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CONVERGENCE APPROACH SPACES AND APPROACH
SPACES AS LATTICE-VALUED CONVERGENCE SPACES

G. JAGER

ABSTRACT. We show that the category of convergence approach spaces is a
simultaneously reflective and coreflective subcategory of the category of lattice-
valued limit spaces. Further we study the preservation of diagonal conditions,
which characterize approach spaces. It is shown that the category of pre-
approach spaces is a simultaneously reflective and coreflective subcategory of
the category of lattice-valued pretopological spaces and that the category of
approach spaces is a coreflective subcategory of a category of lattice-valued
topological convergence spaces.

1. Introduction

Stratified lattice-valued convergence spaces were first defined in [9] for the case
that the lattice is a complete Heyting algebra (or a frame). They form a Cartesian
closed supercategory of the category of stratified lattice-valued topological spaces.
The theory of these spaces was developped in a series of papers [10, 11, 13, 12,
14] under this restricted lattice context. Later, Wei Yao [23] generalized lattice-
valued convergence spaces to the lattice context of complete residuated lattices. A
similar lattice background is also used in [17], however the definitions of a lattice-
valued filter in these two papers do not coincide. Looking at the definition of
a stratified lattice-valued filter in [8], it becomes clear that both papers actually
use two different enriched cl-premonoids. In [21] the lattice context was therefore
generalized to this situation.

Approach spaces and convergence approach spaces were introduced by Lowen
and his co-workers [18, 19, 20]. The category of approach spaces is a common su-
percategory for the category T'OP of topological spaces and the category copgM ET
of extended pseudo-quasi metric spaces (with non-expansive maps as morphisms).
The basic idea behind approach spaces is to describe spaces by a distance function
between points and sets. In this way it is possible to unify several basic concepts
like e.g. compactness (in TOP) and total boundedness (in copgM ET). In [20] sev-
eral equivalent axiom systems for approach spaces are given, one by means of a
limit function for filters, which "measures the distance of a point to be in the limit
of the filter”. Convergence approach spaces weaken the axioms of approach spaces
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using the limit function and form a Cartesian closed and hereditary supercategory
of the category of approach spaces [18].

It is known, see [2], that there are close links between approach spaces and
so-called probabilistic convergence spaces. In [3], on the other hand, it is shown
for the case of a complete Heyting algebra that probabilistic convergence spaces
can be viewed as stratified [0, 1]-convergence spaces. It seems therefore natural to
investigate if approach spaces and convergence approach spaces can be viewed as
lattice-valued convergence spaces. We show in this paper that this is indeed the
case. Using the extended lattice context from [21] we show that the categories
of convergence approach spaces, of pre-approach spaces and of approach spaces
can be nicely embedded in the category of stratified [0, 1]-limit spaces. In fact,
the categories of convergence approach spaces and pre-approach spaces turn out
to be isomorphic to simultaneously reflective and coreflective subcategories of the
category of stratified [0, 1]-limit spaces and the category of approach spaces is iso-
morphic to a coreflective subcategory of the category of stratified [0, 1]-limit spaces.
Convergence approach spaces, pre-approach spaces and approach spaces are thus
important examples of lattice-valued convergence spaces.

2. Preliminaries

We review the definitions and results necessary for this paper, although we will
only consider quite a restricted lattice context later. We will always assume that L
is a complete lattice with top element T and bottom element 1 = T.

A GL-monoid (L, <,*) is a complete lattice (L, <) with a binary operation * :
L x L — L satisfying the following axioms [6, 8.

(GL1) ax T =« for all a € L;

(GL2) ax B =pxaforal a,f € L;

(GL3) ax(Bxv) = (axpf) vy forall o, 8,7 € L;

(GL4) if o < S then there is § € L such that o = 8 % ¢ (Divisibility);
(GL5) a* V4, cpBi =Vg,eplaxp;) forallae L, B C L.

Prominent examples are continuous t-norms (see e.g. [22, 15]) on [0,1]. Here, a
t-norm is a mapping * : [0,1] x [0, 1] — [0, 1] satisfying (GL1), (GL2), (GL3) and
a<f=>axy < Bxyforall a,8,7 € [0,1]. A t-norm is called continuous if it
continuous as a mapping from [0, 1] x [0, 1] to [0, 1]. The most important examples
are the minimum t-norm a * 8 = a A 8, the product t-norm a x 8 = af and the
Lukasiewicz t-norm ax 8 = (o 4+  — 1) V 0. Further examples of GL-monoids are
given by complete Heyting algebras (or frames) (L, <, A) and by MV-algebras (see
[8]).

A cl-premonoid (L,<,®) is a complete lattice (L, <) together with a binary
operation ® : L x L —» L that satisfies the following axioms [8].

(CLl) a<a®Tand a < T Qq;

(CL2) a < B and v < § implies a® v < S ® §;

(CL3) Forall ) # B C L we have a®\ 35 B = Vgepla®pB) and (Vep ) @a =
Visep(B @ a).
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We note that the operation ® is not necessarily commutative and we also do
not require associativity. Also the distributivity in (CL3) is only required for non-
empty joins. It is clear that every GL-monoid is a cl-premonoid but not necessarily
vice versa.

