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SOME RESULTS ON INTUITIONISTIC FUZZY SPACES

S. B. HOSSEINI, D. O‘REGAN AND R. SAADATI

ABSTRACT. In this paper we define intuitionistic fuzzy metric and normed
spaces. We first consider finite dimensional intuitionistic fuzzy normed spaces
and prove several theorems about completeness, compactness and weak con-
vergence in these spaces. In section 3 we define the intuitionistic fuzzy quotient
norm and study completeness and review some fundamental theorems. Finally,
we consider some properties of approximation theory in intuitionistic fuzzy
metric spaces.

1. Introduction and Preliminaries

The theory of fuzzy sets was introduced by L. Zadeh in 1965 [22]. After the
pioneering work of Zadeh, much interest has focused on obtaining fuzzy analogues
of classical theories. We mention in particular the field of fuzzy topology [1, 10, 11,
13, 16, 20]. The concept of fuzzy topology has important applications in quantum
particle physics, in particular in connection with both string and €(°®) theory; see
El Naschie [7, 8, 9, 21]. One of the most important problems in fuzzy topology
is to obtain an appropriate concept of an intuitionistic fuzzy metric space and an
intuitionistic fuzzy normed space. These problems have been investigated by Park
[17] and Saadati and Park [19] respectively; they introduced and studied a notion
of an intuitionistic fuzzy metric (normed) space. In this section, using the idea
of fuzzy metric (normed) spaces introduced by George and Veeramani [10, 11] and
Amini and Saadati [1], we present the notion of intuitionistic fuzzy metric (normed)
spaces with the help of the notion of continuous t-representable norms.

Lemma 1.1. [6] Consider the set L* and operation <p- defined by:

L* = {(z1,22) : (w1,72) € [0,1]? and z1 + z2 < 1},
(z1,22) <p+ (Y1,92) <= 21 < y1 and x2 > ya, for every (w1,2), (y1,y2) € L*.
Then (L*,<p-) is a complete lattice .

Definition 1.2. [2] An intuitionistic fuzzy set A;, in a universe U is an ob-
ject A¢p = {(Ca(w),na(uw))lu € U}, where, for all u € U, {a(u) € [0,1] and
na(u) € [0,1] are called the membership degree and the non-membership degree,
respectively, of u in A¢ ,; we always have (4(u) +na(u) < 1.

Definition 1.3. For every z, = (24,Yq) € L* we define
V/(2a) = (sup(za), inf(ya)).
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Since z, € L* hence T4 + Yo < 1 80 sup(z,) + inf(ya) < sup(za + yo) < 1, ie.
V(zq) € L*. We denote its units by Oz« = (0,1) and 1z« = (1,0).

Classically a triangular norm * = T on [0, 1] is defined as an increasing, com-
mutative, associative mapping 7T : [0,1]?> — [0, 1] satisfying T'(1,7) = 1 x x = z,
for all z € [0,1]. A triangular conorm S = ¢ is defined as an increasing, commu-
tative, associative mapping S : [0,1]2 — [0, 1] satisfying S(0,z) = 0oz = z, for
all z € [0, 1]. Using the lattice (L*, <) these definitions can be straightforwardly
extended.

Definition 1.4. [4, 5] A triangular norm (t-norm) on L* is a mapping 7 :
(L*)? — L* satisfying the following conditions:

(Ve € L*)(T (z,11«) =), (boundary condition)

(V(z,y) € (L*)*)(T (z,y) =T (y,z)), (commutativity)

(V(z,y,2) € (L*)*)(T (2, T (y,2)) = T(T (x,y), 2)), (associativity)

(V(z,2',y,y) € (L))(@ <p+ o’ and y <y« ¢ = T(2,y) <p- T(2".9)).
(monotonicity)

Definition 1.5. [3] A continuous t—norm 7 on L* is called continuous ¢t-representable
if and only if there exist a continuous t-norm * and a continuous t—conorm ¢ on
[0,1] such that, for all x = (x1,22),y = (y1,y2) € L*,

T(v,y) = (z1 % Yy1,72 0 Y2).
Now define a sequence 7" recursively by 7! =7 and
Tz oo 2Dy = (7 (D) () g (D)

for n > 2 and 2 € L*.
We say the continuous t—representable norm is natural and write 7, whenever
T.(a,b) = T,(c,d) and a <y« c implies b >+ d.

