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TOPOLOGICAL SIMILARITY OF L-RELATIONS

J. HAO AND S. HUANG

Abstract. L-fuzzy rough sets are extensions of the classical rough sets by

relaxing the equivalence relations to L-relations. The topological structures

induced by L-fuzzy rough sets have opened up the way for applications of
topological facts and methods in granular computing. In this paper, we firstly

prove that each arbitrary L-relation can generate an Alexandrov L-topology.

Based on this fact, we introduce the topological similarity of L-relations, de-
note it by T-similarity, and we give intuitive characterization of T-similarity.

Then we introduce the variations of a given L-relation and investigate the re-

lationship among them. Moreover, we prove that each L-relation is uniquely
topological similar to an L-preorder. Finally, we investigate the related alge-

braic structures of different sets of L-relations on the universe.

1. Introduction

The concept of rough set proposed by Pawlak [17] is a mathematical tool to deal
with intelligent systems characterized by insufficient and incomplete information.
As a new method of soft computing, rough set theory has been received much
attention in the past decades due to its successful applications in various practical
problems.

In rough set theory, the basic structure is approximation space constituted by the
lower and upper approximation operators. Through the two operators, the hidden
information in the data table could be revealed and expressed in the form of decision
rules. Equivalence relation is a key concept in rough set theory and the equivalence
classes are the building blocks for the lower and upper approximations. However,
the equivalence relation is too restrictive to application, different generalizations
have been presented by replacing the equivalence relation with general relations
or coverings [12, 13, 23, 26, 31, 32]. With the development of rough set theory,
the researchers have proposed various fuzzy rough approximations [5, 6, 19, 21, 30]
as generalizations of classical ones to meet more general application environment.
There are two basic approaches [31] to the development of rough set theory both
in classical cases and fuzzy cases. One is the constructive approach [4, 19, 29, 30]
in which lower and upper approximation operators are constructed from (fuzzy)
relations, (fuzzy) coverings and so on. The other one is the axiomatic approach
[16, 29], in which the lower and upper approximation operators satisfied a set of
axioms are the same as those constructed ones.
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Topology is an important mathematical tool to investigate information systems
and rough sets, so discussing the topological properties of rough sets is an interesting
research topic in the literature [2, 9, 11, 18]. Fuzzy rough sets based on residuated
lattice have been proposed by Radzikowska and Kerre in [21]. L-fuzzy rough set
based on residuated lattice was studied by an axiomatic approach in [22] and was
deeply investigated in [27]. Hao and Li considered the relationship between L-fuzzy
rough sets and L-topologies in [8]. Ma and Hu studied the relationship between
upper sets and lower L-fuzzy approximation operators and applying the upper sets
to study L-fuzzy rough set theory in [15]. Li and Cui introduced T-similarity of
fuzzy relations by means of fuzzy rough sets and studied related algebraic structures.

In this paper, we generalize the notion of topological similarity to describe the
connections among L-relations on a fixed universe. Given an L-fuzzy rough ap-
proximation space based on complete residuated lattice, we could construct an
L-topology induced by the L-relation. Then we introduce several variations of the
given L-relation and investigate the relationship between the variations and the
original L-relation. By means of the induced L-topology, we define the concept of
topological similarity of L-relations, which is indeed the core of this paper. And
we also intuitively characterize the notion of topological similarity. We believe that
topological methods are useful tools for the study of fuzzy rough set theory. From
topological points of view, we could take a deep insight into the essence of fuzzy
rough sets and make our discussions concise and profound.

The rest of the paper is organized as follows. In Section 2, we recall some
fundamental properties of residuated lattice and L-topology. Some basic properties
of L-fuzzy rough sets are given in Section 3. In Section 4, we introduce the L-
topology generated by an arbitrary L-relation and prove that it is an Alexandrov
L-topology. Topological similarity (T-similarity, for short) of L-relations have been
proposed in Section 5. Then we give the intuitive characterization of T-similarity.
This is indeed the core concept of the paper. Drawing on it, the topological similar
equivalence relation is introduced to investigate the different variations of a given L-
relation and their relationship. Moreover, we prove that each L-relation is uniquely
topological similar to an L-preorder, which is the largest one in the associated
equivalence class. We also give two intuitive constructions of the L-preorder in this
section. In Section 6, the algebraic structures of different sets of L-relations based
on T-similarity are investigated. Finally, we conclude the paper with a perspective
of further research.

2. Preliminaries

A residuated lattice [1, 28] L is a structure (L, ∗,→,∨,∧, 0, 1), where (L,∨,∧, 0, 1)
is a bounded lattice with the greatest element 1 and the smallest element 0; (L, ∗, 1)
is a commutative monoid and ∗ is isotonic at both arguments; and x ∗ y ≤ z if and
only if x ≤ y → z for all x, y, z ∈ L. A residuated lattice is said to be complete if
the underlying lattice is complete.

