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ALMOST S*-COMPACTNESS IN L-TOPOLOGICAL SPACES

G. F. WEN, F. G. SHI AND H. Y. LI

ABSTRACT. In this paper, the notion of almost S*-compactness in L-topological
spaces is introduced following Shi’s definition of S*-compactness. The prop-
erties of this notion are studied and the relationship between it and other
definitions of almost compactness are discussed. Several characterizations of
almost S*-compactness are also presented.

1. Introduction

The concept of compactness is one of the most important concepts in general
topology. The notion of compactness in [0, 1]-fuzzy set theory was first introduced
by C. L. Chang in terms of open cover [5]. However the analogue of Tychonoff
Theorem is false in Chang’s compactness theory [13]. Hence Gantner, Steinlage
and Warren introduced the idea of a-compactness [11], Lowen introduced the ideas
of fuzzy, strong fuzzy, as well as ultra-fuzzy compactness [18, 19], Liu defined Q-
compactness [16] and Wang and Zhao defined N-compactness [28, 30]. Recently
Shi has introduced S*-compactness [24]. In 1924, Alexandroff and Urysohn [1]
studied the idea of almost compactness (a weak form of compactness) in topological
spaces. The analogous concept in fuzzy topological spaces was first studied by
Concilio and Gerla [8] and developed by A. Haydar Es [10], M.N. Mukherjee and
R.P. Chakraborty [23]. However, Concilio and Gerla’s definition of fuzzy almost
compactness is not a good extension of the notion in general topology.

In [4], the notion of almost compactness was again generalized to [0,1]-topological
spaces following Lowen’s definition of compactness [19]. In [6, 15, 22], it was also
generalized to L-topological spaces following Lowen’s definition of fuzzy compact-
ness, Kudri’s definition of compactness, and Wang’s definition of N-compactness.

In this paper, we generalize the concept of almost compactness to L-topological
spaces following Shi’s definition of S*-compactness [24]. We call this concept al-
most S*-compactness. We first prove several properties of almost S*-compactness
and study some characterizations. Then we discuss the relationship between the
different definitions of fuzzy almost compactness in L-topological spaces.

2. Preliminaries

Throughout this paper (L,\/, A\, ) is a completely distributive DeMorgan alge-
bra, X is a nonempty set and L¥X is the set of all L-fuzzy sets on X. The smallest
element and the largest element in LX are denoted by 0 and 1 respectively.
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An element a in L is called a prime element if @ > b A ¢ implies a > b or a > c.
a in L is called a co-prime element if o’ is a prime element [12]. The set of nonunit
prime elements in L is denoted by P(L) , the set of nonzero co-prime elements in
L is denoted by M (L) and the set of nonzero co-prime elements in L is denoted
by M(LX).

The binary relation < in L is defined as follows: for a,b € L, a < b if and only
if for every subset D C L, the relation b < sup D always implies the existence of
d € D with a < d [9]. In a completely distributive DeMorgan algebra L, each
element b is a sup of {a € L | a < b}. In the sense of [17, 29], {a € L | a < b},
denoted by 5(b), is the greatest minimal family of b. Moreover, for b € L, we define
ad)y={ae L|a <V} and a*(b) = a(b) N P(L).

Following [24, 27], for a € L and A € L, we write:

A = {r € X | A@) > a}), A —{z € X |acBA@)
Al ={z e X | A(x) £ a}.

An L-topological space (or L-space for short) is a pair (X,7), where 7 is a
subfamily of LX which contains 0, 1 and is closed for any suprema and finite
infima. 7 is called an L-topology on X. Each member of 7 is called an open L-set
and its complement is called a closed L-set.

For a subfamily ® C LX, 2(®) denotes the set of all finite subfamilies of ®.

The operator w was first introduced by R. Lowen in [19]. It was generalized to
an L-fuzzy setting by T. Kubiak in [14]. The following is an equivalent form of
their definition:

Definition 2.1. [14, 17, 29] For a topological space (X, T), let wr(7T) denote the
family of all lower semi-continuous maps from (X,7) to L, i.e., wp(7) = {A €
LX | A ¢ 7T VYa € L}. Then wy(T) is an L-topology on X and we said that
(X,wr (7)) is topologically generated by (X, 7).