Definition 1.6. [4, 5] A negator on L* is any decreasing mapping N : L* — L*
satisfying M(0p«) = 1+ and N(1z+) = Op« . If N(N(z)) = =, for all x € L*,
then N is called an involutive negator. A negator on [0, 1] is a decreasing mapping
N :[0,1] — [0, 1] satisfying N(0) = 1 and N(1) = 0. N, denotes the standard
negator on [0,1] defined as Ny(z) =1 —z for all z € [0,1] .

Definition 1.7. Let M, N be fuzzy sets from X2 x (0,+o00) to [0,1] such that
M(z,y,t) + N(z,y,t) <1for all z,y € X and t > 0. The triple (X, My n,7T) is
said to be an intuitionistic fuzzy metric space if X is an arbitrary (non-empty) set, 7
is a continuous t-representable norm and My x is a mapping X2 x (0, +00) — L*
(an intuitionistic fuzzy set, see Definition 1.2) satisfying the following conditions
for every z,y € X and ¢,s > 0:

a) My n(w,y,t) >1 Op+;

b) My n(x,y,t) =1~ if and only if z = y;

C) MJW,N(ia Y, t) = MM,N(y7 €T, t);

d) My n(x,y,t+s) > T(Mun(x,2,t), MuN(2,y,5));

e) My n(x,y,-): (0,00) — L* is continuous.

(
(
(
(
(
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In this case My n is called an intuitionistic fuzzy metric. Here,
My n(z,y,t) = (M(z,y,t), N(z,y,t)).

Example 1.8. Let (X, d) be a metric space. Define T (a,b) = (a1b1, min(az+bs, 1))
for all a = (a1,a2) and b = (b1,b2) € L* and let M and N be fuzzy sets on
X? x (0,00) defined as follows:

ht™ md(x,y)

MM,N(z7y7t) = (M(.T,y7t),N(£L‘,y,t)) = (htn +md(x y)7 hin +md(9c y)

)
for all t,h,m,n € RT. Then (X, M n,T) is an intuitionistic fuzzy metric space.

Example 1.9. Let X = N. Define T (a,b) = (max(0, a; +b1 — 1), ag+by —agbs) for
all a = (ay,az) and b= (by,by) € L* and let M and N be fuzzy sets on X2 x (0,00)
defined as follows:

(2,2) if z<y
(L,22%) if y<u.

My (z,y,t) = (M(z,y,t), N(z,y,t)) = {
for all z,y € X and t > 0. Then (X, My n,T) is an intuitionistic fuzzy metric

space.

Definition 1.10. Let u,v be fuzzy sets from V x (0,+00) to [0,1] such that
wlz,t) + v(z,t) < 1forallz € V and t > 0. The 3-tuple (V,P,,,7T) is said
to be an intuitionistic fuzzy normed space if V' is a vector space, 7 is a continuous
t-representable norm and P, is a mapping V' x (0,400) — L* (an intuitionistic
fuzzy set, see Definition 1.2) satisfying the following conditions for every x,y € V

)

) = 15+ if and only if = 0;

az,t) =P, . (z, |%‘) for each o # 0;

) ,P/Jﬂl/(x + ya t + S) ZL* T(’P,u,l/(ma t)v Pﬂ,u(y7 S))7

e) Puy(z,-):(0,00) — L* is continuous;

(f) limy——oo Ppup(z,t) = 1p+ and limy_o Py, (2, t) = O0p-.

(oW

Then P, , is called an intuitionistic fuzzy norm. Here,
Puw(x,t) = (p(z,t),v(z,1)).

