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SOLVING FUZZY LINEAR SYSTEMS BY USING THE SCHUR
COMPLEMENT WHEN COEFFICIENT MATRIX IS AN
M-MATRIX

M. S. HASHEMI, M. K. MIRNIA AND S. SHAHMORAD

ABSTRACT. This paper analyzes a linear system of equations when the right-
hand side is a fuzzy vector and the coefficient matrix is a crisp M-matrix. The
fuzzy linear system (FLS) is converted to the equivalent crisp system with
coefficient matrix of dimension 2n x 2n. However, solving this crisp system is
difficult for large n because of dimensionality problems . It is shown that this
difficulty may be avoided by computing the inverse of an n X n matrix instead
of Z~1.

1. Introduction

n x n fuzzy linear systems have been studied by many authors [1, 3, 5, 6, 7, 9, 10,
11, 12]. In [7] Friedman et al. proposed a general model for solving such systems by
the embedding approach and stated conditions for the existence of a unique fuzzy
solution to n X n linear systems. A minimum norm solution of the fuzzy under
determined systems has been obtained in [10].

In this paper we investigate the case where the coefficient matrix in a fuzzy
linear system is an M-matrix. We first study the properties of this system and
then propose a solution using the Schur complement.

Section 2 provides preliminaries for fuzzy numbers and fuzzy linear systems.
Several M-matrix properties and the Schur complement formula are also stated.
The relationship between an M-matrix and its crisp matrix and the existence and
expression of the solution to the fuzzy linear system using the Schur complement
are discussed in section 3. Numerical examples to illustrate previous sections are
given in Section 4.

2. Preliminaries

2.1. Fuzzy Numbers and Fuzzy Linear Systems. In this section we recall the
basic notion of fuzzy numbers arithmetic and fuzzy linear system.

Definition 2.1. [7] A fuzzy number in parametric form is an ordered pair of func-
tions (u(r),a(r)),
0 < r <1 which satisfy the following conditions:

1. u(r) is a bounded left continuous nondecreasing function on [0,1].
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2. u(r) is a bounded left continuous nonincreasing function on [0,1].
3. u(r) <u(r), 0<r <1,

If u(r) =au(r) =, 0<r <1 then ¢ is a crisp number. A popular repre-
sentation for fuzzy number is the trapezoidal representation u = (zg, yo, @, 3) with

defuzzifier interval [xq,yo], left fuzziness « and right fuzziness 3. The membership
function of this trapezoidal number is as follows:

é(xfx0+a), o —a <z <z

1

@) x € [To,Yo)
oo Lyo—z+08), yo<z<y+p

wl

otherwise.

=

The parametric form of the number is
u(r) =zo —a+ar, u(r)=yo+pB—pHr

The operations of addition and scalar multiplication for arbitrary fuzzy numbers,
u= (u,u) and v = (v,7) and A € R! are defined by

(ut+v)(r) = u(r) +(r),
(u+0)(r) =u(r) +o(r),
(Aw)(r) = u(r), (u)(r) =Xa(r), A=>0,
Qu)(r) = Na(r),  (u)(r) = du(r), A<0.
A general fuzzy linear system is as follows:

1121 + A12%2 + +++ + 1Ty = Y1

2171 + Q22T2 + -+ - + A2pn Ty = Y2 2)

an1T1 + ap2%2 + -+ AnpTn = Yn,
where the coefficient matrix A = (a;;), 1 <4,j < nis a crisp n X n matrix and
y = (y:), 1 <i < nisa fuzzy vector. This system is called a fuzzy linear system
(FLS). By (2.1), the system (2.1) is equivalent to the following parametric system:

Yo i = X T = Ui
(3)

n n [ J—
Dojm1 QT = D Uiy =T

If for a particular 7 : a;; >0, 1< j < n, then we obviously get

n n
E AijTj =Yi » E aijTj = Yi-
j=1 =1
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In general, an arbitrary equation for either y; or 7; may include a linear combi-
nation of x; 's and ¥; 's. Consequently, in order to solve the system given by Eq.
(??) one must solve a (2n) X (2n) crisp linear system, where the column on the

right is the vector (y1,¥y2,. .-, Yn, 1,02, - - - 7 L
Let us now rearrange the linear system of Eqgs.(??) so that the unknowns are
(xi,—%;), 1 <i < n and the column on the right is

Y = (&7&7 ce 7ylu _ma _1727 AR _%)T
Define a (2n) x (2n) matrix Z = (z;;) as follows:

aij 20 = Zij = Gij, Zifnj4n = Qij, (4)
aij <0 == Zijin = —Qij, Zitnj = —0ij.