The concept of weakly induced spaces was introduced by H-W. Martin in [20]
and generalized to an L-fuzzy setting by Y.M. Liu and M.K. Luo in 1987. An
equivalent form of their definition is as follows:

Definition 2.2. [17, 20, 29] An L-space (X, 7T) is called weakly induced if Va € L,
VA € T, it follows that A(®) € [T], where [T] denotes the topology formed by all
crisp sets in 7.

It is obvious that (X,wr (7)) is weakly induced.
Lemma 2.3. [20, 24] Let (X, 7T) be a weakly induced L-space, a € L, A € T. Then

A(q) is an open set in [T].

Definition 2.4. A € L¥ is called (1) semi-open [3] if A < A°~, (2) regularly
open [3] if A7° = A and (3) a-open [21] if A < A°~°. The complement of a semi-
open L-set is called semi-closed, the complement of a regularly open L-set is called
regularly closed and the complement of an a-open L-set is called a-closed.



Almost S*-compactness in L-topological Spaces 33

Definition 2.5. Let (X,77) and (Y,72) be two L-spaces. A map f : (X,7;) —
(Y, 73) is called (1) almost continuous [3] if f; (G) € Ty for each regularly open
L-set G in (Y, 73), (2) weakly continuous [3] if f; (G) < f; (G7)° for each open
L-set G in (Y,7T2) and (3) strongly continuous [2] if f77(G™) < f7’(G) for each
L-set G in (X, Th).

Definition 2.6. [25] A net S with index set D is denoted by {S(n) | n € D} or
{S(n)}nep-. For G € L¥, anet S is said to quasi-coincide with G if Vn € D, S(n) £
G

Definition 2.7. [25] Let o € M(L). A net {S(n) | n € D} in L is called an
a~-net if there exists ng € D such that Vn > ng, V(S(n)) < «, where V(S(n))
denotes the height of S(n). A net {S(n)},ep in LY is said to be a constant a-net
if the height of each S(n) is a constant value a.

Obviously each constant a-net is an a™-net.

Definition 2.8. [29] Let (X,7) be an L-space. A € T’ is called a closed remote
neighborhood of a fuzzy point z, if z, £ A. A € L¥ is called a remote neighborhood
of z, if there exists B € 7’ such that A < B and B is a closed remote neighborhood
of x,. The set of all closed remote neighborhoods of x, and the set of all remote
neighborhoods of z, are denoted by 7~ (z,) and 7(z,), respectively.

It is evident that A € n(x,) if and only if A~ € ™ (z,).

Definition 2.9. [30] Let A € LX, a € M(L). ® C T’ is called an a-remote
neighborhood family (briefly a-RF') of A, if for each z, < A there is P € ® such
that P € n~(x,). @ is called an a -RF of A if there exists b € §*(a) such that ®
is a b-RFE of A.

Definition 2.10. [6] Let A € LX, a € M(L). ® C 7’ is called an almost a-RF of
A, if for each 2, < A there is P € ® such that P° € n(z,). ® is called an almost
a”-RF of A if there exists t € 3*(a) such that ® is an almost t-RF of A.

Definition 2.11. [22] Let A € LX, r € P(L). Q C L is called an r-cover of A if,
for each = € Ap,), there is U € Q such that U(z) & 7. Q is called an r*-cover of A
if there exists t € a*(r) such that 2 is a t-cover of A.

The notion of r-cover is equivalent to the notion of r-shading in [14].

Definition 2.12. [22] Let A € LX, r € P(L). Q C L¥ is called an almost r-cover
of A, if for each z € Ay, there is U € Q such that U~ (z) £ r. Q is called an
almost r*-cover of A if there exists t € o*(r) such that © is an almost ¢-cover of A.

Definition 2.13. [6] Let (X,7) be an L-space and G € L*. Then G is called
almost F-compact if for any r € P(L), each open rT-cover of G has a finite sub-
family which is an almost 7+-cover of G. (X, T) is said to be almost F-compact if
1 is almost F'-compact.

Definition 2.14. [24] Let (X,7) be an L-space, a € M(L) and G € L¥X. A
subfamily U of LX is called a B3,-cover of G if for any x € X with a ¢ 3(G'(x)), there
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exists an A € U such that a € B(A(x)). A By-cover U of G is called open(regularly
open, a-open, etc.) By-cover of G if each member of U is open (regularly open,
a-open, etc.).

