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VAGUE RINGS AND VAGUE IDEALS

S. SEZER

ABSTRACT. In this paper, various elementary properties of vague rings are
obtained. Furthermore, the concepts of vague subring, vague ideal, vague
prime ideal and vague maximal ideal are introduced, and the validity of some
relevant classical results in these settings are investigated.

1. Introduction

Fuzzy subgroups were introduced in [11] by Rosenfeld as a natural generalization
of the concept of subgroup and have been widely studied. Following this, a new
object related to groups called vague groups was introduced and studied in [2] by
Demirci by forcing the operations of the group to be compatible with a given fuzzy
equality. Although the theory of vague algebraic notions has been established in
[3, 4, 5, 6, 8], the concepts of vague subring and vague ideal have not been studied
yet. So, this work introduces some elementary properties of vague ring, vague
subring, vague ideal, vague prime ideal and vague maximal ideal, and establishes
some new results.

After this introductory Section, Section 2 is devoted to some definitions and
properties related to vague groups and generalized vague subgroups that will be
needed later. In Section 3, the definitions of vague ring and vague subring will be
given and some basic properties of these concepts will be studied. In Section 4, the
definitions of vague ideal, vague prime ideal and vague maximal ideal will be given,
and some basic properties of these concepts will be investigated.

2. Preliminaries

The notions of fuzzy equality, strong fuzzy function, vague group and generalized
vague subgroup and their fundamental properties are introduced in [1, 2, 3, 12, 13,
14]. Our aim in this section is to recall these notions and some of their elementary
properties, which will be needed in this paper.

The symbols “A” and “V” will always stand for the minimum and maximum
operations between finitely many real numbers, respectively; and X, Y, G will always
stand for crisp and nonempty sets in this paper.
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Definition 2.1. [1] A mapping Ex : X x X — [0,1] is called a fuzzy equality on
X if the following conditions are satisfied:

(E.1) Ex(z,y) =l<=z=y, Vz,y € X,

(E.2) Ex(z,y) = Ex(y,x) , Yo,y € X ,

(E.3) Ex(xz,y) A Ex(y,z) < Ex(x,z) , Va,y,z € X.

For x,y € X, the real number Ex (z,y) shows the degree of the equality of x
and y. One can always define a fuzzy equality on X with respect to (abbreviated
to “w.r.t.”) the classical equality of the elements of X. Indeed, the mapping E% :
X x X — [0,1], defined by

1

c _ ) Zf r=y
Ex(,y) _{ 0 , otherwise

is obviously a fuzzy equality on X.

Definition 2.2. [3] Let Ex and Ey be two fuzzy equalities on X and Y, respec-
tively. Then a fuzzy relation & from X to'Y (i.e., a fuzzy subset & of X xY ) is
called a strong fuzzy function from X toY w.r.t. the fuzzy equalities Ex and Ey,
denoted by & : X ~ Y, if the characteristic function us : X xY — [0,1] of &
satisfies the following two conditions:

(F.1) For each x € X, there exists y € Y such that ps(x,y) = 1,

(F.2) For each 1,22 € X, 11,42 €Y,

pa(w1,y1) A ps(z2,y2) A Ex (21, 22) < By (y1,Y2)-

The concepts of vague binary operation on X and transitivity of a vague binary
operation are defined as follows.

Definition 2.3. [2, 3]

(i) A strong fuzzy function & : X x X ~ X w.rt. a fuzzy equality Exxx
on X X X and a fuzzy equality Ex on X is called a vague binary opera-
tion on X w.r.t. Exxx and Ex. (For all (x1,22) € X X X, 23 € X,
ws((z1,x2), 23) will be denoted by ps(x1,x2,x3) for the sake of simplicity.)

(ii) A wvague binary operation & on X w.rt. Exxx and Ex is said to be
transitive of the first order if ps(a,b,c) A Ex(c,d) < us(a,b,d) for all
a,bc,d e X.

(ili) A wague binary operation & on X w.r.t. Exxx and Ex is said to be
transitive of the second order if us(a,b,c) N Ex(b,d) < ps(a,d,c) for all
a,b,c,d e X.

