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Abstract

We discuss ordinal sums as one of powerful tools in the aggregation theory serving, depending on the context, both
as a construction method and as a representation, respectively. Up to recalling of several classical results dealing with
ordinal sums, in particular dealing, e.g., with continuous t-norms, copulas, or recent results, e.g., concerning uninorms
with continuous underlying functions, we present also several new results, such as the uniqueness of the link between
t-norms or t-conorms, and related Archimedean components, problems dealing with the cardinality of the considered
index sets in ordinal sums, or infinite ordinal sums of aggregation functions covering by one type of ordinal sums both
t-norms and t-conorms ordinal sums.
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1 Introduction

The idea of ordinal sums appeared in the study of algebraic structures around 1940. In particular, for two disjoint sets
X1, X2 such that (X7,*;) and (Xo, *2) are semigroups, Climescu in 1946 [I1] has introduced their ordinal sum (X, x),
where X = X7 U X5 and

rxy ifxye Xy,

rxoy ifx,ye Xy,

T if x € X7 and y € Xy,

Y ifx € Xg and y € X;.

THY =

Then (X, *) is a semigroup. Obviously, (X, *) is a commutative semigroup if and only if both (X7, *1) and (X3, *2)
are commutative.

Next, Birkhoff [§] in 1940 has introduced an ordinal sum of posets (X1, <;) and (X3, <s) as a poset (X, <), where
again X = X1 UXQ, X1 ng = @ and

either z,y € X; and =z <5 y,
xz <y if or x,y € Xo and z <5 v,
orz € X; and y € Xo.

Clearly, (X, <) is a chain if and only if both (X;,<;) and (X2, <3) are chains. By induction we can immediately
extend ordinal sums (of semigroups or of posets) to any finite number of summands and it is not difficult to see that
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there is a direct generalization to any system of disjoint semigroups ((X¢, #¢))tes (disjoint posets ((Xt, <¢))ter), where
I is a chain. Formally, the constraint of disjointness of ordinal sum summands for semigroups (posets) can be relaxed,
compare Theorem P70, though this relaxed construction does not yield any new semigroups (posets) up to some very
special cases, see, e.g., Example B

For naturally ordered semigroups, both types of ordinal sums were merged together by Clifford [T0] in 1954, see
also [[4]. Though again one can consider any chain as an index set, we present Clifford’s approach for the ordinal sum
of 2 naturally ordered semigroups. Let (X;,<;,*;), ¢ = 1,2, be two naturally ordered semigroups, i.e., <; is a total
order on X; and *; is an associative binary operation on X; which is increasing with respect to <; . Suppose either
X1 N Xy =0, or, if X3 N X5 # 0 then X3 N Xy = {v} is a singleton such that v is the top element of (X;,<;) and the
neutral element of (X7, %), and it is also the bottom element of (X2, <3) and the annihilator of (X3, *2). Then their
ordinal sum (X, <, %) is also a naturally ordered semigroup, where

either x,y € X7 and = <; v,
x <y if or z,y € Xo and x <5 v,
orx € X; and y € X,

and

zxy ifx,ye Xy,
rxoy ifx,ye X,
T if x € X7 and y € Xo,
y if v € Xo and y € X;.

TxyY =

Our aim is to discuss ordinal sums related to particular aggregation functions on [0, 1]. For more details concerning
aggregation functions we recommend [7] and [[5]. The considered real unit interval is equipped by the standard total
order < of reals, and we will always deal with subsets X; of [0,1]. Clearly, for any such X, (X3, <) is a chain and the
related ordinal sum of such chains is again a chain (X, <), where X = |J X;. We will not construct a new ordering if

ter
X = U X €0,1], as then we will always consider the standard order < of reals (for several details concerning ordinal
tel
sums and t-norms on [0, 1] we recommend [I9]).

Therefore we will not focus on ordinal sums of posets (chains), but on ordinal sums related to some other properties.
In particular, we will consider associative aggregation functions, and thus the ordinal sums of semigroups. Note that
in the case of associative aggregation functions, their binary form univocally determines also their n-ary form for any
n > 2.