Example 1.11. Let (V.| - ||) be a normed space and let T (a,b) = (a1by, min(ag +
by, 1)) for all a = (a1,a3) and b = (by,by) € L*. Now let pu,v be fuzzy sets in
V x (0,00) and define

t ]l
Puw(@,t) = (u(z,t),v(z,t)) = ( ST o)
g ol ¢+ ]

for allt € RT. Then (V,Pu.,T) is an intuitionistic fuzzy normed space.

Definition 1.12. A sequence {z,,} in an intuitionistic fuzzy normed space (V, Py, T)
is called a Cauchy sequence if for each € > 0 and ¢t > 0, there exists ng € N such
that
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Pu,y(xn - xmvt) > (Ns(€),€),

for each n,m > ng; here Ny is the standard negator. The sequence {x,} is said to
p v .

be convergent to x € V. (z,, = x) if P, ,(xn, — ,t) — 1.~ whenever n — oo

for every t > 0. An intuitionistic fuzzy normed space is said to be complete if and

only if every Cauchy sequence is convergent.

Lemma 1.13. [19] Let (V,P,.,T) be an intuitionistic fuzzy normed space. We
define
MM,N(x7yut) = P}L,V(x - yat)

where. Then M(z,y,t) = p(x —y,t) and N(z,y,t) = v(x—y,t), then My n is an
intuitionistic fuzzy metric on V', which is induced by the intuitionistic fuzzy norm

Puy.

Lemma 1.14. [19] Let P, , be an intuitionistic fuzzy norm. Then, for any t > 0,
the following hold:

(1) Puu(z,t) is nondecreasing with respect to t, in (L*, <p+).
(2) PM,V(m -y, t) = ,Pu,u(y —z,t) .

Definition 1.15. Let (V,P,,,7) be an intuitionistic fuzzy normed space. For
t > 0, define the open ball B(x,r,t) with center z € V and radius 0 < r < 1, as

B(z,r,t) ={y eV : Py,(x —y,t) >+ (Ns(r),r)}.

A subset A C V is called open if for each x € A, there exist t >0 and 0 < r < 1
such that B(xz,r,t) C A. Let 7p, , denote the family of all open subsets of V. 7p,
is called the topology induced by the intuitionistic fuzzy norm.

Note that this topology is the same as the topology induced by the intuitionistic
fuzzy metric which is Hausdorff (see, Remark 3.3 and Theorem 3.5 of [17]).

Definition 1.16. Let (X, M n,7) be an intuitionistic fuzzy metric space. A
subset A of X is said to be IF-bounded if there exist ¢ > 0 and 0 < r < 1 such
that M n(z,y,t) >r- (Ns(r),r) for each z,y € A. Also, let (V,P,,,T) be an
intuitionistic fuzzy normed space. A subset A of V is said to be IF-bounded if there
exist t > 0 and 0 < r < 1 such that P, ,(x,t) >« (Ns(r),r) for each z € A.

Theorem 1.17. In an intuitionistic fuzzy normed (metric) space every compact
set is closed and IF-bounded.

Proof. By Lemma 1.13, the proof is the same as in the intuitionistic fuzzy metric
space case (see, Remark 3.10 of [17]). O

Lemma 1.18. [19] A subset A of R is IF-bounded in (R, Pq.1e,7T) if and only if
it is bounded in R.
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Lemma 1.19. [19] A sequence {3, } is convergent in the intuitionistic fuzzy normed
space (R, Pyg.ue,7T) if and only if it is convergent in (R,]|-|).

Corollary 1.20. If the real sequence {f,} is IF-bounded, then it has at least one
limit point.

Definition 1.21. Let (V,P,,,7) be an intuitionistic fuzzy normed space. Let
V' be a vector space, f be a real functional on V and let (R, Pp,.,,7) be an
intuitionistic fuzzy normed space. We define

V =A{f : Puoun (f (@), 1) 2L (ulex,t),v(dz, 1)) ,e,d # 0}
for every t > 0.
Lemma 1.22. [19] If (V,P,.,T) is an intuitionistic fuzzy normed space, then
(a) The function (z,y) — x +y is continuous;
(b) The function (a,x) — ax is continuous.