(iv) A wague binary operation & on X w.r.t. Exxx and Ex is said to be
transitive of the third order if ps(a,b,c) A Ex(a,d) < ps(d,b,c) for all
a,bc,d e X.

Definition 2.4. [2] Let & be a vague binary operation on G w.r.t. a fuzzy equality
Egxg on G x G and a fuzzy equality Eg on G. Then

(i) G together with 5, denoted by < G,8, Egxa,Eq > or simply < G, >, is
called a vague semigroup if the characteristic function pus : GXGXxG — [0, 1]
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of & fulfills the condition: For all a,b,c,d,m,q,w € G,
ws(b, e, d) A ps(a,d,m) A ps(a, b, q) A ps(q, e, w) < Eg(m,w).

(ii) A vague semigroup < G,5 > is called a vague monoid if there exists a two-
sided identity element es € G, that is an element es satisfying ps(es, a, a) A
us(a,es,a) =1 for each a € G.

(i) A vague monoid < G,3 > is called a vague group if for each a € G, there ex-
ists a two-sided inverse element a=' € G, that is an element a~! satisfying
ps(a™t, a,e3) Aps(a,a™tes) = 1.

(iv) A vague semigroup < G,5 > is said to be commutative (Abelian) if

ws(a,b,m) A ps(b,a,w) < Eg(m,w)
for each a,b,m,w € G.

In the rest of this paper, the notation < G,6 > always stands for the vague
group < GG,06 > w.r.t. a fuzzy equality Fgx¢g on G x G and a fuzzy equality Eg on
G.

Proposition 2.5. [2] For a given vague group < G,5 >, there exists a unique
binary operation in the classical sense, denoted by o, on G such that < G,o > is a
group in the classical sense.

The binary operation “o” in Proposition 2.5 is explicitly given by the equivalence

aob=c <= pus(a,b,c)=1, Va,b,ceq. (1)

The binary operation “o”, defined by the equivalence (2), is called the ordinary
description of 6, and is denoted by o = ord(3) in [3, 5, 6].

If 6 is a vague binary operation on G w.r.t. a fuzzy equality Fgxg on G x G
and a fuzzy equality Eg on G, in the rest of this paper the ordinary description of
& will be denoted by o. In this case, from [3, 5] we have the following property

ps(a,byaodb)=1 and ps(a,b,c) < Eg(aob,c), Ya,b,c€G. (2)

Theorem 2.6. [2] Let < G,5 > be a vague group.
(i) If the vague binary operation & is transitive of the second order, then Eg(a,b)
= Eg(a=t,b7Y) for all a,b € G.
(i) ps(d~t a "t u) Aps(a,b,v) < Eg(u, v Y) A Eg(v,u™t) for all a,b,u,v € G.
For a given fuzzy equality E¢ on G and for a crisp subset A of G, the restriction
of the mapping Eg to A x A, denoted by E4, is obviously a fuzzy equality on A.

Definition 2.7. [13] Let < G,5 > be a vague group and A be a nonempty, crisp
subset of G. Let ® be a vague binary operation on A such that

pe(ab,c) < ps(a,b,c), Ya,b,c € A.
If < A, ® > is itself a vague group w.r.t. the fuzzy equalities Exxa on A x A and
Es on A, then < A,® > is said to be a generalized vague subgroup of < G,5 >,
-~ V.S
denoted by < A,© > < < G,6 >.
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For a given vague group < G, 6 >, because of the uniqueness of the identity and

- V.8
the inverse of an element of < G,& >, it can be easily seen that if < A, > < <
G, 5 >, then the identity of < A,® > and the inverse of x € A w.r.t. < A, > are
the identity of < G, > and the inverse of z € A w.r.t. < G,0 >, i.e., eq = eg and

-1 _ -1 .
T, =z , respectively.