An enriched cl-premonoid (L, <,®,*) is a cl-premonoid (L, < ®) that is ”en-
riched” by a GL-monoid (L, <, *) such that the following domination condition is
satisfied [8].

(ECL) (a1 ® 1) * (2 ® f2) < (a1 * 2) @ (1 * B2) for all a1, s, B1, 532 € L.

If (L,<,A) is a frame and (L, <, *) is a GL-monoid, then both (L, <, *,x) and
(L, <, A, *) are enriched cl-premonoids. Further examples are given by certain GL-
monoids which have square roots and thus allow a monoidal mean operator, see [8].
We do not go into details of this example as we do not need it here.

Let (L,<,®,x*) be an enriched cl-premonoid and X be a set. We denote the
L-sets on X by a,b,c,... € LX and extend the operations A, ®, * pointwise from L
to LX. In particular we define for a,b,a; € LX (j € J)

Ner )@ = Ayesar(@). Vyesa)@) = Vo a;@), (@ @ b)) = aa) ®
b(x), (a*b)(x) = a(x) *b(z). The order of LX is defined as the product order, i.e.
a <bif a(x) <b(z) for all z € X. For a € L and a € LX we denote

aA(x):{ a ifzeA
1 else.
Special cases of this notation are the characteristic function of A C X, T 4, and the
zero function Lx. If f: X — Y is a mapping, then we define f= : LX — LY by
f7(@)(y) = Viex.pa)—y a(z) for a € LX and f< : LY — LX by f<(b) =bo f
for b € LY.

A stratified L-filter on X (see [8]) is a mapping F : LX — L satisfying the
axioms
(LF1) F(Tx) =T, F(Lx) =1
(LF2) a < b implies F(a) < F(b) for all a,b € L;
(LF3) F(a) ® F(b) < F(a®b) for all a,b € LY;
(LFs) a* F(a) < Flax *a) for all « € L,a € L.
The set of all stratified L-filters on X is denoted by Fj (X).

Example 2.1. For v € X, [z] : LY — L, a > [7](a) = a(z) is a stratified
L-filter, the point L-filter of x.

The set Fi(X) is again endowed with the pointwise order, i.e. we define for
F,G € Fi(X), F <G if F(a) < G(a) for all @ € L¥. We then have that for a
family of stratified L-filters {F;, : j € J} C F}(X), the greatest lower bound
A\ Fj can be calculated as (A F;)(a) = A Fj(a). For a mapping f : X — Y and
F € F3(X) we define the image of F under f by f=(F)(b) = F(f (b)) forbe LY.
See e.g. [8] for more details on stratified L-filters.

For the rest of the paper we consider the following restricted lattice situation.
We consider a strictly decreasing surjective mapping S : [0,1] — [0,00]. We
note that S(1) = 0. Furthermore, S is order reversing and therefore S(A,.; ;) =
ViesS(ai) and S(V,c;ai) = \;c; S(ai). We also note that the inverse mapping
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S71:]0,00] — [0,1] exists and is strictly decreasing and surjective and therefore
shares the properties of S. Then the following operation is a continuous t-norm on
[0,1]:

axf=S571(S(a) +5(8)).

In this case, the mapping S is called an additive generator of the t-norm * (see
[15]). We will in the sequel consider the mapping S fixed and always use the t-
norm generated by S. The example S(x) = —log(x), with S(0) := oo, leads to the
product t-norm.

We then consider ([0, 1], A, %) as enriched cl-premonoid.

For notions from category theory we refer to [1].

3. Filters and Stratified [0, 1]-filters

We denote the set of all filters on X by F(X). We especially denote the point
filterofz e X byt ={ACX : x€ A} e F(X).
For aset J, G € F(J), F; € F(X), (i € J) we define the diagonal filter [16]

K(G, (F) =\ /\ Fie F(X

GeGieG

Similarly, for G € Fg 1 (J), Fi € Fg 1)(X), (i € J), we define the stratified [0,1]-
diagonal filter G(F.)) € Fg 11(X) by (see [4, 11, 12])

G(Fy)la) = G(F(y(a))

with Fy(a) : { ;] : 27(2]) for a € LX.

We will need two constructions that allow us to pass from filters to stratified
[0, 1]-filters and vice versa. They originate from [5].

Given F € F 1(X) we define &7 ={AC X : F(1a) =1}.

The proof of the following proposition is straightforward and is presented in
order to make the paper self-contained.

Proposition 3.1. Let F,G € F; [0 1 (X),z€ X and f : X — Y be a mapping.
Then

() - <F)

(3) F < g zmplzes br < bg;

(4) Prag = Pr A Dg;

5) f(®F) = Ps)-

Proof. (1) We know that F(1p) = F(0x) = 0 and hence § ¢ ®r. As F(lx) =
1 we also have X € & and hence & # 0. If A € ®(F) and A C B, then
1 = F(1a) < F(1p) and therefore also B € ®x. Lastly, if A,B € ®F, then
]:(1A03> = ]:(1,4 A 13) > ]:(1,4) /\]:(13) =1A1=1. Hence ANB € ®£.