Any z;; which is not determined by (2.1) is zero. Then the system (??) may be
written in the following crisp block form:

=y — (220 5o )(X)=(%) O

where B,C € ™" and
x1(r) z1(r) yi(r) 71(r)

Y: 5 X: . 5 ?:

T (r) T (r) Yn(r) Yn(r)
The definition of Z = (z;;) implies that B contains the positive entries of A, C
contains the absolute values of the negative entries of A and A =B — C.

X =

)

2.2. M-matrices and Some of their Properties.

Definition 2.2. [2] A real square matrix A = (a;;) is called an M-matrix if a;; < 0;
i # j and A=! > 0. For any real or complex n x n matrix A = (a;;), the comparison
matrix, denoted by Z(A) = (&;;(A)), and defined by

|Gij|» 1=
” - 6
&i(A) { el it (6)

is called an H—matrix if Z(A) is an M-matrix.
Definition 2.3. [2] A square matrix A is said to be generalized diagonally dominant
if
‘a,’ilﬂfi szijlﬂi]‘, i=1,2,...,n (7)
i
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for some positive vector x = (21, T, ...,2,)T, generalized strictly diagonally dom-
inant if (2.3) is valid with strict inequality and (strictly) diagonally dominant if
(2.3) is valid for x=(1,1,...,1)7.

Lemma 2.4. [2] Let A = (ai;) be an nxn matriz, with a;; <0, i # j and a; > 0.
If A is strictly diagonally dominant, then A is an M -matriz.

Lemma 2.5. [2] a) A matriz A = (a;;), with a;; <0, i # j, is an M-matric if
and only if there exists a positive vector X, such that Ax is positive.

b) A matriz A = (a;5) is an H-matriz if and only if A is generalized strictly
diagonally dominant.

Theorem 2.6. [2| Let A = (a;;) be a matriz of order n, with a;; <0, i # j. Then
the following are equivalent:

a) A is generalized strictly diagonally dominant and a; > 0.
b) A is an M-matriz.

2.3. Schur Complements. Let the matrix A be partitioned into the two-by-two

block form
A= ( A A ) (8)
Aoy Axp )’

where A;;, i = 1,2 are square matrices.

Definition 2.7. [2] If A;; is nonsingular, we define
S = A/A11 = A22 — A21A1_11A12, (9)

S is called the Schur complement of A with respect to A1y.

Note that S is in the position Asy of A after we use Gaussian-elimination to
convert Asy to zero in A. In fact, the block matrix triangular factorization of A is
readily found to be

A I 0 Ay 0 I Al A (10)
A Al T 0o S 0 I '
Hence we may write the inverse of A in one of the two forms (11) and (12) as
follows:
A_1 _ I 7A1_11A12 Al_ll 0 I 0 (]_]_)
0 I 0o St —Ap AT T

A_l _ Al_ll + A1_11A125_1A21A1_11 —A1_11A125_1
—ST Ay AL St
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If both A" and A5 exist, an alternative expression for A~! is

_ St —ATAS;!
Al = 1 3 11 _12 2 ) 13
where ( =5 1A21A111 52 1 .

Theorem 2.8. [2] Let A be an M -matriz that is partitioned in a two-by-two block
form. Then the Schur complement
S =A/A1 = Ay — A AT Ay

exists and is also an M -matrix.

3. Solving a Fuzzy Linear System when A Is an M-matrix

3.1. Solution to a Fuzzy Linear System. To study the solution to a fuzzy linear
system, it is first necessary to discuss the generalized inverses of the matrix Z in a
special structure.

Definition 3.1. [5] Let X = { (24(r),7i(r)); 1<i<n }
denote a solution of ZX =Y. The fuzzy number vector
U={(w(r),w(r)); 1<i<n}
defined by
wi(r) = min { i(r), 75(r), z:(1), (1) }
Wi (r) = max { z;(r), Ti(r), z;(1), (1) }
is called a fuzzy solution of ZX =Y. If (z;(r),Z;(r)); 1 < i < n, are all fuzzy

numbers and w;(r) = 2;(r), @(r) = Fi(r), 1 <i < n, then U is called a strong
fuzzy solution. Otherwise, U is a weak fuzzy solution.

