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ON INTERRELATIONSHIPS BETWEEN FUZZY
METRIC STRUCTURES

A. ROLDAN, J. MARTINEZ-MORENO AND C. ROLDAN

ABSTRACT. Considering the increasing interest in fuzzy theory and possible
applications, the concept of fuzzy metric space concept has been introduced
by several authors from different perspectives. This paper interprets the theory
in terms of metrics evaluated on fuzzy numbers and defines a strong Hausdorff
topology. We study interrelationships between this theory and other fuzzy
theories such as intuitionistic fuzzy metric spaces, Kramosil and Michalek’s
spaces, Kaleva and Seikkala’s spaces, probabilistic metric spaces, probabilistic
metric co-spaces, Menger spaces and intuitionistic probabilistic metric spaces,
determining their position in the framework of theses different theories.

1. Introduction

One of the most interesting research topics in fuzzy topology is to find an appro-
priate definition of fuzzy metric space for its possible applications in several areas.
Many authors have considered this problem and have introduced it in different ways
[10, 11, 22, 23, 27, 26, 37]. Possibly the first approach to this problem was car-
ried out by Menger [27] who introduced distribution functions as distances between
points. Using arbitrary triangle functions, Schweizer and Sklar [37] introduced the
probabilistic metric spaces. The theory of fuzzy sets, originally introduced by Zadeh
[45], gave a new perspective to this problem, allowing us to apply fuzzy behaviour
to model real situations. On the one hand, inspired by this, Kramosil and Michalek
[23] generalized the concept of probabilistic metric space to the fuzzy situation and
defined a Hausdorff topology on these spaces. In [6], Deng studied the topology of a
fuzzy pseudo-metric space. George and Veeramani [11] slightly modified the concept
of fuzzy metric space introduced by Kramosil and Michalek, defined a Hausdorff
topology and proved some known results including Baire’s theorem. On the other
hand, using the theory of fuzzy numbers [8, 17], Kaleva and Seikkala [22] proposed
a class of spaces that set the distance between two points as a nonnegative fuzzy
number. Later, Atanassov [3] introduced the concept of intuitionistic fuzzy set
which is characterized by a membership function and a non-membership function.
Recently, much work has been done on this theory by many authors [2, 6, 42, 43].
Based on this concept, Park [30, 33] introduced the intuitionistic fuzzy metric spaces
as a natural generalization of fuzzy metric spaces due to George and Veeramani.
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However, for our purposes, this paper uses the Castro-Company and Romaguera’s
version that can be found in [4] (see also [2]).

Due to the increasing interest in this area and motivated by its possible applica-
tions ([4, 9, 12, 13, 16, 18, 25, 32, 41, 42, 43]) in this paper we describe a common
structure for the previous spaces, allowing us to work in a unified way to deal with
very different problems. In addition to the evident connections, it can be observed
(see [22]) that every Menger space [27] can be considered as a Kaleva and Seikkala
fuzzy metric space, but the converse is not obvious in the general case. Kaleva re-
cently explained in [21] that a fuzzy metric space of a different flavor was introduced
by Kramosil and Michalek [23] but an overall view has not been studied. It is nec-
essary to establish connections between the different definitions. This is the main
aim of this paper. We have found that what really underlies on common in this type
of spaces is a triple formed by a basic set, a distance function evaluated on the set
of fuzzy numbers and a triangular function that establishes a relationship between
distances that can be calculated between three points of the space (similar to a
triangular inequality). Most of the current notions of fuzzy metric space interpret
the distance between two points as a distribution function in the real environment.
However, in the fuzzy setting, it seems more coherent to use fuzzy numbers for
this purpose. Few authors did this in the past. Interpreting a fuzzy number as a
couple of distance distribution functions, it is easy to consider a notion of purely
fuzzy metric space that is capable of taking advantage of the best of each of the
other theories. To do this, we need to do a complete study of triangular functions
on fuzzy numbers, relating them to those used in other contexts. In this way, we
prove that probabilistic metric spaces, fuzzy metric spaces in the sense of Kramosil
and Michalek, intuitionistic fuzzy metric spaces, intuitionistic probabilistic metric
spaces and some fuzzy metric spaces in the sense of Kaleva and Seikkala can be
included in this new view of the problem.

This paper is organized as follows: Some preliminaries and notations concern-
ing fuzzy metric spaces (from different points of view) are gathered in Section 2.
Section 3 describes a way to interpret fuzzy numbers as a pair of distance distribu-
tion functions that provide them with a metric. In Section 4, results established in
previous sections, will be used to obtain the principal objective of this paper, that
is, to introduce a concept of fuzzy metric space that can include other structures
defined previously. This concept is used to study the relationships with other con-
cepts previously established. Finally, Section 5 includes some concluding remarks
and prospects for further work.

2. Preliminaries

In the sequel R will denote the set of real numbers and R = [—oc, 00| the extended
real line (for simplicity, +oo will be denoted as co).

Let (A, <) be a partially ordered nonempty set. A triangle function on A (or a
ta-norm) is amap 7 : A x A — A that is associative, commutative, nondecreasing
in both arguments (that is, 7(A1, A3) < 7(A2, Ay) whenever A1, Ao, A3, Ay € A with
A1 < Ay and A3 < A\4) and has an element Ay € A as identity (i.e., 7(A, Ag) = A for
all A € A).
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A t-norm is a triangle function * : [0,1]> — [0,1] that has 1 as identity, and
a t-conorm is a triangle function o : [0,1]> — [0, 1] that has 0 as identity. If x
is a (continuous) t-norm, a *' b =1 —[(1 —a) * (1 — b)] for all a,b € [0,1] defines
a (continuous) t-conorm, ', called the t-conorm associated to x. Conversely, if
© is a (continuous) t-conorm, its (continuous) t-norm associated, ¢, is defined as
ad’b=1-[1-a)o(1—0) forall a,b € [0,1].

A distance distribution function (d.d.f.) (which was studied in detail in [37]) is
a nondecreasing function f : [0,00] — [0,1] that is left continuous on |0, co| with
f(0) =0 and f(0co0) = 1. This definition is extended to f : R — [0, 1] considering
f(t) =0if t <0. The set of all d.d.f. is denoted by A*. Examples of d.d.f. are
the step functions, €,, defined as follows for any a € [0, co[:

0, ift<a, 0, iftel0,00[,
€ (t) = and, similarly, e (t) =
1, ift>a, 1, ift=oo.