In what follows, ∗ is sometimes called a generalized triangular norm and the
implicator → is called the residuum of ∗. An implicator I is called left monotonic
(respectively right monotonic) if I(·, a) is decreasing for every a ∈ L (respectively
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I(a, ·) is increasing). If I is both left monotonic and right monotonic, then it is
called hybrid monotonic.

Throughout this paper, L denotes a complete residuated lattice. The precom-
plement on L is the mapping ¬ : L → L defined by ¬a = a → 0 for every a ∈ L.
Some basic properties of complete residuated lattices are listed as follows. More
properties about complete residuated lattices can be referred to [1, 22, 28].

(1) 1→ a = a;

(2) (a→ b) ∗ (b→ c) ≤ a→ c;

(3) a→ (b→ c) = b→ (a→ c) = (a ∗ b)→ c;

(4) a ≤ (b→ a ∗ b), a ∗ (a→ b) ≤ b;

(5) a ∗ (
∨
i∈I

bi) =
∨
i∈I

(a ∗ bi);

(6) a→ (
∧
i∈I

bi) =
∧
i∈I

(a→ bi), (
∨
i∈I

ai)→ b =
∧
i∈I

(ai → b);

(7) a→ (b→ a ∗ b) = 1, a→ (b→ a) = 1;

(8) b→ c ≤ (a→ b)→ (a→ c), c→ b ≤ (b→ a)→ (c→ a);

(9) a ≤ ¬¬a;

(10) a→ ¬b = ¬(a ∗ b), ¬(
∨
i∈I

ai) =
∧
i∈I

(¬ai).

If ¬¬a = a holds for every a ∈ L, then L is called involutive. In this case, the
following conditions hold.

(11) a→ b = (¬b)→ (¬a), a ∗ b = ¬(a→ (¬b)),
a→ b = ¬(a ∗ (¬b));

(12) ¬(
∧
i∈I

ai) =
∨
i∈I

(¬ai).

In [7], Goguen first introduced L-set as a generalization of Zadeh’s fuzzy set
where L is a complete residuated lattice. An L-set A on U is a mapping A : U → L
and all the L-sets on U are denoted by LU . For every a ∈ L, we use ā to denote the
constant L-set on U . For A,B ∈ LU , we denote A ⊆ B if A(x) ≤ B(x) for every
x ∈ U .

Given two L-sets A and B, new L-sets can be induced as follows:

(A ∗B)(x) = A(x) ∗B(x);

(A ∩B)(x) = A(x) ∧B(x);

(A ∪B)(x) = A(x) ∨B(x);

(A→ B)(x) = A(x)→ B(x);

(¬A)(x) = A(x)→ 0.

An L-relation R on U is a mapping R : U × U → L. R is reflexive if 1 ≤ R(x, x)
for all x ∈ U ; R is transitive if

∨
y∈U R(x, y) ∗ R(y, z) ≤ R(x, z) for all x, z ∈ U ;
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R is symmetric if R(x, y) = R(y, x) for all x, y ∈ U ; R is antisymmetric if for all
x, y ∈ L, R(x, y) = R(y, x) implies x = y. R is called an L-preorder if it is reflexive
and transitive.

A subset T ⊆ LU is called an L-topology (proposed by Lowen) [14] if it satisfies:
(1) For each a ∈ L, ā ∈ T ;
(2) {Ai, i ∈ I} ⊆ T implies

⋃
i∈I
{Ai} ∈ T ;

(3) A,B ∈ T implies A ∩B ∈ T .
An L-topology T is called Alexandrov L-topology [10] if it further satisfies the

following:
(3′) {Aj , j ∈ J} ⊆ T implies

⋂
j∈J
{Aj} ∈ T .

(4) a ∗A ∈ T for all A ∈ T , a ∈ L;
(5) a→ A ∈ T for all A ∈ T , a ∈ L.

It should be pointed out that if (1) is replaced by
(1′) 0U , 1U ∈ T .
Then it is the fuzzy topology in the sense of Chang [3]. We can see that a fuzzy
topology in the sense of Lowen [14] must be a fuzzy topology in the sense of Chang.
In this paper, we always consider the fuzzy topology in the sense of Lowen. We
denote the interior operator and the closure operator of an L-topology by int and
cl respectively.

3. L-fuzzy Rough Approximation Operators

The notion of fuzzy rough sets based on residuated lattice was proposed by
Radzikowska and Kerre in [20]. By taking complete residuated lattices instead of
[0, 1] as the truth value structures, it differs from the concept of fuzzy rough sets
investigated in [5, 6, 16, 19, 24, 25, 29, 30].

Definition 3.1. [20, 22] Let (L, ∗,→,∨,∧, 0, 1) be a complete residuated lattice,
U a nonempty set and R an L-relation on U . Then (U,R) is called an L-fuzzy
approximation space. For every A ∈ LU and every x ∈ U , R(A) and R(A) are
defined as follows:

R(A)(x) =
∨
y∈U

(R(x, y) ∗A(y)), (1)

R(A)(x) =
∧
y∈U

(R(x, y)→ A(y)). (2)

R(A) and R(A) are called upper and lower L-fuzzy rough approximations of A,
respectively.