(2) We have A € @, if and only if [z](14) = 1a(xz) = 1. This is equivalent to
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r €A, e to A€ .

(3)If Ac &7, then 1 = F(14) < G(14) and hence A € Og.

(4) We have A € ®rpg if and only if F(14) AG(14) = FAG(1a) = 1. This is
equivalent to F(14) =1 and G(14) = 1ie. to A € & and A € §g. But this is
equivlaent to A € A Pg. (Note that this proof immediately extends to arbirtrary
infs.)

(5) Let first B € f(®r). Then there is A € &z such that f(4) C B. Hence
we have F(14) = 1 and A C f~1(B). Therefore f(F)(1g) = F(f (1)) =
F(ly-1(p)) = F(1a) = 1 and consequently B € ®;(r). Conversely, if B € &z,
then 1 = f(]:)(lB) = ‘/—‘v(fil(lB)) = ‘/—‘v(lffl(B)) and hence fﬁl(B) € ®x. This
implies B € f(®x) and the proof is complete. O
Proposition 3.2. For G € ]-'[%71](J), Fi € Fio (X), (z € J), we have
K(Pg, (Pr)) < Pg(F)-

Proof. Let A € k(Pg,(Px,)). Then there are Gi,Ga,...,G, € @g,
Fy € Nieg, @7 (b = 1,2,..,n), such that F1 N Fyn---NF, C A Then for
each k we have G(1g,) = 1 and i € Gy, implies F(1p,) =1, i.e. F, € ®x,. Hence
{ieJ : Fp e ®x} DGy and therefore G(1ge . Fk€q>]__i}) = 1. Now we have

Foy(p)@) = Fi(lr,) 2 1. 716,)=13(0).
Therefore G(F(.y)(1Fr,) = G(F()(1F,)) = 1 and it follows that
G(F)(1a) 2 G(F))Amn..nr,) = G(FO))Ar) A AG(FH)(LE,) = L.
Hence A € (I)g(]:(_)). ([

We now turn to another construction. For F € F(X) we define
:\/{ae [0,1] : [a > a] €F}

with [a > a]={x € X : a(z) > a}.
Again, we reproduce a straightforward proof for the sake of completeness.

Proposition 3.3. Let F,.G,F;, e F(X)(i € J),z € X and f : X — Y bea
mapping. Then

1) F¥ e ]:[% 1]( );

) [2] =

YF<G zmplzes FF < FG;

) fF /\]:G < ]:']F/\G

5) Nicy FFi <]:(/\ng i)

6) F(F) = FIO).

Proof. (1) We have F¥(0x) = 0as [0x > a] =0 ¢ Ffora > 0. Also F'(1x) =1 as

[lx >a]=X eFforalla € [0,1]. Ifa < b, then [a > a] C [b > o] and hence if [a >
a] € F then also [b > a] € F. This implies {a: [a > a] € F} C{a: [b > a] € F} and

/\/\/\/\/\ /\
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we get F'(a) < F¥(b). Finally we observe that [a > a]N[b> B8] ClaAnb>aAf].
Hence Ff(a) AFE(b) =\V{a:[a>a e FIAV{B:b>8 €F}=V{aAB:]|a
ol eFb>pleF<V{aAnB:lanb>anBleF} <\V{y:[aAnb>~yeTF}
FE(a nD).

(2) We have F%(a) = \/{a : [a > o] € 2} = \{a: [2](a) = a(x) > a} = [z](a).
(3) f F <G and [a > a] € F, then also [a > o] € G.

(4) FEAFC(a) = FF(a)AFC(a) = V{aAB:[a>a] €F,[a> Bl € G} < V{aAB:
[a>anpleF a>anp] €G]} =V{aAB:[a>anp] €FAG} < FFC(a).
(5) We need to complete distributivity of [0, 1]. This means that for subsets A;
[0,1] (§ € J) we have /\jeJVAj = v(ai)GHiEJAi /\jeJ a;. We have /\Z-GJ.F]Fi(a)
/\ie,](v{ai dla > o] € Fi}) L \/ai;[azai]em\ﬁ /\jeJaj < v{/\jeJaj ta
Ages 5] € B} < V{7 : a2 7] € B} = V{v: [a > 9] € A o) = Fhes ¥
(6) We note that [f~'(a) > a] = f~'([a > a]). Hence f(FF)(a) = FF(f~'(a)

)
Via:[f"a) > o] € F} = V{a: f([a > a]) e F} = V{a:[a > o] € f(F)}
FI®E)(a).

