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FUZZY SOFT MATRIX THEORY AND ITS APPLICATION IN
DECISION MAKING

N. CAGMAN AND S. ENGINOGLU

ABSTRACT. In this work, we define fuzzy soft (fs) matrices and their opera-
tions which are more functional to make theoretical studies in the fs-set theory.
We then define products of fs-matrices and study their properties. We finally
construct a fs-max-min decision making method which can be successfully
applied to the problems that contain uncertainties.

1. Introduction

Soft set theory [33] was firstly introduced by Molodtsov in 1999 as a general
mathematical tool for dealing with uncertain, fuzzy, not clearly defined objects.
After presentation of the operations of soft sets [29], the properties and applications
on the soft set theory have been studied increasingly [4, 12, 13, 25, 26, 30, 31, 35,
37, 38, 40, 46, 47, 48, 51]. The algebraic structure of soft set theory has also been
studied in more detail [1, 3, 5, 11, 14, 15, 16, 17, 18, 19, 20, 22, 36, 41, 44]. In recent
years, by embedding the ideas of fuzzy sets [52] many interesting applications of soft
set theory have been done [2, 8, 9, 10, 21, 23, 24, 27, 28, 32, 34, 39, 42, 43, 45, 49, 50].

To develop the soft set theory, operations of the soft sets are redefined to improve
several new results and uni-int decision making method is constructed by using
these new operations [6]. To make easy computation with the operations of soft sets,
the soft matrix theory is presented and soft maz-min decision making method is set
up [7]. These decision making methods are more practical and can be successfully
applied to many problems that contain uncertainties.

In [9], a fuzzy soft (fs) set theory is defined. It allows constructing more ef-
ficient decision making method. In this paper, we first define fs-matrices which
are representation of the fs-sets. This representation has several advantages. It is
easy to store and manipulate matrices and hence the fs-sets represented by them
in a computer. Here, we also construct a fs-decision making method which is more
practical and can be successfully applied to many problems. We finally give an
example which shows that the method successfully works.
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2. Fuzzy Soft Matrices

In this section, we define fs-matrices which are representations of the fs-sets.
This style of representation is useful for storing a soft set in a computer mem-
ory. The operations can be presented by the matrices which are very useful and
convenient for application.

From now on, a set of all fuzzy sets over U will be denoted by F(U). T4,
I'g, Te,..., etc. and ~v4, vB, vo,..., etc. will be used for fs-sets and their fuzzy
approximate functions, respectively.

Definition 2.1. [9] Let U be an initial universe, E be the set of all parameters,
A C E and ya(x) be a fuzzy set over U for all € E. Then, an fs-set I'y over U
is a set defined by a function 4 representing a mapping

va : E— F(U) such that y4(z) =0 ifz ¢ A

Here, v, is called fuzzy approximate function of the fs-set I' 4, the value y4(x)
is a fuzzy set called z-element of the fs-set for all x € E, and () is the null fuzzy
set. Thus, an fs-set I'y over U can be represented by the set of ordered pairs

'y ={(z,7a(x)):z € E,va(z) € F(U)}.
Note that from now on, the sets of all fs-sets over U will be denoted by F.S(U).

Example 2.2. Assume that U = {uy,us, us, ug, us} is a universal set and F =
{x1,22,23,24} is a set of all parameters.

If A= {z9,23,24}, va(z2) = {0.5/u2,0.8/us}, ya(zz) = 0 and ya(xs) = U,
then the fs-set I'4 is written by I'y = {(z2,{0.5/ug,0.8/u4}), (x4,U)}.
Definition 2.3. Let 'y € F.S(U). Then a fuzzy relation form of T4 is defined by

Ra = {(/JRA(U’I')/(U’Z')) : (u,l’) eUx E}v
where the membership function of ugr, is written by

pry U X E=[0,1],  pr,(u,2) = iy, (@) (u).

It U = {uy,ua,...;um}, £ = {21,29,...,2,} and A C E, then the R4 can be
presented by a table as in the following form

RA ‘ 1 ZTo Tn
Uy HRA (ulvwl) /J'RA(ulaxQ) o MRy (ul’wn)

uz | pr,(u2, 1) pr, (U2, 2) o R, (U2, Th)

Um :LI’RA(UTTHxl) HRA (um’xQ) :LLRA(umvxn)
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If a;; = pr, (4, z;), we can define a matrix

T11 T12 e Tin

Z21 ZT22 o T2n
[aij]mxn =

Tml Tm2 =~ Tmn

which is called an m x n fs-matrix of the fs-set I' 4 over U.