Example 2.8. Let a € [0,1) be a fized number, and set x* = W(xl) A Min(z,1)
for any x € RY. For z,y,u,v,z € R", considering the fuzzy equalities
_ 1 , ifr=y
B (2,y) = { aV(EA y%) , otherwise
on RT and

B 1, if (x,y) = (u,v)
B xre (@,9), (u,0)) = { aV (@) AW A (u2)’y/\ v?)*] , otherwise

onRT x RT. And, for z,y,u,v,z € QF, considering the fuzzy equalities Eg+ (z,y) =
Eg+(z,y) on QT and
E@* xQ+t ((J?, y)a (’U/, U)) = IE]RJr xR+ ((J), y)7 (U'a U))

on Qt xQt. For n € NT, we obtain that the fuzzy relations 5 and ©, on
Rt x RT x Rt and QT x QT x QT, defined by

_ 1 , ifz=wy
2 ((E, Y, Z) = { Oz.(l‘. Ay® A Z.) , otherwise
and
- 1 , ifz=wy
e, (T, Y, 2) = { L (z* ANy Az®) ,  otherwise

are vague binary operations on RT and QV, respectively; furthermore, < RT,5 >
and < QT,®,, > are vague groups from [7,12]. Due to the definitions of pa, (2,9, 2)
and ps(v,y,2), we have g (v,y,2) < ps(z,y,2) for each z,y,z € QT, ie., <

~ V.S
Q*,On > < <R*,5>.
Proposition 2.9. [13] Let < G,5 > be a vague group. If < A,® > VS.S <G, 5>
and < B,s > < < A& >, then < B,# > < < G,5 >
Proposition 2.10. [13] Let < G, > be a vague group, ) # A C G and let © be a
vague binary operation on A. Then

<A,®>V§S<G,6>¢> (i) Foreachz e A, z=t € A, and

(“) 1276) (a’v ba C) < % (a’v ba C) ) Va, ba ce A

Corollary 2.11. [13] Let < G,5 > be a vague group and e be a vague binary
operation on G such that ps(a,b,c) < us(a,b,c) for all a,b,c € G. Let es be an
identity element of G. Then, < {es},5 > ‘,és <G,0> and < G, > \/ﬁs < G,6>.
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V.S

Corollary 2.12. [13] Let < G,5 > be a vague group, and let < Aj,8; > < <
G,5> forall j € J. If % is a vague binary operation on (| A; such that

JjeEJ
u;(x,y,z) < /\ Hs; (xayvz)v vxvyaz € ﬂ A] )
jeJ jeJ

V.S
then < [ Aj, %> < < Aj, 05 >,
JjeJ

3. Vague Rings

In a similar fashion to classical algebra, the notion of vague ring can be given in
the following way:

Definition 3.1. Let By« and Ey be fuzzy equalities on HxXH and H, respectively.
Let o, e be two vague binary operations on H. Then, the 3-tuple < H,0, ® > is called
a vague ring w.r.t. Eyxy and Ey if the following three conditions are satisfied:

(VR.1) < H,5 > is a commutative vague group,
(VR.2) < H,® > is a vague semigroup,
(VR.3) < H, 5,8 > satisfies distributive laws, i.e., Ya,b,c,d,t,x,y,z € H,

lu’i(xvyaa) A lu’i(xazab) A ua(a,7b7 C) A Mé(y,z,d) A Mi(x7d7 t) < EH(tﬂC)v

e (@, 2,a) A pa(y, z,0) A ps(a,b,c) A ps(z,y, d) A pa(d, 2,t) < Enlt, o).

(VR.4) A wvague ring < H,5,8 > is said to be a vague ring with identity if there
exists es € H such that ps(z, es,x) A pa(es,z,x) =1 for each x € H.
(VR.5) A vague ring < H,5,8 > is said to be a commutative (Abelian) if

/,L;(J?,y, S) A Hi(y7$7t) < EH(Sat) ’ Vﬂ%ya Sat EH.

In this work, since the particular integral, commutative cqm-lattice is being
studied ([0, 1], <, A), Definition 3.1 corresponds to a special case of Definition 7.12
in [3].

In the rest of this paper, the notation < H,o, e > always stands for the vague
ring < H,0,8 > w.or.t. Fyxy and Ey. If < H,0,e > is a vague ring, then we
denote the inverse of a by —a w.r.t. the vague group < H,o >; additionally if
< H,® > is a vague group, then we denote the inverse of a by a~! w.r.t. the vague
group < H,e >.