The paper is organized as follows. In the next section, we recall several basic notions which we will use in the
paper. In Section B, we discuss ordinal sums in the framework of continuous t-norms. Note that commonly accepted
idea of representation of continuous t-norms deals with at most countably many summands in the related ordinal
sum representation. We clarify the situation and give examples showing the falsity of necessity of such a claim. As
a corollary, similar results for continuous t-conorms and for continuous nullnorms are obtained. In Section B, we
discuss the uniqueness of t-norms with fixed Archimedean components. Section B deals with uninorms and n-uninorms
with continuous underlying functions. In Section B, we generalize ordinal sums of finitely many aggregation functions
introduced by De Baets and Mesiar [B, ?2] and stress their link to ordinal sums of t-norms (t-conorms). Finally, some
concluding remarks are added.

2 Basic notions

For a fixed n € N, n > 2, the mapping A: [0,1]™ — [0,1] is called an aggregation function (see [I5]) whenever it is
increasing and A(0,...,0) =0, A(1,...,1) =1.

A triangular norm (see [I8]) is a binary function T': [0,1]?> — [0, 1] which is commutative, associative, increasing in
both variables and 1 is its neutral element. Hence, T is a binary aggregation function. Due to the associativity, n-ary
form of any t-norm is uniquely given and thus it can be extended to an aggregation function working on J,, 5[0, 1]".
Dual functions to t-norms are t-conorms. A triangular conorm (see [I¥]) is a binary function S: [0,1]> — [0, 1] which
is commutative, associative, increasing in both variables and 0 is its neutral element. The duality between t-norms and
t-conorms is expressed by the fact that from any t-norm 7" we can obtain its dual t-conorm S by the equation

S(z,y)=1-TA —z,1—y),
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and vice-versa.
Next, we recall a fundamental result of Clifford [IT], as formulated in [IX].

Theorem 2.1. Let A # () be a totally ordered set and (Go)aca with Go = (Xa, *a) be a family of semigroups. Assume
that for all o, B € A with a < B the sets X, and Xg are either disjoint or that X, N Xg = {xq g}, where x4 g is both
the neutral element of Go and the annihilator of Gz and where for each v € A with o < v < 8 we have X, = {x, 5}
Put X = |J X, and define the binary operation x on X by

acA
rxqy  if (x,y) € Xo x Xa,
TxYy=+<x if (z,y) € Xo X Xg and o < B,
Yy if (x,y) € Xo X Xg and o > .

Then G = (X, %) is a semigroup. The semigroup G is commutative if and only if for each o € A the semigroup G, is
commutative.

The ordinal sum construction for t-norms and t-conorms reduces to the following proposition [I¥].

Proposition 2.2. Let K be a finite or countably infinite index set and let (Jax, bp[)kex ((Jck, dx[)ker) be a system of
open, disjoint subintervals of [0,1]. Let (Tx)ker ((Sk)kek) be a system of t-norms (t-conorms). Then the ordinal sum
T = ({ak, bk, Ti) | k € K) (S = ((ck,dg, Sk) | k € K)) given by

br—ar’ by—ag

T(z,y) = ar, + (b — ap)Th( 2%, L% if (z,y) € [ag, be[* for some k € K,
’ min(z, y) else

and

dip—ck? d—cy

S, y) = e+ (di — er)Sp(F=%, 229y if (2,y) € Je, dy]” for some k € K,
" max(z, y) else

is a t-norm (t-conorm). The t-norm T (t-conorm S) is continuous if and only if all summands Ty, (Sy) for k € K are
continuous.

Note that due to the total order < on [0, 1], one can always introduce a total order on the set K, namely ky < ko if
aky +bry < ko +bp, (Ckl +di, > Chko +di, )
2 = 2 2

and only if 5 . Moreover, the ordinal sum of t-norms (t-conorms) is not an ordinal
sum in the sense of Clifford, with respect to the index set K, whenever (J, . x [ax,bx] # [0,1].

Each continuous t-norm (t-conorm) can be represented as an ordinal sum of continuous Archimedean t-norms (t-
conorms), see [Z1]. Note that a continuous t-norm (t-conorm) is Archimedean if and only if it has only trivial idempotent

points 0 and 1. A continuous Archimedean t-norm 7' (t-conorm S) is either strict, i.e., strictly increasing on ]0,1]? (on
[0,1[%), or nilpotent, i.e., there exists (z,y) € ]0,1[> such that T(z,y) = 0 (S(x,y) = 1). Moreover, each continuous
Archimedean t-norm (t-conorm) has a continuous additive generator, which is uniquely determined up to a positive
multiplicative constant. More details on t-norms and t-conorms can be found in [2, IX].