N

SV

oo

We note that (4) is a special case of (5) but that the proof of (4) does not require
to complete distributivity of [0, 1].
Proposition 3.4. Let F € F(X) and G € Fjg ;(X). Then
(1) F(®o) < g;
Proof. (1) We have F(®9)(a) = \/{a : [a > a] € &g} = V{a : G(1j454]) = 1}
V{a:a*xG(15q)) = a}. As G is stratified we find F(®9) < \/{a : G(a* 1[;>4])
a}. Noting that o * 1j5>4) < a this yields F®a)(a) < \/{a:G(a) >a} = g( ).
(2) We have

<
>

A€p = F'(la)=1 = \[{a:A=[la>0]€F} =1 < A€cF.
0

Proposition 3.5. For G € F(J), F; € F(X), (i € J) we have FE¢(FF0) <
FrG.(F)

Proof. Let a € LX. Then
FEFO)a) = FE(FFO(a) = \[{a : [FTO(a) > a] € G}.

Now we have i € [FF©)(a) > o] if and only if F¥i(a) > « if and only if \/{5 : [a >
B] € F;} > a. Hence for every € > 0 there is § > a — € such that [a > (] € F;
and consequently also [a > a —¢] € F; for all ¢ > 0. Hence we have shown
[FEO (a) > a] € {i:[a > a — ¢ € F;} and therefore

}‘G(].‘]F('))(a) < \/{a H{i:ja>a—¢€ el;} € G}
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Now it G={i:[a > a—¢ €F;} €G, then
a>a-de N F.<\/ A\Fi=kG,(F)).
i:la>a—e]€F; GeGieG
It follows

FEFFONa) < \{a:la>a—der(G,(F))} =\/{B+e:[a>p] €k(G, (F))}
=c+ \/{,6 a > B] € k(G, (Fy))} = e+ FHEED (g),
As € > 0 was arbitrary we obtain finally F¢(F¥0))(a) < Fr(EE))(q). O

We lastly establish a connection between our constructions and a definition given
by Hohle. For F € F(X) and a € L¥ we define [7]

Fr(a) = \/ /\ a(x).

FeFazeF
Proposition 3.6. Let F € F(X). Then F¥ = Fp.

Proof. Let a € L*. Let first F € F and define @ = A cpa(z). Then for z € F
we have a(x) > a and hence © € [a > «a]. Therefore F C [a > «] and hence
ae{Bel|la>p] e€F} It follows F'(a) > a = A\,cpa(z). As F € F was
arbitrary we conclude F*(a) > \/ pep Ayer @(z) = Fr(a). To show the converse
inequality we choose a € L such that F' = [a > o] € F. Then A (54 a(z) > a
and hence Fr(a) = \ pep Apep @(x) > . This is true for all o € L such that
[a > a] € F and hence Fr(a) > \/{a € L | [a > a] € F} = F¥(a). O

Proposition 3.7. For F € Fj (X) we have ®r = \/ G.

G:FS<F
Proof. We first note that the supremum exists (in F(X)): For G € F(X) with
F& < F we have by Lemma 3.4 G = @ (rey < @r. Hence we have an upper

bound for the set of all G € F(X) with F® < F and hence also a least upper
bound. Next we note, as F(®#) < F, that &5 < \/G:}-GS}- G. Conversely, let

Ace \/G:}"Gg]-'G' Then there are G, ...,G,, € F(X) with F% < F and G; € G;
such that G1NG2N---NG, C A. Hence 1 = FCi(1g,) < F(lg,) foralli = 1,2,...,n.
Moreover 1g, N---1g, < 14. Hence we obtain

1=Flg,)N--ANF(lg,) < Flg, AN Nlg,) < F(la)
and therefore A € ® . O

4. Convergence Approach Spaces as Stratified [0, 1]-limit Spaces
Definition 4.1. [10, 21] A mapping lim : F ;) (X) — [0, 1% with

(LL1) lim[z](z) = 1 for all z € X;

(LL2) F < G implies lim F < lim G;

(LL3) lim(F A G) =lim F(z) AlimG

is called a stratified [0, 1]-limit map, the pair (X,lim) a stratified [0, 1]-limit space.
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Note that in [21] such spaces are called stratified [0, 1]-strong limit spaces.

A mapping f : (X,lim) — (X’,lim’) is called continuous if lim F(z) <
lim’ f(F)(f(z)) for all z € X and for all F € Fio(X)-

The category s[0,1]-LIM has as objects all stratified [0, 1]-limit spaces and as
morphisms the continuous mappings.
Definition 4.2. [18] A mapping A : F(X) — [0, 00]X with
(L1) Mz)(z) =0 for all z € X;
(L2) F < G implies A(G) < A(F);
(L3) MFAG) =AF) vV AG)
is called a convergence approach limit map, the pair (X, \) is called a convergence
approach space.

A mapping f : (X,A) — (X', XN) is called a contraction if N (f(F))(f(x)) <
A(F)(x) for all € X and for all F € F(X).

The category C AP has as objects the convergence approach spaces and as mor-
phisms the contractions.