Example 3.2. Let < H,0,e > be a ring. For z,y,a,b € H and «, 8,7,v € R such
that 0 < v <~ < B < a < 1, considering the fuzzy equalities

1 , a=0b
Ey(a,b) := { o , otherwise
on H and
1 R a,b = (z,
E’HX'H((C% b)a (l‘, y)) = { ﬂ , gthe)rwzée y)
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on H x H. And, considering the vague binary operations

) 1 , aob=c
S:HXH~H, us(a,b,c) '_{ v , otherwise
and
i 1 , aeb=c
o . HxH~H, pa(a,b,c) :_{ v otherwise.

In this case, it is clearly seen that < H,o,e > is a vague ring from the inequality
in (2) and the condition (E.3).

Proposition 3.3. [3] If < H,5,8 > is a vague ring, then < H,o,e > is a ring.

From classical algebra, we know that if < H,o0,e > is a ring, and e, and e,
are identity elements of < H,o > and < H,e >, respectively; then the following
properties are satisfied for all z,y € H:

(1) zoes=e,0x=¢,

(2) (-z)e(-y)=zoy

(3) veo(-y)=(-z)oy=—(rey)

(4) zo(y—z)=(zoy)—(vez) and (z—y)ez=(rez)—(ye2)

(5) (—ee)ox=—z and (—eo) o (—€s) = €q .

The following proposition states that these five properties are satisfied for vague
rings under appropriate conditions:

Proposition 3.4. Let < H,5,8 > be a vague ring and es an identity element
of the vague group < H,o >. Then, the following statements are satisfied for all
m,n,t,u,v,w,x,y,z € H.
(1) pa(z,es,m) A ps(es,z,n) < Ey(m,n).
(2) Mi(_$7 -Y, m) A Mi(l‘, Y, n) < Eﬂ(m’ ’I’L)
(3) If the vague binary operation & is transitive of the second order, then
Mi(x; Y, m) A Mi(x7 Y, TL) < EH(m7 —TL) and Mi(_x, Y, m) A lu‘i(xv Y, TL)
< Ey (mv —TL),
(4) Let the vague binary operation & be transitive of the second and third orders.
(1) If the vague binary operation @ is transitive of the second order, then

lu‘é(yv —%, u) A Mi(x7 u, m) A lu‘i(xa Y, U) A Mi(x7 2, t) A Mé(v, _ta TL) < Eﬂ(mv n)
(ii) If the vague binary operation e is transitive of the third order, then
Ma(xv —-Y, ’LL) A Mi(u, Z, m) A lu‘i(xv 2, U) A lu‘i(yv 2, t) A ME)(U7 _tv n) S E;.[(m, TL)
(5) If < H,5,8 > is a vague ring with identity es, then ps(—es,x,—x) =1 =
u;(—e;, —€s, 6;).
Proof. (1): Since < H,3,® > is a vague ring, < H, o, ® > is a ring from Proposition

3.3. Thus, es @z = x 0 ¢e5 = ¢5 for all x € H. So, using the inequality in (2) and
the condition (E.3), we can write

Ey(rees,m) N Ey(es ®x,n)
Ey(es,m) A Ey(es,n)

Ey(m,n) , Ym,n € H.

u;(m,eg,,m) /\u;(ea,x,n)

IAIAIA
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(2): By using the inequality in (2) and the condition (E.3), we get the following
inequalities

Ey((—x) @ (—y),m) A Ey(z ey, n)
Ey(z oy, m) N Ey(zey,n)
Eﬂ(man) ) Vx,y,m,n EH.