Similarly, one can introduce the ordinal sums of copulas and quasi-copulas [24], which are then not only construction
but also a representation, in the same way as it is in the case of continuous t-norms.

A uninorm (introduced in [85]) is a binary function U: [0, 1]> — [0, 1] which is commutative, associative, increasing
in both variables and has a neutral element e € [0,1] (see also [I3]). Evidently, if e = 1 (e = 0) then we retrieve a
t-norm (t-conorm).

For each uninorm the value U(1,0) € {0,1} is the annihilator of U. A uninorm is called conjunctive (disjunctive)
if U(1,0) = 0 (U(1,0) = 1). For cach uninorm U with the neutral element e € ]0,1[, the restriction of U to [0,¢]?
is a t-norm on [0,¢]?, i.c., a linear transformation of some t-norm Ty on [0,1]2, U(z,y) = e - Ty(%,%). Similarly,
the restriction of U to [e, 1]2 is a t-conorm on [e, 1]27 i.e., a linear transformation of some t-conorm Sy, U(z,y) =
e+ (1 —e)- Sy(¥=£, ¥=2). Moreover, min(x,y) < U(z,y) < max(z,y) for all (z,y) € [0,¢] x [e,1] U [e, 1] x [0,¢€].

l—e’ 1—e
Similarly as in the case of t-norms and t-conorms we can construct uninorms using additive generators (see [I3]).

3
) it

A uninorm which possesses a continuous additive generator is called representable. Note that in [34] (see also [Z4]
was shown that a uninorm is representable if and only if it is continuous on [0,1]2\ {(0,1), (1,0)}.

A uninorm U is called internal if U(z,y) € {z,y} for all (x,y) € [0,1]?; and it is called idempotent if U(x,z) = x for
all z € [0,1]. Observe that if a uninorm U is internal then it is also idempotent and vice-versa. Moreover, U is called
d-internal if it is internal and there exists a continuous and strictly decreasing function gy : [0,1] — [0, 1] such that
U(z,y) = min(z,y) if y < gu(x) and U(z,y) = max(z,y) if y > gu ().
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Uninorms with continuous underlying functions were completely characterized in [29, B0]. In [30] it was shown that
the set of all points of discontinuity of a uninorm U with continuous underlying functions Ty and Sy is a subset of the
graph of the characterizing set-valued function of such a uninorm. In [29] it was claimed that each uninorm U with
continuous underlying functions Ty and Sy can be decomposed into an ordinal sum of a countable number of semigroups
related to representable uninorms, continuous Archimedean t-norms, continuous Archimedean t-conorms and internal
uninorms (including the min and the max operator). More precisely, each uninorm with continuous underlying functions
can be decomposed into an ordinal sum of a countable number of trivial semigroups and semigroups characterized by
the Definition P33.

Forany 0 <a<b<c<d<1,v € [bc] and a uninorm U: [0,1]*> — [0,1] with the neutral element e € ]0,1]
assume the transformation f: [0,1] — [a,b[U {v} U]e,d], given by

(b—a)-Z+4+a ifzecl0el,
flz)=<w ifz=e, (1)
d— 7(17(31”)_(3)7 9 otherwise.
Then f is linear on [0, e[ and on |e, 1] and thus it is an increasing, piece-wise linear bijection of [0, 1] to ([a, b[U{v} U
Je,d]) which preserves the commutativity, the associativity, the monotonicity and the neutral element. Therefore the
binary function U%*4: ([a,b[ U {v} Ule,d])? — ([a,b] U {v} U]e, d]) given by

Uy, y) = FU (@), f7 ), (2)

is a commutative, associative, increasing function with neutral element v, which will be called a uninorm on ([a, b[ U
{v}U]e, d])?. The backward transformation f~! then transforms a uninorm defined on ([a, b[U{v}U]c, d])? to a uninorm
defined on [0, 1]2. Note that in the case when b = ¢ = v then f is a continuous, piece-wise linear transformation from
[0,1] to [a,d] such that f(e) = v.

We define the following semigroups related to continuous t-norms, t-conorms and representable uninorms.