According to this definition, an fs-set I' 4 is uniquely characterized by the matrix
[@ij]mxn. It means that an fs-set I'4 is formally equal to its soft matrix [ai;]mxn-
Therefore, we shall identify any fs-set with its fs-matrix and use these two concepts
as interchangeable.

The set of all m xn fs-matrices over U will be denoted by F'SM,,«,. From now
on we shall delete the subscript m X n of [a;j]mxn, We use [a;;] instead of [a;j]mxn,
since [a;;] € F'SMy,x, means that [a;;] is an m x n fs-matrix for i = 1,2, ...m and
j=1,2,..n.

Example 2.4. Let us consider Example 2.2. Then the relation form of I'4 is
written by

RA = {0.5/(U2, 1‘2), 0.8/(U4,$2), 1/(’&1,1‘4)
1/(u2,z4),1/(us, 24), 1/ (s, 74), 1/ (us, 74) }

Hence, the fs-matrix [a;;] is written by

0 0 01
0 05 0 1
[aij] = 0 0 0 1
0 08 0 1
0 0 0 1

Definition 2.5. Let [a;;] € FSM,,xpn. Then [a;;] is called

(1) a zero fs-matrix, denoted by [0], if a;; = 0 for all ¢ and j.
(2) an A-universal fs-matrix, denoted by [d;;], if a;; =1 for all j € T4 = {j:
xzj € A} and 1.

(3) a universal fs-matrix, denoted by [1], if a;; =1 for all ¢ and j.

Example 2.6. Assume that U = {u1, ug, us, u4, us } is a universal set, £ = {x1, o,
x3,%4} is a set of parameters, A C E, v4(x) is a fuzzy set over U for all x € F and
[aij], [bij), [cij] € FSMsxa.

If A= {z1,23} and ya(z1) =0, ya(x3) = 0, then [a;;] = [0] is a zero fs-matrix
written by
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[0]

Il
o O O OO
O O O OO
OO O OO
O O O OO

If B={x1,2z2} and yg(x1) = U, vp(x2) = U, then [b;;] = [b;;] is a B-universal
fs-matrix written by

[bij] =

= T = T
==
OO O OO
OO O OO

If C = E, and y¢(x;) = U for all z; € C, i = 1,2,3,4, then [¢;;] = [1] is a
universal fs-matrix written by

1=

T
O g
—= e s
— e e

Definition 2.7. Let [a;;], [bij] € FSMpxn. Then

(1) [aij] is a fs-submatrix of [b;;], denoted by [a;;]C[bs;], if ai; < by for all i
and j.

(2) [ai;] is a proper fs-submatrix of [b;;], denoted by [a;;]C[bs;], if a;j < by; for
all ¢ and j and for at least one term a;; < b;;.

(3) [aij] and [b;] are fs-equal matrices, denoted by [a;;] = [bi;], if a;; = by; for
all ¢ and j.

Definition 2.8. Let [a;;], [bij] € F'SMpxn. Then the fs-matrix [¢;;] is called
(1) union of [aij] and [bij], denoted [aij]O[bij}, if Cij = max{aij,bij} for all 4
and j.
(2) intersection of [a;;] and [b;;], denoted [a;;]N[bi;], if ¢;; = min{a;;, b;;} for
all ¢ and j.
(3) complement of [a;;], denoted by [a;;]°, if ¢;; =1 — a;; for all 4 and j.
Definition 2.9. Let [a;;], [bij] € FSMyxn. Then [a;;] and [b;;] are disjoint, if
[a;;]0[b;;] = [0] for all ¢ and j.

Example 2.10. Assume that

0 06 0 0 0 0 07 04
01 0 1 0 002 0 1
[ai]=| 0 03 08 0|, [b;]=|0 0 0 09
07 0 0 0 0 0 05 1
0 1 0 0 0 0 0 03
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Then, [aij]ﬁ[bij] = [O] and

0 06 07 04 1 04 1 1
01 02 1 1 09 1 0 1
la;]0biy] =1 0 03 08 09 |, [ayl°=] 1 07 02 1
07 0 05 1 03 1 1 1
0 1 0 03 1 0 1 1

Proposition 2.11. Let [a;;] € FSMyxn. Then
(1) [lay]°]° = las]
(2) [0]° = [1]
Proposition 2.12. Let [a;;], [bij] € FSMyxn. Then
(1) [asg)C[1]
(2) [0]<]aiy]
(3) las;]C[ai;] _
(4) [a”] [bij] and [bi;]C[eis] = [aw]c[cw]
(5) [ai;]C[bij] & [aij]N[bij] = [ai;] & [ai;]0bis] = [biy]
[ag], [b;

ijls [bis], [cij] € FSMpyxpn. Then

Proposition 2.13. Let

(1) [aij] = [bi;] and [bij] = [ei;] & [aiz] = [eyj]
(2) [ai;]Cbiz] and [bij]Clais] < [ai;] = [bij]