Let R−1(x, y) = R(y, x), we can also get another pair of rough approximation

operators (R−1, R−1) as defined above by replacing R(x, y) with R(y, x). It is easy
to check that fuzzy rough sets defined above is a wide generalization of (I ,T )-
fuzzy rough sets [29, 30], where T is a t-norm and I is the residual implicator
based on T .

In the case when L = {0, 1}, A and R can be reduced to crisp subsets of U
and U×U respectively, R(A) and R(A) are precisely the corresponding concepts in
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classical rough set theory. Nevertheless, R(A) ⊆ R(A), which is true in the classical
case, is not always true in the fuzzy setting.

The following proposition provides basic properties of the lower and upper L-
fuzzy rough approximation operators.

Proposition 3.2. [20, 22] Let (L, ∗,→,∨,∧, 0, 1) be a complete residuated lattice,
(U,R) an L-fuzzy approximation space and A,B ∈ LU , Ai ∈ LU (∀i ∈ I). Then

(1) R(∅) = ∅, R(U) = U ;

(2) If A ⊆ B, then R(A) ⊆ R(B), R(A) ⊆ R(B);

(3) R(A) ⊆ ¬R(¬A), R(A) ⊆ ¬R(¬A), ¬R(A) = R(¬A);

(4) R(
⋃
i∈I

Ai) =
⋃
i∈I

R(Ai), R(
⋂
i∈I

(Ai)) =
⋂
i∈I

R(Ai);

(5) R(ā ∗A) = ā ∗R(A), R(ā→ A) = ā→ R(A);

(6) R(ā) ⊆ ā, ā ⊆ R(ā);

(7) R(ā) = ā⇔ R(U) = U, ā = R(ā)⇒ R(∅) = ∅;
(8) R(1y ∗ ā)(x) = R(x, y) ∗ a, R(1y → ā) = R(x, y)→ a.

It is worthwhile to mention that when L is not involutive, R(A) and R(A) are
not dual to each other. So many results of R(A) are not dual to R(A) as in many
other kinds of fuzzy rough sets.

First of all, we recall some properties of L-relations and L-fuzzy approximation
operators.

Proposition 3.3. [22] Let R be an arbitrary L-relation on U . Then
(1) R is reflexive iff R(A) ⊆ A iff A ⊆ R(A) for every A ∈ LU .
(2) R is transitive iff R(A) ⊆ R(R(A)) iff R(R(A)) ⊆ R(A) for every A ∈ LU .

The following proposition investigates the relationship between the L-fuzzy rough
sets induced by given L-relations and the new constructed L-relations.

Proposition 3.4. Let R1, R2 be L-relations on U . Then for A ∈ LU ,

(1) (R1 ∪R2)(A) = R1(A) ∪R2(A);

(2) (R1 ∪R2)(A) = R1(A) ∩R2(A).

Proof. (1) For every x ∈ U ,

(R1 ∪R2)(A)(x) =
∨
y∈U

((R1 ∪R2)(x, y) ∗A(y))

=
∨
y∈U

((R1(x, y) ∨R2(x, y)) ∗A(y))

=
∨
y∈U

((R1(x, y) ∗A(y)) ∨ (R2(x, y) ∗A(y)))

=
∨
y∈U

(R1(x, y) ∗A(y)) ∨
∨
y∈U

(R2(x, y) ∗A(y))
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= R1(A)(x) ∨R2(A)(x)= (R1(A) ∪R2(A))(x).

(2) For every x ∈ U ,

(R1 ∪R2)(A)(x) =
∧
y∈U

((R1 ∪R2)(x, y)→ A(y))

=
∧
y∈U

((R1(x, y) ∨R2(x, y))→ A(y))

=
∧
y∈U

((R1(x, y)→ A(y)) ∧ (R2(x, y)→ A(y)))

=
∧
y∈U

(R1(x, y)→ A(y)) ∧
∧
y∈U

(R2(x, y)→ A(y))

= R1(A)(x) ∧R2(A)(x) = (R1(A) ∩R2(A))(x).

�
The following proposition is obvious, so we omit the proof.

Proposition 3.5. Let R1, R2 be L-relations on U and R1 ⊆ R2. Then for A ∈ LU ,

(1) R1(A) ⊆ R2(A);

(2) R2(A) ⊆ R1(A).

Let R be an L-relations on U , the variations of R are defined as follows:

R0(x, y) =

{
0, if x = y;
R(x, y), otherwise.

Rr(x, y) =

{
1, if x = y;
R(x, y), otherwise.

The next proposition investigates the relationship between the approximation
operators of a given L-relation and its variations.