The set AT is partially ordered by the relation f < g iff f(z) < g(z) for all
x € ]0,00[. In this order, €5, < f < € for all f € AT. Furthermore, the set A
has the following metric. Let f,g € AT and let § € [0,1]. Let [f, g;d] denote the
condition g (z) < f(z + ) + 6 for all x € |0,1/5[. For any f,g € AT the modified
Lévy metric between f and g is given by

dy, (f,g):mf({ 5>0/[f,g;5] and [g, f; ] hold}).

The map d, : (AT)? — [0,1] is a metric on A+ and (A*,dy) is a compact and
complete metric space (see [37]).

Analogously, a nondistance distribution function is a non-increasing function
7 : [0,00] — [0,1] that is left continuous on ]0, co[ with 7(0) = 1 and 7 (c0) = 0.
This definition is extended to 7 : R — [0, 1] considering 7 (¢t) = 1 if ¢ < 0. The
set of all nondistance distribution functions is denoted by VT and € is defined by
E(t)=1ift <0and &(t) =0if t > 0.

A triangle function on AT must have ¢; as identity and €., as null element, and
a triangle function on V' must have & as identity. If 7 : VT x V' — VT is a
triangle function on VT, then 7/(f,g) = 1—7(1— f,1—g) is a triangle function on
AT, and conversely. The concept of triangle function on A™ is well known. It was
studied by Schweizer and Sklar in [37] and it is just a tA+-norm in the terminology
of [5]. An interesting class of triangle functions on A™ is defined as follows. Let *
be a continuous t-norm and let f,g € AT, then 7., defined as:

n(f,g)(u)zsup({ f(t)*g(s)/t—l—s:u, t,szO})

for each u € ]0, 00, is a triangle function on A™ that verifies (see [37])
Tu (€q, €0) = €q+p  for all a,b €0, 00]. (1)

A fuzzy set on Risamap F: R — [0,1]. A fuzzy number on R is a fuzzy set F'
on R that verifies:

D1: Normality: there exists a real number xy € R such that F' (x¢) = 1.
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D2: Forall a € ]0,1], the set Fi) = {z € R: F(z) > a} is a closed subinterval
of R.

The family of all fuzzy numbers F satisfying F (z¢) = 1 will be denoted by F (x¢).
In the sequel, we assume without loss of generality that every fuzzy number F
verifies F'(0) = 1, that is, we will consider F = F (0).

A fuzzy number F' € F is nondecreasing in | —oo, 0] and is nonincreasing in [0, co].
Furthermore, F' |]70070[ is right continuous and Fy, r is left continuous. The set 7
is partially ordered by the relation F' < G iff F (z) < G () for all x € R. Note that
considering F (+00) = 0, any fuzzy number F' can be extended to R. Furthermore,
considering 1 : R — [0,1] as 1 if z € R and 0 if z = 400 and 7 : R — [0, 1] as 1, if
x =7, and 0, if z # r, it is clear that 7 < F < 1 for all F' € F (r). Finally note
that a fuzzy number F : R — [0, 1] is called nonnegative if F (t) = 0 for all ¢ < 0
(see [22]) . The set of all nonnegative fuzzy numbers is denoted by G.

Since the aim of this paper is to establish connections between fuzzy metric
structures, firstly a review of these definitions is considered using the following
notation to avoid confusion: KS-spaces denote fuzzy metric spaces in the sense
of Kaleva and Seikkala and KM-spaces denote fuzzy metric spaces in the sense of
Kramosil and Michalek.

Henceforth, X always denotes a nonempty set. As usual in other papers, sub-
scripts are used to indicate the arguments of the function. For example, d (z,y)
will be denoted by dg,.

o A probabilistic metric space (briefly, a PM-space; see [37]) is a triple (X, d, 7)
where d : X x X — AT is a map and 7 is a triangle function on A¥ satis-
fying the following properties:

P1: Forz,y € X, d,y =€ iff z = y.
P2: For all z,y € X, dy, = dyy.
P3: Triangle inequality: for all z,y,2z € X, dyy > 7 (day, dyz).

e A probabilistic metric co-space (briefly, a PM.-space) is a triple (X, d,7)
where d : X x X — V1 is a map and 7 : V* x V* — V't is a triangle
function on V7 satisfying the following properties:

C1: For z,y € X, me =¢é iff x =y.
C2: Forall z,y € X, dyz = Jzy
C3: Cotriangle inequality: for all z,y,z € X, dy. < %(ny, dyz)

e A 5-tuple (X,d,T, d, 7) is said to be an intuitionistic probabilistic metric
space (briefly, an IPM-space) if (X, d, 7) is a PM-space, (X, d,7) is a PM,-
space and dyy(t) 4 dyy(t) < 1 for all z,y € X and all ¢ € |0, oo].

o A fuzzy metric space in the sense of Kaleva and Seikkala [22] (briefly, a
KS-space) is a quadruple (X,d, L, R) where d : X x X — G is a mapping
(a fuzzy metric), L, R : [0,1]* — [0,1] are symmetric and nondecreasing
mappings satisfying L (0,0) =0, R (1,1) = 1 and the following conditions:

(i): dpy =0iff 2z =y.

(ii): dpy = dy for all z,y € X.

(iii): for all z,y,2 € X, denoting [dyy], = {t €ER:dyy(t) > a} =
[Agy,pg‘y] for0<a<1:
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(1): doy (s+1t) > L(ds-(s),dzy (t)) whenever s < A, ¢ < X and
s+t <AL,

(2): duy (s+1) < R(dy- (5),dzy () whenever s > A}, ¢ > Al and
s+t> )\iy.

e An intuitionistic fuzzy metric space [4], (briefly, IFM-space) is a 5-tuple
(X, M, N, x,0) where * is a continuous t-norm, ¢ a continuous t-conorm and
M,N: X x X x[0,00] = [0, 1] are fuzzy sets such that, for all x,y,z € X:

1) Mgy (t) + Ngy (t) < 1 for all ¢ € [0, o0l

2) M,, (0) = 0.

3) My, (t) = My, (t) for all t € [0, o0].

4) My, (t) =1 for all ¢t € ]0, 00| if, and only if, z = y.
M. (t+s) > My, (t) * M, (s) for all t,s € [0, col.
The fuzzy s

et My, : [0, 00[ — [0, 1] is left continuous.

= Ny, (t) for all ¢ € [0, 00].

=0 for all ¢ € ]0,00[ if, and only if, z = y.

Ny (t +5) < Ngy (t) © Ny, (s) for all ¢, s € [0, col.