/J/;(—J?, _y7m) A /.L;(J,‘, y7n)

IA I IA

(3): We suppose that the vague binary operation 6 is transitive of the second
order. In this case, we have Ey(zey,n) = Ey(—(z ey),—n) from Theorem 2.6, so
we can write the following inequalities from the inequality in (2) and the condition
(E.3),

ui(xa_yam)/\ui(xa:%n) < E’H(x.(_y)am)/\EH(x.y7n)
= En(—(zey),m)A\En(—(zey),—n)
< EH(ma _n)
and
u;(—x,y,m)/\u;(x,y,n) S EH((_x).yam)/\EH(x.yvn)
= Eu(—(zey),m) A\ Ex(—(zey),—n)
< EH(m, —n).

(4): (i) From classical algebra, we know that Ey(x e (yo(—z)),m) = Ex((x
y) o (—(z e z)),m) for all x,y,z,m € H. Since the vague binary operation & is
transitive of the second order, by making use of Theorem 2.6, we get Ey(xez,t) =
Ey(—(xez),—t) for all x, z,t € H.

If we denote

a = /’Lé(ya _Z7U') A ,u;(a:,u,m) A ,US(J%?J;U) A ,u;(a:,z,t) A /J/a(’U, _tan)7

then we get the following inequalities by using the vague binary operation o is
transitive of the second and third orders, the vague binary operation e is transitive
of the second order, the inequality in (2) and the condition (F.3).

0 < Bulyo(—2),u) A s, uym) A By(z o g,0) A Byl 0 2,6) A is(0,~,)
< s,y 0 (—2),m) A Ep(s o y,0) A Bx(z » 5,) A s (0, —t, )
< ps(zyyo(—2),m)ANEy(zey,v) A Ey(—(zez),—t)Apus(v,—t,n)
< Bn(ze(yo(~2))m) A Ex(z ey, v) Apus(v, —(z o 2),)
< Bu(ze(yo(=2)),m)Aps(zey,—(zez),n)
< Ey(ze(yo(—=2)),m)AEn((zey)o(—(zez),n)

(ii) Since the vague binary operation & is transitive of the second order, we have
Ey(yez,t) = Ey(—(yez),—t) for all z,y, z,t € H from Theorem 2.6. Furthermore,
because < H, o, > is a ring, we can write that Ey((z o (—y)) @ z,m) = Ey((z
z)o(—(yez)),m) for all x,y,z,m € H. If we denote

6 = lu‘é(xv _yvu) A lu‘i(uazam) A lu’i(xazav) A lu‘i(yvzvt) A lu‘é(vv _tvn)a
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then we can write the following inequalities from the hypothesis, the inequality in
(2) and the condition (E.3).

B < Eu(zo(—y),u)Aps(u,z,m) A Ey(xez,v)AEy(yezt)A us(v,—t,n)
< Ex(zo(—y),u) Aus(u,z,m)\ Ey(zez,v) AN Ey(—(yez),—t) A us(v,—t,n)
S /1,;((1' © (7y))727m) A EH(x i Z,’U) A EH(f(y i 2)7 7t) A 1“‘5(1)’ 7t’n)
< Ex((mo(-y))ez,m)AEy(zezv)Aus(v,—(yez),n)
< Ex((wo(-y))ez,m)Aus(zez,—(yez),n)
< Ex((zo(-y))ez,m)NEy((zez)o(—(yez)),n)
S En(m,’l’b).

(5): It is clear that, if < #H,5,8 > is a vague ring with identity es, then
< H,o,e > is a ring with identity es. Thus, we get —es @ v = —x for all x € H,
i.e., ps(—es, z, —x) = 1. The result then follows immediately. O

Now, we can define the concept of vague subring which corresponds to the con-
cept of subring in classical algebra as follows:

Definition 3.5. Let < H, 5, > be a vague ring and A be a nonempty, crisp subset
of H. Let & and ® be two vague binary operations on A such that

pa(ab,c) < ps(a,b,c), pgla,b,c) < ps(a,b,c), Va,bce A
If < A, ®,® > is itself a vague ring w.r.t. Eaxa and Eq, then < A, &, ® > is said
to be a vague subring of < H,3,® >, denoted by < A, &, > Uﬁr < H,o,8 >.

The following propositions and corollaries state that some results of classical
algebra are also valid for vague algebra.