Proposition 3.6. Let R be an L-relation on U . Then for A ∈ LU ,

(1) (i)A ⊆ R(A)⇐⇒ (ii)A = Rr(A)⇐⇒ (iii)A ⊆ R0(A);

(2) (i)R(A) ⊆ A⇐⇒ (ii)A = Rr(A)⇐⇒ (iii)R0(A) ⊆ A.

Proof. (1) For every x ∈ U ,

R(A)(x) = (R(x, x)→ A(x)) ∧ (
∧

y∈U−{x}

(R(x, y)→ A(y))); (3)

Rr(A)(x) = A(x) ∧ (
∧

y∈U−{x}

(R(x, y)→ A(y))); (4)

R0(A)(x) =
∧

y∈U−{x}

(R(x, y)→ A(y)). (5)

(i)⇒(ii) Since A(x) ≤ R(A)(x) ≤
∧

y∈U−{x}(R(x, y)→ A(y)),

we have A(x) = A(x) ∧ (
∧

y∈U−{x}

(R(x, y)→ A(y))) = Rr(A).

(ii)⇒(iii). Due to R0 ⊆ Rr, A = Rr(A) ⊆ R0(A).
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(iii)⇒(i). According to A ⊆ R0(A), A(x) = A(x) ∧R0(A)(x) ≤ R(A)(x). Hence
A ⊆ R(A).

(2) For every x ∈ U ,

R(A)(x) = (R(x, x) ∗A(x)) ∨ (
∨

y∈U−{x}

(R(x, y) ∗A(y)));
(6)

Rr(A)(x) = A(x) ∨ (
∨

y∈U−{x}

(R(x, y) ∗A(y)));
(7)

R0(A)(x) =
∨

y∈U−{x}

(R(x, y) ∗A(y)).
(8)

(i)⇒(ii). According to (i),

A(x) = A(x) ∨R(A)(x)

= A(x) ∨ (R(x, x) ∗A(x)) ∨ (
∨

y∈U−{x}

(R(x, y) ∗A(y)))

= Rr(A)(x).

(ii)⇒(iii). Since A = Rr(A) and R0 ⊆ Rr, we have R0(A) ⊆ Rr(A) = A.

(iii)⇒(i). Because R0(A) ⊆ A, A(x) = A(x) ∨ R0(A)(x) ≥ R(A)(x). That is to
say, R(A) ⊆ A. �

The next proposition illustrates the correspondence between the approximation
operators and the topology operators.

Proposition 3.7. [22] Let (U,R) be an L-fuzzy approximation space. Then R is
an L-fuzzy interior operator (R is an L-fuzzy closure operator, respectively) if and
only if R is an L-preorder.

Remark 3.8. Let R be an L-preorder on U , then R is an L-fuzzy interior operator
and R is an L-fuzzy closure operator. However, they may not generate the same
L-topology unless L is an involutive complete residuated lattice.

4. L-topology Induced by L-relation

In the previous section, we discussed the properties of the rough approximation
operators R, R in the L-fuzzy power setting. In the following, we investigate the
relationship between L-topologies (generated in different ways) and L-fuzzy rough
sets based on arbitrary L-relations.

Let (U,R) be an L-fuzzy approximation space, we define 3 types of families of
L-fuzzy sets as follows:

σR : = {A ∈ LU |A ⊆ R(A)};
θR : = {R(A)|A ∈ LU};
τR : = {A ∈ LU |R(A) = A}.
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In general, τR ⊆ σR, τR ⊆ θR. Furthermore,
(1) If R is reflexive, then σR = τR ⊆ θR;
(2) If R is transitive, then τR ⊆ θR ⊆ σR.

Proposition 4.1. [8] Let (U,R) be an L-fuzzy approximation space, then
(1) If R is reflexive, then τR is an L-topology on U .
(2) If R is reflexive and transitive, then σR = τR = θR.

Let F ⊆ LU , we define an L-relation

RF (x, y) =
∧
A∈F

(A(x)→ A(y)).
(9)

Obviously, RF is an L-preorder on U . The following proposition presents the
connections between L-preorders and Alexandrov L-topologies.

Proposition 4.2. [8] Let R be an L-preorder on U , τ be Alexandrov L-topology on
U . Then RτR = R and τRτ = τ .

The above 2 propositions have shown that L-preorder is a much better L-relation
in some sense, which would lead to the same L-topology through different ways.
So in the rest of the paper, the relationship between general L-relations and L-
preorders is established via L-fuzzy rough set theory.

Theorem 4.3. Let (U,R) be an L-fuzzy approximation space, then
(1) σR is an Alexandrov L-topology on U ;
(2) σR0 = σR = σRr ;
(3) intσR(A) ⊆ R(A) and R(A) ⊆ clσR(A) holds for each A ∈ LU ;
(4) Let (σR)c = {¬B : B ∈ σR}, then A ∈ (σR)c =⇒ R(A) ⊆ A.
(5) Moreover, if L is an involutive complete residuated lattice, then

R(A) ⊆ A⇐⇒ A ∈ (σR)c.

