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BEST APPROXIMATION SETS IN a-n-NORMED SPACE
CORRESPONDING TO INTUITIONISTIC FUZZY n-NORMED
LINEAR SPACE

S. VIJAYABALAJI AND N. THILLAIGOVINDAN

ABSTRACT. The aim of this paper is to present the new and interesting notion
of ascending family of o — n-norms corresponding to an intuitionistic fuzzy n-
normed linear space. The notion of best aproximation sets in an @ — n-normed
space corresponding to an intuitionistic fuzzy n-normed linear space is also
defined and several related results are obtained.

1. Introduction

In [7,8], S.Gahler introduced the theory of 2-norms and n-norms on a linear
space. A systematic development of n-normed linear spaces is due to S.S. Kim and
Y.J. Cho [10], R. Malceski [12], A. Misiak [13] and Hendra Gunawan [9]. In [9],
Hendra Gunawan and Mashadi have given a simple method of deriving an (n — 1)-
norm from the n-norm and shown that any n-normed space is also an (n—1)-normed
space. A detailed theory of fuzzy normed linear spaces can be found in [3,4,5,6, 11].
In [14], we have extended n-normed linear spaces to fuzzy n-normed linear spaces.
Intuitionistic fuzzy sets have been studied in detail in [1,2] and recently we have
introduced the notion of intuitionistic fuzzy n-normed linear spaces [15].

The purpose of this paper is to generalize the notion of intuitionistic fuzzy n-
normed linear spaces [15]. In this regard, the notion of ascending families of o — n-
norms corresponding to an intuitionistic fuzzy n-normed linear space, which is a
generalization of ascending families of aa —n-norms corresponding to fuzzy n-norms
[14], is introduced. Furthermore, the concept of best approximation sets in an
«a — n-normed space corresponding to an intuitionistic fuzzy n-normed linear space
is considered as a generalization of best approximation sets in a-n-normed linear
space [14].

2. Preliminaries

Definition 2.1. [9] Let n € N(natural numbers) and X be a real linear space of
dimension d > n. A real valued function ||e,...,e|| on X X ... x X = X" satisfying
[ ——

n
the following conditions is called an n-norm on X.
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(1) ||z1,z2,...,xn|| = 0 if any only if z1, zs, ..., x, are linearly dependent
(2) ||z1,z2,...,xn|| is invariant under any permutation
(3) Hxlv‘r%“'vkmnH = |k| ||x1,x2, mvanv for any
k € R( set of real numbers)
4) lz1, 22, s Tne1,y + 2|| < |21, 22, oy To—1, Y| + |21, T2, oy Tn—1, 2|

The pair (X, |]e, ..., ®||) is called an n-normed linear space.

Definition 2.2. [14] Let X be a linear space over a field F'. A fuzzy subset N of
X™ X R (set of real numbers) is called a fuzzy n-norm on X if and only if:

(N1) For all t € R with ¢ <0, N(z1,22, ..., Zpn,t) =0
(N2) For all t € R with ¢ > 0, N(z1, 2, ..., Tpn,t) = 1 if and only if 21, 22, ..., zp
are linearly dependent
(N3) N(z1,x2,...,Zpn,t) is invariant under any permutation of z1, za, ..., 2,
(N4) For all t € R with ¢ > 0,
N(z1,22,....ctp,t) = N(x1,T2, ..., Tp, ITL;I)’ if ¢ # 0, c € F(field).
(N5) For all s,t € R

N(z1,x9, ...y Ty + ac/n,s +1)> min{N(m17x27 vy Ty §), N (21, o, ...,ac;l,t)}

(N6) N(z1,x9,...,xn,t) is a non-decreasing function of t € R
and tlim N(z1,29,..;xn,t) =1
— 00

Then (X, N) is called a fuzzy n-normed linear space (in short f-n-NLS).

Theorem 2.3. [14] Let (X, N) be a f-n-NLS such that that

(N7) N(x1,22,...,@n,t) > 0 for all ¢ > 0 implies z1,xa, ..., z,, are linearly depen-
dent.
Define ||z1, 2, ..., Tn||o=Inf{t : N(x1, 22, ..., 2, t) > at,a €(0,1).