With the mapping S that we hold fixed throughout this paper, we define for
(X,)\) € |CAP|

limyF(z) = S~ @F)(2)).
The idea of using such a surjective additive generator for the t-norm goes back to
[2].
Proposition 4.3. For (X, \) € |[CAP| we have (X,limy) € |s[0,1]-LIM]|.

froof. (LL1) We have limy[z](z) = S~L(A(P))(z)) = S~1(A(#)(z)) = S71(0) =

(LL2) If F < G, then &7 < ®g and as both A and S~! are order reversing we
obtain

limyF(z) = STH (@ x)(x)) < STHA(®g)(x)) = limaG(x).
(LL3) We have
limyF(z) AlimyG(z) = STHA(@F)(2)) A STHA(®g)(x))
= STHA@F)(x) VA(Pg)(2) = STHA(®F A Bg)(x))
STIN@rag)(x)) = lmyF AG(z).
O

Proposition 4.4. If f : (X, \) — (X', X') is a contraction, then f : (X, limy) —
(X', limy/) is continuous.

Proof. Let F € Fjy(X) and 2z € X. Then limy f(F)(f(z)) =
STEN (@) (f(2) = STHN (f(25))(f (@) = STHA(®F)(2)) = limyF(z). O

Hence we can define a functor
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CAP — s[0,1]-LIM
H:¢ (X,0) — (X, limy)
o= f
We will next show that this functor is injective on objects.
Proposition 4.5. If (X, \) # (X, \), then (X,limy) # (X, limy/).

Proof. It A # X, then there exists F € F(X) and = € X such that \(F)(z) #
N(F)(x). But then for G = F¥ we have ®; = F and hence

limxG(z) = ST (A(®g)(x)) = STHA(F)(2)) # ST (N (F)(2)) = limyG(x).

O
Further the functor H is full.

Proposition 4.6. Let (X, ), (X', ) € |CAP| and let f : X — X' be a mapping.
If f: (X, limy) — (X', limy/) is continuous, then [ : (X,\) — (X', N) is a
contraction.

Proof. Let F € F(X) and # € X. We again define G = FF. By the continuity
of f we then have lim)\G(z) < limy f(G)(f(z)). Hence, again as &g = F, we get
STHA(F)(x)) < STYN(f(F)(f(x))), from which, by S~! being order reversing, we
obtain X (f(F))(f(z)) < AM(F)(z). AsF and x were arbitrary, the claim follows. O

As a result we obtain the following theorem.

Theorem 4.7. The category CAP of convergence approach spaces is isomorphic
to a full subcategory of s[0,1]-LIM.

We now consider further axioms for stratified [0, 1]-limit spaces and convergence
approach spaces.

Proposition 4.8. Let (X,\) € |CAP|. If (X, ) satisfies the axziom

(L3 MAicsFi)(x) = Vies AFi)(z) for all {F; :i e J} CF(X),z € X;

then (X,limy) satisfies the axziom

(LL3)  limx(A;e; Fi) (@) = Njey imaFi(x) for all {F; ci€ J} C Fg (X),2 €
X.

Proof. Similar to the proof of (LL3),We have
limy (A F)(2) = STHA@A£) (@) = STHAN 25) (@)

ieJ icJ
= STV AF)@) = A STHA@R) () = N\ limaFi(x).
ieJ ieJ ieJ

O

With the interpretation of lim F(x) as the grade of convergence of F to x and

A(F)(z) as the distance that the point x is away from being a limit point of F

([19]), the axioms (LL3), resp. (L3), generalize the classical convergence axiom in

topology that for a family of filters converging to a point x also the meet of the
family converges to x.
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For the next two results we remember that o * 8 = S71(S(a) + S(B)) is the
continuous t-norm on [0, 1] that we consider.
Proposition 4.9. Let (X,\) € |CAP|. If (X, ) satisfies the aziom
(L4) IfGeF(X), F, e F(X) (ye X), z € X then

A(G, (Fy))) (@) < AG)(2) + Vyex AFy)(y);

then (X, limy) satisfies the axiom
(LL4) If G € Fj 1(X), Fy € Fip (X)), (y€ X), x € X then

myG(2) * A\ e x BmaFy (y) < ImaG(Fy)(2).

Proof. Let o < lim\G(z) = S™1(A(®g)(x)) and B < /\yeth/\]:( ) <
STEA(@£,)(y)) for all y € Y. Then AP
)

)
g)(x) < S(a) and A(®F,)(y) < S(B)
for all y € X. Hence also V/, ¢ (q)fy)(y < S(B). By (L4) we obtain from this
A(R(Dg, (Pr,)))(x) < A(Pg)(x

APx,) S(a) +S(B).

ex
Proposition 3.2 then yields A\(®¢(# ,)))(z) < S(a) 4+ 5(8) and hence

lim)G(Fy)(x) = S‘l(/\(d)g(;(_))))(x)) > S7(S(a) + S(B) = ax*B.