It is obvious that U is a (,-cover of G if and only if for any x € X we have
a€f (G’(m) \VARY A(m))
Acu

Definition 2.15. [24] Let (X,7) be an L-space, a € M(L) and G € L¥. A
subfamily U of LY is called a Q,-cover of G if for any x € X, G(x) £ a/, implies

\V A(z) 2 a. A Qg-cover U of G is called open (regularly open, a-open, etc.)
AeU
Qq-cover of G if each member of U is open (regularly open, a-open, etc.).

Definition 2.16. [24] Let (X,7) be an L-space and G € LX. G is called S*-
compact if for any a € M(L), each open (,-cover of G has a finite subfamily V
which is an open Q,-cover of G. (X, 7T) is said to be S*-compact if 1 is S*-compact.

In [15], Kudri and Warner introduced a notion of almost compactness based on
Kudri’s compactness. Since Kudri’s compactness is equivalent to strong compact-
ness in the sense of [17, 29], we call this new notion, which is defined below, almost
strong compactness.

Definition 2.17. Let (X,7) be an L-space and G € LX. Then G is called almost
strongly compact if for any r € P(L), each open r-cover U of G has a finite subfamily
V such that V™ is an r-cover of G. (X, 7) is said to be almost strongly compact if
1 is almost strongly compact. .

Definition 2.18. [24] Let (X,7) be an L-space. An open L-set U is called a
strongly open neighborhood of a fuzzy point zy, if A € (U(z)). An L-set A is
called a strong neighborhood of z, if there exists a strongly open neighborhood B
of x, such that B < A.

Definition 2.19. [8] An L-space (X,7) is said to be regular if and only if each
open L-set A is a union of open L-sets whose closure is less than A.

3. Definitions and Properties of Almost S*-compactness

Definition 3.1. Let (X,7) be an L-space and G € LX. Then G is called almost
S*-compact if for any a € M (L), every open [3,-cover of G has a finite subfamily
V such that V= = {A~ | A € V} is a Qq-cover of G. (X,7) is said to be almost
S*-compact if 1 is almost S*-compact.

The following theorem is obvious.
Theorem 3.2. S*-compactness implies almost S*-compactness.

Theorem 3.3. Let (X,T) be a reqular L-space and G € LX. Then G is almost
S*-compact if and only if G is S*-compact.
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Proof. The sufficiency is obvious. Hence we only need to prove the necessity. Let
A = {A;}icr be an open §,-cover of G. By regularity of (X, 7), we know that for
each i € I, there exists a family {B;; | j € J;} of open L-sets such that A; = \/ Bj;
J€J;
and B;; < A;. Let B = {B;j |i€l,je J;}, then B is an open [,-cover of G. By
almost S*-compactness of G, we know that B has a finite subfamily C such that
C~ ={C~ | C eC}isaQqcover of G. Suppose C = {B;; | i € Iy,j € Jio}, where
Iy and J;p are finite subfamilies of I and J; respectively. Obviously, \/ Bi; <
i€lp jEJ0

V A;, hence {A; | i € Iy} is a finite open Q,-cover of G. It follows that G is
i€ly

S*-compact. O

Theorem 3.4. Let (X,7T) be an L-space and G € LX. Then G is almost S*-
compact if and only if for any a € M (L), each regularly open Bq-cover of G has a
finite subfamily V such that V™ is a Qq-cover of G.

Proof. Again, the necessity is obvious. Now, for any @ € M (L), suppose that U is an
open (,-cover of G. Then H =U"° ={A7° | A € U} is a regularly open [3,-cover
of G. So there exists a finite subfamily V of U such that V=°~ = {4A7°~ | A € V}
is a Qq-cover of G. Since A=°~ < A~ for any A € V, hence V™ is a Q,-cover of G.
This shows that G is almost S*-compact. ([l

Theorem 3.5. If both G and H are almost S*-compact, then GV H is almost
S*-compact.

Proof. For any a € M (L), suppose that U is an open (,-cover of GV H. Then from

(GVH) @)V \/ Alz) = (G’(r)\/ \/ A(m)) A (H’(m)v \ A(a:))

AeU AcU AcU

Aeu AeclU
So U is an open (,-cover of G and H. From almost S*-compactness of G and H,
it follows that ¢/ has finite subfamilies V; and V, such that V; is a ()4-cover of G
and Vy is a Q,-cover of H. Hence for any z € X, a < G'(z) vV \/ A~ (x) and

we obtain that forany x € X, a € g G'(z)v V A(ac)) anda€p <H’(ac) vV A(x)).