By the above lemma an intuitionistic fuzzy normed space is a Hausdorff TVS.

2. Intuitionistic Fuzzy Finite Dimensional Normed Spaces

Theorem 2.1. [19] Let {x1,--- ,x,} be a linearly independent set of vectors in
vector space V' and (V, Py, T) be an intuitionistic fuzzy normed space. Then there
are numbers ¢,d # 0 and an intuitionistic fuzzy norm space (R, Pug.uo,7) such

that for every choice of real scalars aq, .- , o, we have
n n
(2.1) Puwlonzy 4+ ann, t) <p- (mo(e > lajl,t),v0(d Y |a],t)).
j=1 j=1

Theorem 2.2. FEvery finite dimensional subspace W of an intuitionistic fuzzy
normed space (V, Py, T) is complete. In particular, every finite dimensional intu-
itionistic fuzzy normed space is complete.

Proof. Let {y,} be a Cauchy sequence in W such that y is its limit. We show that
y € W. Suppose dim W = n and let {1, ...z, } be any linearly independent subset
for Y. Then each y,, has a unique representation of the form

Ym = agm)xl . +al™az,.

Since {yn,} is Cauchy sequence, for every € > 0 there is a positive integer ng such
that,
(NS(S)’ E) <L* Pu,u(:l]m - yk> t)7

whenever m, k > ng and for every ¢t > 0. From this and the last theorem we have,
for some ¢,d # 0 and P, .,
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n
(Ns(e),e) <r* Pu,v(Ym — Yk, t) = P Z (m) _ (k) )z, t)
=1
<t (3 1o 7 = afPet), VO(Z jaf™ — af|a, )
t/le t/|d
see (ol =5 {Jn)‘ IR {T‘ru)‘ @)
= log =g j=1log™ = a7

t/ll t/1d|

), vo(l, )
‘ (m) _ a§k)| |a;m) _ a§k)‘

SL* (/"0(17

= (no(al o _ o /1)), mo(al™ — o) 1/)d))).

This shows that each of the n sequences {ag-m)} where j = 1,2,3,...,n is Cauchy in
R. Hence it converges and let o; denote the limit. Using these n limits oy, ..., oy,
we define,

Y =121 + ... + pTp.

Clearly, y € W. Furthermore

P,u,,l/(ym - Y t) = PH«J’(Z (agm) - Oéj)étj, t)
=

>pe TP (@™ —ar)en,t/n), - Puw(al™ — an)aa, t/n))

— 1p*

whenever m — oo and every ¢t > 0. This shows that an arbitrary sequence {y,}
is convergent in W. Hence W is complete. g

Corollary 2.3. FEvery finite dimensional subspace W of an intuitionistic fuzzy
normed space (V, Py, T) is closed in V.

Theorem 2.4. In a finite dimensional intuitionistic fuzzy normed space (V, Py, T),
any subset K C 'V is compact if and only if K is closed and IF-bounded.

Proof. By Theorem 1.17, compactness implies closedness and IF-boundedness. We
must prove the converse. Let K be closed and IF-bounded. Let dimV = n and
{z1,...,x,} be a linearly independent set of V. We consider any sequence {z,} in
K. Each z,, has a representation,

Ty = agm)xl + ..+ a;m)xn

Since K is IF-bounded, so is {z,,}, and therefore there are t > 0 and 0 < r < 1
such that Py, (2m,t) >+ (Ns(r),r) for all m € N. On the other hand by Theorem

2.1 there are ¢,d # 0 and an intuitionistic fuzzy norm P, ,, such that
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Jj=1
<ee (pole ) o™, 6),m(d Y |al™], 1))
=1 =1
<r* (MO(L%)WO(L%))
|C‘Zj:1|aj | |d‘2j:1|aj |
t t
<t (MO(LW)WO(LW))
lella; ™ |d]|o;™ |

= (no(@f™,t/lel), vo(af™, t/1d])).