From (2.1) we have the following assertion:

(14)

Theorem 3.2. [12] Let matriz Z be in the form (2.1). Then the matriz

Z_l( (B+C)~+(B-C)~ (B+C)~ —(B-C) )
2

(B+C)~—(B—C)~ (B+C)~+(B—0C)- (15)

is a g-inverse of the matrix Z, where (B + C')~ and (B — C)~ are g-inverses
of the matrices B + C' and B — C, respectively. In particular, the Moore-Penrose
inverse of the matrix Z is

g L (B+O)+(B-0O)F (B+CO) —(B-0) (16)
"2\ B+O)Y—-(B-OF (B+O)+(B-0)f

In this paper, we consider only the case when m = n; thus Z is nonsingular if
and only if the matrices A = B — C and B 4 C are both nonsingular [7, Theorem
1]. Hence, as a direct consequence of Theorem 3.2, we have the following corollary.
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Corollary 3.3. [7] If Z~! emists, it must have the same structure as Z, i.e.
n T
-1 _ 1 12
7=(% 1)

(B+C)'+(B-C)],
[(B+ C)—1 — (B - C)—l].

where
T =

1
2
T, =}
The next result provides a sufficient condition for the solution vector to be a
fuzzy vector.

Theorem 3.4. [12] For the consistent system (2.1) and any g-inverse Z~ of the
coefficient matrix Z, X = Z~Y is a solution to the system and therefore it admits
a weak or strong fuzzy solution. In particular, if Z~ is nonnegative with the special
structure (3.2), then X = Z~Y admits a strong fuzzy solution for arbitrary fuzzy
vector Y.

Corollary 3.5. [12] For the n x n fuzzy linear system, if Z~1 exists, then for an
arbitrary fuzzy vector Y, the unique solution X = Z~1Y is a fuzzy vector if Z~1 is
nonnegative.

3.2. Properties of the Equivalent Crisp Matrix Z. We consider the solution
of FLS, Az = y when A is an M-matrix and ¥ is a fuzzy vector. Then (2.1),

o . B . .
implies that z;; > 0, 1<4,7j <nand Z = C g where B is the diagonal
matrix containing the diagonal entries of A and C' contains the absolute value of
the off-diagonal entries of A. In other words, B = diag(ai1, a2, ..., any), and so
(B~! = diag(i, %22, ceey ﬁ)), and C' = (¢;j)nxn Where

Cij = —Qqy, ].SZ,_]S’H, ’L;éj

Theorem 3.6. If A is an M-matriz then Z, as defined by (2.1), is an H-matriz.

Proof. From theorem 2.6, it is clear that A is generalized strictly diagonally domi-
nant and a;; > 0. Thus from lemma 2.5 for some > 0, x € R™ we have

laiile; > lagle;,  i=1,2,...,n.
i (17)

To complete the proof, it is sufficient to show that Z is generalized strictly
diagonally dominant. Let y = [#7, 27|, where = is the vector corresponding to the
matrix A. Then it may easily be checked that the relation

2n

ziily > Y |zijly;, 5 #4, 1<i<2n.
j=1

holds for the matrix Z defined in (2.1). O

(18)
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3.3. Solution Using the Schur Complement. In this section we employ the
Schur complement for computing Z~! where Z is defined by (2.1) with block form

Z = ( g g ) where B is a diagonal matrix and C' is a nondiagonal matrix whose

entries are absolute values of the off-diagonal entries of A if A is an M-matrix. It
is clear from (2.7), (2.3) and (2.1) that S =5, = S = B— CB~!C and so

. s _plos
7= ( ) ) (1)

Theorem 3.7. Let A be an M-matriz, in FLS, Z be the extended crisp matriz of
A, and S be its Schur complement. Then we have

S~lcB~t'=pB7lcs!

Proof. Let P = S—1, Q1 = —B71CS™!, Qs = —S7'CB~!'. We must prove
Q1 = Q2. From (3.3) and (2.1) we have

o B C P Q\ (10
t=no (25) (a0 #)-(07)

thus
BQ1+CP=0 . Q. =-B7'CP
CP+BQ2:O QgifBilcP
which completes the proof. (Il

From theorem 3.7 we have

71 = < ) (20)

where P = S~!, Q = —PCB~!. Hence (2.1) and (3.3) imply that

()= %)(5)

X=PY-QY

Qv

or

(21)
X =PY - QY.