Proof. (1) First, for each a ∈ L, ā ⊆ R(ā) in terms of Proposition 3.2, so ā ∈ σR.
Second, let {Ai, i ∈ I} ⊆ σR, then

⋃
i∈I

Ai ⊆
⋃
i∈I

R(Ai) ⊆ R(
⋃
i∈I

Ai) and
⋂
i∈I

Ai ⊆⋂
i∈I

R(Ai) = R(
⋂
i∈I

Ai). Hence
⋃
i∈I

Ai,
⋂
i∈I

Ai ∈ σR.

Third, for each a ∈ L,A ∈ σR and x ∈ U , we have

(ā ∗A)(x) ≤ (ā ∗R(A))(x)

= a ∗
∧
y∈U

(R(x, y)→ A(y))

≤
∧
y∈U

a ∗ (R(x, y)→ A(y))

≤
∧
y∈U

(R(x, y)→ a ∗A(y))

= R(ā ∗A)(x)
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and

(ā→ A)(x) ≤ (ā→ R(A))(x)

= a→
∧
y∈U

(R(x, y)→ A(y))

=
∧
y∈U

(a→ (R(x, y)→ A(y)))

=
∧
y∈U

(R(x, y)→ (a→ A(y)))

= R(ā→ A))(x).

Hence ā ∗A, ā→ A ∈ σR. In conclusion, σR is an Alexandrov L-topology.

(2) According to Proposition 3.6, σR0 = σR = σRr .

(3) For each A ∈ LU ,

intσR(A) =
⋃
{B ∈ σR : B ⊆ A}

⊆
⋃
{R(B) : B ∈ σR and B ⊆ A}

⊆ R(A).

According to Proposition 3.2 (3), R(B) ⊆ ¬R(¬B) for B ∈ σR, so we have B ⊆
¬R(¬B). Thus R(¬B) ⊆ ¬¬R(¬B) ⊆ ¬B and

clσR(A) =
⋂
{¬B : A ⊆ ¬B and B ∈ σR}

⊇
⋂
{R(¬B) : A ⊆ ¬B and B ∈ σR}

⊇ R(A).

(4) This is easy to verify by the proof of (3).

(5) If L is an involutive complete residuated lattice, A = ¬¬A for each A ∈ LU .
So

A ∈ (σR)c ⇐⇒ ∃B ∈ σR, A = ¬B
⇐⇒ B = ¬A and B ⊆ R(B)

⇐⇒ ¬A ⊆ R(¬A)

⇐⇒ R(A) ⊆ ¬R(¬A) ⊆ A.

�
Remark 4.4. (1) A ∈ (σR)c =⇒ R(A) ⊆ A. The converse is not true in general,
we only could obtain ¬¬A ∈ (σR)c on the hypothesis that R(A) ⊆ A.

(2) If L is an involutive complete residuated lattice, by Proposition 3.2 (6) and
the above proof, ā ∈ (σR)c for each a ∈ L.

Theorem 4.5. Let R1 and R2 be L-relations on U .
(1) If R1 ⊆ R2, then σR2 ⊆ σR1 .
(2) If R1 and R2 are L-preorders, then σR1 = σR2 ⇐⇒ R1 = R2.
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Proof. (1) It is obvious by Proposition 3.5.
(2) We only need to prove the sufficiency. Since R1 and R2 are L-preorders,

according to Proposition 4.2, R1 = RσR1
and R2 = RσR2

. So R1 = R2 in terms of
σR1

= σR2
. �

Theorem 4.6. Let {Rj , j ∈ J} be a family of L-relations on U , then

σ ⋃
j∈J

Rj =
⋂
j∈J

σRj .

Proof. On one hand, σ ⋃
j∈J

Rj ⊆
⋂
j∈J

σRj by (1) of Theorem 4.5.

On the other hand, for each A ∈
⋂
j∈J

σRj , A ⊆ Rj(A) for all j ∈ J . So we

have A ⊆
⋂
j∈J

Rj(A) = (
⋃
j∈J

Rj)(A) by Proposition 3.4, i.e. A ∈ σ ⋃
j∈J

Rj . Hence

σ ⋃
j∈J

Rj =
⋂
j∈J

σRj . �

5. Topological Similarity of L-relations

In this section, we propose the concept of topological similarity of L-relations
and investigate the corresponding properties.

Definition 5.1. Let R1 and R2 be L-relations on U . If σR1 = σR2 , then we call R1

is topological similar (T-similar, for short) to R2 and we denote it by R1 ∼T R2.

Remark 5.2. Obviously, ∼T is an equivalence relation on LU .
Let R ∈ LU×U , we denote [R]T = {Q ∈ LU×U : Q ∼T R}. For convenience, we use
[R] to denote [R]T .

The following theorem discusses the topological similar equivalence class of a
given L-relation.