Proposition 4.10. Let (X, \) € |CAP|. If (X, \) satisfies the axiom
LF) IfJ#£0,v:J— X, GeF(J), F,eF(X) (i€ J), x€ X then

ARG, (Fi))(2) < M(G))(x) + Ve s AMF:)(4(0));
then (X, limy) satisfies the axiom
(LLF) If J#0, ¢ : J — X, G € Fjy y(J), Fi € Fjg (X)), (i € J), x € X then

Hma(G) () * \je y HmaFi(9(3)) < HmaG(F(y)(@)-

Proof. Let o < limyt(G)(z) = S™HA(®y(g))(2)) and § < /\ZGJhm,\]—' (¥(1)) S
STHAM@E,)(¥(i))) for all i € J. Then A(¥(2g)(x) = A(Py(g))(x)) < (a)
M@z, )((i)) < S(B) for all i € J. Hence also \/;c ; A(®7,)(¥(i)) < S(B). By (

we obtain

A (®g, (P7,)))(x) < A(Pg)) (@) + \/ M@x£)(®(0) < S(a) + S(8).
i€J
Proposition 3.2 then yields A(®¢(# ,)))(z) < S(a) 4+ 5(8) and hence

limpG(Fy)(x) = S_l()\(tl)g(]:(_))))(x)) > S7HS(a) + S(B)) = ax*p.

LF )

O

The axioms (LL4), resp. (L4) generalize a diagonal axiom due to Kowalsky [16]
to lattice-valued convergence spaces [11], resp. to convergence approach spaces
[18, 19]. Note that classically, i.e. for L = {0,1}, a convergence space satisfy-
ing (LL1),(LL2),(LL3’) and (LL4) is a topological space [16]. Similarly, (LLF),
resp. (LF) generalize a diagonal axiom due to Fischer to lattice-valued convergence
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spaces [12], resp. to convergence approach spaces [2]. Classically a convergence
space satisfying (LL1), (LL2) and (LLF) is a topological space.
5. Reflectiveness
For (X,lim) € |s[0,1]-LIM| we define
Xim (F) (z) = S(\/{lim F(z) : &5 <F}).
Proposition 5.1. For (X,lim) € |s[0, 1)-LIM| we have (X, A\im) € |CAP|.

Proof. (L1) We have ®,; = &. Hence \/{lim F(z) : & < &} > lim[z](z) = 1.
Therefore A\ (¢)(x) < S(1) =0

(L2) Let F < G. If & < [ then ®r < G and hence {limF(z) : & < F} C
{lim F(z) : @ < G}. Therefore \/{lim F(x) : ¢ < F} < \/{lim F(z) : o < G}
and we get

Mim(G)(z) = S(\/{lim F(z) : &7 < G}) < S(\/{lim F(2) : &5 < F}) = X (F) ().

(L3) We have {limF AG(z) : F < F, &5 < G} C {imF AG(x) : Pr A Pg <
FAG} C{limH(x): Py <F AG}. Hence

XNim(FAG)(z) = S(\/{limH(z): 2y <FAG})
s

IN

)
\/{lim F(2) Alim G(z) : @5 < F, &g < G})
\{lim F(z) : &7 <F} A \/{lim F(z) : &7 < G})
= S(\/{limF(z) : & <F}) v S(\/{lim F(z) : &5 < G})
= Aim(F)(z) V Aim (G) (7).

(
(
= 5
(

O

Proposition 5.2. If f : (X,lim) — (X', lim’) is continuous, then f : (X, Mim) —
(X', M) 18 @ contraction.
Proof. If @7 <F then ® ;) = f( }-) < f(F). Hence {lim'G(f(z)) : &g < f(F)} 2
{lim' f(F)(f(z)) : Py < ( )} 2 {lim f(F)(f(z)) : @ < F}. By continuity we
moreover obtain lim F(x) < lim’ f(F)(f(x)) and hence

\/ {lim'G(f () < f(F)} > \/{lim F(z) : @7 < F}.
Therefore A (f(F)(f(@) = S(V{'G(f(z) : & < [E)}) <
S(V{lim F(z) : o < F}) = Ay (F) (2). O
Proposition 5.3. Let (X,lim) € [s[0,1]-LIM|, F € Fg 1(X) and v € X. Then
limy, ) F(z) > lim F(z).
Proof. We have

lim ) F (@) = S™H Nim (P £) (2 (S(\/{limG(x) : ©g < ®x})) > lim F(z).
([
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Proposition 5.4. Let (X, ) € [CAP|,F € F(X) andx € X. Then Aqim,)(F)(z) =

Proof. We have
)\(hmA \/{hm)\]: (I)]: S ]F})