3.4. Some Properties of Z~!. To investigate properties of Z~!, we shall need
the following definitions and lemmas:

Definition 3.8. [4] Let A = (a;;) be an m x n matrix. We define a matrix norm
||A]| as follows:

n
1A = maz1<icm Y lay|-
j=1
Lemma 3.9. [4] For any matrices, A and B, we have
[AB|| < [ AllllBI],
and consequently || A?]| < || A%
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Lemma 3.10. [4] The matriz series
T+ A+ A+ +AF 4.
converges to (I — A)~! if |Al| < 1.

Theorem 3.11. Let A be a strictly diagonally dominant matrix with the extended
crisp matriz defined by (2.1) and the inverse defined by by (3.3). Then

P>0, Q<O0.
Proof. We know that P = S~! = (B — CB~'C)~!, thus
B 'S=1-B"'CB'C.
Let E = B~'CB~1C. We prove ||E|| < 1. From (2.1) we have

1
ail (1) o 0 0 a2 -+ Qip
Bilc 0 i . 0 asy 0 e Aon,
0 0 1 e 0
e a an1  ap2
nn
a1z N Qin
ail ail
o a2 az2
an1  Gn2 ..
Ann Ann O

Thus by the Lemma 3.9 and inequalities (3.2) we obtain

n
B0 = mazcien 3 2 < 1.
- a
j=1

Therefore
1Bl = 1(B7*C)?| < |B7'C|? < 1,
and from lemma 3.10
(I-E)y'=I+E+FE*+--->0.
Hence ST'B=(I-E)!>0and P=S"!'=S"'BB~! >0. From Q = —-PCB~!
and P>0, C >0, B~!>0,itis clear that Q < 0 and the proof is complete. [

Theorem 3.12. Let A = (a;;) be an n x n matric with the following properties:
a) a;; <0 fori# j and there exists at least one negative off-diagonal entry.
]I))CL“‘>O7 1=1,---,n.

c) A is strictly diagonally dominant.

X
Then there exists a fuzzy vector Y such that X = ( } ) = Z7Y is not a fuzzy

vector i.e.

1(r) = (z1(r), 71(r))

2a(r) = (@a(r), T (1))
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is not a strong fuzzy solution for system (2.1).

(Note: If the assumption (a) fails then C = 0 and there is a fuzzy solution by
corollary 3.5)

Proof. Suppose

P11 - DPin qin 0 Qin
: , Q= :
Pn1 " Pnn gnl " Gnn
From the assumptions, Theorem 3.11 holds and from second part of assumption
(a),Q # 0. Since P is non-singular and non-negative, hence there exist iy and j;

such that g;, ;, < 0 and p;, j, > 0, 1 < g, Jo,J1 < n. Now we construct a fuzzy
vector Y such that X = Z~1'Y is a non-fuzzy vector. Let us write

P =

P11 Pin Q1 qin yi(r)
X — Z_1Y _ Pn1 e Pnn dni e dnn yllT)
qgi1 - qin pPir - DPin —Y1 (T)
qn1 ' 4nn Pn1 " Pnn _%(T)
1(r)
| za()
—z1(r)
22
~Tn(r) 22)

It is sufficient to construct Y such that x;,(r) is a non-fuzzy number. From (3.4)
we have
%(T) = p’iolﬂ(’r) + +pi0j9%(r) +oe
FPion¥n (1) = Gio1¥1(r) = -+ = igji Vji (1) =+ = dign¥n (7)-
We have the following two cases:
Casel. jo = ji. In this case, for the real numbers a;, 1< i < n, ¢j, and dj, we

define
{ &(T):m(r):a’iv (1S’LSTL, Z#]O)

@(T) = Qj,T, %(T) = Cj,T + djo
in which a;, > 0, ¢;, < 0 and ¢;, # —a;,. Then from (3.4) we will have

(23)

(24)

n
2ig(r) = Y (Pij = Gioj) i + Piojo@ioT = GinjoCiaT — Giajo o
I=Ljt54
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n
= iy (1) = Pinjo@io — GiojoCio)" + D, (Pij = ioi) @i — Gingojo-
I=li54
Now it is sufficient to define the coefficient of the parameter r so that the function

. . L dmig(n) .
(1) is a decreasing function i.e. —=— < 0. Hence the coefficients c;, and a;, are

determined so that p;,;,aj, — igjoCjo < 0. Also, to preserve the fuzziness of Y, it is
sufficient to have y;, < 7, or, equivalently, a;,r < ¢;,r+d;,; i.e. (aj, —cjo)r < dj,

d,
orr < ajoiocjo. If we set dj, = aj, — cj,, then 0 <7 < 1.