Then {||e,e,...,0||o : @ € (0,1)} is an ascending family of n-norms on X. These
n-norms will be called the o — n-norms on X corresponding to the fuzzy n-norm
on X.

Definition 2.4. [15] An intuitionistic fuzzy n-normed linear space (in short i-f-n-
NLS) is an object of the form

A={(X,N(x1,z2,....,2n,t), M(x1, T2, ..., Tpn, V)| (21, T2, ..., xpn) € X"},
where X is a linear space over a field F', * is a continuous t-norm, ¢ is a con-
tinuous t-co-norm and N, M are fuzzy sets on X™ x (0,00). N and M respec-
tively denote the degree of membership and the degree of non-membership of
(1,2, ..., Tn,t) € X™ x (0,00), and satisfy the following conditions:

(1) N(x1,2,...;xn,t) + M(x1, 22, ..., 2n,t) < 1
(2) N(xl,xg,...,xn,t) >0
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(3) N(z1,xa,...,xy,t) = 1 if and only if x1, z9, ..., 2, are linearly dependent
(4) N(z1,xa,..., Ty, t) is invariant under any permutation of x1,xa, ..., T,

t
(5) N(z1,xa,...;cxn,t) = N(1,22, ..., Tn, ﬁ), if ¢ #0, ¢ € F(field)

c

(6) N(x1,22,...,%n,8) * N(x1,Z2, ..., T, t) < N(x1, T2y ooy Ty, + x;ws +1)

(7) N(x1,22,....,%n,1t) : ( 00) — [0,1] is continuous in ¢

(8) M(itl,l'g,... ,t)

(9) M(z1,22,...,2n,t) = O if and only if x1, xs, ..., z,, are linearly dependent
(10) M(z1,x2,...,Tn,t) is invariant under any permutation of x1, o, ..., Ty
(11) M (xz1,x2,...,CTy, t) = M (x1, 22, ..., xn, o ) if ¢ #0, c € F(field)

(12) M (21,2, ..., 2, 8) 0 M(x1, 2o, ... @, 1) > M(x1, o, ... Ty + T, 5 + 1)
(13) M(z1,x2,...,2n,t) : (0,00) — [0,1] is continuous in ¢.

3. Intuitionistic Fuzzy n-normed Linear Space

The following example illustrates the concept in Definition 2.4 .

Example 3.1. Let (X, ||e,e,...,0||) be an n-normed linear space.

when t > 0,t € R,
(1,22, ..., Tp) € X™

0, when t <0.

Define
t
t+ H.’El,l‘g, ...,an’
N(,Tl,l‘g,...,.’tn,t) =
and
Hl‘l,l‘g,...,an
t+ ||z, T2,y s ]
M(thl'g,.-.,l’n,t) =
Then

A={(X,N(x1,22, ..., Tp, ), M (21, 22, ...
is an i-f-n-NLS.

Remark 3.2. If we define
t

when t > 0,t € R,
(.Tl,xg, ,xn) eXxXn”

1, when t <0.

s T, )| (21, X2, oy 2y) € X7}

t+ kl|xy, z2, ...

N(l’hxg, ...,.’L‘n,t) =

)
s T

when t > 0,t € R,

(z1,22, ..., xn) € X™,
for any real constant k > 1

when t < 0.

59
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and
||SU1,.’£2, ,an

t+ Hl‘l,xg,...,.’l?n”’
M(z1, 22, ...s Tp,t) = (1,22, ...y Tpn) € X™

when t > 0,t € R,

1, when t <0.
in Example 3.2, then A is an i-f-n-NLS with N + M < 1 for ¢t > 0.

Definition 3.3. Let A be an i-f-n-NLS. Suppose that
(14) for all t > 0 N(z1, z2, ..., Tpn,t) > 0 implies x1, xo, ..., T, are linearly dependent.
then the n-norms
[|z1, 22, oy Tp||o=Inf{t : N(21, 22, ..., Tpn, t) > a}, a €(0,1).
are called a-n-norms on X corresponding to the i-f-n-NLS A.