AeVvy
a< H(zx)v \V A (z). Now let W =V, UV,. Then W is a finite subfamily of U
A€V,
and it satisfies the conditions a < G'(z)V \ A (z)anda < H'(x)V \ A~ (x).
Aew Aew

It follows that a < (G V H)'(z) V \/ A~ (x), which implies W~ is a Qq-cover of
G V H. Therefore G V H is almost S* -compact. ([

Theorem 3.6. If G is almost S*-compact and H is a clopen set, then G AN H is
almost S*-compact.

Proof. For any a € M (L), suppose that ¢ is an open [,-cover of G A H. Then
U U{H'} is an open (,-cover of G. By almost S*-compactness of G, we know
that & U {H'} has a finite subfamily V such that V~ is a Q4-cover of G. Take
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W =V\{H'}. Then W~ is a Q,-cover of G A H. This shows that G A H is almost
S*-compact. [

Theorem 3.7. Let f : (X, T1) — (Y,72) be almost continuous. If G is almost
S*-compact in (X, Ty), then so is f;”(G) in (Y, Tz).

Proof. For any a € M(L), suppose that & C Ty is an open [q-cover of fi”(G).
Then U~° = {A™° | A € U} is a regularly open §,-cover of f;”(G). For any y € Y,

we have that a € 3 (ff(G)’(y) vV Ao(y)). Since f is almost continuous and
AelU

@@V VAL = A (G'mv VoA (f(:v)))

Aeu zef—1(y) Aeu

A (e@v V sam),
z€f~1(y) AeU

It follows that f; (U~°) = {f; (A7°) | A € U} is an open G,-cover of G. By
almost S*-compactness of G, U has a finite subfamily V such that f; (V=°)" isa
Qq-cover of G. Hence for any y € Y,

o< A (G@v Ve @)
zef~1(y) Acvy
< A (e@vV saem)
zef~1(y) Aecvy
= LGV V A (y)
Aey
< @)V VA ().
Aev
This shows that V™ is a Q,-cover of f;’(G). Therefore f;°(G) is almost S*-
compact. O

The following theorems can be proved similarly.

Theorem 3.8. Let f: (X, 71) — (Y, T2) be weakly continuous. If G is S*-compact
in (X,Th), then f7"(G) is almost S*-compact in (Y, T3).

Theorem 3.9. Let f : (X,77) — (Y, T2) be strongly continuous. If G is almost
S*-compact in (X, Ty), then fi7(G) is S*-compact in (Y, T3).

The following theorem shows that the notion of almost S*-compactness is a good
extension of the notion of almost compactness in general topology.

Theorem 3.10. If (X,7T) is a weakly induced L-space, then (X,T) is almost S*-
compact if and only if (X,[T]) is almost compact.

Proof. Let (X,[7]) be almost compact. For a € M (L), let U be an open [,-cover
of 1in (X,7). By Lemma 2.3, {A(,) | A € U} is an open cover of (X,[T]). By
almost compactness of (X, [7]), we know that there exists a finite subfamily V of
U such that (V(4))” = {(A(@))” | A€V} is a cover of (X, [T]). For any A €V, by
(Aa))™ € (Aa))™ € (A7 )[q) we know that V™ is a Q,-cover of 1 in (X, 7). This
shows that (X, 7) is almost S*-compact.
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Conversely let (X, 7) be almost S*-compact and W be an open cover of (X, [T]).
Then for each a € 5*(1), {xa | A € W} is an open [4-cover of 1 in (X,7T). By
almost S*-compactness of (X, 7), we know that there exists a finite subfamily V of
W such that {(xa)” | A € V} is a Qq-cover of 1 in (X, 7). By (xa)” = xa- we
know that V™ is a cover of (X, [T]). This shows that (X, [7]) is almost compact. O

Corollary 3.11. Let (X,7) be a topological space and (X,wr (7)) be generated
topologically by (X, 7). Then (X,wr (7)) is almost S*-compact if and only if (X, T)
is almost compact.

4. The Relationship between Different Definitions of Almost
Compactness

In order to compare almost S*-compactness and almost F-compactness, we first
study some characterizations of almost F-compactness. The following lemma is
obvious.