Hence the sequence of {agm)}, (j fixed), is IF-bounded and by Theorem 1.20 it has a
limit point ¢, (1 < j <n). Let {z,,} be the subsequence of {z,,} which converges
toz = Z?:1 ajxj. Since K is closed, z € K. This shows that an arbitrary sequence
{zm} in K has a subsequence which converges in K. Hence K is compact. ]

Definition 2.5. A sequence {x, } in an intuitionistic fuzzy normed space (V, P, T)
is said to be weakly convergent if there is an 2 € V' such that for every V and every
feVandt >0,

Puowo (f (@m) = f(2), ) — 1p-.
We write:
w
Ty — T.

Theorem 2.6. Let (V,P,,,T) be an intuitionistic fuzzy normed space and {x,}
be a sequence in V. Then:

(i) Convergence implies weak convergence with the same limit.

(i) If dimV < oo, then weak convergence implies convergence.

Proof. (i) Let x,, — x then for every ¢t > 0 we have
Pup(@m —x,t) — 1«
By Definition 1.21 for every f € V we have,
Puowe (f(xm) = f(2),1) = Pupuwo(f(@m —2),1)
zr- (W@m —x,t/c),v(zm — z,t/d))
for ¢,d # 0. Then x,, Y, g

(ii) Let zy, W, 2 and dimV = n. Let {z1,...,x,} be a linearly independent set
of V. Then
T = agm)xl + .+ a™e,.
and,

T =11+ ... + OpTp.
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By assumption, for every f € V and ¢ > 0 we have

PMO;VO (f(‘rm) - f(x)a t) - 1L"-
We take in particular fi, ..., f,,, defined by fjz; = 1 and fjz; =0, (¢ # j). Therefore
filxm) = a§-m) and f;(z) = «;. Hence, fj(zn,) — fj(x) implies ag-m) — aj.
From this we obtain, for each ¢t > 0

n

,Pp,y(xm - T, t) = ,Plhl’( (O‘EM) - aj)xj7 t)

J
S T Pun((@™ — an)zr, t/n), e Pu (@™ — an)an, t/n)]
[

n— t t
= T ! ,Plh'/(xh (m) )7"'77711‘,'/(1""5T)]
nlag " — a1 nlan’ — anl
—_— 1p+
as m — 00. This shows that {z,,} converges to z. O

3. Some Fundamental Theorems in Intuitionistic Fuzzy Functional
Analysis

Definition 3.1. Let (V,P,,.,7) be an intuitionistic fuzzy normed space and W
be a linear manifold in V. Let @ : V. — V/W be the natural map, Qz = x + W.
We define:

Puw(@+Wt) = \{Puv(@+y.t):ye W}, t>0.

Theorem 3.2. If W is a closed subspace of the intuitionistic fuzzy normed space
(Vi Puw,T) and the intuitionistic fuzzy norm Py 5 is defined as above, then:

(a) Pup is a fuzzy norm on V/W;

(b) Pﬂ7’7(Qx7t) > PM,V(x’t) 5

(¢) If (V,Punw,T) is a complete intuitionistic fuzzy normed space (intuitionistic
fuzzy Banach space) and for every a,b in [0,1], axb > a-b and a ©b < max(a,b),
then so is (V/W, Py 5, 7).

Proof. By Definition 1.3, Pz 5 € L* and the proof follows as in [12, 18]. O

Theorem 3.3. [12, 18] Let W be a closed subspace of an intuitionistic fuzzy normed
space (V, Py, T). If two of the spaces V, W, V/W are complete so is the third
one.

Theorem 3.4. (Open mapping theorem) [12, 18] If T' is a continuous linear oper-
ator from the intuitionistic fuzzy Banach space (V,P,..,T) onto the intuitionistic
fuzzy Banach space (V', Py, T) and for every a,b in [0,1], a*xb > a-b and
a o b < max(a,b), then T is an open mapping.