Proposition 2.14. Let [a;;], [bi;], [cij] € FSMpxn. Then

(1) [ai]0[bij] = [bij]N[ai;]

(2) [ai5]0[bss] = [b3]0lass]

(3) ([aw]rj[ iD0[ei;] = [au]rj([bu]rj[ il)

(4) ([G’ZJIU[ D~ [cij] = [aZJ]UN([bZJ]U[C 1)

(5 [ass)1([bis 0leis]) = (i) lbiy) Oz )less)
(6) [ai;]U([bij]N[ciz]) = ([ai;]0[bi;])N([ai;]0[ci;))

Note that, [a;j]N[ai;]° # [0] and [a;;]0as;]° # [1]
Proposition 2.15. Let [a;;], [bij] €
(1) ([ai5]0[bi;])° = [aiz]°N[b;]°
(2) ([aiz]Nbiz])° = lai;]°Vby;]°
Proof. For all ¢ and j,

(1) ([ai;]0[biz])° [max{aij, bi;}]°

[1 — max{aij, bij }]
(min{l —a;;,1 = bi;}]
[ai5]°N[bi;]°

(2) It can be proved similarly.
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3. Products of fs-Matrices

In this section, we define four special products of fs-matrices to construct fs-
decision making methods.

Definition 3.1. Let [a;;], [bix] € FSMp,xn. Then And-product of [a;;] and [by] is
defined by

N:FSM,,wn X FSM,,xn — }7;5']\47,”(,127 [U,ij] A [bik] = [Cip]

where ¢;, = min{a;;, b;, } such that p=n(j — 1) + k.

Definition 3.2. Let [a;;], [bit] € FSMpxrn. Then Or-product of [a;;] and [bs] is
defined by

AVA FSMan X FSMan — F‘S.ZM'anz7 [aij] V [blk] = [Cip]
where ¢;, = max{a;;, b;x} such that p =n(j — 1) + k.

Definition 3.3. Let [a;;], [bit] € FSMpxrn. Then And-Not-product of [a,;] and
[bix] is defined by

A FSMan X FSMan — FSmen27 [aij] A [bzk] = [Cip]
where ¢;, = min{a;j, 1 — b} such that p=n(j — 1) + k.

Definition 3.4. Let [a;;], [bix] € FSMp,xn. Then Or-Not-product of [a;;] and
[bix] is defined by

vV FSMan X FSMan — FSManQ, [aij] v [bzk] = [Cip]
where ¢;, = max{a;;,1 — b} such that p=n(j — 1) + k.

Example 3.5. Assume that [a;;], [bix] € F'SMays are given as follows

a]= [0 0 03] 05 0 02
Giil= 10 1 o7 [T 102 0 0o |°

To calculate [a;;] A [bix] = [cip), we have to find ¢, forall i = 1,2 and p=1,2,...,9.
Let us find ¢17. Since n = 3,9 =1and p =7, we get j = 3 and k£ = 1 from
7=3(j — 1) + k. Hence ¢;7 = min{a3,b11} = min{0.3,0.5} = 0.3. If the other
entries of [¢;p] can be found similarly, then we can obtain the matrix as follows;

000 0 OO0 03 0 02
la:s] A [bie] = [ 0000200020 0 ]
Similarly, we can also find products [a;;] V [bik], [@i;] A [bik] and [a;;] Y [Dik]-
Note that the commutativity is not valid for the products of fs-matrices.

Proposition 3.6. Let [a;j], [bir] € FSMpyxn. Then the following De Morgan’s
types of results are true.
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(1) ([ai] v [bik])® = [ai;]° A [bik]°
(2) ([as] A [bir])° = lag;]° V [bir)®
(3) ([as;] ¥ [bir])® = [aiz]° A [bir]°
(4) (laij] A [bix])® = [ais]° ¥ [bix]°

4. fs-Max-Min Decision Making

In this section, we construct an fs-max-min decision making (FSMmDM)
method by using fs-max-min decision function which is also defined here. The
method selects optimum alternatives from the set of the alternatives.

Definition 4.1. Let [¢;p] € FSMywn2, Iy = {p : Ji,cip #0,(k — 1)n < p < kn}
for all k € T = {1,2,...,n}. Then fs-max-min decision function, denoted Mm, is
defined as follows

Mm : FSManz — FSmel, Mm[cip] = [dzl] = [mgx{tik}]

tik:{

The one column fs-matrix Mm|[c;p] is called max-min decision fs-matrix.

where
if I, #0,
if I, = 0.