Lemma 4.1. Let (X,7) be an L-space and G € LX, Q C LX. Then
(1) Q is an r-cover of G if and only if G'(x) vV \| A(z) £ r for any z € X;
AeQ

(2) Q is an r*-cover of G if and only if )\ (G’(m) \VARY A(x)) £Lr;
zeX AeQ
(3) Q is an almost r-cover of G if and only if G'(x)V \/ A~ (x) £ r for any
AeQ

reX;
(4) Q is an almost v+ -cover of G if and only if N <G’(x) (VARVA. (z)) L.

zeX AeQ

Analogous to the method in [26], the following two theorems are obtained easily
from Lemma 4.1.

Theorem 4.2. Let (X,T) be an L-space and G € LX. Then the following condi-
tions are equivalent.

(1) G is almost F-compact.

(2) For every subfamily u c T,

N (G’(z)v \ A(;t)) <V A (G/(:c)v \/ A—(a;)>.

zeX Aeu vea) zeX Aev

(3) For every subfamily P € T,

\Vi (G(x) A B(x)) > NV (G(x) A Bo(x)> .
zeX BeP vea(P) zeX Bey
Theorem 4.3. Let (X,7T) be an L-space and G € L. Then the following condi-
tions are equivalent:

(1) G is almost F-compact.

(2) For any r € L\{1}, each open r*-cover of G has a finite subfamily which is
an almost r*-cover of G.
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(3) For any r € L\{1}, each open r*-cover of G has a finite subfamily which is
an almost r-cover of G.

(4) For any r € P(L), each open r*-cover of G has a finite subfamily which is
an almost r-cover of G.

(5) For any r € P(L) and each open v -cover U of G, there exists b € a*(r) and
a finite subfamily V such that V is an almost b-cover of G.

(6) For any a € L\{0} and any b € B(a) \ {0}, each open Q4-cover U of G has
a finite subfamily V such that V™~ is a Qp-cover of G.

(7) For any a € M(L) and any b € 3*(a), each open Qq-cover U of G has a
finite subfamily V such that V™ is a Qp-cover of G.

Theorem 4.4. Almost S*-compactness implies almost F'-compactness.

Proof. Let G be almost S*-compact. For each a € M (L), suppose that ® is an open
Qq-cover of G. Then a < G'(z) vV '\ A(z) for any z € X. Thus for all b € 3*(a)
Acd

we know that ® is an open (p-cover of G. By almost S*-compactness of G we know
that ® has a finite subfamily ¥ such that U~ is a Qp-cover of G. By Lemma 4.3
this implies that G is almost F-compact. (]

However, as the following example shows, F-compactness does not always imply
almost S*-compactness.

Example 4.5. Let L =[0,1], X = {2,3,4,--- } and 7 be an L-topology generated
by ® = {A,,B, | n € X}, where

1,1 — 1_1 _
Ag)={ 2F 0 T g gy =) 2T PO
0, x #n, 0, T #n.
From
1 1 _ 1 1 _
A%(x):lAn(x):{ ?75’ :p;n, andB%(:v):an(:v):{ 1?+ﬁ’ x;n,
) n, 5 xT n,
we obtain L1
_ + =, T=mn, _ 1 1
j_f7 .’E#TL, T

Obviously if a € (0.5,1], no subfamily of ® is an open @Q,-cover of 1. Thus we only
need to consider a € (0,0.5]. Suppose that U is an open Q,-cover of 1. For each
b€ (0,a), we can take A,, KU €U or B, < U € U. Then b < A, (z) < U ()
orb < By () <U~(x) when > | = g7 and 2 € X. Let I = {z | 2 € X and
x < 1}, then I is finite. For each x € I, there exists U, € U such that b < U,(x).
Let C = {U,,x € I'}|J{U}, then C is finite subfamily of & and C~ is a Qp-cover of
1. Therefore (X, T) is almost F-compact.

It is also clear that U = {A,}necx is an open [y s-cover of 1, but U has no
finite subfamily V such that V™ is a Qg5 -cover of 1, hence (X,7) is not almost
S*-compact.

Theorem 4.6. When L = [0,1], almost strong compactness implies almost S*-
compactness.
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Proof. Suppose that G is almost strongly compact and I/ is an open (,-cover of G.
Then U is an a-cover of G since

a€f (G'(w) \VARV A(m)) & a<G(z)V A\/MA(x)

AeUd €
& G'@)Vv V Al £a.
AeU

By almost strong compactness of G we know that there exists a finite subfamily V
of U such that V— = {A~ | A € V} is an a-cover of G. Obviously V™ is a Q,-cover
of G. Therefore G is almost S*-compact. O

However, as the following example shows, almost S*-compactness does not al-
ways imply almost strong compactness.