Theorem 3.4. {||e,e,....0||,: @ € (0,1)} in the above definition is an ascending
family of n-norms on X.

Proof.
(Dl|z1, x2y oy Tnlla =0
= inf{t: N(z1, 22, ..., Tpn,t) >, M(x1,22,....;2p,t) <1—a}=0.
= For all t €R, t > 0, N(z1, 22, ..., Tpn,t) > a > 0 and
M(z1, 2, oy Ty t) <1 —a <1, ae(0,1).
= By (13) z1, o, ..., , are linearly dependent.
Conversely, assume that x1, xa, ..., x,, are linearly dependent.
By (3) and (4), N(z1,z2,...,2pn,t) = 1 and M (21, 2, ..., Tpn,t) =0,
for all t > 0.
= For all a € (0,1),
inf{t: N(xz1,x0,....xn,t) > a, M(x1,22,....;%,,t) <1—a}=0.
= ||z1, 22, .y Tnlla = 0.
(2) As N(z1,x9,...,xp,t) and M (x1,xa, ..., Ty, t) are invariant under any permuta-
tion of x1, g, ..., &y, it follows that ||x1, za, ..., Zs||q is invariant under any permu-
tation.

(3) If ¢ # 0 then,
||.’L‘1,$2,...,C(I}n||a
=inf{s: N(z1,2a,...,ctpn,s) > a, M(x1,22,....,cxn,s) <1—a}
= inf{s s N(x1, 22,y Ty =) > @y M(21, 29, ..., Ty, %I) <1- a}.
s

Let t = then,

]

[|z1, 2, ..., cxnl|a
=inf{|c|t: N(x1,z2,..., 2, 1)
= || inf{t : N(z1,22, ..., Tpn, 1)
= |e| ||z1, 22, oy Tl a-

yM (21,22, 000y Ty t) <1 —a}

>«
>a, Mz, 22, ....2n,t) <1—a}
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If ¢ = 0 then,

||ZL’1,(E2,...,C{EH||Q
= H:El,xg,...,()Ha
=0
= O||J31,$2,...,$n||a
= || ||z1, 22, ..., Tnl|a, for all ¢ € F(field).

(4)||1131,I‘2,...,:L'n||a+||I131,.T2,...,LL‘;L||Q
=inf{t: N(x1,22,....,2n,t) > a, M(x1,22,...,Tpn,t) <1 —a}

’

’

+ inf{s : N(x1, 22, ...,x;”s) > o, M(z1,29,...,z,,t) <1— a}
=inf{t+s: N(x1,22,...,2n,t) > a, N(21, 29, ...,2,,5) > «a and
M(xlyz% "'axnvt) S/ 1- Oé,M(.Tl,Q:Q,...,iL’n,t) < 1- 05}
inf{t + s : N(x1,z2,....,xn + ,,,t +5) > «
M (1,29, .oy @p +2,,t+5) <1—a}

Y

> inf{r i N(21, @9, ey @p + 2, 7) > o M (21, 20y ey Ty 42, 7) < 1 — a},
r=t+s
[|z1, o, ..y Tn + T, |-
Therefore,

||IL'1,(1727 cy Ty + m;;”a S Hx17x2u ~'~J(En‘|a + H:I;lax27 7"1:;7,H04

Thus {||e,e,...,e||o : a € (0,1)} is an a-n-norm on X.
Let 0 < a1 < ay. Then
(|21, 22y ooy Tnl|a, = Inf{t : N(21, 29, ..., Zpn,t) > a1,
M(xl,xg,...,xn,t) < 1-— 041}
[|z1, T2y ooy Tnl|ap= Inf{t : N(21, 22, ..., Zn,t) > ag,
M(xlax% "'7xnat) < 1- 042}.
As a; < ag,
{t: N(x1,@2, .., Tn, t) > o, M (21,22, .0, Tpyt) < 1 — an}
C{t: N(z1,22,....Tpn,t) > a1, M(x1, 22, ..., xn,t) <1 — a1}
= inf{t : N(x1, 22, ..., 20, t) > a2, M(21,Z2, ..., Tpn,t) <1 — s}
>inf{t: N(x1,x2, ... xn,t) > a1, M (21,22, ..., Tpn,t) <1 —a1}
= ||$1,$2,...,$n‘|a2 > ||£L’17£L'2,...,£Cn||a1.