The fuzzy set Ny, : [0,00] — [0, 1] is left continuous.

o A fuzzy metric space in the sense of Kramosil and Michalek [23] (briefly,
a KM-space) is a triple (X, M, %) where x is a continuous t-norm and M :
X x X x [0,00[ — [0,1] is a fuzzy set verifying properties (2)—(6) of a
IFM-space.

e A fuzzy metric space in the sense of George and Veeramani [11] (briefly,
a GV-space) is a triple (X, M, x) where * is a continuous t-norm and M :
X x X x]0,00[ — [0,1] is a fuzzy set verifying properties (3), (4) and (5)
of IFM-spaces and replacing properties (2) and (6) by the following ones:
for all x,y,z € X,

(2) Mgy(t) >0 for all t > 0.
(6) The fuzzy set My, : ]0,00[ — [0,1] is continuous.

[ e i T e e T e
— O © 00 ~J O Ot
NN NI AN AN AN AN NN

~

—~
—

Note that a Menger space is a probabilistic metric space where 7 = 7, (and * is
a continuous t-norm) and every KM-space (X, M, ) is an IFM-space of the form
(X, M,1— M,*,+"). On the other hand, every GV-space is a KM-space (sometimes
called strong fuzzy metric space). Indeed, GV-spaces are a slightly modification
of KM-spaces in order to get better properties. They considered balls B(z,r,t) =
{ye X : Myy(t) >1—r}forze X, re]0,1] and ¢t > 0, and proved that they are
open sets in the topology:

T={ACX:ze€ A< (3re]0,1[, 3t > 0 such that B(z,r,t) C A)},

which is Hausdorff first countable. The appropriate notions of Cauchy sequence
and completeness were also modified in order to make R a complete FM-space. A
Baire’s theorem was proved in this paper using that the closed balls Blx,r,t] =
{y € X : Myy(t) > 1 —r} are closed sets in 7.

There are many notions of fuzzy metric space that are different from the previous
ones. Considering only nonascending functions R — [0, 1], the intervalar arithmetic
on a-cuts and positive fuzzy real numbers, Morsi [28] gave in 1988 a version of a
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fuzzy metric space that is comparable, in modern terminology, to (X, N,¢), and
introduced the concept of fuzzy pseudo-metric topology on a fuzzy pseudo-metric
space. This topology, essentially defined as we have just mentioned, is a particular
case of (L, M)-fuzzy topological spaces, which have been lately studied in [38, 39, 24]
from an algebraic point of view. Indeed, KM and GV fuzzy metrics are also (L, M)-
fuzzy metrics.

Recently, Saadati el al. [36] have introduced a modified version of IFM-spaces
considering a triple (X, M, T), being Muyn(z,y,t) = (Myy(t), Noy(t)) and
T((z1,11), (T2,y2)) = (z1 * T2, y1 © y2), where x is a continuous t-norm and ¢ is a
continuous t-conorm. However, this new concept (mIFM-spaces) is a slight mod-
ification of the axioms of IFM-space in the same way as GV-spaces are a slight
modification of KM-spaces (essentially, in order to get better properties; for exam-
ple, in fixed point theory [19]).

It is also possible to consider a similar theory where the codomain is a complete
lattice £ = (L, <) rather than the interval [0,1], and similar properties can be
obtained following the same techniques. These spaces are known as L-fuzzy metric
spaces [1] and they are efficient settings in which we can deduce fixed point theorems
[35, 32, 25].

Applications of FM-spaces and IFM-spaces are numerous. For instance, in [31,
34] the authors apply an intuitionistic fuzzy quasi-metric version of a fixed point
theorem to obtain the existence of solution for a recurrence equation associated with
the analysis of Quicksort algorithms. In [4], the authors used IFM-spaces in order to
predict access histories working on variations of the fuzzy construction. In [15] the
authors proposed a fuzzy metric that simultaneously takes into account two different
distance criteria between color image pixels and used it to filter noisy images,
obtaining promising results. Intuitionistic fuzzy sets, combining with aggregation
functions, play a key role in decision making [44]. An intuitionistic fuzzy multi-
criteria group decision making method with grey relational analysis is proposed in
[47] in order to solve personnel selection problem, in which both subjective and
objective assessments rather than just subjective decisions are making, and where
linguistic variables are considered. A mnovel intuitionistic fuzzy clustering method
for Geo-Demographic Analysis is developed in [40]. Finally, there exist applications
to pattern recognition and medical diagnosis [48].

3. A Canonical Decomposition of Fuzzy Numbers

In this section a way to interpret fuzzy numbers (satisfying the normality condi-
tion in zero) as a pair of d.d.f. is considered. This decomposition let us translate the
Lévy metric between d.d.f. to the set of fuzzy numbers. Furthermore the relation
between triangular functions for fuzzy numbers and d.d.f. is established.

Definition 3.1. Let F be a fuzzy set on R. Define F~, F* : R — [0, 1] as follows:
0, if <0,
FE(z)={ 1—F(£x), if 0<z< oo,

1, if = oc;
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The following lemma is a consequence that the map z — —x is an inverse
bijection between |—o0,0[ and ]0, oof.

Lemma 3.2. A fuzzy set F' on R is a fuzzy number of F iff F~ and F* are d.d.f.
In this case, for all x € R,
1—F (—z), i =<0,
F(x) =
1—F*(x), if ©>0.

A similar decomposition was already obtained by Zhang in [46]. By Lemma 3.2,
each fuzzy number can be determined by a pair of d.d.f. The following theorem
establishes that this relation is bijective. It proves that there exists a natural
metric topology in F that generalizes those introduced by Zhang and that makes
this space isometric to AT x AT with the product topology introduced by Lévy’s
metric (slightly modified by Schweizer and Sklar [37]). Note that the order in AT
induces an order in (A™)2 given by (f1, f2) < (g91,92) iff f1 < g1 and fo < go.

Theorem 3.3. The map ® : F — (A1)? given by ® (F) = (F~,FT) forall F € F,
is an inverse order bijection.

Proof. By Lemma 3.2, ® is well defined, since F'~,FT € AT, and it is injective
because F~ and F'* determines F. To prove that ® is surjective, let f,g € A be
arbitrary d.d.f. and define F' on R as follows:

1—f(-=z), ifz<0,
F(x){l—g(x), ifz>0.

