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ON TRUNCATED MEASURES OF INCOME INEQUALITY
FROM A FUZZY PERSPECTIVE

R. POURMOUSA

ABSTRACT. In most statistical analysis, inequality or extent of variation in
income is represented in terms of certain summary measures. But some authors
argued that the concept of inequality is vague and thus cannot be measured
as an exact concept. Therefore, fuzzy set theory provides naturally a useful
tool for such circumstances. In this paper we have introduced a real-valued
fuzzy method of illustrating the measures of income inequality in truncated
random variables based on the case where the conditional events are vague.
To guarantee certain relevant properties of these measures, we first selected
three main families of measures and obtained their closed formulas, then used
two simulated and real data set to illustrate the usefulness of derived results.

1. Introduction

The problem of modeling income data as well as measurement of inequality on
the income of members of a group or a society has about 200-year history and has
been attractive to a lot of researchers in Economics, Statistics, Sociology, etc. As
statistical analysis point of view, there are various indices to indicate these mea-
sures. Many of these measures have been used to summarize inequality in terms
of a single number. Although there had been many attempts to provide measures
of income inequality in the nineteenth century, the first major development in this
area can be attributed to the work of Lorenz in 1905 [15]. In the study of inequality
of the income distribution, in which the Lorenz curve has an outstanding role, one of
the most relevant measures is the Gini index proposed by Gini in 1912, directly re-
lated to the Lorenz curve [8]. Subsequently, different measures of income inequality
such as coefficient of variation, relative mean deviation, mean deviation, standard
deviation of logarithms of incomes and some entropy indices has been suggested
in the next years. For a detailed study on various measures of income inequality
we refer to Arnold [1], Kakwani [10] and Yitzhaki [21]. Recently the measures of
income inequality have also been used to measure inequality in health and in life
expectancy among different groups, which are extensively used in survival and re-
liability analysis; see Bonetti et al. [4], Hanada [9] and Shkolnikov et al. [19]. In
many practical situations, the complete data may not be observable due to various
reasons. What is available is truncated data. The truncation of a distribution can
be defined as a process which results in certain values being cut-off, thereby results
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in a truncated distribution. Not only we have left- or right-truncated distributions
but also we have distributions that are truncated in the middle, such as the dis-
tribution of monthly income of laborers in a country where we can observe values
of the random variable between zero and a. In these cases the measures of income
inequality are computed only for incomes which are greater or smaller than a fixed
value, or between two values, respectively. Hence the importance of studying in-
equality measures of truncated distributions is much of interest. For example see
Bhattacharya [3], Moothathu [16] and Ord et al. [17]. Also we know the truncation
of a population in eliminating high (richest population) or low (poorest population)
values can attend by imprecision and uncertainty in real-world applications. There-
fore, the fuzzy set theory provides naturally an appropriate tool for modeling the
imprecise concepts. A number of authors have evoked the concepts of fuzzy sets
in the analysis of inequality, for instance Chiappero-Martinetti (1994, 2000), Vero
& Werquin (1997), Deutsch & Silber (2005) and Qizilbash (2006). Our motivation
for writing this paper was evaluation of the effect of uncertainty of truncation on
measures of inequality with fuzzy set. For this, we have introduced a real-valued
fuzzy method to illustrating the measures of income inequality in truncated ran-
dom variables with fuzzy threshold. The structure of this paper is as follows; after
introductory section, which focuses on a brief review of the basic concepts on the
probability of fuzzy events and the truncated random variables, in Section 3, we
introduce a truncated random variable with fuzzy threshold. Section 4 produces
the various measures used for summarizing income inequality in available articles.
Section 5 defines certain measures of income inequality for the fuzzy truncated
distributions. Characterization results according to some specific models such as
exponential and Pareto based on the functional form of these measures are also
discussed. Finally Section 6 presents an application of the proposed methodology
and comparisons between other alternative methods.

2. Preliminaries

This section reviews commonly-used expressions of the measures of income in-
equality as well as the concepts of the probability measure of fuzzy events and the
truncated random variables that will be used in this paper.