Proposition 3.6. Let < H,3,& > be a vague 1ing and A C H. Let & and © be
two vague binary operations on A. Then the following equivalence is satisfied:

<A,€B,®>2<H,6,S>@ (1) <A,é>V§S<H,6>
(ZZ) M@(aﬂbv C) S He (a’v ba c),Va,b, cE A.

Proof. (=): Obvious from Definition 3.5.
(«<): By making use of (i) and (i), we can write

Hg (a7 b, C) < s (a7 b, C) and 1270} (Cl, b, C) < pa (a7 b, C)a Va,b,c e A.

Therefore, it is sufficient to show that < A, ®,® > is a vague ring. The conditions
(VR.1) and (VR.2) are satisfied for < A,&,® > under the assumptions (i) and
(#i). On the other hand, since < H, 35, ® > satisfies distributive laws, the condition
(VR.3) is also obtained for < A, ®,® >. Hence, < A, ®,® > must be a vague ring,

- v.r o
ie, <A 0> <<H, 08>, O

The following corollary explains that the intersection of vague subrings is also a
vague subring.
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~ ~ v.r
Corollary 3.7. Let < H,5,e > be a vague ring and < Aj,®;,0; > < < H,6,8 >
forallje J=A{1,2,...,n}. Let A= ﬂjeJ Aj, and let & , ® be two vague binary
operations on A such that

/J/é(aabac) < /\ /J/éj(a7b7 C) and M@(a7b7 C) < /\ /J/@j(a7b7 C) Va,b,c € A.
Jjed =

. v.r
Then, < A,®,0 > < <H,5,8 >.

Proof. Because of < A;,&;,0; > vér < H,5,8 >, we have < A;,&; > \/ﬁs <H,o>
- v.s

for all 7 € J. Thus, it is clearly seen that, < A,® > < < H,3 > from Corollary

2.12 and Proposition 2.9. On the other hand, since pz(a,b,c) < ps(a,b,c) for all

. v.r
a,b,c € A, we obtain < A, &, > < < H,5,8 > from Proposition 3.6. O

Corollary 3.8. Let < H,0,e8 > be a vague ring and es be an identity element of
< H,5>. Let & and ® be two vague binary operations on H such that pe(x,y,2) <
ps(,y,2), pe(e,y, 2z) < ps(z,y,z) for all x,y,z € H. Then the following proper-
ties are satisfied:

v.T . - V.7
(a) <{es},0,8 > < <H,5,&> (b) <H,H,0>< <H,5,>

V.S V.S

Proof. We know that < {es},6 > < < H,6 > and < H,® > < < H,5 > from
Corollary 2.11. Using the inequalities in hypothesis and Proposion 3.6, we have

< {es},5,8 > vér <H,5,8>and < H,D,0O > vér < H,5,e >. This completes the
proof. ([
4. Vague Ideals

In this section we will define the concept of vague ideal, which is one of the
basic concepts of this work, and we will obtain some fundamental properties of this
concept.

Definition 4.1. Let < H,3,® > be a vague ring and < A, O, O > vér < H,o0,8 >.
If for all a € A and for all h,t,s € H
pela,ht)y=1=—=tec A and ps(h,a,8)=1=s€ A,
then < A,@,@ > is said to be a wvague ideal of < H,o,e >, it is denoted by
<A®®>£<H@s>
It is clear from Definition 4.1 that if By = EY;, Eyxn = ES g, ts(HXHXH) €

- V.1
{0,1} and < A,®,© > << H,5,8 >, then < A, ®,® > is an ideal of < H, o0, e >.
Therefore, in this case, a vague ideal < A, &, ® > of < H,d,® > is nothing but an
ideal of the classical ring < H, o0, ® > in the classical sense.