Definition 2.3. Let a,b,c,d € [0,1] witha <b<c<d, v € [b,c|]. Then
(i) a semigroup (Ja, b[U{v}Ul]ec, d[,*) will be called a representable semigroup if * is isomorphic via (B) to a restriction

of a representable uninorm on [0,1]? to ]0, 1[2 ,

(ii) a semigroup (Ja,b[,*) will be called a t-strict semigroup if % is linearly isomorphic to a restriction of a strict
t-norm on [0,1]2 to 10,1,

(#ii) a semigroup (Je,d[,*) will be called an s-strict semigroup if * is linearly isomorphic to a restriction of a strict
t-conorm on [0,1)2 t0]0,1[%,

(iv) a semigroup ([a,b[, *) will be called a t-nilpotent semigroup if * is linearly isomorphic to a restriction of a nilpotent
t-norm on [0,1]2 to [0,1[,

(v) a semigroup (]c,d],*) will be called an s-nilpotent semigroup if * is linearly isomorphic to a restriction of a
nilpotent t-conorm on [0,1]2 t0]0,1]%,

(vi) a semigroup (Ja,b[U]e,d[,*) will be called a d-internal semigroup if * is isomorphic via (B) to a restriction of an
d-internal uninorm on [0,1] to (]0,1[\ {e})?,

(vii) a semigroup (Ja,b[, ) will be called a t-internal semigroup if * = min,
(viii) a semigroup (Jc,d[,*) will be called an s-internal semigroup if * = max.
From [29, Proposition 11] and [29, Definition 7] we obtain the following result.

Theorem 2.4. Let U: [0,1]> — [0,1] be a uninorm with continuous underlying functions. Then ([0,1],U) is an
ordinal sum of a countable number of eight types of semigroups from Definition BZ3 and trivial semigroups.

Observe that this result was based on an incorrect assumption that the set of accumulation points of a countable
set is countable. This, however, is not true, it is enough to assume the set of rational numbers in the unit interval. We
will show that the correct result is that each uninorm with continuous underlying functions can be decomposed into
an ordinal sum of a countable number of semigroups from Definition EZ3 and a possibly uncountable number of trivial
semigroups (see Example 52 and Theorem B53).
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Another important class of associative aggregation functions is formed by nullnorms [d]. Recall that an associative
aggregation function A: [0,1]?> — [0, 1] possessing a zero-element a € ]0, 1[ is a nullnorm if and only if there is a t-norm
T and a t-conorm S, both acting on [0, 1] such that

a-S(%,%) if max(z,y) < a,
Alz,y) = qa+ (1 —a) T({=2,4=;) if min(z,y) > q,
a otherwise.

Clearly, the nullnorm A is continuous if and only if the related t-norm 7" and t-conorm S are continuous, and thus
they can be expressed as ordinal sums of continuous Archimedean t-norms (t-conorms).
Now let us recall the definition of an n-uninorm (see [0]).

Definition 2.5. Assume an n € N\ {1}. Let V: [0,1]2 — [0,1] be a commutative binary function. If for 0 = zy <
72 <--<zp=1lande; €[zi_1,2],1=1,...,n we have V(e;,x) = x for all x € [z;_1, z;] then {e1,...,en}s, .20 1
is called an n-neutral element of V.

Definition 2.6. A binary function U™: [0,1]2 — [0,1] is an n-uninorm if it is commutative, associative, increasing
in each variable and has an n-neutral element {e1,...,en}zr . 20 ;-

The basic structure of n-uninorms was described by Akella in [{] and the characterizations of the main five classes
of 2-uninorms was given in [38].
Each n-uninorm has the following building blocks around the main diagonal.

Proposition 2.7. [B6] Let U™ be an n-uninorm with the n-neutral element {e1,...,en}s, .2, .. Then
(i) U™ restricted to [zi_l,ei]z, fori=1,...,n, is a linear transformation of a t-norm. We will denote this t-norm by
T;.
(i1) U™ restricted to [e;, zi]2 fori=1,...,n, is a linear transformation of a t-conorm. We will denote this t-conorm
(iii) U™ restricted to [z;—1, zi}Q fori=1,...,n, is a linear transformation of a uninorm. We will denote this uninorm
(iv) U™ restricted to [z, zj]2 fori,j €{0,1,...,n}, i < j, is a linear transformation of a (j — i)-uninorm.
Moreover, U™ restricted to [e;, ei+1]2 fort=1,...,n—1, is a linear transformation of a nullnorm.

