 22 17 10 7 8 52 13 10 10 238 214 1 4 13 58 68 64 15 1886 13
6 22 20 14 7 8 76 13 10 10 238 254 1 4 16 58 10 64 15 1886 13
1 1 1 1 1 1 1 1 1
2 1 1 1 1 1
Routes
3 1 1 1 1 1 1
4 1
Route Costs 58 5 32 52 3 48 26 66 36 38 2 38 44 48 54 28 1 22 26 4
TABLE 8. Solutions Related to Products
Stage 1 2 3 4 5 6
Number of Processors 4 4 5 5 3 3
TABLE 9. Number of the Obtained Processors
Product 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Scheduling
17 2 5 14 12 19 18 13 7 16 4 10 20 8 1 3 9 15 6 "
Positions
Tardiness Time 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 8 0 " 0 0 2 1 15 20 7 0 0 0 0 6 0 20 7 15
E 2 17 8 4 " 13 17 22 11 15 20 7 8 18 9 4 6 8 20 7 15
E 2 3 26 8 13 11 20 25 22 1 15 20 7 15 27 17 11 6 15 20 7 15
% ; 4 35 8 13 21 28 33 35 11 24 32 7 15 37 17 20 6 17 28 15 24
; 5 35 16 22 21 28 33 35 31 24 32 16 23 37 26 20 15 17 28 15 24
S
6 35 21 31 21 28 33 35 37 24 32 25 34 37 33 20 28 17 28 15 24
1 1 1 1 1 1 1 1
2 1 1 1 1
Routes
3 1 1 1 1 1 1
4 1 1 1
Route Costs 7 8 6 8 6 7 9 9 9 6 8 7 6 9 8 9 5 4 9 9
TABLE 10. Solutions Related to Products

The solution deviation may be a result of randomness environment. Also, dependent

chance-constrained programming has the minimum objective function value.

Related to dependent chance-constrained programming, it can be interpreted
that in this method a level of maximum credibility is taken into consideration.

Thus, the levels of credibility for all constraints are taken as 1.

In this manner, those constraints more influential on other constraints are con-
sidered as important factors in the final results. In other words, the effects of the

parameters and constraints values, act as important factors.
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14. Convergence Graphs

The convergence rates of three equivalent crisp models have been shown in Fig-
ures 19-21, respectively. It is evident that the chance-constrained programming
approach with the alpha-critical value equal to 0.3 has the best solution. As de-
picted in the convergence figures, the genetic algorithm arrives to a convergence
after 120 iterations. All the three methods show similar behavior in this respect.
As for the converged values, the chance-constrained programming method produces
the least value. The reason is that the capital represented by a trapezoidal member-
ship function, gets limited at a certain bound, thus limiting the used up capital at a
certain amount. As for the costs of purchasing, the expected value and dependent
chance-constrained programming introduce the second and third rank respectively.
It can be said that, in the expected value method, the trapezoidal membership
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function gets it’s bound at the middle of the trapezoidal, while for the dependent
chance-constrained programming method the whole of the trapezoidal membership
function is being used. Thus, it is clearly observed that in dependent chance-
constrained programming method, we access to the full amount of capital, in the
expected value method to the one half of the capital, and in the chance-constrained
programming method to the 0.3 of the capital.

15. Conclusions

This paper deals with a new model for a flexible flow line problem with the
budget factor. Because in the real world, some parameters (e.g., processing times
and due dates) are imprecise in nature, they are treated as fuzzy parameters. In
this way, a fuzzy mathematical model is first developed, and then, three crisp
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equivalent models, i.e., the expected value, chance-constrained programming and
dependent chance-constrained programming models are introduced. Furthermore,
to solve these crisp models, a hybrid meta-heuristic algorithm integrating a genetic
algorithm with a particle swarm optimization is proposed. The computational re-
sults show that dependent chance-constrained programming can obtain the lowest
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objective function value. The reason behind this fact is that when we select the
dependent chance-constrained programming model, we actually select the upper-
most level of fuzzy parameters. It can be anticipated that if we set parameters
in other different values, we can expect different results because of interaction be-
tween paprameters in the mathematical model. After all, Concerning the value of
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the objective function, one can use the dependent chance-constrained method in
the first rank, the expected value approach and chance-constrained method in the
second and third rank respectively.

It can be implied that if we allocate the higher credibility to the fuzzy con-
straints we concentrate on upper points of a trapezoidal membership function. In
other words, if we set « = 1, the dependent chance-constrained programming is
arisen; otherwise, the chance-constrained programming is formed. It is obvious
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that if we consider dependent chance-constrained programming, we minimize the
upper limit of the fuzzy tardiness variable; therefore, we expect a higher objective
function. However, due to the interaction of fuzzy processing times and due dates,
the fuzzy tardiness time results in a lower objective function value in the expected
value approach. Figure 22 clarifies these points. The convergence rates related to
the GA, which computes the number of processors in each stage with the lowest
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cost (i.e., purchasing cost), imply that the proposed meta-heuristic algorithm has
the capability to come closer to the optimal solution. In this figure, the minimum
objective function value is reported for the expected value approach; however, the
minimum computational time is reported for dependent chance-constrained pro-
gramming although with a higher objective function. Also, for further research,
considering other membership functions and comparing the new results with those
of trapezoidal membership function found here will be another challenging direc-
tion.
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