J V.1
Proposition 4.2. Let < H,5,8 > be a vague ring. If <A, B, > < <H,0,8 >,
then < A, ®,® > is an ideal of < H,o,e >.
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Proof. Assume that < A, 3, > v{ < H,5,e >. Then, due to Definition 4.1 and
Proposition 3.3, we get < A, @, ® > is a (classical) subring of < H,o,e >. On the
other hand, since

us(hya,hoa)=1=ps(a,h,aoh),Yac A, Yh € H,

we can write ao h, hoa € A from Definition 4.1. Hence, we obtain < A, ®,® > is
an ideal of < H, o, e >. This completes the proof. O

Proposition 4.3. Let < H,0,e > be a vague ring. Then
V.1 - V.1
<{es},0,8 > < <H,5,8> and < H,D,0> < < H,5,8 >,

where & and © are vague binary operations on H such that pg(a,b,c) < ps(a,b,c)
and piz(a, b, c) < ps(a,b,c) for all a,b,c € H.

v.r
Proof. From Corollary 3.8, we can write < {es},5,¢ > < < H,5,¢ >. Addi-
tionally, for all h,s,t € H we get us(es,h,s) = 1 = pa(h,es,t) implies s =
esoh = e € {es} and t = hees = es € {es} from classical algebra, i.e.,
V.1
<{es},0,8 > < < H,5,8>.
The same statement for < H,®,® > can be obtained in a similar way. ([

Proposition 4.4. Let < H,5,8 > be a vague ring, A C H, let & and O be two

vague binary operations on A. Thus, the following equivalence is satisfied:
<A,é‘9,®>2<7—[,@6 ) <A,é>v§S<H,6>

(i1) pe(a,b,c) < ps(a,b,c), Va,b,ce A

(7i1) pe(a,h,t)=1=t€ A, YVa€ A,Vh,t € H

(iv) pa(h,a,s) =1=s€ A, Ya € AVh,s € H.

Proof. (=): Obvious from Definition 4.1.

(<): We have < 4,5, > vﬁr < H,5,e > from Proposition 3.6 under the
assumptions (7) and (¢#¢). Then, using this fact, and utilizing the conditions (iii)-

- o~ V.4
(iv), we can easily observe that < A,®,0 > < < H,5,8 >. O

The following proposition explains that the intersection of vague ideals is also a
vague ideal.

- - V.1
Proposition 4.5. Let < H,0,8 > be a vague ring and < A;,®;,0; > < <
H,5,8 > for each j € J ={1,2,...,n}. If & and ® are vague binary operations on
njej Aj such that M@(a7b7 C) < /\jeJ Méj(aabac) and M@(a7b7 C) < /\jeJ Msj(avbac)7

then < ey Ajs .6 > < < H,5,8 > for alla,b,c € ;s Aj.

Proof. From Corollary 3.7, we have < (] 4;,®,0 > vér < H,c,e >. For all
jeJ
a€ () A; and h,s,t € H, we may write
jeJ
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palaht)=1=ted;, jeJ=tec ()4,
jeJ
and
pa(h,a,8) =1=s€A;, jeJ=s¢ ﬂAj.
jeJ
. v.g
Thus, it must be < (] 4;,$,® > < < H,5,8 >. This completes the proof. O
jeJ
o . V.7
Definition 4.6. Let < H,5,e > be a vague ring, A g Hoand < A,H,0 > < <
H,5,8 >. If @ is a vague binary operation on H\ A, then < A,®,® > is said to be
a vague prime ideal of < H,0,@ >.

It is clear that, if < A,&,® > is a vague prime ideal of < H,5,e >, then
<A, ®,® > is a prime ideal of < H,0,e >.

Proposition 4.7. Let < H,5, > be a vague ring and < A, ®,® > v{ < H,5,8 >.
Then the following two statements are equivalent.

(i) < A,®,® > is a vague prime ideal of < H,5, >.

(ii) pe(x,y,2) <1 for each z € A and for each x,y € H \ A.