Finally, since we will use ordinal sums of trivial semigroups, let us recall that there exists only one operation on a
trivial semigroup, namely the function Id: {x}?> — {z}, which is simply defined by Id(z, z) = .

3 Ordinal sums yielding t-norms

First we recall Archimedean components of a t-norm.

Definition 3.1. [20] Let T: [0,1]> — [0,1] be a t-norm. Two elements x,y € [0,1] are called Archimedean equivalent
if there is an n € N such that xgpn) <y<zor y(T") <z <y, where x(Tn) = T(m,x(Tn_l)) and xg)) = 1. For each z € [0, 1],
the equivalence class I, containing x is called an Archimedean class of T and it is a convex subset of [0,1]. For each
x € [0,1] the pair (I, T|12) is a subsemigroup of ([0,1],T), and it is called an Archimedean component of T.

For each t-norm the set of all Archimedean classes forms a partition of [0, 1]. Moreover, if for a non-empty subset

A C [0,1] we put I4 = |J I, then (IA,T|I/2_‘) is a totally ordered abelian semigroup whose semigroup operation
z€A
is bounded from above by the minimum. For each x € [0,1], (/;,T|s2) is the maximal Archimedean subsemigroup

containing x. Note that a semigroup is called Archimedean if all its points are Archimedean equivalent, i.e., it has only
one Archimedean class.

Observe that each continuous t-norm 7' is uniquely determined by its non-trivial Archimedean components. From
[20, Lemma 4.1] we know that if (I, *) is a non-trivial Archimedean component of some continuous t-norm 7" then either
I =[a,b[ or I =]a,b] for some a,b € [0,1]. Note that in the case of non-continuous t-norms I = [a, b] can be included,
as well [IC7].

In the previous section we have seen that an ordinal sum of t-norms (see Proposition E) is defined by a countable
number of intervals, while the remaining part of the unit interval is completed by the minimum. This definition is
based on the fact that the only idempotent t-norm is the minimum. When Ling [21], following the representation of
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I-semigroups due to Mostert and Shields [33], showed that each continuous t-norm can be expressed as an ordinal sum
of a countable number of Archimedean t-norms, she used the ordinal sum defined in Proposition B2 (which is due to
Ling [21]). We would like to see whether the same result can be obtained also using the original definition for ordinal
sum construction given by Clifford (see Theorem BT).

It is easy to show that if a non-trivial Archimedean component (I,%) of a t-norm T (i.e., such that I is not a
singleton) can be expressed as an ordinal sum (in the sense of Clifford) of two (or more) semigroups then one of the
summands is equal to (I,*) and all other summands are singletons. Note that then necessarily I = [a,b] for some
a,b € [0, 1] and singleton summands are defined on {a}. We will call such an ordinal sum a trivial ordinal sum. Thus we
can say that Archimedean components of a continuous t-norm are irreducible with respect to ordinal sum construction
(in the sense of Clifford).

The question which we want to answer is whether each continuous t-norm can be expressed as an ordinal sum,
in the sense of Clifford, of a countable number of irreducible semigroups, i.e., semigroups that cannot be expressed
as a non-trivial ordinal sum. This is evidently not true since, for example, for the minimum t-norm the irreducible
semigroups are the trivial semigroups ({z},1d)e[0,1). Indeed, the minimum t-norm can be expressed as an ordinal sum
of these trivial semigroups and their number is uncountable.

On the other hand, it is obvious that the number of non-trivial Archimedean components of T" is countable since the
related Archimedean classes are mutually disjoint and each non-trivial Archimedean component contains an interval,
i.e., at least one rational number. As we mentioned above, each continuous t-norm is uniquely determined by its non-
trivial Archimedean components and it can be expressed as an ordinal sum of t-norms on the respective non-trivial
Archimedean classes in the sense of Proposition 2. Observe that in this ordinal sum the remaining parts of the unit
square are filled by the minimum. Inspired by this approach, if we want to express a continuous t-norm as an ordinal
sum of a countable number of basic semigroups, in the sense of Clifford, we can take the minimum as a basic semigroup.
Thus the main question here is whether each continuous t-norm can be expressed as an ordinal sum, in the sense of
Clifford, of a countable number of Archimedean (representable) and idempotent semigroups.