Example 4.7. Let L =[0,1], X = {2,3,4,--- } and 7 be an L-topology generated
by ® = {A,,B,,Cy | n € X}, where

1_1 _ 1,1 - 1 _
An(x) =4 27 T =n, Bu(z) = ¥+n> T =n, Co(z) =4 2 T =n,
0, T #n, 7 T #mn, 0, T # n.
It is obvious that when m # n we have
1
A NA, =Cy NChy = Ay ANCyy =0, Bn/\Bm:§
and B
A, ANB,, =A,, Co ANB,, =C A/\E—A B/\l—1 C/\E—C
n m T mny n m T mn» n 27 9 n 272) n 27 n-
Thus {A,, B, Cp | n = 273,4,-~-}U{%} is a base of (X, 7). By
1,1 _ 11 - 1 _
Ay@)=q 2Fm TEN g@ = 3T T @ =g 2 T
17 x;én, 2 l’#’"ﬂ 17 1’75”7
we have
1
1 1 1 1 T=n
Aj(@)==—=, By(@)=Bu), 5) ==, Ci(@)=4{ ¥ ’
F@) =51 Bi@ =B ()7 =3 Gl {;_;ﬂ o

Obviously for any a € (0.5, 1], no subfamily of ® is an open [3,-cover of 1. Thus we
only need to consider a € (0,0.5]. Suppose that U is an open (,-cover of 1. We can

take B, < U e U or % < U €U, then {U™} is a Q4-cover of 1. Otherwise, a < 0.5.

WecantakeAm<UEUOrCn<U€U,thenwhenx>l:ﬁandeX,
we have a < A, () KU (x)ora < C,(x) U (x). Let I = {z |z € X and
x < 1}, then [ is finite. For each = € I, there exists U, € U such that a < U,(z).
Let C = {U,,xz € I} J{U}. Then C is a finite subfamily of & and C~ is a Q4-cover
of 1. Therefore (X, 7T) is almost S*-compact.

Now U = {Bp}nex is a 0.5-cover of 1. However, for any finite subfamily V of

U, there exists x € X such that \/ A~ (z) = 0.5. So (X, 7) is not almost strongly
Aey
compact.
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The notion of almost N-compactness was defined in [22] as follows:

Definition 4.8. [22] Let (X,7) be an L-space and G € LX. Then G is called
almost N-compact if for any a € M (L), each a-RF ® of G has a finite subfamily
which is an almost ¢ -RF of G. (X,T) is said to be almost N-compact if 1 is
almost N-compact.

From the fact that P° € n(z,) < P°~ € n~ (z,), it follows that ® is an almost
a”-RF of G if and only if ®°~ is an a -RF of G. Hence Definition 4.8 is not a
generalization of almost compactness in general topology, but of near compactness.
In fact it is easily seen to be equivalent to near N-compactness as defined by Chen
in [7]. In the proof of several theorems in [22], the authors have used the following
fact:

P° e n(z,) < a £ P°(z).
This shows that results in [22] are correct. Thus we revise the definition of the
almost N-compactness as follows:

Definition 4.9. Let (X,7) be an L-space and G € LX. G is called almost N-

compact if for any a € M (L) and any a-RF ® of G, there exists a finite subfamily

U of ® and ¢t € §*(a) such that for all z € X, ¢t £ G(z) A A\ P°(z) . (X,7)is
Pev

said to be almost N-compact if 1 is almost N-compact.
Theorem 4.10. Almost N-compactness implies almost strong compactness.

Proof. Suppose that G is almost N-compact. For any r € P(L), let U be an open -

cover of G. Then U’ is an r'-RF of G. By almost N-compactness of G we know that

there exist t € 3*(r) and a finite subfamily V of U such that t £ G(z)A A A°(z).
Aey

This implies that

G'x)v \ A (2)=GC'(x)v \] A" (2) £ 1.

Aey AV
By r < t' we know that G'(z)V \/ A~ (z) & r,i.e., V™ is an r-cover of G. Therefore
A€V
G is almost strongly compact. ([

As the following example shows, almost strong compactness does not always
imply almost N-compactness.

Example 4.11. Let X = (0,1), 7 be a [0, 1]-topology generated by A, B and all
constant L-sets, where A(z) = z, B(z) = 1—x. It is obvious that A~ = A, B~ = B.