Theorem 3.5. (Closed graph theorem) [12, 18] Let T be a linear operator from the
intuitionistic fuzzy Banach space (V, P, ,,T) into the intuitionistic fuzzy Banach
space (V', P’y i, T). Suppose for every sequence {x,} in V such that x, — x
and Tz, — vy for some elements x € V and y € V' it follows Tx =vy. Then T is
continuous.
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Theorem 3.6. An intuitionistic fuzzy normed space (V,P,..,,T) where T (a,b) =
(min(ay, b1), max(ag, b)), is locally convex; here a = (a1,a2) and b = (b, bs).

Proof. Tt suffices to consider the family of neighborhoods of the origin, B(0,r,t),
witht >0and 0<r <1 Lett>0,0<r<1,z,y€ B0,rt)and o € [0,1].
Then

Puv(ox + (1 —a)y,t) >p- Puv(az,at),P,.((1 —a)y, (1 —a)t))

T(Py,
(

T (Ppuw(@,t), P (y, 1))
= (min(u(z,t), p(y, 1)), max(v(z,1), v(y, t)))
>re (Ns(r), 7).
Thus ax + (1 — a)y belongs to B(0,r,t) for every « € [0, 1]. O

4. Approximation Theory in Intuitionistic Fuzzy Metric Spaces

Definition 4.1. Let (X, Mus,n,7) be an intuitionistic fuzzy metric space and
A, B C X. We define

Murn(A, B, t) = \[{Mun(a,b,t) :a € Aand b € B}.
For a € X, we write M n(a, B,t) instead of My n({a}, B,t).

Definition 4.2. A sequence converges sub-sequentially if it has a convergent sub-
sequence. In the above notation x,, > z,, — g identifies the subsequence and the
point to which it converges. Recall that a subset C' of an intuitionistic fuzzy metric
space is compact if every sequence in C' converges sub-sequentially to an element
of C. Also, given two sequences x,, and ¥,, and a subsequence x, of the first se-
quence, the corresponding subsequence of the second is denoted y,/. A subset of
an intuitionistic fuzzy metric space is IF-boundedly compact if every IF-bounded
sequence in the subset is sub-sequentially convergent. In the above notation, Y is
IF-boundedly compact if for any IF-bounded sequence y,, in Y, there is a point xg
(not necessarily in Y ) for which y,, > vy, — 0.

Definition 4.3. For an intuitionistic fuzzy metric space X and nonempty subsets
B and C, a sequence b, € B is said to converge in distance to C' if

lim MM}N(me, t) = MMJ\[(B?C, t).

The subset B is approzimately compact relative to C' if every sequence b,, € B which
converges in distance to C' is sub-sequentially convergent to an element of B. We
call B (a subset of X) approximately compact provided that B is approximately
compact relative to each of the singletons of X; B is proximinal if for every x € X
some element b in B satisfies the equation M n(z,b, t) = My n(x, B, t).

The following theorem says that points can be replaced by compact subsets in
the definition of approximate compactness.

Theorem 4.4. Let B and C be nonempty subsets of an intuitionistic fuzzy metric
space (X, My, T). If B is approzimately compact and C is compact, then B is
approximately compact relative to C'.
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Proof. Let b,, € B be any sequence converging in distance to C' and let the sequence
¢, € C satisfy
(4.1) lim Mur,n(bn,cn,t) = Mun(B,C,t).

Since C is compact, ¢, > ¢,y — ¢ € C. Hence, for every € > 0 there exists ng
such that for n’ > ng

MMJV(B,C,t) > MM7N(bn/,CO,t)
>re T(Mun(bnry ot — ), M (enry co,€))
> T(Muyn(B,C t—¢€),(Ns(e),€)).
Since € > 0 was arbitrary, then lim,,_,oc M n(bns, co,t) = My n(B,C,t). There-

fore, b, converges in distance to ¢y so, since B is approximately compact, b, >
b, — by € B, that is, b, converges sub-sequentially to an element of B. O

Theorem 4.5. Let B and C be nonempty subsets of an intuitionistic fuzzy metric
space (X, My.n,T). If B is approzimately compact and IF-bounded, and C' is
IF-boundedly compact, then B is approzimately compact relative to C'.