With the same arguments as lemma 3.2, it can be concluded that F' € F and
®(F) = (f,g9). Now suppose that F;G € F. Hence F < G is equivalent to
Gt < Ft and G- < F~, that is, (G~,G") < (F~,F"), and this is equivalent to
O (F)>2(G). O

The same reasoning as the previous theorem let us conclude the following result.

Theorem 3.4. Let f, g : [0,00] — [0,1] be two maps such that f (0) =0 and define
F:R—[0,1] as:

F(z) =
1—g(x), if x>0.
Then F € F iff f,g € AT, In this case, ® (F) = (f,9g)-

{ 1= f(=x), if =<0,

Kaleva [20] firstly defined three kinds of convergences in fuzzy number space, and
studied the relationship between these convergences. Many authors also discussed
convergence of sequences of fuzzy numbers (see [49] and references therein) with
respect to metrics based on Hausdorff metric. Now, with the previous bijection in
mind, we propose a new kind of convergence.

As (AT,dy) is a metric space and ® : F — (AT)? is a bijection, a Lévy metric
d;, on F can be induced considering dy, (F,G) = max (d(F~,G™),d(FT,GT))
for all F,G € F.



140 A. Roldén, J. Martinez-Moreno and C. Roldan

Corollary 3.5. With the induced metric on F by the Lévy distance on AT, F is
a compact and complete metric space.

It is not difficult to prove that if {F,},  C F is a sequence of fuzzy numbers
and F' € F, then {dp (Fy,, F)},cy — 0 iff {Fy.}, oy converges weakly to F, i.e.,
{F, (2)},cn converges to F' (x) at each continuity point of F' (see [37]).

As @ is an inverse order bijection between F and (A*)?2, and € is the identity
of any triangle function on A™, the fuzzy number 0 must be the identity of any
triangle function v on F and 1 will be its null element, that is, v : F2 — F,
v (67 F) =F,v(1,F) =1, for all F € F. For example, the sum of fuzzy numbers
is a triangle function on F. In the terminology of [5], a triangular function on F is
just a tr-conorm.

The following lemma is an easy, but tedious, algebraic exercise.

Lemma 3.6. There exists a one-to-one correspondence between triangle functions v
on F and triangle functions n on (A%)? such that the following diagram conmutes.

F? PXP L (AT)E po(@x®) =dow
v = n
F = (A+)2

In this way, v is a triangle function on F iff ®ovo (P x <I>)71 s a triangle function
on (A1)2.

If  is a triangle function on (A1)2, v = ®~lono(® x @) is called its associated
triangle function on F. If 7 and 7’ are triangle functions on A™, then n = 7 x 7/,
defined as (7 x 7') (f1, f2, f3, fa) = (T(f1, f3), 7' (fa, fa)) for all f1, fa, f3, fs € AT,
is a triangle function on (AT)2, and v = @71 o (7 x 7)o (® x ®) is its associated
triangle function on F. In this case,v (F,G) = &~ (7(F~,G7), 7 (F*,GT)), for
all F,G e F.

4. A Comparative Study of Fuzzy Metric Structures

In this section, which is the focus of this paper, we prove that all definitions
provided in preliminaries section can be conveniently included in the following def-
inition.

Definition 4.1. A fuzzy metric space (briefly, a FM-space) is a triple (X, F,v)
where X isaset, F: X x X — Fisamap and v : F X F — F is a triangle function
satisfying the following properties:

Fl1: F,, =0forall z € X.

F2: F,, #0 for all z,y € X with  # y.

F3: Fy,, =F,, forall z,y € X.

F4: Triangle inequality: Fp, < v (Fgy, F,;) for all z,y,z € X.

We say that a FM-space is normalised (respectively, conormalised) if Fy,, (—t) <
F., (t) (respectively, Fu, (t) < Fuyy (—t)) for all z,y € X and all ¢t € ]0, oo
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Any metric space (X,d) is a FM-space if we define Fy, (t) =1 if |t| < d,, and
Fuy(t) = 0if [¢| > dyy. If 71 and 77 are triangle functions on A% satisfying
(2) and v is the triangle function on F associated with 7= x 7+, then FEf, >
(P2, 7).

The variety of FM-spaces presented below will be enormous. But for now, let
us see that we can consider a FM-space for each d.d.f. different from ¢y and each
triangle function on A*. Let X be a set and f € AT any d.d.f. different from .

Define F,, =0 if 2 = y and

0, if t <0,

Foy (1) {1f(t), if t >0, o7y

Then (X,F,v) is a FM-space for any triangle function v on F associated to a
product 7 x 7' of triangle functions on A™.

To follow, we prove that every probabilistic metric space is a FM-space and we
consider the strong topology on a FM-space.

Theorem 4.2. Let X be a set, T a triangle function on AT, d: X x X —+ AT a
map and define:

0, ift <0,

Ve, y € X, F, =
) 1—dyy(t), ift>0.

Then the following assertions are equivalent.

(a): (X,d, 1) is a PM-space.

(b): (X,F,v) is a FM-space, where v is the triangle function on F associated
to 7' x T, for any triangle function T on AT.

(c): There exists a triangle function 7/ on AY such that (X,F,v) is a FM-
space, where v 1s the triangle function on F associated with 7" X T.

Proof. Let 7" be any triangle function on A1 and let v be the triangle function
on F associated to 7/ x 7. It is clear that d,, = € iff F;, = 0, so the condition
dyy = € iff z =y is equivalent to F,, = 0 iff z = y. Furthermore, d is symmetric
iff F is symmetric. Observe that ® (F,,) = (F;y, ij) = (€g,dyy) for all z,y € X.
Let z,y,z € X. It is clear that F_, = ¢g > 7/ (€g,€0) = 7’ (F;y,F;Z). Moreover,
dpz > T(dgy,dy.) it Ff, > 7(F1,, F1 ). Then:

xz)

oz > 7(dpy, dy.) & @ (Fy) = (F5,.FL) > (7 (F.,.F,.) . 7(FL,FL))

Ty xy? Tz

& Fu, <v(Fyy, Fy,).

It can be concluded that (X,d,7) is a probabilistic metric space iff (X,F,v) is a
FM-space. [

Corollary 4.3. Every PM-space is a FM-space.

Taking into account that F, does not play an important role in the proof of
Theorem 4.2, we obtain the following result.
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Corollary 4.4. Let (X, F,v) be a FM-space such that v is associated with a product
7' X 7 of triangle functions on AT and such that ¥}, = e implies that Fyy = 0.
Then (X,d=1—=F|q, ., 7) is a PM-space.