For a € [0, 1), suppose that I is an open a-cover of 1.

(1) If a > 0.5, take = 0.5, then A(z) = B(x) = 0.5. In this case, there exists
U € U such that U(xz) > a > 0.5, this implies that there exists a constant fuzzy set
s < U such that s > a. Therefore {U~} is an a-cover of 1.

(2) If a < 0.5, then we know from the structure of 7, that there exists a subfamily
Bof{r,rNA,rAB,r NAAB|r€[0,1]} such that B is a refinement of & and B
is an a-cover of 1. Obviously B has a finite subfamily D which is an a-cover of 1,
hence U has a finite subfamily which is an a-cover of 1.
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This shows that (X, 7) is almost strongly compact.
Let U = {A}. Then U is a 1-RF of 1. But there is no ¢t < 1 such that t € A(z) =
A°(z) for all z € X. So (X, T) is not almost N-compact.

Corollary 4.12. When L = [0,1], almost N-compactness implies almost S*-
compactness.

5. Other Characterizations of Almost S*-compactness

Definition 5.1. Let {S(n) | n € D} be a net in (X,T), zy € M(L¥X). z, is called
a weak Op-cluster point of S, if for each strongly open neighborhood U of z,, S
is frequently in U~. x) is called a weak Ogy-limit point of S, if for each strongly
open neighborhood U of zy, S is eventually in U~. In this case, we also say that

S weakly Og-converges to x) and write S WOs & A

From [24] we know that if S weakly O-converges to x then that S weakly Oy-
converges to x, and if z) is a weak O-cluster point of S then z) is a weak Op-cluster
point of S.

Theorem 5.2. An L-set G is almost S*-compact in (X, T) if and only if Va €
M(L), each constant a-net quasi-coinciding with G has a weak Og-cluster point

za ¢ B(G).

Proof. Suppose that G is almost S*-compact. For a € M (L), let {S(n) | n € D}
be a constant a-net quasi-coinciding with G. Suppose that S has no weak Op-
cluster point z, ¢ B(G’). Then for each z, ¢ 3(G’) there exists a strongly open
neighborhood U, of z, and n, € D such that Vn > n,, S(n) £ U; . Let ® = {U, |
xq ¢ B(G')}. Then ® is an open [,-cover of G. Since G is almost S*-compact, @
has a finite subfamily ¥ = {U,: | i = 1,2,--- , k} such that U~ is a Q,-cover of G.
Since D is a directed set, there exists ng € D such that ng > n,: for each i < k.
Thus Vn > ng, S(n) £ \V{U_, | i =1,2,--- ,k}. This contradicts the fact that ¥~
is a Q4-cover of G. Therefore S has a weak Og-cluster point z, ¢ 3(G’).
Conversely, suppose that for each a € M (L), each constant a-net quasi-coinciding
with G has a weak Op-cluster point z, ¢ B(G’). We prove that G is almost S*-
compact. Let ® be an open [,-cover of G. If for each finite subfamily ¥ of ®,
U~is not a Qg-cover of GG, then for each finite subfamily ¥ of ®, there exists
S(P) € M(LX) with height a such that S(¥) £ G’ and S(¥) £ \/¥~. Let
S = {S(¥) | ¥ is a finite subfamily of ®}. Then S is a constant a-net quasi-
coinciding with G. Suppose that S has a weak Og-cluster point x, ¢ 3(G’). Then
for each finite subfamily ¥ of ®, we have z, ¢ S(\/ ¥). In particular, z, ¢ G(B)
for any B € ®. But since ® is an open (,-cover of G, we know that there exists
B € ® such that z, € §(B), which is in contradiction with x, ¢ 8(B). So G is
almost S*-compact. O

Theorem 5.3. An L-set G is almost S*-compact in (X, T) if and only if Va €
M(L), each a™ -net quasi-coinciding with G has a weak Og-cluster point z, ¢ B(G").

Proof. The sufficiency is obvious and so we only need to prove the necessity.
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Let G be almost S*-compact, a € M(L) and {S(n) | n € D} be an a™-net
quasi-coinciding with G. Then there exists ng € D such that Vn > ng, S(n) < a.
Put E={ne€D|n=no} and

T={T(n)|neE,V(I'n)=a, the support point of T'(n) is same as S(n)}.