Hence {||e,e,...,®||o : @ € (0,1)} is an ascending family of & — n-norms on X cor-
responding to the i-f-n-NLS A. O

4. Best Approximation Sets in a-n-normed Space

Remark 4.1. Let (X, ]||e,e,...,0]|,) be an a — n-normed space corresponding to
the i-f-n-NLS A. Let G be an arbitrary non-empty subset of X and zg € X. Then

for every x € X and for every set o, 3, ..., 2, C X\G independent of z and xg,we
have

d.’l}z,(Eg,...,.’I)n, (xa G) S H.T — XL, T2, T3y ey xn”a + d.’liz,.’l)g,.“,ﬂin (‘rOv G)a
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where

d$27$3w~a$n ($7 G) = glgg Hl‘ —9,72,T3, ---,ana- (41)

For each G CcX and x¢ € X.

Definition 4.2. For xg € G and x5, 23, ...,2, C X\G which is independent of x

and zg, we define

Dy zg.own (20, G) ={z € X 1 dyy 25, 2, (2, G) = ||x — 0, T2, X3, ..., Tn||a
+d172,$3»--~71’n (xo,G)} (42)

for any xg, 3, ...,x, € X\G which are independent of = and x.

We write: Pg zyes,...2, (T) = {90 € G : || — g0, 2,23, -+, Tnlla = duy ... 2, (7, G) }
and
PC:}cQ,zs,...,mn (IO) = {IE €X: ||‘T — Zo, T2, 13, ,mnHa = d$27$37~~-,$n (I’ G)}

Example 4.2. Let X = R? be a linear space over R.

Define ||e,o||: X X X — R by
||I‘1, ZQHli max{\albg — a2b1|, |b102 — b201|, |CL162 — agcl\} and
||$1,$2H2 = %{max{|alb2 - a2b1|, |b102 - bzcl\, \0102 - C12€1|}},

where z; = (a;, b;, ¢;) €ER3; i=1,2.
Then (X, ||e,e||1) and (X, ||e, e||2) are 2-normed linear spaces.
Define N : X x X x R — [0, 1] by

1, if ¢t > Hl‘l,IQHl
N($1,£L‘27t): 0.57 if||$1,$2||2<t§ ||$1,1‘2H1
O, 1ft§ Hﬂfl,LL‘Q”Q.
and M : X x X x R — [0,1] by

07 ift > H.’L‘17$2||1
M(l’l,xg,t): 0.5, if‘|$1,$2||2<t§ ||$1,CIL‘2||1
1, lftS H.]?1,$2||2.

Then A is an i-f-2-NLS.
Define ||z1, x2||o=inf{t : N(z1,29,t) > o, M(z1,22,t) <1 —a}, a €(0,1).
The a-2-norms are given by

|21, 22|la = ||z1, 22][1, when 1 > a > 0.5,
= ||z1, z2||2, when 0 < a < 0.5.
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Let G={(a,0,0) : a € R} be a subset of X.
Choose 29 = (0,1,1) and 2o €K={(0,0,%) : k € R\ {0}}.

Then
Dy, (20,G) = {x = (0,b,0),b € R™\ {0} : dp, (z, G) = ||z — w0, ¥2||o + du, (70, G)}

and
Pga,(2) = {9=(a,0,0): -1 <a <1}

Example 4.3. Let X =R""! be a linear space over R.

Define ||o, o, ..., 0||: X™ — R by
[|z1, 22, ooy Tp]|1 = max{A1, Ag, ..., A, } and
[|z1, T2y ooy ]2 = %{maX{Al, Ao, .y Apll,

aiz2 aiz - A1(n41) aiz -0 Qi(n41) 411
where Ay = |: : Lo , Ay = : : ,
An2  Gp3 " Qp(n+l) An3 " Qp(n+1)  Anl
a1 a2 - Qip
vy By =10 : T and
Gpnl Qp2 Qpn

T; = (ailaaiQa -"aai(7t+1)) € Rn+1a 1=1,2,..,n.
Then (X, ||e,e,....,¢||1) and (X ||e,..., e, e||2) are n-normed linear spaces.