2.1. Probability of Fuzzy Events. Probability theory and fuzzy logic are the
principal components of an array of methodologies for dealing with problems in
which uncertainty and imprecision play important roles [18]. In this subsection we
have collected together the basic ideas about fuzzy sets and probability of fuzzy

events which are necessary in this paper.
The concept of fuzzy set was initiated by Zadeh in 1965 [22]. Let (2, A, P) be a
probability space and X € R be a random variable in (2. A fuzzy event is a fuzzy set

A in Q whose membership function, m ; : & — [0, 1], is Borel measurable function
and the probability of the fuzzy event A is defined by

Pr (X € /1) = / mg(x)dP(z). (1)

zEQ
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So, the probability of a fuzzy event is the expectation of its membership function,
[22].

Many of the basic notions in probability theory, such as those of the mean,
variance, entropy, etc., are defined as functionals of probability distributions. The
concept of a fuzzy event suggests that it may be of interest to define these notions
in a more general way which relates them to both a fuzzy event and a probability
measure. For example, the mean of a fuzzy event A relative to a probability measure
P may be defined as follows:

- 1

Ep (A) = m / x mg(x)dP(x),

zeQ

where m ; is the membership function of A and Pr (X € 121) serves as a normalizing

factor, [23].

Let A be a fuzzy event with membership function of m i and X be an absolutely
continuous random variable with probability density function (pdf) f (.;6), where
0 represents the vector of parameters. The above equation can be rewritten as

. . )
Ep(A) = [a mi@f (@:6)
Pr (X € 4)
Using the definition of expectation of a random variable and comparing it with
above equation, we can show the function f;, defined by

Fiag) = TADLED g o)
Pr(X e 4)

is a formula for the distribution X on §2 obtained by updating the distribution P
on the basis of fuzzy information. Indeed, equation (2) can be viewed as a version
of Bayes theorem provided we interpret the membership function m ;(x) as the
likelihood of vague concept 6 given value z [14].

We know that a truncated distribution is a conditional distribution that results
from restricting the domain of a random variable. So equation (2) can be corre-
sponded to conditional distribution of X given that it is contained in the extension
of 0 [14]. So the defined function f; can be viewed as a version of truncated
distribution obtained from the fuzzy constraint for a random variable that more
details will be given in next sections. For this purpose the next subsection studies
truncated distribution and its properties.

Example 2.1. [14], Let Q = [0, 1] and the distribution of X be uniform. If A
be the fuzzy set of approximately 0.5 with the following membership function
m(z) = 2x, r <0.5
AV 2(—1), >05
according to equation (1) and equation (2), we have

4z, z <05

fﬁ(m):{ 4(z—1), z>05
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2.2. Truncated Random Variables. Truncated distributions arise in practical
statistics in cases where the ability to record, or even to know about, occurrences
is limited to values which lie above or below a given threshold or within a specified
range such as income, expenditure, blood pressure, humidity, etc. So truncated dis-
tributions are widely applied in different fields such as finance, physics, hydrology,
geology, astronomy and biomedical science [6]. For more details suppose policy-
holders are subject to a policy limit, u, then any losses that are actually above u,
are reported to the insurance company as being exactly u because u is the maxi-
mum amount that insurance companies pay. The insurance company knows that
the actual loss is greater than u but they don’t know what it is. On the other hand,
left truncation occurs when policyholders are subject to a deductible. If policy-
holders are subject to a deductible d, any loss amount that is less than d will not
even be reported to the insurance company. If there is a claim on a policy limit of
u and a deductible of d, any loss amount that is greater than u will be reported to
the insurance company as a loss of u-d because that is the amount the insurance
company has to pay. Therefore insurance loss data is left-truncated because the
insurance company doesn’t know if there are values below the deductible d because
policyholders won’t make a claim. The insurance loss is also right censored if the
loss is greater than u because u is the most the insurance company will pay, so it
only knows that your claim is greater than w, not what the claim amount is ex-
actly. In these situations, an underlying random variable X is observed only when
X Dbelongs to a particular set A [6].