Theorem 5.3. Let R be an L-relation on U . Then
(1) R0, Rr ∈ [R];
(2) If {Rj , j ∈ J} ⊆ [R], then

⋃
j∈J

Rj ∈ [R];

(3) If R1, R2 ∈ [R] and R1 ⊆ Q ⊆ R2, then Q ∈ [R];
(4) If R1 and R2 are L-preorders, then R1 ∈ [R2] if and only if R1 = R2.

Proof. (1) It is easy to verify.
(2) It is obvious in terms of Theorem 4.6.
(3) Since R1 ⊆ Q ⊆ R2, we have σR2 ⊆ σQ ⊆ σR1 . According to R1, R2 ∈ [R],

σR1 = σR2 . Therefore, σR2 = σQ = σR1 , i.e. Q ∈ [R].
(4) By Theorem 4.5, it follows immediately. �

Definition 5.4. [27] Let R be an L-relation on U and A ∈ LU .
(1) A is said to be a generalized L-fuzzy upper set if A(x) ∗ R(x, y) ≤ A(y) for

all x, y ∈ U ;
(2) A is said to be a generalized L-fuzzy lower set if A(y) ∗ R(x, y) ≤ A(x) for

all x, y ∈ U .
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Proposition 5.5. [27] Let R be an L-relation on U and A ∈ LU .
(1) A is a generalized L-fuzzy upper set iff A ⊆ R(A);
(2) A is a generalized L-fuzzy lower set iff R(A) ⊆ A.

Remark 5.6. According to Definition 5.4 and Proposition 5.5,

σR = {A ∈ LU : A(x) ∗R(x, y) ≤ A(y), for all x, y ∈ U}.

Theorem 5.7. Let R be an L-relation on U and A ∈ LU , then R ⊆ RσR . Moreover,
Rrt = RσR , where Rrt is the reflexive and transitive closure of R.

Proof. On one hand, for all x, y ∈ U ,

A ∈ σR ⇐⇒ A(x) ∗R(x, y) ≤ A(y)

⇐⇒ R(x, y) ≤ A(x)→ A(y).

Since RσR(x, y) =
∧
A∈σR

(A(x)→ A(y)), R(x, y) ≤ RσR(x, y).

On the other hand, according to the definition of Rrt, we have R ⊆ Rrt ⊆ RσR .
This implies σRσR ⊆ σRrt ⊆ σR. Moreover, since RσR is an L-preorder, σRσR = σR,

so we have σRrt = σR. In addition, RσR and Rrt are L-preorders, hence RσR = Rrt

by Theorem 4.5. �

The above theorem illustrates that the topology induced by an arbitrary L-
relation R could be seen as the topology induced by its transitive and reflexive
closure, i.e., by an L-preorder. And we denote this L-preorder by Rp. In other
words, each L-relation R is topological similar to Rp.

Corollary 5.8. Let R be an L-relation on U , then Rp is the largest L-relation in
[R].

Let R be an L-relation on U , we borrow the method in [11] to compute Rp step
by step. At first, we define Ruv, Ruvw as follows: for x, y, u, v, w ∈ U ,

Ruv(x, y) =

{
R(u, v) ∨ (R ◦R)(u, v), if(x, y) = (u, v);
R(x, y), otherwise.

Ruvw(x, y) =

{
R(u, v) ∨ (R(u,w) ∗R(w, v)), if(x, y) = (u, v);
R(x, y), otherwise.

Obviously, Ruv =
⋃
w∈U

Ruvw.

Theorem 5.9. Let R be an L-relation on U , then Ruvw, Ruv ∈ [R] for u, v, w ∈ U .

Proof. We firstly prove Ruvw ∈ [R] for u, v, w ∈ U , then Ruv ∈ [R] by Theorem
5.3.
(i) If u = v, then R0 ⊆ Ruvw ⊆ Rr, so Ruvw ∈ [R].
(ii) If u 6= v, we need to prove Ruvw ∈ [R], i.e. , σR = σRuvw . On one hand, since
R ⊆ Ruvw, we have σRuvw ⊆ σR. On the other hand, we need to show that σR ⊆
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σRuvw . For every A ∈ σR, when x 6= u, we have Ruvw(A)(x) = R(A)(x) ⊇ A(x).
When x = u,

Ruvw(A)(u) =
∧
y∈U

(Ruvw(u, y)→ A(y)),

=(
∧

y∈U−{v}

(R(u, y)→ A(y))) ∧ (Ruvw(u, v)→ A(v)),

=(
∧

y∈U−{v}

(R(u, y)→ A(y))) ∧ ((R(u, v) ∨ (R(u,w) ∗R(w, v)))→ A(v)).