Define N : X™ x R —[0,1] and M : X™ x R —[0,1] as follows:

1, ift> ||z, 22, Tl
N(z1,22, ... 20, t) = 0.5, if ||z1, 22, ., Tnll2 <t < |21, 22, -, Tu |1
0, ift <1, 22, .., Tn|o
and
0, ift> |1, za, ...zl
M(x1,22, ..., Tn,t) = € 0.5, if [|x1, 22, ..., Tu||2 < t < |71, 22, ooy T 1
1, ift <||zy, 22, ..., Tnl|2-

Then A is an i-f-n-NLS.

Define ||21, T2, ..., Tn||o=Inf{t : N(21, 22, ..., Tpn,t) > @, M (21,22, ..., 2n,t) < 1 —a},
a €(0,1).

The o« — n-norms are given by

||x17x27"'7xn||a
= ||x1, X2, ..y Tn||1,when 1 > « > 0.5,
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= ||x1, X2, ...s Tn||2,Wwhen 0 < @ < 0.5
Let G={(a,0,0,...n times) : a € R} be a subset of X.
Choose 29 = (0,1, 1,...,n times) and
72,05, €K= {0,067, kL) 1 kS € R\ {0}
In other words, x5 = (0,0, k§2), - kiﬁl),

T3 = (O,O,kz(;’)7 ...,k,(fil), ey Ty = (O,O,kzén)7 7k7(:+)1)
Then,

Dyyoas....wn (0, G) = {z = (0,b,0, ..., (n-1) times),b € R+\ {0} :

dIz,Ig,...,In (m7 G) = H.’IJ — Zo,T2,T3, -nyana + dzg,zg,m,xn (.’E()7 G)}

where dyy 5. 0, (2, G) = max {|b|A, |a|A},

(]
k3 k4 kn+1
A=l )
DRk,

[l — 2o, T2y ooy Tu||a = [b— 1A,

duy s,z (w0, G) = max {A, |a|A}
and also

Pe 2y as,....an (@) ={9 = (a,0,...,n times) : =1 < a < 1}.

Theorem 4.4. For © € Dy, 5, 2, (20,G) and y € Dy, 4, 2. (x, G) we have:
(1) Hy — L0, L2,X3, -, mn”a = Hy — X,T2,T3, '~-7xn||a + ||./L' — Zo,T2,T3, “'7"1:7’7,”04
(ii) Yy—xr+x0 € D$2,933,-~,1n (.%‘0, G)

Proof. (i) Let © € Dy, 4.z, (20, G) and y € Dy, 4o 0 (2, G).
Then by (4.2) we have
Ay zs,...50 (T, G) = ||x — 0,22, X3, ..., Tplla + doy 25,2, (20, G),
dmg,rg,...,mn (ya G) = Hy —Z,T2,T3, ~~-7xn||a + drg,x;;,...,:tn (I, G)
Now
[ly — To, T2, T35 e, Tur ||
=|ly—x0—x+x,22,23, ..., Tnl|a
=[l(y — @) + (z — 20), T2, T3, e, Tn||a
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<|ly =z, x2,23, ... Tn||la + || — To, T2, T3, ..., Tnl|a

- (d1'27x37---71:'n, (y7 G) - dzz,:cg,...,mn (;L‘, G)) + (dmg,x3,...,mn (337 G)
_dzg,xg ..... Ty (1'07 G))

= de,évg,,.‘.,ZL’n (y> G) - de,évg,.‘.,ZL’n (1’0, G)

< ||y — X0, T2, T3, ...,ana.