Modifying the proof of theorem 4.2 we prove the following one.

Theorem 4.5. Let X be a set, T and 7' triangle functions on AT, d,d' : X x X —
A two maps and define:

1—dyy(—t), ift<O0,

Vz,y € X, Vt € R, F.,(t) =
v(®) {1—d;y(t), ift > 0.

Then the following assertions are equivalent.
(a): (X,d,7) and (X,d’,7") are PM-spaces.
(b): (X,F,v,xr) is a FM-space.
In this case, d = ¥~ y d' = F*. Furthermore, a sequence {x,} C X F-
converges to x € X (respect., is F-Cauchy) iff it d-converges to x and d'-converges
to x (respect., is d-Cauchy and d’'-Cauchy).

Theorem 4.2 shows that the relationship between probabilistic metric spaces
and FM-spaces is very close. When (X, d,7) is a probabilistic metric space and 7
is continuous (with the metric dr), it is possible to consider the strong topology on
X (see [37]). Using this idea, it is possible to define a similar topology on every
FM-space (X,F,v). Indeed, for each x € X and each ¢ > 0, define:

Nm(t):{ yeX:Fzy(ﬁ:t)<t}.

It is clear that if ¢ > 1, then N, (¢) = X. Furthermore, if 0 < ¢; < tg, then
N, (t1) € N, (t2). Note that for f € At we have that f (t) > 1—tiff dp (f,€) < t.
Then, for all z,y € X,

dp (Fuy,0) <t & max(d (1 — Fay (£),60)) <t & 1—Fuy (£1) > 1t &
& ye N ().

Hence, we can describe N, (t) = { y € X : d.(F,,,0) <t }. We can repeat the
arguments of theorem 12.1.2, in [37] to prove the following result.

Theorem 4.6. If (X,F,v) is a FM-space such that v is continuous, then there
exists a Hausdorff topology on X such that {N, (1/n)}, .y is a countable basis of
neighborhoods of each x € X.

For example, if (X, d) is a metric space, the strong topology on X coincides with
the metric topology induced by d, since, in this case, if 0 < t < 1, Fy, (£t) < t iff
dyy < t. Therefore, N, (t) = {y € X : dyy < t} = B (z,1).

Regarding KS-spaces, it is easy to prove that every IFM-space (X, M, N, x,)
is a KS-space (X,d, L, R) where L =0, R = %" and d : X x X — G is defined as
dey(t) = 0, if t < 0, and dyy(t) = 1 — My (t), if t > 0, for all z,y € X. Next
we show that, under some conditions, a Kaleva-Seikkala fuzzy metric space is a
FM-space. A KS-space (X,d,L,R) is simply if d: X x X - GNF, L=0and R
is a continuous t-conorm. It will be denote as KS*-space.
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Theorem 4.7. Every KS*-space (X,d,L = 0,R) is a FM-space (X,F = d,v),
where v is the triangle function on F associated to T X T/ and T is any triangle
function on A™T.

Proof. As R is a continuous t-conorm, then R’ is a continuous t-norm. Let v be
the triangle function on F associated to 7 x 7g/, where 7 is any triangle function
on AT, Define Fy,, = dy, € F for all z,y € X. The conditions F1, F2 and F3 are
trivial. To prove F4, we observe that ® (F,,) = (F,,,F},) = (e, 1 — dyy) for all

x,y € X. Given s,t > 0= A1 (z,y) = M (x,2) = A (y, 2), we have that:
Aoy (s +1) < R(dy (8),d2y (1) © 1—dyy(s+t)>1—R(ds(8),dsy (t) &
S 1—dyy(s+1t) >R (1—dy.(s),1—dsy (1))
& Fl (s+t) >R (F, (s),FL,(1).
If u =t + s and taking supreme, we have proved that for any v > 0:
F;[y (u) > sup ({ R (F;rz (s), ij (t)) / t+s=u, t,s> 0}) = TR (F;Z, ij) (u).
Then Ff, > 7 (F1,,F],). AsF,, = ¢ > 7 (F,,,Fz,), we have deduced that:

Tz Tz

® (Fuy) = (F,,.FL) > (7 (Fo..F.,) 7w (F1,,F})) =

zy - rz xz)

=(r x7r) ((F.,FL,), (F, FL)) =

=((rxTR) 0o (® X ®)) (Fyz,Foy) = (Pov) (Fy, Fuy) .

Taking the inverse order map ®~!, we obtain F,, < v (F.,,F,,), and (X,F,v) is
a FM-space. (|

Corollary 4.8. Fvery KS*-space is a FM-space.

Kaleva and Seikkala [22] and Pap [29] proved that every Menger space is a KS*-
space, and discussed that the converse statement is not obvious in the general case
(using KS-spaces). As a consequence of Theorems 4.7 and 4.2, we have obtained
the converse for KS*-spaces.

Corollary 4.9. Fvery KS*-space (X,d, L, R) is a Menger space (X,d’', Tr:) , where
dyy (1) = 1 —dyy(t), for all z,y € X and all t > 0.

Kramosil and Michalek (see [23]) introduced a definition of fuzzy metric space
modifying the axioms used until now and established a new class of fuzzy metric
spaces provided with a Hausdorff topology. This definition is indeed similar to
the IFM-space by Park [30], but we must understand that the other was earlier.
Finally we study the relationship between IFM-spaces and FM-spaces and apply it
to KM-spaces.

Theorem 4.10. Let (X, M, N, x,0) be an IFM-space and define F, G : X x X — F,
forallz,y € X, as:

_f Ngy(—1), ift <O, [ 1—=DM,,(—t), ift<0,
Fay (t) = { 1= My, (1), ift>0; Goy ()= N, (0, ift>0.
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Let ¢’ be the t-norm induced by ¢ and let v and V' be the triangular functions on
F induced by Tor X Ti and Ty X Tor, Tespectively. Then (X, F,v) is a normalised
FM-space and (X, G,v') is a conormalised FM-space.

