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REDUNDANCY OF MULTISET TOPOLOGICAL SPACES

A. GHAREEB

ABSTRACT. In this paper, we show the redundancies of multiset topological
spaces. It is proved that (P*(U),C) and (Ds(¢(U)),C) are isomorphic. It
follows that multiset topological spaces are superfluous and unnecessary in the
theoretical view point.

1. Introduction

The rapid development of science has led to an urgent need for the sets theory
development. For example, Zadeh [15] defined the fuzzy sets theory as an extension
of the crisp sets theory. In a fuzzy set, a membership degree was given to each
element of the universal set and not confined it to one of the two values 0 and
1. Later, Atanassov [1] extended the fuzzy sets by adding another degree of non-
membership. The new structure given the name “intuitionistic” fuzzy sets. The
two degrees are independent and their sum in [0,1]. Despite to the controversy
raised on “intuitionistic” fuzzy sets theory, it is still attract researchers attention,
especially in computer science applications. The Attempts to offer generalizations
of crisp sets theory did not stop. In 1999, Molodtsov [11] proposed the soft sets
theory to deal with the uncertainty in a parametric behavior.

The repetition of elements are not permitted in the crisp sets theory and its gener-
alizations. If repetition of any object is permitted in the crisp set, then a new sets
theory, recognized as multisets theory [2] (or theory of bags in the sense of Yager
[14]). In fact, the elements repetition is mandatory in several situations and cannot
be ignored. Research works on multiset theory and its applications are progressing
rapidly in various fields, including topology (see [7, 6, 5, 8, 10, 3, 4, 9]) and so
on. Despite to the increasment of the research works in multiset topology, we must
ask our self a principal question about its redundancy in theoretical view-point. If
multiset topology is mathematically redundant, in which sense does its redundancy
occur?

In this paper, we follow Shi and Pang [12, 13] to show the redundancies of multiset
topologies. We will prove that multiset topologies are redundant and superfluous
complicated in the theoretical view point.
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2. Preliminaries

Throughout this section, a concise survey of the notions of multisets and multiset
topology are introduced. We refer to (7, 6, 5, 10] for more details.

Definition 2.1. [7] Let X be a crisp set. A multiset (briefly, an mset) U defined
on X is a function Cyy : X — N, where N = {0} UZ™ and Z™" denotes the positive
integers.

The value Cy(z) represents the repetition of x in U. An mset U defined on X =
{x1,x2,23,...,x,} can be presented by

U = {kl/x17k2/x27k3/x37 ceey kn/xn}v

where k; is the occurrences of z; in the mset U and ¢ = 1,2,3,...,n. Nevertheless,
the element z € X will have Cy(z) = 0 if it is not belonged to the mset U. If U
is an mset with element x repeating I-times, then it is denotes by = €' U and the
negation of this statement is denoted by = ¢! U. [U], denoted that = belongs to
U with neglecting to mention the occurrences of x in U. The set X of all elements
which constructs the msets is called a domain set. By [X]*, we denote the mset
space, i.e., the family of all msets defined on X provided that the repetition of any
element in the mset does not exceed w-times, where w € N.

For any mset U defined on the domain set X, the support set U* of U is a subset
of X such that U* = { € X : Cy(x) > 0}. The cardinality of U(denoted by |U])

is given by
Ul =" Cula)
reX
|[U]z| denotes the cardinality of an element z in U.

Definition 2.2. [7] For any two msets U and V defined on a domain set X, we
have the following operations

(1) U=V if Cy(z) = Cy(x) for each z € X.

(2) UCVif Cy(x )<CV( ) for each z € X.

3) W=UUuVif Cy(z) =max{Cy(x),Cy(x)} for each z € X.

4) W=U0unvVif Cw(z) = mln{C’U( ),Cv(x)} for each z € X.

(5) W=U@aV if Cw(z) = Cy(z) + Cv(z) for each z € X.

(6) W=UgaVif Cyw(z) =max{Cy(xz) — Cy(z),0} for each z € X.

The operations & and © are addition and subtraction of msets, respectively.

Theorem 2.3. Binary msets relation C is in accordance with LI and M, i.e., T, LI
and M satisfy the connecting lemma, i.e., for each M € [X]|*, and U, V € P*(M),
then the following statements are equivalent:

1\ uUCv.
2) ULV =V.
(3)Unv="0.

Proof. Straightforward. a
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Definition 2.4. [7] For every U € [X]", the mset U® € [X] is the complement
of U where Cya(xz) = w — Cy(x) for each z € X.