Therefore,
Hy — Zo, T2,3, "'7xn|‘o¢ = Hy —T,T2,T3, ~~-,xn||a + ||1' — T, L2, X3, ..y xn”a-

(ii) By (4.1), we have
dmg,m;;,...,:vn (y — T + Xp, G)
> dl’271?37---,90n (y7 G) - Hy - (y —r+ $0)7$27£L'3, ...,ana
= d:L’g,:Eg,,..‘,In (y> G) — Hflf — X9, 2,3, ...,.’L’n”a
= (||y -, T2, T3, "'7ana + d$2,I3,.,,,mn (x,G)) - H-’II — o, T2,T3, ...,ana
lly — x, 2, @3, ..., Tn||a + ([|z — 20, 22, T3, ..., Tl o + day 2. 2, (X0, G))
7||$7$03I23‘T37'-'7xn||a
=|ly —x, 2, %3, ..o, Tnlla + dus zs.... .0, (0, G)
= ||[(y = x4+ z0) — 0, T2, 23, .o, Tnl|a + ey as,... 2, (T0, G).

Again it follows from (4.1) that

dx2,$37~~,xn(y - $+$07G) = ||(y - 1""'1;0) — Zo,X2,T3, 7xn||(¥ +d$27x37---1xn (I'O,G)
=Yy —T+x9 E Dz2,l‘3,--~7xn (mo, G) =

Theorem 4.5. Let © € Dy, 4. 4, (20, G). Then
(1) [zo, 2] ={Azo+ (1 =Nz : 0 <A <1} C Dyy ...z, (%0, G)
(ii) Dyy 2y, zn (z,G) C Dyy oz, iz (w0, G).

Proof. (i) Let y = Axg + (1 — A)x such that 0 < A < 1.

Then
dmg,rg,...,zn (yaG)
deg,ﬂig ..... zn(va)_||x_y7x27m37~'71’n||a
=||lz — z0, 22,23, .oy Tnlla + dog zs.... 0, (0, G) — ||T — y, T2, T3, oy Tn ||
=|ly — x0, %2, 3, ..., Tn||a + doy as,....2, (0, G).

By (4.1) we have

da:g,a:g,...,zn (yv G) = Hy — L0, L2,T3y .-, mn”a + d:m,wg,..‘,w" (m()a G)
=yc DI27I37~--»$n (1'07 G)

(ii) Let y € Dyy g, 0, (2, G).

Thus by (4.2) and Theorem 4.4(i),
dIz,ISam@n (y7G)
= ||y — T, T2,T3, "'7$nH0¢ + d$2;$37-~,1n (.7;, G)
= ||y —Z,T2,T3, 73371”@ + (Hx — X0, T2,T3, 7xn||(x + da:g,xg,...,a:n (l‘o, G))
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= ||y — o, T2,T3, 7mn||a + dxg,xg,...,a:n (370’ G)
=Y S Dmg,rg,,..,zﬂ,(x(),G)'

Therefore Dy, 4.0, (%, G) C Dyy g w, (20, G).

Theorem 4.6. Let z,yp € X and A # 0. Then

(1) D:v2,:63,“.,1:n (.’Eo, G) + Yo = Da:g,xg,...,:cn (5r0 + Yo, G + y())

(ii) Dy s, (mO,AG) = )‘Dwz,zs,-..’wn(%}»G)-

Proof. (i) Let © € Dy, 4s.... 2, (20, G). Then

dmg,x3,...,acn($+y07G+y0)
= dm2,13 ..... Ty (.’E,G)
= ||z — ®o, X2, L3, v, Tnlla + dos as,... 2, (X0, G)
= ||z +yo — (o + y0), 2, T3, .- Tnl|a + duy as,... 20 (T0, G).

Therefore x + yo € Dyy 24,2, (To + Y0, G + Yo)-
Conversely, let y € Dy, 2o o, (o + Y0, G + Yo)-

Then,
dmg,x3,...,acn(y*y07G)
== dxg,xg,...,zn (y, G + yO)
=y — yo — 0, 72,73, .., Tnlla + duy a5, 2, (To + Y0, G + Yo)
= ||(y - yO) — X0, T2,T3, "'7$n||a + d$27w3,m,93n ($07 G)

Therefore y — Yo € Dy, zs.... 5, (20, G) and so

Dmg,rg,...,zn (1’0, G) + Yo = ng,zg,...,r,,, (xO + Yo, G + yO)'

(ii) Let € Dy, ay.... o, (%0, AG). Then
dm27x3,...,acn(§vG)
|dz2,zg,...,wn (;L',)\G)
(lz — zo, 2, 23, s Tnlla + Aoy s,z (T0;s AG))
— B, 29,23, s Tnlla + dag s, (B2, G).