= ASUST A@5)(@) : @ <F}) = A{A@)(2) : @5 <F},

By (L2) and as ®z#) = F we obtain that A{\(®x)(x) : ¢ < F} = A(F)(v) and
the proof is complete. O
Proposition 5.5. C AP is isomorphic to a reflective subcategory of s[0,1]-LIM.
Proof. Let (X,lim) € |s[0,1]-LIM|. By Proposition 5.1 then (X, \jiy,) € |CAP|.
By Proposition 5.3, idx : (X,lim) — (X,lim,,, ) is continuous. Further, using
Proposition 5.2, for (Y,\y) € |CAP| and a continuous mapping f : (X,lim) —
(Y,lim(y,) also f : (X, \im) — (Y, )\(hmw)) is continuous. Hence by Proposition
5.4, f (X, Aiim) — (Y, Ay) is continuous. Therefore idx is a C AP-reflection. O
We look into further axioms.
Proposition 5.6. Let (X,lim) € |s[0,1]-LIM|. If (X,lim) satisfies the aziom
(LL3%)  lim Aoy Fix) = Niey im Fi(x) for all {F; :i € J} C Fg (X)), € X;
then (X, Mim) satisfies the axiom
(L3)  Mim(Ases Fi)(@) = Vies Mim(Fi) () for all {F; i€ J} CF(X),z € X.
Proof. We have Aim(A;c;Fi)(xz) = S(\V{lim F(z) : @r < \,c,Fi}). If @7 <TF;
for z.xll ied, th.en QAF) = Nies @F < /\ZGJIE‘ Hence {lim(A,c; Fi)(z) : @7, <
Fivi € J} C {lim(A,c; Fi)(x) : A r < NieyFi} € {limH(z) : &y < Aoy Fi}
Therefore we obtain Aim(A,c;Fi)(z) = S(V{limH(z) : &3 < Ao, Fi}) <
S(V{Nic,lim Fi(z) : @7, < F;Vi}). As [0,1] is completely distributive, we have

A V{imFi(z): @7 <F} = \/ N limF(x)

icJ o, <F;VijeJ
Hence
Mim( [\ Fi) () = S(\/{lim H(z) : &y < \ Fi}) < S(A\ {lim Fi(z) : @5, <F;})
ieJ icJ icJ
=\ S(\/{imFi(2) : &7, <F;}) = \/ \im(F)(2)
ieJ icJ

The other inequality follows from (L2): As A,.;F; < F; for all j € J we have
Aim(Fj) () < Mim(A;ey Fi)(z) for all j € J and hence VjEJ Aim (Fj)(z) <
Alim(/\ieJ Fz)(x) B

If we denote the category of all convergence approach spaces that satisfy (L3’)
by PAP (convergence approach spaces which satisfy (L3’) are called pre-approach
spaces in [18]) and the category of stratified [0, 1]-limit spaces that satisfy (LL3’)
by s[0,1-PLIM, then we deduce from the Propositions 4.8 and 5.6 the following
result.
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Proposition 5.7. PAP is isomorphic to a reflective subcategory of s[0,1]-PLIM.

6. Coreflectiveness
Let again (X, lim) € |s][0,1]-LIM]|. Define for F € F(X) and z € X
A (F) () = S(lim F* (x)).
Proposition 6.1. For (X, lim) € |s[0,1]-LIM| we have (X, \i™) € |[CAP|.
Proof. (L1) We have '™ ()(z) = S(lim F%(z)) = S(lim[z](z)) = S(1) = 0.
(L2) If F < G, then F¥ < F® and hence M™(G)(z) = S(limFC(z)) <
S(lim F¥(z)) = Aim(F)(z).
(L3) We have A\i™(FAG) = S(lim FF¢(z)) < Slim(FFAFC)(z)) = S(lim FF(z)A
lim F€(z)) = S(lim F¥(2)) v S(lim F&(z)) = AM™(F)(z) v \i™(G) (). O
Proposition 6.2. If f : (X,lim) — (X', 1im’) is continuous, then f : (X, \i'™) —
(X', \'™") is a contraction.
Proof. We have for F € F(X) and 2 € X, X" (f(F))(f(x)) = S(lim' F/®(f(x))) =
S(lim' f(FF)(f(2))) < SUm FF () = A (F)(z). 0
Proposition 6.3. Let (X,lim) € [s[0,1]-LIM|, F € Fg 1(X) and v € X. Then
limim) F(z) < lim F(z).
Proof. We have by Lemma 3.7 and (LL2)

(Mim) _ a—1/ylim a1 : (®F) 1 (®F) i
lim F(z) =85 (A"(®F)(x)) =5 (SUmF "7’)(z))) = im F (z) < lim F(z).

O
Proposition 6.4. Let (X,\) € |[CAP|,F € F(X) andz € X. Then A"\ (F)(z) =
Proof. We have

NI () (2) = S(limaFF (2)) = S(STHA (@) ) (@) = A(F)(2).

(]
Proposition 6.5. CAP is isomorphic to a coreflective subcategory of s[0,1]-LIM.
Proof. We note that for (X, lim) € |s[0, 1]-LIM|, (X, \'™) € |C AP| by Proposition
6.1. By Proposition 6.3, also idx : (X, limyim)) — (X,lim) is continuous. Fur-
ther, for a space (Y, Ay) € |[CAP| and a continuous mapping f : (¥, limyum) —
(X,lim) we find that f: (Y, \y) — (X, Ai™) is a contraction (using the Proposi-
tions 6.2 and 6.4). Hence idy is a C AP-coreflection. O

We look again into further axioms.