Hlinpejk {C’ip}a

0,

Definition 4.2. Let U = {uq,ug, ..., uyn} be an initial universe and Mmlc;,| =
[di1]. Then a subset of U can be obtained by using [d;1] as in the following way

Opt[dil](U) = {dll/uz cu; € Uydy 7é 0}
which is called an optimum fuzzy set on U.

Now, using definitions we can construct a F.'SMmDM method by the following
algorithm.

Step 1:
Step 2:
Step 3:
Step 4:
Step 5:

choose feasible subsets of the set of parameters,
construct the fs-matrix for each set of parameters,
find a convenient product of the fs-matrices,

find a max-min decision fs-matrix,

find an optimum fuzzy set on U.

Note that, by the similar way, we can define fs-min-max, fs-min-min and
fs-max-max decision making methods which may be denoted by (F.SmMDM),
(FSmmDM), (FSMMDM), respectively. One of them may be useful than the
others according to the type of the problems.

5. Applications

Assume that a real estate agent has a set of different types of houses U =
{u1, ug,ug, ug, us} which may be characterized by a set of parameters F = {1, x2,
x3,x4}. For j =1,2,3,4 the parameters z; stand for “in good location”, “cheap”,
“modern”, “large”, respectively. Then we can give the following examples.
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Example 5.1. Suppose that a married couple, Mr. X and Mrs. X, come to the
real estate agent to buy a house. If each partner has to consider their own set of
parameters, then we select a house on the basis of the sets of partners’ parameters
by using the FSMmDM as follows.

Assume that U = {uq,uz,us, ug, us} is a universal set and F = {x1, x2, 23,24}
is a set of all parameters.

Step 1: First, Mr. X and Mrs. X have to choose the sets of their parameters,
A = {xzq, 23,24} and B = {x1,x3, 24}, respectively.

Step 2: Then we can write the following fs-matrices which are constructed
according to their parameters.

0 0 02 04 1 0 09 07
0 06 09 04 02 0 0 09
[ai]] = | 0 08 0.7 05 bi] = | 07 0 04 03
005 0 0 0 0 05 06
0 1 0 08 0 0 0 1

Step 3: Now, we can find a product of the fs-matrices [a;;] and [b;] by using
And-product as follows

0000 O O O O 02002 02 04 0 04 04
0 000020 0 06 020 0 09 020 0 04
0 000 07 0 04 03 07 0 04 03 05 0 04 0.3
0000 0 0O0O505 0 0O O 0 0 0 0 O
0000 0O 0 O 1 o 0 0 0 0 0 0 o038

Here, we use And-product since both Mr. X and Mrs. X’s choices have to be
considered.

Step 4: To calculate Mm([ai;] A [bir]) = [di1], we have to find d;; for all i €
{1,2,3,4,5}. To demonstrate, let us find ds;. Since i = 1 and k € {1,2, 3,4},

d31 = maxp{tsr} = max{ts,t32,t33,t34}

Here, we have to find t3; for all £ € {1,2,3,4}. To demonstrate, let us find
ts1 and t30. It = {p : cip # 0,0 < p <4} =0 for k =1 and n = 4 and
I={p:cip#0, 4<p<8}t={57,8} for k=2 and n=4. Hence t3; =0 and

t32 = min{035, C37, 838} = HllIl{O?7 04, 03} =0.3
Similarly, we can find as t33 = 0.3 and t34 = 0.3. Thus,
ds1 = max{0.0,0.3,0.3,0.3} = 0.3

Similarly we can find d1; = 0.4, do; = 0.0, d4; = 0.0 and d5; = 0.0. Finally, we can
obtain the fs-max-min decision fs-matrix as
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0.4
0
Mm([aij] A [bir]) = [dir] = 063
0

Step 5: Finally, we can find an optimum fuzzy set on U according to Mm([a;;] A

[bix])
OptMm([aij]/\[bik]) U) = {0.4/1117 O.S/U;J,}

where w1 is an optimum house to buy for Mr. X and Mrs. X.

Similarly, we can also use products [a;;]V [bik], [ai;] A [bix] and [a;;] Y [bix] for the
other convenient problems.

6. Conclusion

The fs-set theory is being applied to many fields varying from theoretical to
practical. In this paper, we define fs-matrices which are matrix representation
of the fs-sets. We then define the set-theoretic operations of fs-matrices which
are more functional to improve several new results. Afterwards, we construct a
fs-decision making model on the fs-set theory. This new decision making method
depends on the ideas of fuzzy and soft sets. Its main idea is similar to the deci-
sion making method, given in [7], which only depends on soft sets. Therefore, this
method is more feasible than the others, because of its fuzziness. Finally, we give
an application for a real estate agent to choose an optimal house.
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