If R(u, v) ≥ R(u,w) ∗R(w, v), then Ruvw(A)(u) = R(A)(u) ≥ A(u).
If R(u, v) < R(u,w) ∗R(w, v), since

(R(u,w) ∗R(w, v))→ A(v)) = R(u,w)→ (R(w, v)→ A(v)),

≥ R(u,w)→ A(w) ≥ A(u),

we have

Ruvw(A)(u) = (
∧

y∈U−{v}

(R(u, y)→ A(y))) ∧ ((R(u,w) ∗R(w, v))→ A(v)),

≥ (
∧

y∈U−{v}

(R(u, y)→ A(y))) ∧A(u)

≥ R(A)(u) ∧A(u) = A(u).

Thus A ⊆ Ruvw(A). �

Next, we define a sequence of L-relations based on R:

R0 = R,

Rn+1 = Rn ◦Rrn, ∀n ∈ N.
It is not difficult to verify that

Rn+1 = Rn
⋃
Rn ◦Rn and Rn+1 =

⋃
u,v∈U

Ruvn , where

Ruvn (x, y) =

{
Rn(u, v) ∨ (Rn ◦Rn)(u, v), if (x, y) = (u, v);
Rn(x, y), otherwise.

Remark 5.10. Denote R∗ = lim
n→∞

Rn. Then

(1) The sequence {Rn, n ∈ N} is increasing;

(2) R∗ =
∞⋃
n=0

Rn;

(3) Rn ∈ [R], ∀n ∈ N;
(4) For an L-relation Q, if Q ⊆ R, then Qn ⊆ Rn.

Theorem 5.11. Let R be an L-relation on U , then R is transitive if and only if
R = R1.

Proof. Necessity is obvious. As for the sufficiency, since R = R1 = R ∪ (R ◦ R) ⊇
R ◦R, R is transitive. �
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The following corollary is a direct consequence of the above theorem.

Corollary 5.12. Let R be an L-relation on U . If R is transitive, then Rn is
transitive for each n ∈ N.

Theorem 5.13. Let R,P,Q be L-relations on U . If P,Q ∈ [R], then P ◦ Qr,
P r ◦Q, P r ◦Qr ∈ [R].

Proof. Since P,Q ∈ [R], we immediately have P ∪ Q ∈ [R] and (P ∪ Q)1 ∈ [R] in
terms of Remark 5.10. Moreover, P ⊆ P ◦Qr ⊆ (P ∪Q)1 = (P ∪Q) ◦ (P ∪Q)r, we
have P ◦Qr ∈ [R]. Similarly, we can prove P r ◦Q, P r ◦Qr ∈ [R]. �

Theorem 5.14. Let R be an L-relation on U , then R∗ is transitive.

Proof. For n ∈ N , we denote Rn+1 = Rn ◦R. Since

R∗ =

∞⋃
n=0

Rn = R ∪R1 ∪ · · ·

= R ∪ (R ∪ (R ◦R)) ∪ · · ·

=

∞⋃
n=1

Rn.

This is just the transitive closure of R, it follows immediately that R∗ is transitive.
�

Theorem 5.15. Let R be an L-relation on U , then there exists a unique L-preorder
Q ∈ [R]. Moreover, Q = Rp.

Proof. Let Q = Rr ∪ R∗ = Rr ∪ Rt, then Q is an L-preorder in terms of Theorem
5.14. Since σRr = σR = σR∗ , we have Q ∈ [R]. If there is another L-preorder
P ∈ [R], then σP = σR = σQ and P = Q by Theorem 4.5. Furthermore, according
to the construction of Q, Q = Rp. �

Corollary 5.16. Let R be an L-relation on U , then the unique L-preorder

Rp =
⋃

P∈[R]

P =
⋂
{Q : Q is L-preorder and R ⊆ Q}

6. Algebraic Structures Based on T-similarity of L-relations

Let R be an L-relation on U , we denote

[R]r = {P r : P ∈ [R]},
[R]0 = {P 0 : P ∈ [R]},
[R]t = {P ∈ [R] : P is transitive}.

Theorem 6.1. Let R be an L-relation on U , then
(1) ([R],∪) is a commutative semigroup.
(2) ([R]r,∪) and ([R]0,∪) are sub-semigroups of ([R],∪).

According to Theorem 5.15, we have the following theorem .
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Theorem 6.2. Let R be an L-relation on U , then ([R]r, ◦) is a commutative semi-
group.

Next we give an intuitive characterization of [R]t and
⋂

[R]t.

Theorem 6.3. Let R be an L-relation on U , then

(1) ∀P ∈ [R]t, (Rp)0 ⊆ P ⊆ Rp.

(2) a)
⋂

[R]t ∈ [R]t.

b) (
⋂

[R]t)(x, y) =

{
Rp(x, y), x 6= y;∨
z 6=x

(Rp(x, z) ∗Rp(z, y)), x = y.

c)
⋂

[R]t =
⋂
{P : P is transitive and R0 ⊆ P}.

d)
⋂

[R]t ⊆ R∗.

(3) [R]t = {P :
⋂

[R]t ⊆ P ⊆ Rp}.