Case2. jo # ji1. In this case, for the real numbers a;, 1 < i < n, ¢;, and dj,
we define
yi(r) =7i(r) = a;, (1<i<n, i# jo)
yjio(r) = QT %(7‘) =CjpT + djo
Y (r) = a,r, Y5 (r) = ¢yr +dj, (25)
where aj, > 0, ¢;, <0, ¢j, # —aj,, aj, >0, ¢;;, <0 and ¢;, # —aj,. From (3.4),

we have

n
zig(r) = Y (Pioj = €ioj) @i + PiojoioT = GinjoCiaT — iajoso
J=15250.91

FPiojs @i T = Qiojs Cir T — Qioja djy

or

Tig (7”) = (piojo Qjo + Digj1 @4y — QigjoCio — Giojr Cia )T

n
+ > (P = Gioi) @5 — Gingoio — Giojr iy -
I=L%50.51

Choosing aj,,aj,,cj, and c;, to satisfy

DiojoUjo T Piogr @iy < QiogoCio + Tiojr Cia

dx;, (r) .
guarantees —— < 0. Thus if
djy = ajy = Cjos djy = a5y = Cjy,
the vector Y will be fuzzy, but the number z; () will not be fuzzy. O

4. Numerical Results

Example 1: Consider the 2 x 2 fuzzy linear system

221 —x9 = (1,3 —7)
*3(51 +4$2:(7“71,57?”)
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where A = < _23 _41 > is obviously an M-matrix. The extended 4 x 4 matrix is
2 0 0 1
0 4 30
Z =
0 1 2 0
3 0 0 4
where

From (2.2) we have

2 0 0 -1
| 0 4 =3 0
=E2=1 0 -1 2 o0

-3 0 0 4

Clearly 2(Z), is an M-matrix, thus Z is an H-matrix. By (3.3)

-1
el ip i (1250 (08 0
P=5"=(B-CB"C) _< 0 2.5) _<0 0.4)

1 [ 0 02
@=-rcs _<—0.6 0 )

() ()
(Q P) <_8.6 —0.2) (0.8 0)

and thus

0 04
Let

so we have

and from (3.3),

_ 08 0 r 0 02 3—r
XPYQY( 0 O.4>(T_1><_0.6 0 )(5—7“)

0.6r+1
—02r+1.4

“
X =PV -Qy - < 00(>( >_<—8.6 _8‘2><,ﬁ1)

067’+22)

,,J;

0.2r +2
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and thus

x1(r) = (z1(r),Z1(r)) = (0.6r + 1, -0.61 4 2.2),

z2(r) = (22(r), T2(r)) = (—0.2r +1.4,0.2r 4+ 2).
Obviously, x1, 2 are not fuzzy numbers. Therefore the corresponding fuzzy
solution is a weak fuzzy solution given by

{ ui(r) = (0.6r +1,—0.6r + 2.2)
us(r) = (1.2,2.2).

Example 2: Now consider a system where the coefficient matrix is the same as in
the previous example, but where the fuzzy vector on the right hand side leads to a
strongly fuzzy solution.