A truncated distribution is a conditional distribution that results from restricting
the domain of a probability distribution. For this, suppose X be a random variable
and A be a fixed subset of values of the random variable X. The truncated random
variable X 4 with truncation points in A can be represented as

Xa2X|(XeA,
with the pdf

__ [0
fA(x’e)_Pr(XGA)’ Vx € A, (3)
where £ means equal in distribution. In the particular case where X be an
absolutely continuous random variable and A = [¢,400), the truncated random
variable X 4 has a left-truncated distribution with the pdf
o f(x0)
fa(:0) = 1—F(c0)’ (4)

for x > ¢ where F (.;0) the cdf of X. In this case the expectation X 4 reduces to
the vitality function introduced by Kupka and Loo [13], defined as

1

+oo
Nc:E(X‘XZC):m/ zf (x;0) dz. (5)

Using equality (X | X <¢) = —E(X* | X* > ¢*), where X* L _X and ¢t =
—c, we can relate the results for left truncated variables with the results for right
truncated variables and vice versa. So

Uc:E(X\ch):ﬁ/iC zf (x;0) dx. (6)
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In the following, we consider some examples of truncated distributions:
Example 2.2. (Left-truncated exponential distribution). A random variable X 4
is said to have a left-truncated exponential distribution with parameters \, ¢ € R™;

denoted by X4 ~ EXPrr (X c), if X4 Lx | (X € A), where X is the exponential
random variable with parameter A and A = [¢,4+00). The corresponding pdf and
expectation of X4 are, respectively
fa(z; N e) = de =0 o> ¢ (7)
and 1
Me =C =+ X (8)
Also, we can show simply that

7=0

Example 2.3. (Pareto distribution). The random variable X 4 is said to have a
Pareto distribution with parameters \,c¢ € R, denoted by X4 ~ Pareto (A o), if
its pdf be
A
fa(x; A c) = f’\ﬁl, x> c.
The corresponding expectation of X 4 is

,uc:E(XA) = C, A> 1.

It is clear that X, < X | (X € A), X ~ Pareto(\, 1) and A = [¢,4+00).

It should also be noted that the Pareto distribution is closely connected to the
truncated exponential distribution which this connection is: if X4 ~ Pareto (A, c),
then Y =In(X4) ~ EXPrr (3,In(c)). Thus the obtained results in the following
examples will be readily extended for the Pareto distribution.

3. Truncating of Random Variables by Fuzzy Thresholds

From the discussion on previous section and to compare equation (1) and equa-
tion (2), we see that the defined function f; can be viewed as a version of truncated
distribution obtained from the fuzzy constraint. For this, let X be a random vari-
able and A is a fuzzy event defined over . We introduce the random variable X i
and from now call it ”fuzzy truncated random variable” if it is truncated by fuzzy
event A as follows J

XA:X\(XGA), (9)

where A is a fixed fuzzy subset of values of the random variable X with the
membership function m ;. Note, the pdf of X ; can be easily derived from equation
(2). In the special case consider A = {x € R* | x 7 ¢}, where the symbol 5 denotes
the fuzzified version of > with the linguistic interpretation ” approximately greater
than or equal to”. So Xj; is a fuzzy left truncated random variable with the
expectation ji.. In the following two examples, we obtain the closed form of the pdf
and the expectation of the fuzzy left truncated exponential random variable.
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Example 3.1. Let X ~ EXPr7 () ¢) and A = {z € Rt | 2 == ¢} be a fuzzy event
with the membership function

0 r<c
mﬁ(x) = { 1— e—d(z—c) T 2 c C7d > 0. (10)

Based on this membership function and equation (2), the fuzzy random variable
X ; is said to have a fuzzy left truncated exponential distribution with parameters
A, ¢,d >0, denoted by FEXP 1 (A ¢,d) if its pdf is given by

fi(@s A e, d) = we_k(z_c) (1 - e_d(l_c)) , T >c. (11)
We can easily show that the cdf of X ; and its corresponding expectation are

0 T <c,

Fji(z; A\ ¢, d) :{ 1 ¥e—,\(z—c) I %6—(/\4—(1)(1—0) z> e, (12)
. Ptd
He=CT XA 1) (13)

Since the concept of fuzzy truncated random variable introduced in this paper,
is an extension of the classical random variables, it can be reduced into a classical
random variable in cases where either truncation is not vague. Because, the limit of
m j(z) and fi. as d approaches infinity are indicator function and /i, respectively.