Definition 2.5. [7] A submset V of U is called:
(1) a whole submset of U if and only if Cy(z) = Cy (z) for all z € V™.
(2) a partial whole submset of U if and only if there exists © € V* such that
Cy(z) = Cy ().
(3) a full submset of U if and only if U* = V* and Cy(z) < Cy(z) for all
e V™.
It is clear that () could be a whole submset of each mset however it does not achieve
both of the other two types in the case of mset is nonempty.

Definition 2.6. [7] Let U € [X]™. Then:

(1) The power whole mset PW (U) of U is the family of each whole submsets
of U and its cardinality is 2%, where « is the cardinality of U*.

(2) The power full mset PF(U) of U is the family of each full submsets of U.

(3) The power mset P(U) of U is the family of all submsets of U. In the case
of V =10, we have V €! P(U), otherwise V € P(U) such that

U

the product [ ], is token over the distinct elements z of V', |[U],| = n if and
only if z €” U, and |[V],| = r if and only if x €” V, then

U] N _ (n)y___
VIl )\ r ) rln—r)
We will use P*(U) to denote the support set of P(U).

Definition 2.7. [7] Let U, Uy, Us € [X]*. The Cartesian product of Uy and Us is
given by

Ul X U2 = {(kl/l’,kg/y)/klk'g " €k1 Ul, y sz UQ}

A submset R of U x U is called an mset relation on U if each element (k1/x, ka/y)
of the submset R has a count as the product of Ci(z,y) and Cs(x,y). We say ki/x
is related to k2/y. An msets relation R on U is called:

(1) reflexive if k1/z R ky/x for each x €¥1 U.

(2) symmetric if k1 /2 R ko/y implies ko/y R ki /x.

(3) tramsitive if k1/x R ko/y, ka/y R k3/z, then k1 /x Rks/z.
An mset relation is said to be equivalence provided that it is reflexive, symmetric,
and also transitive.

Definition 2.8. [7] An mset relation f is called an mset function if for every el-
ement kp/x in domain of f, there is exactly one ks/y in range of f provided that
(k1/x, ka/y) has pair occurring in f equal to the value of the product C (z,y).Ca(x, y).

Let {Uy,Us,Us,...,U,} be a family of msets defined on [X]“. Then we have the
following operations [7]:
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(1) The msets union

I_l U, = {CLLez v, (x)/z: Oy, v, (z) = max{Cy, (x)}}
iel
(2) The msets intersection

|—| U, = {Cﬂig v,(@)/z : Cp,_, v,(z) = min{Cy, (x)}}
i€l
(3) The mset complement

Ut = Z-U
= {CUA($)/£L'ZCMA((E)_Cz(x)—CU(.’E), foralleX}.

It is evident that every nonempty set of real numbers that has an upper bound has
a supremum and that have a lower bound has an infimum. Therefore, the arbitrary
union and intersection defined above are closed under the collection {U; };¢r, since
the collection {U;};er drawn from [X]* contains elements with finite cardinality
and multiplicity of each element x € U} is always less than or equal to w.

Definition 2.9. [7] Let U € [X]¥ and 7 C P*(U). Then 7 is called a multiset
topology (briefly, m-topology) of U if 7 satisfies the following properties:

(1) the mset U and the empty mset () are in 7.
(2) the mset union of the elements of any subcollection of 7 is in 7.
(3) the mset intersection of the elements of any finite subcollection of 7 is in 7.

The pair (U, 7) is called a multiset topological space. A submset V of m-topological
space (U, 7) is said to be closed mset iff U © V' is open mset.

3. Main Results

It is clear that C is a partial order on P*(U), i.e., (P*(U),C) is a poset. Moreover,
by using Theorem 2.3, we conclude that (P*(U),C) is a lattice, where U € [X]Y,
the supremum \/ = | |, and the infimum A =[].

Theorem 3.1. For an mset U in [X]|¥, (P*(U),C) is a complete Lattice.
Proof. Straightforward. O

Lemma 3.2. Let U be an mset in [X]|*. Define o(U) as following:
o(U) = U {z} x{neN:0<n<Cy(x)}.
zeU*
Then (y,n) € p(U) if and only if 0 <n < Cy(y).

Proof. Straightforward. O

Let U be an mset in [X]¥. For arbitrary (z,n), (y,m) € ¢(U), denote (z,n) <
(y,m) if x = y and n < m. Thus “<” is a partial order of p(U) and the family of
all down sets is denoted by Ds(p(U)). It is easily to verify that (Ds(e(U)),(), U)
is a complete lattice, where “()” and “(J” are ordinary operators of sets.
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In the following theorems, we will consider the restriction function o|p« ) : P*(U)
— Ds(p(U)). For convenience, we will use ¢ instead of ¢|p« .