Proof. (i) = (ii) : We assume that there exists z € A and z,y € H \ A such that
ts(z,y,2z) = 1. In this case, from Definition 4.6, there exists ¢ € H \ A such that
e (z,y,t) = 1. Utilizing the condition (F.2), we get z =t € H \ A, this contradicts
with z € A. Therefore ps(z,y,2) < 1 for each z € A and for each =,y € H \ A.
(#4) = (¢) : Since @ is a vague binary operation on H, for each a,b € H '\ A there
exists ¢ € H such that ps(a,b,c) = 1. In this case, it must be ¢ € H \ A from the
statement (i7). This completes the proof. O

Definition 4.8. Let < H,5,8 > be a vague ring, § # M g H and < M,D,0 >
V.4 ~
< < H,5,8 >. If there is no < N, O, * > vague ideal of < H,5,e > such that
~ ~ - V.7
<M,&,6>C<N,EF*F>< <H,5, 8>,

then < M,®,® > is said to be a mazimal vague ideal of < H,5,8 > (< M, &, ® >
C < N,O,% > shows that at least one of the following statements is satisfied:
MG NGH, pg(a,bc) < pe(a,b,c), ugla,b,c) < pz(a,b,c) for some a,b,c € M).

Proposition 4.9. Let < H,3,& > be a vague ring. If < M,®,® > is a mazimal
vague ideal of < H,o,8 >, then < M,®,® > is a mazimal ideal of < H,0,e >.

Proof. Utilizing Proposition 4.2, we get < M, @®,® > is an ideal of < H,0,e >. We
assume that < M, @, ® > is not a maximal ideal of < H, o, e >. In this case, there
exists a maximal ideal N of < H, o0, e > such that M C N C H. This implies

~ ~ -~ v.i ~ ~
<M,B,0>C<N,0,8 > < <H,0,8 >,

>
Therefore < M, ®,® > must be a maximal ideal of < H,0, e >. O
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Proposition 4.10. Let < H,5,e > be a vague ring. Then, mazimal vague ideals
of < H,0,8 > are < M,5,e > where M is one of the maximal ideals of < H,o, e >.

Proof. 1t is easily seen that, if M is a maximal ideal of < H, 0, e >, then < M, 5, e >
is a maximal vague ideal of < H,5,e > from Definition 4.8. On the other hand,
we know that if < N,S,* > is a maximal vague ideal of < H, 5, >, then N is a
maximal ideal of < H, o, e > from Proposition 4.9. This completes the proof. [

Example 4.11. Let G =7, A =27, a,8,7v € R such that 0 <y < g < a < 1.
We define

) 1, ifu=v
FEy ZX7Z— [0, 1] y Ez(u,’l)) = { a otherwise
EQZ 127, X 27, — [0, ].] s Egz(m,n) = EZ(m,n), EZXZ = EixZ’ EQZXQZ = EgZxQZ ,

C~>ZZXZ’\'>Z,M5($,Z],Z):{1 5 foE'f‘ZJ:Z

B8, otherwise
and
~ ) |1, ifa+b=c
122X~ 2L, pglarbe) = { v , otherwise.

We get < 27, D > Vés < 72,5 > from [13]. Let v, n € R such that 0 <v <17 <1,
and we define

oI XL~17, us(m,y,z):{ 1 , ifzy=2z

n , otherwise
and
- |1, ifab=c
©: 2L X 2L~ 2L, fiy(a,b,€) = { v , otherwise.

In this case, it is clearly seen that < 7,5, > is a vague ring and O s a vague
binary operation on 2Z. Therefore, by using Proposition 4.4, we get < 27,®, >

v{ < Z,5,8 >. On the other hand, since pz(a,b,c) =v <1 for each a,b € Z\ 27
and for each ¢ € 27, < 27,5, > is a vague prime ideal of < Z,5,8 > from
Proposition 4.7. For v < n, we get < 2Z,®,® > is not a vague mazimal ideal of
< Z,5,8 > since

~ o~ V.4
<22,B,0 >C< 27,5, > < <7Z,5,8 > .
For v =1, we obtain < 27,®,® > is a vague mazimal ideal of < 7,5, > from
Proposition 4.10.
5. Conclusion

In the present paper, the concepts of vague ring, vague ideal, vague prime ideal
and vague maximal ideal are introduced, and various elementary properties of these
concepts are investigated. Furthermore, these concepts and their properties are
explained with some examples.
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Although the results in this paper are formulated on ([0, 1], <, A), it seems that

most of them can be restated for any t-norm instead of the minimum t-norm. This
topic is left to the readers for future investigations.
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