Similarly, based on the membership function

0 r<c—a
my(z) = 5 c—a<z<c+b (14)
1 r>c+b

the pdf of the fuzzy left truncated exponential distribution with parameters
A, a,b,¢> 0, denoted by FEXP (A, a,b,c), are obtained as follows

0 r<c—a
2
fi(z; N a,b,¢) = A (a+h) gha—ce=Ar  o_g<gp<c+b .
A e—(c—a) _ e—(c+b) a+b
e rz>c+b (15)

Therefore, it is easy to show that

2—al) e’ —(2+b\)e?
: /\)(ea f(e—b) ) ' (16)

ﬂc:C+

4. Measuring Inequality

There are various measures of income inequality such as relative mean deviation,
mean variation of logarithms of incomes and some entropy indices. The choice of
measure of inequality and related distribution has been discussed elsewhere and we
do not consider this issue further in the present paper. Elteto et al. [7] proposed
three measures which have direct economic interpretations and are given by

UC:ﬁy Vc:ﬁ, Wc:&»
Ve He Ve
where p. and v, defined in equation (5) & equation (6) and p is the expected value
of the un-truncated random variable X.

The measure V., may be regarded as a measure of inequality for the entire income
distribution, while U. and W, indicate the inequalities of the two respective parts
of the distribution below and above the mean.
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FIGURE 1. The Lorenz Curve Framework (Hypothetical Data)

The most widely used measure of inequality is the Lorenz curve, defined for
finite populations. For this, let X be an absolutely continuous nonnegative random
variable with cdf F', pdf f and finite mean p, which describes income. Now, if
F ~1(p) = sup{x|F(z) < p} is the quantile function of F, then the Lorenz curve
of F' is defined to be

Y
Lr(p) = ;/0 F~(t)dt, (17)

for p € [0,1]. Lp(p) gives the fraction of total income that the holders of the
lowest p!* fraction of income possesses. The Lorenz curve shows the percentage
of total income earned by cumulative percentage of the population [15]. Most of
the measures of income inequality are derived from the Lorenz curve framework
illustrated in Figure 1.

The significance of the Lorenz curve lies in the Gini index defined as

G=1- 2/0 LF(p)dp. (18)

The Gini index is a measure of statistical dispersion intended to represent the
income or wealth distribution of a population, and is the most commonly used
measure of inequality [20]. The Gini index is equivalent to the size of the area
between the Lorenz curve and the 45° line of equality divided by the total area
under the 45° line of equality. In Figure 1, if the area between the line of equality
and Lorenz curve is A, and the area under the Lorenz curve is B, then the Gini
index is A/(A+B). This ratio is expressed as a percentage or as the numerical
equivalent of that percentage, which is always a number between 0 and 1. A value
of 0 indicates a perfectly equal society where all income is equally shared, while a
value of 1 represents a perfectly unequal society where in all income is earned by
one individual, [1], [10] and [21].

In many practical situations, the complete data may not be observable due to
various reasons. What is available is truncated data. In this situation, we will
obtain measures of income inequality for truncated data. The truncated Gini index
would be useful in these cases. The properties and applications of the income
inequality measures for truncated data have been discussed by Ord et al. [17].

Proposition 4.1. Let X4 be a non-negative and absolutely continuous random
variable with truncation points in A = [¢,4+00). An alternative representation of
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the introduced Gini index into equation (18) for X4 is equivalent to

G:li/CJrooxf(x,c)F(m,c)dx—l, (19)

where p. has defined in equation (5).

Proof. Using equation (17) and equation (18), we can write

1
G:1—2/ Lr(p)d 1——//F (t,c)dt dp.
0

It arises by replacing the integrals in the following expression

—1——//F (t,c)dp dt.