,%] . This t-norm

has Archimedean classes {0},]0, %[ and {z} for x € [%, 1. Therefore the ordinal sum decomposition into Archimedean
components of this t-norm is uncountable. However, it can be expressed as an ordinal sum of G; = ({0},1d), Gy =
(]0, %[,*) and G3 = ([%, 1} ,min), where * denotes the linear transformation of the standard product acting on ]0,1|
to the interval ]0,%[. Thus this t-norm can be expressed as an ordinal sum of three semigroups which are either
Archimedean or idempotent.

Example 3.2. Assume a t-norm T which is an ordinal sum of the product t-norm on the carrier [0

As we have mentioned above, the number of non-trivial semigroups in the ordinal sum has to be countable since each
interval contains at least one rational number. However, the closure of a countable set need not to be countable, which
is the case of rational numbers from the unit interval. Another prominent example is the Cantor set. The construction
of the Cantor set is as follows: from the unit interval we successively in steps delete open intervals (so-called middles)

Lopi=]33[
2
9

2. pi =13,

3_11 2 3 _ 8 3_719 207 ,3 _125 26
soi=lm sl =]l B=1750rn=1%%[
and so on. Assuming Cy = [0,1] and C,, = C”é_l U+ C"g‘l) for n € N, the Cantor set C' can be obtained by
o0
C = [\ C,. The Cantor set does not contain any interval of a non-zero length, however, this set is not countable.
n=1

Moreover, since each non-trivial interval contains a rational number, the number of removed open intervals is countable.
Thus there are uncountably many points in the Cantor set which are not end-points of the deleted intervals.

Example 3.3. Assume intervals pt, from the definition of the Cantor set withn € N and i € {1,...,2" 1} and let pi, <
pl, if suppt, <infpl for alln,m € N andi € {1,...,2" 1} j € {1,...,2m7 1} Then the set A= {(n,i) |n € N,i €
{1,...,2""1}} is linearly ordered by < . Assume an ordinal sum T = ((infp! supp’,Tp) |n € N,i € {1,...,2"71}),
where Tp is the product t-norm. Then T is an ordinal sum of continuous t-norms, i.e., it is a continuous t-norm.
Each non-trivial Archimedean component of this t-norm corresponds to one of the intervals p,. Thus the set of all
trivial Archimedean components corresponds exactly to the Cantor set. We would like to express T as an ordinal sum of
Archimedean and idempotent semigroups in the sense of Clifford. Since the Cantor set does not contain any interval of
non-zero length, between each two points x,y from the Cantor set, x <y, there is a point z which belongs to one of the
non-trivial Archimedean components of T. Therefore T'(x,z) = x and T(y, z) = z, which shows us that x and y cannot
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be merged to one semigroup in our ordinal sum construction. Thus each trivial Archimedean component should be taken
separately. Then T is an ordinal sum in the sense of Clifford of a countable number of Archimedean semigroups and
an uncountable number of trivial semigroups.

From the duality, all these results on t-norms can be shown also for t-conorms. Observe that in the case of nullnorms,
the ordinal sum can be used only on subareas of the unit square, i.e., a nullnorm cannot be expressed as a non-trivial
ordinal sum of semigroups. Here we can use an ordinal sum construction only to construct the underlying t-norm and
t-conorm, for which we can then apply the results of this section. Note that a nullnorm can be expressed as a non-trivial
z-ordinal sum of semigroups, see [B1].

4 Uniqueness of t-norms with fixed Archimedean components

In [20, Proposition 3.4] it was shown that an ordinal sum of Archimedean components of a t-norm 7' is the strongest
t-norm with the same Archimedean components as T. Therefore if T is uniquely given by its Archimedean components
then it is equal to the ordinal sum of its Archimedean components. We would like to investigate the cases when this
situation occurs. As a first example let us mention that each continuous t-norm is determined by its Archimedean
components (see [20]). However, this is no longer true for non-continuous t-norms.

Example 4.1. (i) Let Ty: [0,1]2 — [0, 1] be given by

CeliBasiel gy e 1),

0 otherwise.

T (x,y) = {

Then it is easy to check that Ty is a t-morm with non-trivial Archimedean components ([O7
where - denotes the linear transformation of the standard product acting on ]0,1[ to the interval

by

Cebuel e[y ],
Tf(.’lﬁ,y): 0 foaye [05%[5
min(x,y) otherwise,

which is different from Ty .
(ii) Let Ty: [0,1]> — [0,1] be given by

min(z, ) if max(z,y) = 1,

2-min(z, ) -min(y, 3) ifz,y € [0,1]
TQ(QJ,?J): cx—1)- ’4* T - 7 A

min(z, y, %) otherwise.