=

|~

>a X

Therefore § € Dz2’x3,,..,mn(%7G)'
Conversely, let © € Dy, ;... 2, (52, G).

Then
dmg,xs ..... Tn (Ax’ AG)
= [ANdas 25,2, (T, G)
= |)‘|(||x - 987071‘2,1.3, "'7$n‘|a + dw27w3,~--7$n(xTovG))
= |[\z — z0, 2, 3, .o, Tnlla + duy 25, 2, (T0, AG).
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Therefore Az € Dy, 4. . o, (T0, AG).

Thus D$2;$3;-~':1n (x07 AG) = )\Dw2y13y~~7wn(x707 G) U

Theorem 4.7. Let G C G; and zg € X,where (G; is a subset of X such that
dxg,mg,...,zn (Z'O;G) = dmg,xg ..... Ty (anG1)~ (43)
Then ng,zg,...,zn (1’07 Gl) C sz,mg,..‘,mn (an G)
Proof. Let € Dy, 44, 2, (0, G1).

By (4.3) we have,

2 da:z,a:s,...,mn ({177G1)
= ||$ — T, L2, X3, -+ Z‘nHa + d$27w3,~~~7$n (mo’ Gl)
||x — T, X2, X3, -+ ana + dwz@S:---Jn (330, G)

From (4.1) it follows that

Ayyws,ein (z,G) = ||z — w0, 2,73, .o, Tn [0 + diy s,z (0, G)
= T € ng,xs _____ Tn (l’o,G).
Hence D:cg,acg,...,zn (SC(), Gl) C Drg,rg,...,mn (IO; G) 0

Theorem 4.8. (i) Pg 4y a5....0n (T0) C PG aszs,...,2, (€), for every

x € Dz2,13,...,mn (x07 G)

(ii) Dyy as,....0n (X0, G) = Pgézmv_”% (zg) for every z € G.

Proof. (i) Let © € Dyy 4.z, (20, G) and g € Pg 4y 4.5, (T0)-

Now,
dIz,fES,...,Iu (m7 G)
= ||z — ®0, T2, T3, -, Tnl|a + A as,... .z (X0, G)
= ||z — xo, T2, X3, .oy Tn||a + ||T0 — G0, T2y T3, ooy Tn|| -
By Theorem 4.4(i) we have,
dwmms ,,,,, wn(va) = Hx_QOaanx&maxn”a
= 90 € Pazy.05,..0,(T)
= PG g5, 20 (70) C Pozy sz, (7).
(ii)Let zp € G and x € Dyy 4y, 2, (20, G).

Then,
da:z,aﬂg,m@n (.’L‘,G)
= ||Z‘ — X0, T2, T3y eny ana + d7;277;3,...,zn (x(), G)
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= ||z — zg, 22, 23, ..., T ||, Where 29 € G.
=€ Py, ().

X2,T3,:-3Tn

S0, Dy a.....z, (20, G) C P, (). (4.4)

L2,T35--,%n

Conversely, let z € Pt (z0).

G,22,%3,...,Tn

Then z, € PG,IQ@S,W,% (‘T)

Since zg € G,dyy us.... 2, (20, G) = 0.

Hence we have,
d$2aaj37~"y1n (x’ G)

= ||33 — L0, L2,T3, ..., xn”a + dxg,zg,...,xn (an G)
= X E sz,zg,...,rcn (IOaG)
= P(;,icg,xg,..,,wn (20) C Day,....00 (T0, G). (4.5)

From (4.4) and (4.5) it follows that

D12am3a»~~@n (CL'(), G) = Pil (SIJU) 0O

(1
2]
(3]
[4]
(5]
(6]

(7]
(8]

(9]
[10]
(1]
[12]
[13]
(14]

(15]

= 7 Gx2,73,..,Tn
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