Since random variable X > ¢ then F(z,c¢) = 0 for « < ¢, using the substitution
y = F~1(t,c) we have

“+o0
G=1- Mi / 2 f(y,¢)(1 — F(y,c))dy,

and at last

G= 2/+Ooxf(ac7c)F(ac7c)dx—1.

e O

Applications of the income inequality measures in the context of income analysis
are well known, see [11]. For this, two other important income inequality measures
for the left truncated random variable X4 with A = [¢,4+00) are

i) Truncated y—entropy measure,

1 +o0
E:f/ z,0){1—f 7 (x,c)}dr, > —1.
By using the definition of the derivative and the Hopital’s rule, we can show that
+oo
Bo== [ (@) flacdn o)

ii) As can be seen in Taillie (1981) corresponding to any convex function ¥ we
may define a measure of inequality by Hg(X) = E(¥(X)) and these measures
preserve the Lorenz ordering. In particular corresponding to the family of convex

functions
27t —1q

Yy +1)
we obtain the family of truncated measures derived from the Mellin transform as

U(X)= — 00 < 7y < +00;

with
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These family includes some standard indices, as special cases we have that H;
is the Hirschman index, Hy is the Theil index [2].

Example 4.2. According to Proposition 4.1, equation (20) and equation (22),
we can readily obtain the income inequality measures based on the left truncated
exponential random variable X4 ~ EXPr (X, ¢) with A, c € RTas:

1 1

= e T 20et 1) (24)
1 A7
and N
1 e T (y+2,Ac) )
H, = ~-1),
T+ ( (Ac+1)777 (26)
where I' is the upper incomplete gamma function as
+oo a—1 71 ca71 J
l"(oz,c):/c T dz = (a—1)! ZOJ'
i=
Using the definition of I' and equation (26), we can get Hy for v =1,2 as
1 54 3\
H, = _— Hy = ;03
2(Ac+1) 6(Ac+1)

Example 4.3. If X4 ~ Pareto (A, c), then with similar analyzes as in Example
4.2, we can determine that the measures G, E, and H, for the Pareto distribution,
as

1 .
"o 7Y (27)
1 AT
o= (1- -1 28
Ty ( [CETI R ) T (28)
and
! AL e (0A—1). (29)

H, = :
T+ DA = 1)
5. Fuzzy Measures of Income Inequality

In this section, we extend the income inequality measures recalled in equation
(19), equation (20) and equation (22) by the fuzzy truncated distributions and
obtain the explicit expressions for them which call the fuzzy measures of income
inequality. In the previous section we discussed various forms of measures that
could represent data on incomes. An alternative way of describing a measure of
income inequality is the using of fuzzy set theory. The fuzzy set theory provides
naturally an appropriate tool for modeling the imprecise concepts.

The three measures given in the previous section can be translated to fuzzy forms
G, E’v and H’y if the random variable X4 will be replaced by the fuzzy truncated
random variable X ; where A={X eRT | X = ¢} is a fuzzy event.
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In this paper, the measures G, Ew and ﬁv called the fuzzy measures of income
inequality. This section will be finished with a series of examples which obtain
the measures of income inequality for the exponential distribution via fuzzy events.
The proofs follow directly from the equation (2) and equation (11).

Example 5.1. Consider a fuzzy event A = {X € Rt | X = ¢} with the member-
ship function given in equation (10), where X ~ EXPrr (A, ¢). Using equation
(11), we simply obtain the measures of income inequality as follows:

(i) The fuzzy Gini index is defined as

2
fle
where f;, F'; and fi. have been given in equation (11), equation (12) and equation
(13), respectively. It can be easily calculated as follows,

A

é = - — 1’
fie (30)

G = / zfi(z; N e, d)Fs(z; A\ ¢, d)de — 1,

where
11X2 + 11)d + 3d?

XN+ d) (2N +4a)’
(ii) The fuzzy y—entropy measure is independent of ¢ and has the general form

g1 +Oof~(:z:-)\cd)(lffw(x-/\cd)>d:1: > -1
7’}/ . A IRAT g A ) 7Yy by I ,-Y °

With solving this integral, for v > 0, we obtain

A=c+

PR AT d) g -1 ()
== + - - ;
T 1 S (V+ DA+ (v + DA+ (G + 1) d)
Also, by mathematical induction on ~, we can show that
- 1 k A (A+d)
EA/ - — — _:1 ~ ( + ) ) v > 07
T (e DA+ nd) (31)

where k., is a constant and determined based on < value. Table 1 shows some
values k, for some constant +.
In two special cases, when v = 1,2 we have
~ 1AX(MA+d)
Br=l=gso5a
and
-1 1 A2(A+d)?