Theorem 3.3. Let U be an mset in [X]|¥. Then

p: (P[] LD — ste). )
is an isomorphism.

Proof. Tt is easy to verify that ¢(V) € Ds(p(U)) for arbitrary V € P*(U) and ¢ is
a bijection.

Let J be an index set and V; € P*(U) for arbitrary j € J. Then:
*
(x,n) € |_|V] & x € |_|V] and C’(ujejvj)(x)zn>0
jed jeJ
& Jjo € J such that x € (Vj,)* and Cy, (z) >n >0
& Jjo € J such that (z,n) € o(V},)

& (zn) e o).

JjeJ
So, ¢ (|_|j€J VJ) = Ujes ¢(V;). Similarly, we can prove ¢ (|_|j€.] VA) =Njes 2(Vj)-
Thus ¢ : (P*(U),[],L) — (Ds(v(U)),N,J) is an isomorphism. O

Corollary 3.4. Let U be an mset in [X]* and T C P*(U). Then (U, 7) is a multiset
topological space if and only if (p(U),p~ (7)) is a general topological space, where
7 (1) ={e(V): V er}.

Corollary 3.5. Let U be an mset in [X]|* and 7 C Ds(p(U)). Then (o(U),T) is

a general topological space if and only if (U, (7)) is a multiset topological space,
where o~ (1) = {1 (V) : V € 1}.

The previous theorem and its corollaries lead us to the following main consequence:

Claim. The multiset topology defined on U is equivalent to the general topology
defined on the family of all down sets Ds(p(U)). Subsequently, all claims around
general topology can be acclimatized to preclude any possible scheme based on
multiset topology.

4. Conclusion

The rapid development of set theory has led to the emergence of many kinds of
topologies which has been considered as a generalization of the general topology.
Some of them may still be considered as a generalization of general topology and the
others are redundant and unnecessary complicated in the theoretical sense. In this
paper, we concluded that multiset topology is exactly a special subcase of general
topology. Thus there is no benefit from continuing to study the theoretical aspects
of multiset topology. Applied researchers also are advised to take caution when
applying the multisets theory.



168 A. Ghareeb

1
2
3
[4
5
[6
[7
8
[9
[10
[11
12
13
[14

[15

SIT

REFERENCES

| K. T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20(1) (1986), 87-96.

] W. D. Blizard, Multiset theory, Notre Dame J. Formal Logic, 30(1) (1988), 36-66.

| S. A. El-Sheikh, R. A. K. Omar and M. Raafat, v-operation in m-topological space, Gen.
Math. Notes, 7(1) (2015), 40-54.

] S. A. El-Sheikh, R. A. K. Omar and M. Raafat, Separation azioms on multiset topological
space, Journal of New Theory, 7 (2015), 11-21.

| K. P. Girish and J. S. Jacob, On multiset topologies, Theory and Applications of Mathematics
and Computer Science, 2(1) (2012), 37-52.

| K. P. Girish and S. J. John, Transactions on rough sets XIV, Springer Berlin Heidelberg,
Berlin, Heidelberg, (2011), Ch. Rough Multiset and Its Multiset Topology, 62—-80.

] K. P. Girish and S. J. John, Multiset topologies induced by multiset relations, Information
Sciences, 188 (2012), 298-313.

] A. Kandil, O. Tantawy, S. El-Sheikh and A. Zakaria, Multiset proximity spaces, Journal of
Egyptian Mathematical Society, 24(4) (2016), 562-567.

| P. M. Mahalakshmi and P. Thangavelu, m-connectedness in m-topology, International Journal
of Pure and Applied Mathematics, 106(8) (2016), 21-25.

| J. Mahanta and D. Das, Boundary and exterior of a multiset topology, ArXiv e-prints,
arXiv:1501.07193.

] D. Molodtsov, Soft set theory-first results, Computers and Mathematics with Applications,
37 (45) (1999), 19-31.

| F. G. Shi and B. Pang, Redundancy of fuzzy soft topological spaces, Journal of Intelligent and
Fuzzy Systems, 27 (4) (2014), 1757-1760.

| F. G. Shi and B. Pang, A note on soft topological spaces, Iranian Journal of Fuzzy Systems,
12 (5) (2015), 149-155.

] R. R. Yager, On the theory of bags, International Journal of General Systems, 13 (1986),
23-37.

| L. A. Zadeh, Fuzzy sets, Inform. Control, 8 (1965), 338-353.

A. GHAREEB, DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, SOUTH VALLEY UNIVER-
Y, QENA 83523, EGYPT
E-mail address: nasserfuzt@hotmail.com, a.ghareeb@sci.svu.edu.eg