Proof. Let b, € B be any sequence converges in distance to C' and let ¢, € C
satisfy (2.1). As b, is IF-bounded, so is ¢,. Since C is IF-boundedly compact,
Cp > ¢y — cg € X. Proceed as in the proof of last theorem. O

Theorem 4.6. Let B and C' be nonempty subsets of an intuitionistic fuzzy metric
space (X, My, T). If B is closed and IF-boundedly compact and C' is IF-bounded,
then B is approzimately compact relative to C.

The proof is the same as the classically case (see [14]).

Lemma 4.7. [19] Let (X, My n,T) and (Y, My N, T) be intuitionistic fuzzy met-
ric spaces. If we define

M((xay), (xlvy/)’t) = T(MM,N<xvx/7t)7MM,N(yvylvt))'

then (X x Y, M, T) is an intuitionistic fuzzy metric space and the topology induced
on X XY is the product topology.

Theorem 4.8. Let S and P be nonempty subsets of intuitionistic fuzzy metric
spaces (X, My N, Tn) and (Y, My, Tn,), respectively. Suppose that P is compact.
If S is IF-boundedly compact or approximately compact, then so is S x P.

Proof. If S is IF-boundedly compact, we show that any sequence (s,,p,) in S x P
which is IF-bounded has a convergent subsequence. Indeed, by definition of the
product intuitionistic fuzzy metric, s, is IF-bounded and since S is IF-boundedly
compact, s, > s, — sg € X. By compactness of P, p, > p,y — pg € P. Hence,
(SnyPn) > (Snr,Pur) — (S0,p0) € X X Y.

If S is approximately compact, let (z,y) be any element in X x Y and suppose that
(Sn,Pn) is a sequence in S x P which converges in distance to (z,y), that is,

nlLIIOIO M((sn,pn), (xvy)vt) = M(S X Pv (xay)vt)‘
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By compactness of P, p, > p, — po € P. Hence, lim,_ o M((sn/,p0), (z,9),t) =
M(S x P, (z,y),1) 5o

nlgnoo/rn(MM,N(sn’axat)7MM,N(p0ayat)) = IZ;L(MM7N(S7xvt)1 MM,N(vaat))

Since M, n (po, y, t) <o+ Mu,n(P,y,t) then lim,_, oo Mas N (spr,2,t) >0 Magrn(S,z,t)
which implies im0 Mas, N (Sn/, @, t) = My N (S, z,t). Hence, s,/ converges in
distance to x and since S is approximately compact, s, > s,» — so € S. There-
fore, (sp,pn) > (Sp7,Pn) — (S0,p0) € S X P, ie., S x P is approximately com-
pact. [

Theorem 4.9. Let B and C be nonempty subsets of an intuitionistic fuzzy metric
space (X, Muy,n,T). If B is approzimately compact and C is compact, then K =
{beB:3ceC, Myn(,c,t)=Myn(B,ct)} is compact.

Proof. Let y, be asequence in K and for every n € N choose ¢, in C' so that y,, min-
imizes the distance from B to ¢,. Since C' is compact, ¢, > ¢,y — ¢g € C. Hence,
for every € > 0, there exists ng such that for all n’ > ng, M n(cns,co,t) >p
(Ns(g),e), and therefore, for all n' > ny,

Mu,n(B,co,t) >rx Muar,n(Yns,co,t)
>rv T*(Mar,n (B, co,t — 26), Mar,n (¢, o, €), Mar,n (Car, 0, €))
>pe T (Mun (B, co,t —2¢), (Ns(e),€), (Ns (e), €))-

Since ¢ > 0 was arbitrary, then My n(B,co,t) = limy/— oo Mar,n(Yns, co,t).
Therefore, 1, converges in distance to ¢y, so it converges sub-sequentially. 0
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