72 33BA+d) (3A+2d)
(iii) The fuzzy measures derived from the Mellin transform have the general form

~ 1 Feo 2\
= ((u) 1)”““’0’@“'
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In a special case, when v > 0, we have

P A(A+d)§cj(7+1)!< 1 1 ) X
Yy - . —5 _j - )
Yo+ | dpt o NS () e
It can simply be shown that H’y has the general form
~ 1
Hy = ;Pw (), ~€N (32)

where P11 (c) is an algebraic polynomial of degrees v+ 1. This form for v =1
is

g, AQA+d [(1 1 RN S o1 _1
Hi = 2d 12 KA A+d)c+2(>\2 (A+d)2>c+2()\3 (A+d)3>] 2’

4
6

6
120

v |1
ky|1]1

NIH o
Rolm ot

TABLE 1. Some Values of k. in Equation (31) to Determine E.,

Example 5.2. Similarly by the membership function given in equation (14) and
using equation (15), we can show that

(i) The corresponding fuzzy Gini index is given by
A2 + BQC

G- At
fe

; (33)

where

(11 — 4(a + fic) N2t — 8 (b — i) A +2) Mot — 2 (a — b+ 21 ) A+ 5
4\ (26)\(a+b) — e2X\(at+d) _ 1)

Ay =

)

and
2¢Matd) _ A(a+2b) _ 1

27 5ox(atb) _ g2A(atb) _ 1’

and fi. has been given in equation (16).
(ii) The fuzzy y—entropy measure has no closed form in this situation, therefore
it must be determined from numerical methods.
(iii) The fuzzy measures derived from the Mellin transform is given by
ef(cfa) 67(C+b)
- e—(c—a) _ o—(c+b) V'H'l (C) + e—(c—a) _ g—(c+b) W'H'l (C) ’ (34)

H,

where V41 (¢) and W41 (¢) are two algebraic polynomials of degree v+ 1. For
example if v = 1, then we can obtain

6 — daX + (a? — [i2) A?) + 2X (2 — aX) c + N2
2222 ’

Va(c) = (
and
— (6 +4bA + (b — i2) A%) + 22X (2+ bA) ¢ — A2

W2 (C) = 2)\2[1%
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6. Numerical Illustration

This section first considers a simulation study to illustrate the application of the
measures of income inequality and then uses real data to illustrate the usefulness
of the results derived in the previous section.

6.1. Simulation Study. We first consider a simulation study to illustrate the ap-
plication of the measures of income inequality in which we generate a random sam-
ple that considers the annual wages of 50 production-line workers in an industrial
firm. For this purpose, we use EXP 1 (0.012,100) to analyze the distribution of the
annual wages. As an extra fuzzy information we have that minimum wages have
been defined approximately 100$. In this situation, we use FEXP 1 (0.012,100, 2)
and FEXP 7 (0.012,80,80,100) as the distributions of the annual wages. Some
values of the simulated measures of income inequality which have been calculated
for these data, displayed in Table 2.

Distribution of the annual wages Le G Ey H,

EXPrr (0.012,100) 183.33 | 0.2272 | 0.994 | 0.1030
FEXPrr(0.012,100,2) 183.83 | 0.2267 | 0.994 | 0.1027
FEXPrr (0.012,84,84,100) 182.67 | 0.3306 — 0.2080

TABLE 2. Income Inequality Measures for the Truncated and
Fuzzy Truncated Exponential Distribution Fitted on the Annual
Wages Data