Proof. Let us prove that (X,F,v) is a normalised FM-space. As x and ¢’ are
continuous t-norm, then 7, and 7, are triangle functions on A*, and v = d1lo
(Tor X Tx)o(® x @) is a triangle function on F. Note that for all F, G € F, v (F,G) =
¢~ (1o (F~,G7), 7 (FT,GT)). Let 2,y € X. As F,, (0) =1 — M,, (0) =1, by
Theorem 3.4, F,, is well defined and it is a fuzzy number of 7. Then F : X x X — F
is well defined. As

F,, =0 & M, (t)=1and Ny, (t) =0, Vte]0,00] < x=uy,

the properties F1, F2 and F3 are trivial. To prove the triangle inequality, observe
that ® (F,,) = (F,,,Ff,) = (1= Ny, M,,). Let z,y,2z € X and consider the

xy)
d.df. 7o (Fg,, F,.), 7 (Ff,,Fr.) € AT. We compare these d.d.f. on ]0, oo[ with
F,, and F},, respectively. Let u € ]0,00[ be a positive real number. If u =

t + s, where ¢, s € ]0, 00[, we have that M, (u) = My, (t +s) > My, (t) * M, (s).
Therefore,

Th (F;Z,sz) (u) =sup ({ Myy (£) * My, (s) /t+s=u, t,s>0}) <

<sup({M,.(t+s) /t+s=u, t,5>0}) =M, (u) =F (u).

Consequently, we deduce 7, (F,,F}.) < Fi.. In the same way, if u =t + s, we

have that Ny, (u) = Ny, (t +5) < Ngy (£) © Ny, (s), and then:
Tor (Fry, Byl ) (u) =
s ({1~ [(1~ B (0) 0 (L~ Fpu (5)] [t 5=, t0520}) =
=sup ({1 —Ngy () o Ny (s) /t+s=u, t,s>01})=
=1—inf ({ Ngy (t) o Ny (s) /t+s=u, t,s>0}) <
<1—inf ({ Ny (t+8) /t+s=u, t,s>0})=1— N, (u) =F_, (u).
As 7, (Ff,,F}) <Fi., 7 (F,,F,.) <F_ and ® ' is an inverse order map, we
conclude that:
v (Foy, Fy.) =7 (r (F,,, F,.) 7 (F1,, FL) ) > @7 (F,..Fl,) = F,..
Finally, (X,F,v) is a normalised FM-space since, for ¢ > 0:
My, (t) + Nay (t) <1 & Ny (t) S 1= Mgy (t)
& Fuy(—t) <Fgy(t), forallt €]0,00[ . (2)
Corollary 4.11. Every IFM-space (X, M, N,*,0) is a normalised FM-space mEl
is a Menger space (X, M, T.).

The previous corollary is a consequence of applying that (X, F,v) is the FM-space
generated by (X, M, N,x,¢) and Theorem 4.2 (an IFM-space can be considered a
FM-space, see Theorem 4.10). The following theorem is the converse of Theorem
4.10.
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Theorem 4.12. Let X be a set, x a continuous t-norm, ¢ a continuous t-conorm
and v the triangular function on F corresponding to 7o X Ty«. Suppose that for
every x,y € X there exist fuzzy sets Myy, Ny, : (0,00 — [0,1] and Fyyy : R — [0, 1]
verifying:
My (t) =1—-Fyy (t) and Ngy (t) =Fgy (—t) forallt € [0,00].
Then the following assertions are equivalent:
(a): (X, M, N,x,0) is an IFM-space.
(b): (X,F,v) is a normalised FM-space verifying the following properties:
(b.1): Ifz,y € X, then ¥, = o iff v =y iff Ff, = eo.
(b.2): Fuy (t) ¥ Fy. (s) > Fo. (t+s) for all z,y,z € X and all t,s €
[0, 00[ (where % is the t-conorm induced by * ).
(b.3): Fypy (—t) o Fy, (—5) > Fy, (=t —s) for all z,y,z € X and all
t,s €[0,00][.
In this case, (X, F,v) is the FM-space generated by (X, M, N, *,o).
Proof. Theorem 4.10 shows that (a)=-(b). Conversely, suppose that (X,F,v) is
a normalised FM-space verifying the properties b.1 to b.3. Conditions 1-11 are
easy to prove. We only mention some details. By (??), the normalised condition
is equivalent to My, + Ny, < 1. The fuzzy sets Mgy, Ny : [0,00] — [0,1] are left
continuous functions because F,, is a fuzzy number (see Theorem 3.4). Using b.1,

r=y & Fl =F, =€ & My (t)=1and Ny (t) =0, for all t €]0,00[.
By b.2 we have that, for all z,y,2z € X and all ¢,s € [0, oc0][:
Fuy (1) # Fys (s) 2 Fue (t+5) &
& 1= [(1=Fuy () (1= Fye ()] 2 Fau (t +5) &
S1-Fp(t+s)>1-Fuy(t)x (1 -Fy.(s)) &
& M, (t+ ) > My, () « My, (s).

Since Ny (t) = Fyy (—t), the condition b.3 is equivalent to Ny, (t) © Ny, (s) >
N, (t+s) for all z,y,z € X and all ¢,s € [0,00[. Therefore (X, M, N,x*,¢) is an
IFM-space and (X, F,v) is the FM-space generated by (X, M, N, *,¢) since:

{ N, (—t), if t <0,

for all z,y € X.
1— My, (t), ift>0

Fry (t) =

A conormalised version of the previous theorem is also true if M, N and F ag
related by: My, (t) =1 — Fgy (—t) and Ny (t) = Fyy (t) for all t € [0,00] .

Taking into account that every KM-space (X, M, x) is an IFM-space of the form
(X, M,1— M, x*,%"), we conclude the following.

Corollary 4.13. FEvery KM-space is a normalised FM-space.

In fact, every KM-space (X, M, ) is an IFM-space of the form (X, M, N, x,¢),
for all N and all continuous t-conorm ¢ verifying M + N < 1 and properties 7-11
of an IFM-space.
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Theorem 4.14. If (X,d,L =0, R) is a KS*-space, then (X,M =1 — d\[o)oo[,N,
TR, ©) 18 an IFM-space whatever the continuous t-conorm ¢ and N wverifying M +
N <1 and properties 7-11.

Next we deal with the link between KS*-spaces and KM-spaces.

Theorem 4.15. Let X be a set, * a continuous t-norm and let M : X x X x[0, co[ —
[0,1] and d : X x X — map (R, [0,1]) be two mappings related by:

0, ift <0,
dyy (t) = for all x,y € X and allt € R.
1— Mgy (t), ift>0

Then (X, M, ) is a KM-space iff (X,d,L =0,R = ") is a KS*-space.

Proof. Note that, for a KS*-space, A1 (z,y) = 0, and for all z,y,z € X and all
t,s €0,00[:
My, (t4+8) > Myy (t) * My, (s) © 1 —dy, (t+5) > (1 —dyy (£) * (1 — dy, (s)) &
S dy, (E+8) <dyy () ' dys ().
O

Corollary 4.16. The concepts of Menger space, simple Kaleva-Seikkala space and
Kramosil-Michalek space are equivalent.