Proposition 6.6. Let (X,lim) € |s[0,1]-LIM|. If (X,lim) satisfies the aziom
(LL3%)  lim A,y Fiz) = N\iey lim Fi(z) for all {F; ci€ J} C Fg (X)), z € X;
then (X, \'™) satisfies the axiom
(L3%) AN, Fi) (@) = Ve A"(F;)(x) for all {F; :i€ J} CF(X),z € X.



14 G. Jager

Proof. We use Proposition 3.6 (5): \/;c, F& < FViesFi. We have
A (A ) S(limFAiesr i (2)) < S(lim A\ F* ()

icJ i€

L g A\ tim F¥ (2)) = \/ S(lim F¥ (2)) = \/ X(F,) ().

i€J i€J i€J 0

Proposition 6.7. PAP isisomorphic to a coreflective subcategory of s[0,1]-PLIM .
Proposition 6.8. Let (X,lim) € |s[0,1]-LIM|. If (X,lim) satisfies the aziom
(LL4) If G € Fj (X)), Fy € Fio y(X), (y € X), v € X then

imG(z) * A\, cx imFy(y) < ImG(F))(z);
then (X, \™) satisfies the axiom
(L4) IfGeF(X), F, e F(X) (ye X), z € X then

A ((G, (Fy)) (@) < N(G)(2) + Vyex A (E) (1)-
Proof. Let N'™(G)(z) < a and Vyex M(F ) (y) < B. Then A (F,)(y) < 3 for

all y € X. Hence S(lim F¢(x)) < a and S(lim F¥v(y)) < 3 for all y € X. But then
S~(a) < lim F€(x) and S‘l(ﬁ) < lim F¥¥(y) for all y € X. Therefore

Sfl(a)*Sf (8) < hm]-—G /\ hm]-"]F ) < lim}—G(}—F('))(I) < lim}"”(G’(FU))(x),
yeX
Hence

A (k(G, (Fy) (@) = S(lim FHEED (@) < 557 () x S71(8))
= S(STHS(S7H@) + S(STH(B))) = a + B.

Proposition 6.9. Let (X,lim) € |s[0,1]-LIM]|. If (X,lim) satisfies the axiom
(LLE) If J £ 0,9 : ] — X, G € Fjy (), Fi € Fy (X), (i € J), z € X then
g (G) () * N\ ; I Fi(4(0)) < HmG(Fy)(x);

then (X, \i'™) satisfies the axiom
LF) IfJ#0,v:J —X,GeF(J), F,eF(X) (ieJ), x € X then

A (K(G, (F;)) (z) < A ((G)) () + Vg y A (Fi) ((0)).
Proof. The proof is similar to the proof of Proposition 6.8. O

\_/\/

The category AP of approach spaces (see Lowen [18, 19]) has as objects the
convergence approach spaces that satisfy the axioms (L3’) and (L4). Equivalently
we can describe the objects as the convergence approach spaces that satisfy the
axiom (LF), see [2]. If we denote by s[0,1]-T'C'S the category of stratified [0, 1]-
limit spaces that satisfy the axioms (LL3’) and (LL4) (or, equivalently, the axiom
(LLF), see [12]), then the Propositions 6.8 and 6.9, together with Propositions 4.9
and 4.10 yield the following result.
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Proposition 6.10. AP is isomorphic to a coreflective subcategory of s[0,1]-TCS.

We note that it is at present unknown if AP is also a reflective subcategory of
s[0,1]-TCS.

7. Conclusions

We showed in this paper that the category C AP of convergence approach spaces
is isomorphic to a simultaneously reflective and coreflective subcategory of [0, 1]-
LIM, the category of stratified [0, 1]-limit spaces if we consider the enriched cl-
premonoid ([0, 1], A, *) with a continuous t-norm with surjective additive generator
S :[0,1] — [0,00]. In the same way we saw that the categories of pre-approach
spaces and of approach spaces are isomorphic to certain subcategories of stratified
[0, 1]-limit spaces. This gives us important examples for lattice-valued convergence
spaces.

Another example for lattice-valued convergence spaces is given by stratified
lattice-valued topological spaces [8].That s[0,1]-TOP, the category of stratified
[0, 1]-topological spaces is a reflective subcategory of the category of s[0,1]-LIM
(see [10]), poses an open question:

Can approach spaces also be viewed as stratified [0, 1]-topological spaces?

The answer to this question is to date unknown. The major difficulty seems to be
the axiom (LP) for stratified [0, 1]-limit spaces. This axiom is the lattice-valued
version of the classical axiom that a filter converges to a point if and only if it is
finer than the neighbourhood filter of the point. In the lattice-valued case with
a lattice different to L = {0,1}, this axiom is no longer equivalent to the axiom
(LL3), see [11].
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