6.2. Application of the Measures of Income Inequality in Survival Time.
The area of fitting distributions to data has seen explosive growth in recent years.
Distribution fitting is the procedure of selecting a statistical distribution that best
fit to a data set generated by some random process. Statistical analysis, in tra-
ditional form, is based on crispness of data, random variables, decision rules, pa-
rameters, and so on. However, imprecision and uncertainty information exist in
real-world applications that can be caused by human errors in collecting data or
some unexpected situations. Therefore, the fuzzy set theory provides naturally an
appropriate tool in modeling the imprecise concepts. This can be a good reason
for using the fuzzy random variable in fitting distributions to data. We use real
data to illustrate the usefulness of the results derived in the previous section. The
data used in this subsection are observations that represent the survival times of
the 72 guinea pigs injected with different doses of tubercle bacilli, denoted by X.
This data set has been considered by several authors in the literature. For example,
Kundu et al. [12] considered an inverse Weibull (IW) distribution for these data
set. Also, Cordeiro et al. [5], compared it with the half-normal (HN) and gener-
alized half-normal models. In this situation, we want to estimate the measures of
inequality of X by using fuzzy truncated random variables in these data given that
the minimum survival times already have been defined approximately 9.26. For
this, we consider A = {z € Rt | z »7 9.26} with the membership function

0 T < 9.26
mj(z) = { | o920 55 g @ 170 (35)
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Using equation (11), it is clear X ~ FEXP 1 (A,9.26,d) with the following pdf
Fal@;2,9.26,d) = 2AAED =M @=926) (1 _ o=d(2=9.20)) = g > 9,96,

We have fitted the truncated exponential EXP 1 (A, 9.26) and the fuzzy truncated
exponential distribution FEXP 1 (), 9.26,d) to this data set. They are also com-
pared with the Weibull, IW and generalized inverse Weibull (GIW) distributions,
while their corresponding pfds are respectively given as follows:

fi(m A, d) = d 2~ @D N d >0,
fo(zs A d) =Xd 29 te™" | 2.\, d >0,

fa(x; A e,d) :c)\ddx_(dﬂ)e_cmfd, x, A\, d,c> 0.

For each distribution, we derive the maximum likelihood estimates, the maximized
log-likelihood (log-L) and the Akaike information criterion (AIC). The results for all
the mentioned models are presented in Table 3. Notice that the proposed FEXP

Models A c d log-L AIC

w 283.84 | 1415 | — | -395.64 | 795.30
Weibull | 0.0014 | 1.393 | — | -397.15 | 798.30
GIW 61.008 | 1.415 | 0.146 | -395.65 | 797.29
EXPrr |0.0114 | 12 — | -394.22 | 792.44
FEXPrr | 0.0137 | 9.26 | 0.442 | -391.146 | 788.29

TABLE 3. Parameter Estimates, Log-likelihood and AIC Obtained
by Fitting Each of the Distributions on the Survival Times Data

model is fitted to the data set better than the other models. This conclusion is
also supported by the values from the log-likelihood and AIC given in Table 3. In
summary, the new FEXPp distribution might be an interesting alternative to the
other available models in the literature for modeling positive real data. Figure 2
depicts a histogram of the data and the fitted FEXP ;1 probability density function.
We observed that the FEXP p distribution fits the the survival times data better
than EXP 7 distribution.

Table 4 indicates the measures of inequality estimated according to the two last
distributions in Table 3 which by using them we can compare the effect of fuzzy
truncation in these measures.

Distribution Le G Ey H,
EXPrr 84.4471 | 0.23379 | 0.99431 | 0.07287
FEXP 1 99.7193 | 0.20002 | 0.99778 —

TABLE 4. Income Inequality Measures for the Truncated and
Fuzzy Truncated Exponential Fitted on the Annual Wages Data
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Ficure 2. Fitted EXPrr and FEXPr Distributions to
the Survival Times Data

7. Conclusions

In this paper we have introduced a real-valued fuzzy method of illustrating the
measures of income inequality in truncated random variables based on the case
where the conditional events are vague. It focused entirely on the three families of
the income inequality indices and obtained closed formulas for these. Character-
ization results according to some specific models such as exponential and Pareto
based on the functional form of these measures are also discussed. We have used
two simulated and real data set to illustrate the usefulness of derived results. Notice
that the proposed model is fitted to the data set better than the other models. The
method proposed in this paper can be extended to higher dimensions.
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