We conclude this paper analyzing the relationship between FM-spaces and IPM-
spaces.

Theorem 4.17. Let X be a set, T a triangle function on A1, T a triangle function
on VT and v the triangle function on F asociated to 7 x 7'. Letd: X x X — AT,
d: X xX —=VT and F: X x X — F three maps verifying:
1 =dyy(—t), ift <O,
Fay(t) = { day (1), if t > 0.
Then (X,d,7,d,T) is an IPM-space iff (X,F,v) is a conormalised FM-space such

that Fgy| < Fyy

]—00,0] — 6‘]—00,0[ |]0,oo[ = 6’]0,00['

As a result, every IPM-space is a FM-space.

Proof. Tt is clear that F,,, = 0 iff d,, = €0 and Jwy = €g, but this is equivalent to
dzy = €9 OT er = €p, so F1 and F2 are equivalent to P1 and C1. It is also clear
that F is a symmetric function iff d and d are also symmetric. Note that, for all
x,y € X and all t > 0:

doy(t) =1 = Fuy(—t) = F (1), duy(t) = Foy(t) = 1 = F7 (1).
This means that:
dyr > T(dxy;dyz) <~ F;z > T(F;ya F;z);
dzz < 7~-(dva:y»dyz) < 1- F:z < 7:(1 -F;,1- sz_z) Ang

Ty’
~ + + t oo (Rt Pt +
& 1-71-Ff,1-F.) <F/ &7 (F F..) <Fi.

xy)
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As @ is an inverse order bijection and v is the triangle function on F associated
with 7 x 7/t

Fa. SU(waFyZ) & O(F,.) Z@(U(nyvaZ)) ~
> (1(F,,, F,.), 7 (Fi, Fl)) &

Ty’

{ F,.>r(F,,.F,.) and }@{ dyz > 7(dyy, dy.) and

< (F;z’ F;_z) Ty

Therefore, F3 is equivalent to P3 and C3. Finally (X, F,v) is conormalised iff, for
all z,y € X and all ¢ € ]0, 00|,

Foy (1) < Fuy (—1) © duy(t) < 1= doy(t) & day (1) + diy (1) < 1.

5. Concluding Remarks

In this paper we study the common structure of different classes of spaces that
have been introduced independently by several authors to model real situations.
We have shown that each of these spaces can be interpreted in terms of distances
evaluated by fuzzy numbers, and that the underlying triangular inequality can be
expressed through triangular functions. The class of fuzzy metric spaces introduced
in this paper is also provided with a strong Hausdorff topology. This class has been
used to study the interrelationships between the fuzzy metric structures conside-
red. Figure 1 gives an overview of the interrelations between the different theories
considered.

FM-Sp
”
IPM-Sp IFM-Sp — > Shi’s (L, M)-Sp
PM.-Sp PM-Sp Morsi’s Sp
Menger Sp =——= KS*-Sp =—— KM-Sp mIFM-Sp
KS-Sp GV-Sp

FIGURE 1. Links Between the Different Theories (“Sp”means “spaces”)

Further investigation will be required to apply this class of spaces that gene-
rate a unified view of different theories. For example, following [5], it would be
interesting to study the interrelationship of the FM-spaces introduced in this paper
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with other modeling imprecision theories and consider the possible applicability to
real scenarios. In particular, we think (L, M)-fuzzy metric introduced by Shi is a
deeper concept that is closely related to our notion of FM-space when we choose
an appropriate lattice L.

Acknowledgments. We are grateful to the referees for their constructive com-
ments which lead to improvements in the paper.

(1

(8]
(9

[10]
(11]

(12]
(13]

14]

[15]
(16]
(17)
(18]
(19]

[20]
(21]

(22]
23]

24]

REFERENCES

H. Adibi, Y. J. Cho, D. O’'Regan and R. Saadati, Common fized point theorems in L-fuzzy
metric spaces, Appl. Math. Comput., 182 (2006), 820-828.

C. Alaca, D. Turkoglu and C. Yildiz, Fized points in intuitionistic fuzzy metric spaces, Chaos
Soliton Fract, 29 (2006), 1073-1078.

K. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets Syst., 20 (1986), 87-96.

F. Castro-Company and S. Romaguera, Ezperimental results for information system based
on accesses locality via intuicionist fuzzy metrics, Open Cybern. Syst. J., 2 (2008), 158-172.
Y. J. Cho, M. T. Grabiec and V. Radu, On nonsymmetric topological and probabilistic struc-
tures, Nova Science Publishers, Inc., New York, 2006.

Z. Deng, Fuzzy pseudo metric spaces, J. Math. Anal. Appl., 86 (1982), 74-95.

G. Deschrijver and E. E. Kerre, On the position of intuitionistic fuzzy set theory in the
Sframework of theories modelling imprecision, Information Sciences, 177 (2007), 1860-1866.
D. Dubois and H. Prade, Operations on fuzzy numbers, Int. J. Syst. Sci., 9(6) (1978), 613—
626.

M. S. El Naschie, On the verifications of heteritic strings theory and €(>) theory, Chaos
Soliton Fract, 11(2) (2000), 2397-2407.

M. A. Erceg, Metric spaces in fuzzy set theory, J. Math. Anal. Appl., 69 (1979), 205-230.
A. George and P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets and Systems,
64 (1994), 395-399.

D. Gémez, J. Montero and J. Yafiez, A coloring fuzzy graph approach for image classification,
Information Sciences, 176(24) (2006), 3645-3657.

M. T. Grabiec, Fized points in fuzzy metric spaces, Fuzzy Sets and Systems, 64 (1994),
395-399.

M. T. Grabiec, Y. J. Cho and R. Saadati, Families of quasi-pseudo-metrics generated by
probabilistic quasi-pseudo-metric spaces, Surveys in Mathematics and its Applications, 2
(2007), 123-143.

V. Gregori, S. Morillas and A. Sapena, Examples of fuzzy metrics and applications, Fuzzy
Sets and Systems, 170 (2011), 95-111.

V. Gregori, S. Romaguera and P. Veereamani, A note on intuitionistic fuzzy metric spaces,
Chaos Soliton Fract, 28 (2006), 902-905.