Proof. (1) According to Corollary 5.8, for each P ∈ [R]t, P ⊆ Rp and P is transitive.
Moreover, P r is an L-preorder and P r ∈ [R]. Assume there exists x, y ∈ U and
x 6= y such that P (x, y) < (Rp)0(x, y), we have P (x, y) < Rp(x, y). Consequently,
P r(x, y) < Rp(x, y). However, since P r is an L-preorder, P r(x, y) = Rp(x, y) by
(4) of Theorem 5.3. This is a contradiction. Hence (Rp)0 ⊆ P .

(2) a) Since (Rp)0 ⊆ P ⊆ Rp for any P ∈ [R]t, (Rp)0 ⊆
⋂

[R]t ⊆ Rp and
⋂

[R]t

is transitive. Because (Rp)0, Rp ∈ [R], we have
⋂

[R]t ∈ [R]. Hence
⋂

[R]t ∈ [R]t.
b) Let

Q(x, y) =

{
Rp(x, y), x 6= y;∨
z 6=x

(Rp(x, z) ∗Rp(z, y)), x = y.

Through a direct computing, we obtain that Q is transitive and (Rp)0 ⊆ Q ⊆ Rp,
so Q ∈ [R]t. In the following, we prove that Q =

⋂
[R]t.

If x 6= y, Q(x, y) = Rp(x, y). By the proof of (1), (Rp)0 ⊆ P ⊆ Rp for any P ∈ [R]t.
Therefore, Q(x, y) = Rp(x, y) = (

⋂
[R]t)(x, y).

If x = y, then for any P ∈ [R]t,

Q(x, x) =
∨
z 6=x

(Rp(x, z) ∗Rp(z, x)) ≤
∨
z 6=x

P (x, z) ∗ P (z, x)) ≤ P (x, x),

so we have Q(x, x) ≤ (
⋂

[R]t)(x, x). In addition, (
⋂

[R]t)(x, x) ≤ Q(x, x) in terms
of Q ∈ [R]t. Hence Q(x, x) = (

⋂
[R]t)(x, x).

c) It is obvious.
d) According to the construction of R∗,

⋂
[R]t ⊆ R∗.

(3) On one hand, since for any P ∈ [R]t, (Rp)0 ⊆ P ⊆ Rp. Hence
⋂

[R]t ⊆ P ⊆
Rp, i.e. [R]t ⊆ {P :

⋂
[R]t ⊆ P ⊆ Rp}. On the other hand, for any P ∈ {P :⋂

[R]t ⊆ P ⊆ Rp}, we have P ∈ [R]. For all x, y, z ∈ U , we need to prove that
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P (x, z) ≥ P (x, y) ∗ P (y, z). Because

P (x, z) ≥ (
⋂

[R]t)(x, z) =

{ ∨
u6=x

(Rp(x, u) ∗Rp(u, z)), if x = z

Rp(x, z), if x 6= z.

When x = z and x 6= y, we have

P (x, z) ≥ Rp(x, y) ∗Rp(y, z) = P (x, y) ∗ P (y, z).

When x 6= z, x 6= y and y 6= z, we have

P (x, z) = Rp(x, z) ≥ Rp(x, y) ∗Rp(y, z) = P (x, y) ∗ P (y, z)

For the remaining cases, when x = y or y = z, it is obvious.
Therefore, [R]t = {P :

⋂
[R]t ⊆ P ⊆ Rp}. �

Theorem 6.4. Let R be an L-relation on U , then ([R]t,⊆,∪,∩) is a complete
lattice with 1[R]t = Rp and 0[R]t =

⋂
[R]t.

Proof. According to Theorem 6.3, 1[R]t = Rp and 0[R]t =
⋂

[R]t. For any family
of L-relations {Ri, i ∈ I} ⊆ [R]t, we have

⋂
[R]t ⊆ Ri ⊆ Rp,∀i ∈ I. Hence⋂

[R]t ⊆
⋃
i∈I

Ri ⊆ Rp and
⋂

[R]t ⊆
⋂
i∈I

Ri ⊆ Rp. Therefore, ([R]t,⊆,∪,∩) is a

complete lattice. �

7. Concluding Remarks

In this paper, we propose the notion of topological similarity of L-relations based
on L-topologies induced by L-fuzzy rough sets, which is in fact an equivalence rela-
tion. We firstly discuss the variations of a given L-relation and prove that each L-
relation can induce an Alexandrov L-topology. Then we show that each L-relation
is uniquely T-similar to an L-preorder, which is the largest one in the corresponding
topological similar equivalence class. And we give intuitive characterization of the
unique L-preorder similar to the given L-relation. As an application of T-similarity,
related algebraic structures are studied finally. We believe that the notion of T-
similarity will be helpful in investigating L-relations and through which we could
take a deep insight into their structures from the topological point of view. In
future work, we will generalize the results of this paper to generalized residuated
lattices.
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