2x1 — a9 = (2r,—3r +5)
—3x1 + 4o = (5r + 1, —4r + 10)

2 -1
where A = < 3 4 > and

1
0
0 1 2 0
30 0 4
From the previous example we have
08 0 0 -0.2
P_<0 0.4) ’ Q_<—0.6 0 )’
08 0 0 -0.2
0 04 —-06 0
Z—l
0 —0.2 0.8 0
—-06 0 0 04

_ 2r — —3r+5
Y_(5r+1> Y <4r+10>

and thus from (3.9) it follows that
B - _ (08 0 2r 0 0.2 —3r+5
X_PY_QY_< 0 0.4><5r+1>_<—0.6 0 )(—4r+10>
. 0.8r +2
“\ 02r+34
v _ oo (08 0 —3r+5 0 0.2 2r
X_PY_QY_< 0 0.4>(4r+10>_<0.6 0 )(5r+1>
[ —l4r+4.2
o —0.4r+4

z1(r) = (z1(r),T1(r)) = (0.8r + 2, —1.4r + 4.2),

Also

so that
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xo(r) = (z2(r),T2(r)) = (0.2r 4+ 3.4, —0.4r + 4).
Obviously z1(r), x2(r) are fuzzy numbers for 0 <r <1, and
2<uxzi(r) <28, 28<7T(r) <42, 34<ay(r) <36, 3.6<73(r)<4
21(1) =28, 71(1) =28, 22(1) =36, 73(1) = 3.6.

Therefore
z1(r) = min{z (r), 71(r), 21 (1), 71(1)},
71(r) = max{z (r), Zi(r), 22 (1), 71(1)},
za(r) = min{xza(r), 72(r), 22(1), 72(1)},
T(r) = max{zy(r), T2(r), 22(1), 72(1)},

so X is a strong fuzzy solution.
Example 3: Consider the 3 x 3 fuzzy linear system

6x1 —4dxo —x3 = (1,1 —71)
—x1 + 529 — 223 = (r + 1,3 — 1)
—x1 + +dx3 = (r —2,—r).

The coefficient matrix is

6 -4 -1
A= -1 5 =2
-1 0 4
which is an M-matrix. Also,
r 1—r
Y = r+1 , Y= 3—r
r—2 —r

The extended 6 x 6 crisp matrix is as follows:

6 0 O 0 4 1
0 5 0 1 0 2
0 0 4 1 0 0
7 =
0 4 1 6 0 O
1 0 2 0 5 0
1 0 0 0 0 4
where
6 0 O 0 4 1
B = 0 5 0 , C= 1 0 2
0 0 4 1 0 0
and
6 0 0 0 -4 -1
0 5 o -1 0 =2
— 0 0 4 -1 0 0
== 0 4 21 6 0 o0
-1 0 -2 0 5 0
-1 0 0 0 0 4
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Since =(Z) is an M-matrix, Z is an H-matrix. Moreover,

413 128 64
2031 0737 749
_(B_cR-1Mm- 230 181 15
P=(B-CB™C) 9737 T4 749 |
40 396 198
9737 9737 749
160 809 43
9737 1973 749
_ -1 221 184 92
Q=-PCB™" = —%55; —omr 749 |
495 32 16
9737 9737 749
thus
413 128 64 160 809 43
2031 0737 749 9737 1973 749
230 181 15 221 184 92
9737 774 749 5223 9737 749
40 396 198 495 32 16
P 9737 9737 749 —9737 9737 749
o _ 160 _ 809 _ 43 413 128 64 ’
9737 1973 749 2031 9737 749
221 184 92 230 181 15
5223 0737 749 9737 774 749
495 32 16 40 396 198
9737 9737 749 9737 9737 749
and from (3.3) we have:
3376
107r + 9737
_ NV 2851
X=PY -QY 107 T+ 5737
25 .. 4161
107 9737
2830
107 T+ 5737
~ _ B _ 10 4853 | .
X=PY-QY =| —qmr+tom |
25 844
—707" T o737
i.e.
_ _ 7 3376 2830
w1 (r) = (z1(r), T1(r)) = (7557 + 5559, — 107" + 737)
_ 2851 10 ., 4853
zo(r) = (z2(r), T2(r)) = (107 T+ 5737 — 107" T+ o737)
_ — 25 4161 _ 25 844
z3(r) = (z3(r), 73(r)) = ({577 — 5737> — 707" T 9737

which 1, 2, @3 are fuzzy numbers, but u(r) = Z1(r), wi(r)
corresponding fuzzy solution is a weak fuzzy solution given by

= z1(r), thus the

ur(r) = (wa(r) , @)= @) , =101) =Gz . o75)
ua(r) = (uz(r), w2(r)) = (z2(r), 72(r) = (357 + 357 — 1057 + 5737
us(r) = (us(r), @s(r)) = (23(r), T3(r)) = (F5r — G157, — 105" + 7757)-
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