Then T is a constant a-net quasi-coinciding with G. Let x, be a weak Ogy-cluster
point of T'. It is easy to see that x, is also a weak Opy-cluster point of S. O

Definition 5.4. Let A € LX. The 6-closure of A is defined to be
cg(A) = N{V |A<V°,VeT'}.
The 6-interior of A is defined to be clp(A")’, written as intg(A).
The following lemmas are obvious.

Lemma 5.5. Let A € LX, then cly(A) € T', intg(A) € T, A~ < clyp(A), and
intg(A) < A°.

Lemma 5.6. If A€ T, then A~ =clg(A); If A€ T, then A° = inty(A).

Definition 5.7. An L-set A is called a ©-set if A = cly(B), for some B € LX.
An L-set A is called ©%-set if A = intg(B), for some B € LX.

Obviously, a ©%-set is closed and a ©P-set is open.

Theorem 5.8. An L-set G is almost S*-compact in (X,T) if and only if for each
a € M(L) and for each family U of ©F-sets such that U° forms a B,-cover of G,
there exists a finite subfamily V of U such that V is a Q4-cover of G.

Proof. (=) Suppose that G is almost S*-compact. For any a € M (L), let U be a
family of ©C-sets such that U° forms a B,-cover of G. By almost S*-compactness
of G, there exists a finite subfamily V of U such that V°~ = {V°™ |V € V} is a
Qq-cover of G. Now it follows from V°~ < V for each V € V that V is a (Q,-cover
of G.

(<) For any a € M (L), let U be an open 3,-cover of G. Then by Lemma 5.6,
U™ ={U~ | U € U} is a family of ©%sets. It follows from U~° > U for each
U € U that U° is a [B,-cover of G. Thus U has a finite subfamily V such that ¥V~
is a QQ4-cover of GG. So G is almost S*-compact. (I

Theorem 5.9. An L-set G is almost S*-compact in (X, T) if and only if Va €
M (L), every Bq-cover of G by ©F-sets has a finite subfamily V such that clg(V) is
a Qq-cover of G.

Proof. (=) Suppose that G is almost S*-compact. For any a € M (L), let U be
a fa-cover of G by ©%-sets. Then U is also an open [,-cover of G. By almost
S*-compactness of G, there exists a finite subfamily V of U such that {A~ | A € V}
is a Qq-cover of G. By A~ = clyg(A) we know that clp(V) = {clg(A) | A€V} isa
Qq-cover of G.

(<) For any a € M(L), let U be an open SB,-cover of G. It follows from Lemma
5.6 that U=° = {A=° | A € U} is a family of ©%-sets and it is a (,-cover of G
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since A7° > A for each A € U. By hypothesis, U has a finite subfamily V such that
clog(V~°) is a Qq-cover of G. From

G'x)V V cdo(A°) =G (z)v V A () <G (z)Vv V A (2),
Aev Aev Aev

we obtain that V™ is a Q,-cover of G. This shows that G is almost S*-compact. O
Definition 5.10. Let A € LX. The a-closure of A is defined by
co(A) = /\{B | A< B and B is a-closed}.
clo(A’) is called the a-interior of A and denoted by int,(A).
Lemma 5.11. If A is a semi-open L-set, then clo(A) = A™.

Proof. Obviously, cl,(A) < A~. In order to prove that A~ < ¢l,(A), suppose
that z, ;( clo(A). Then there exists an a-closed set B such that A < B and z, ;( B.
Since A is semi-open and B is a-closed, hence A~ < A°~ < B°~ < B™°~ < B.
This shows that z, £ A~. Thus A~ < clo(4). O

Theorem 5.12. An L-set G is almost S*-compact in (X,T) if and only if Va €
M(L), each a-open B,-cover U of G has a finite subfamily V such that clo (V) is a
Qq-cover of G.

Proof. (=) Suppose that G is almost S*-compact. For any a € M (L), let U be
an a-open [,-cover of G. Let W = {A°° | A € U}, then W is an open [,-
cover of G. By almost S*-compactness of G, there exists a finite subfamily V of
U such that {A°7°~ | A € V} is a Qg-cover of G. Since A°°~ = A~ = clo(A),
clo(V) = {cla(A) | A € V} is also a Qg-cover of G.

(<) For any a € M(L), let U be an open [B,-cover of G. Then U is also an
a-open f(q-cover of G. By hypothesis there exists a finite subfamily V of U such
that ¢l (V) is a Q4-cover of G. Since cl,(A) = A~ for any A € V, G is almost
S*-compact. (Il
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