H. L. Huang and F. G. Shi, L-fuzzy numbers and their properties, Information Sciences, 178
(2008), 1141-1151.

H. Huang and C. Wu, On the triangle inequalities in fuzzy metric spaces, Information Sci-
ences, 177(4) (2007), 1063-1072.

M. Imdad, J. Ali and M. Hasan, Common fized point theorems in modified intuitionistic fuzzy
metric spaces, Iranian Journal of Fuzzy Systems, 9(5) (2012), 77-92.

O. Kaleva, On the convergence of fuzzy sets, Fuzzy Sets Syst., 17(1985), 53-65.

O. Kaleva, A comment on the completion of fuzzy metric spaces, Fuzzy Sets and Systems,
159 (2008), 2190-2192.

0. Kaleva and S. Seikkala, On fuzzy metric spaces, Fuzzy Sets and Systems, 12 (1984),
215-229.

I. Kramosil and J. Michalek, Fuzzy metrics and statistical metric spaces, Kybernetika 11
(1975), 336-344.

H. Y. Li, CLM-Fuzzy topological spaces, Iranian Journal of Fuzzy Systems, to appear.



[25]
[26]
27)
(28]
29]
(30]
(31]
(32]
(33]

(34]

35]
(36]

37]
(38]

(39]

[40]

[41]
42]
[43]
[44]
[45]
[46]
(47)

(48]

[49]

On Interrelationships Between Fuzzy Metric Structures 149

J. Martinez-Moreno, A. Rolddn and C. Roldén, A note on the L-fuzzy Banach’s contraction
principle, Chaos Soliton Fract, 41(5) (2009), 2399-2400.

J. Martinez-Moreno, A. Rolddn and C. Rolddn, KM-Fuzzy approach space, Proceedings of
the International Fuzzy Systems Association World Conference, (2009), 1702-1705.

K. Menger, Statistical metrics, Proc National Acad Sci of the United States of America, 28
(1942), 535-537.

N. N. Morsi, On fuzzy pseudo-normed vector spaces, Fuzzy Sets and Systems, 27 (1988),
351-372.

E. Pap, Pseudo-analysis and nonlinear equations, Soft Comput., 6 (2002), 21-32.

J. H. Park, Intuitionistic fuzzy metric spaces, Chaos Soliton Fract, 22 (2004), 1039-1046.
S. Romaguera and P. Tirado, Contraction maps on IFQM-spaces with application to recur-
rence equations of quicksort, Electronic Notes in Theoretical Computer Science, 225 (2009),
269-279.

R. Saadati, Notes to the paper “fized points in intuitionistic fuzzy metric spaces” and its
generalization to L-fuzzy metric spaces, Chaos Soliton Fract, 35 (2008), 176-180.

R. Saadati and J. H. Park, On the intuitionistic fuzzy topological spaces, Chaos Soliton Fract,
27 (2006), 331-44.

R. Saadati, S. Mansour Vaezpour and Y. J. Cho, Quicksort algorithm: application of a fized
point theorem in intuitionistic fuzzy quasi-metric spaces at a domain of words, J. Comput.
Appl. Math., 228 (2009), 219-225.

R. Saadati, A. Razani and H. Adibi, A common fized point theorem in L-fuzzy metric spaces,
Chaos Soliton Fract, 33 (2007), 358-363.

R. Saadati, S. Sedghi and N. Shobe, Modified intuitionistic fuzzy metric spaces and some
fized point theorems, Chaos Soliton Fract, 38 (2008), 36-47.

B. Schweizer and A. Sklar, Probabilistic metric spaces, Dover Publications, New York, 2005.
F. G. Shi, (L, M)-Fuzzy metric spaces, Indian Journal of Mathematics, 52(2) (2010), 231—
250.

F. G. Shi, Regularity and normality of (L, M)-Fuzzy topological spaces, Fuzzy Sets and Sys-
tems, 182 (2011), 37-52.

L. H. Son, B. C. Cuong, P. L. Lanzi and N. T. Thong, A novel intuitionistic fuzzy clustering
method for geo-demographic analysis, Expert Syst. Appl., do0i:10.1016/j.eswa.2012.02.167,
(2012).

P. Tirado, On compactness and G-completeness in fuzzy metric spaces, Iranian Journal of
Fuzzy Systems, 9(4) (2012), 151-158.

Z. S. Xu, J. Chen and J. Wu, Clustering algorithm for intuitionistic fuzzy sets, Information
Sciences, 178 (2008), 3775-3790.

Z. Xu, A method based on distance measure for interval-valued intuitionistic fuzzy group
decision making, Information Sciences, 180 (2010), 181-190.

Y. Xu and H. Wang, The induced generalized aggregation operators for intuitionistic fuzzy
sets and their application in group decision making, Appl. Soft. Comput., 12 (2012), 1168-
1179.

L. A. Zadeh, Fuzzy sets, Information and Control, 8 (1965), 338-353.

D. Zhang, A natural topology for fuzzy numbers, J. Math. Anal. Appl., 264(2) (2001), 344—
353.

S. F. Zhang and S. Y. Liu, A GRA-based intuitionistic fuzzy multi-criteria group decision
making method for personnel selection, Expert Syst. Appl., 38 (2011), 11401-11405.

Z. Zhanga, J. Yanga, Y. Yea, Y. Huc and Q. Zhang, A type of score function on intuitionistic
fuzzy sets with double parameters and its application to pattern recognition and medical
diagnosis, Procedia Engineering, 29 (2012), 4336-4342.

Z. Zhao and C. Wu, The equivalence of convergences of sequences of fuzzy numbers and
its applications to the characterization of compact sets, Information Sciences, 179 (2009),
3018-3025.



150 A. Roldén, J. Martinez-Moreno and C. Roldan

ANTONIO ROLDAN*, DEPARTMENT OF STATISTICS AND OPERATIONS RESEARCH, UNIVERSITY OF
JAEN, CaMpPUS LAs LAGUNILLAS, s/N, E-23071, JAEN, SPAIN
E-mail address: afroldan@ujaen.es

JUAN MARTINEZ-MORENO, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF JAEN, CAMPUS LAS
LAGUNILLAS, S/N, E-23071, JAEN, SPAIN
E-mail address: jmmoreno@ujaen.es

CONCEPCION ROLDAN, DEPARTMENT OF STATISTICS AND OPERATIONS RESEARCH, UNIVERSITY
OF GRANADA, CAMPUS FUENTENUEVA s/N, E-18071, GRANADA, SPAIN
E-mail address: iroldan@ugr.es

*CORRESPONDING AUTHOR