Then Ty is a t-norm with non-trivial Archimedean components (]07 %] , %) and (] %, 1[7~)7 where - denotes the linear
transformation of the standard product acting on |0, 1] to the interval } %, 1 [, and x*xy = 2-min(z, i) - min(y, %) for all
z,y € [0,1] . However, an ordinal sum of Archimedean components of Ty is a t-norm Ts: [0,1]* — [0,1] given by

2-min(z, 1) -min(y, ) if 2,y € [0, 3],
TS (2,y) = w ifz,ye]s 1],

min(z, y) otherwise.

which is different from Ts.

On the other hand, if for an Archimedean component (I, ) of a t-norm T there is [ = ]a,b[, or I = [a, b, then [20,
Lemma 4.3] and [20, Theorem 4.4] gives us the following.

Lemma 4.2. Let (I,%) be an Archimedean component of a t-norm T and let I =]a,b[, or I = [a,b]. Assume that for
each x € Ja,b| there is a y € |a,b[ such that x xy > a and that sxt = uxt > a implies s = u for all s,t,u € I. Then
T(b,x) =z for allxz € 1.
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Theorem 4.3. Let T be a t-norm and suppose that each of its non-trivial Archimedean components satisfies the
hypothesis of Lemma B-3. Then there is no other t-norm Ty having the same Archimedean components as T, i.e., T is
the ordinal sum of its Archimedean components.

For example, if each non-trivial Archimedean component (I,#) of a t-norm T is cancellative and sup I < 1 implies
sup I ¢ I then T is uniquely determined as an ordinal sum of its Archimedean components.

However, this is no longer true if some of non-trivial Archimedean components of T" is defined on a right-closed
interval I, where sup I < 1.

Example 4.4. For this example we will use the t-norm defined in [18]. Each x € ]0,1] can be represented by x ~ (z*,1),
where x € ]21%, %} , @ € Ng and x* is the relative position of x in the interval ] 21.%, %] , d.e., x* =2y — 1. Define
T:10,1]> — [0,1] by T(z,y) = z, where z ~ (z* - y*,i + j) if x ~ (x*,),y ~ (y*,7) and T(x,y) = 0 if min(x,y) = 0.
Then T is a cancellative, left-continuous t-norm, which has two non-trivial Archimedean components defined on ]0, %]
and on ] %, 1 [ We can easily observe that this t-norm has cancellative Archimedean components, however, it is not equal

to the ordinal sum of its Archimedean components.

In the case when some non-trivial Archimedean component is defined on an interval which contains its right end-point
we have to add the continuity. Then we get the following result.

Proposition 4.5. Let (I, ) be an Archimedean component of a t-norm T such that x is continuous and I = la,b], or
I = [a,b]. Assume that for each x € ]a,b] there is a v € ]a,b] such that xxv > a and that sxt = u*t > a implies s = u
for all s,t,u € I. Then T(x,y) =z for allx € I and y > b.

Proof. Let f: I — I be given by f(z) = lirr%fr T(z,y). Then a < f(x) <z for all x € I and f is increasing. Further,
Yy—

since for each x € ]a, b] there exists a v € ]a, b] such that T'(z,v) > a we have f(z) > a for z > a.
The definition of the function f implies that for any ¢ € I and any € > 0 (small enough) there exists a 6 > 0 such
that f(t) <T(t,b+0) < f(t) + € and thus for any ¢,z € I we get

T(z, f(t)) <T(2,T(t,b+0)) <T(z f(t) +¢).
Since T is continuous on I? and £ — 0 implies § — 0 we get

lim T(z,T(t,b+ ) = T(=, J(1)):

Similarly we can show that 5lim0 T(z,T(t,b+9)) = 5hmo T(t,T(z,b+0)) =T(t, f(2)), using the commutativity and the
— —
associativity of T. Thus for all ¢,z € I there is

T(z, f(t) = T(t, f(2)).

Next we will show that f is continuous on I\ {b}. If @ € I then evidently f is right-continuous in a. Assume z € |a, b|
and let lim f(t)=g<h= lim+ f(t). Then g > a and there exists ¢ € ]a, b] such that T'(¢,g) > a.
t—x— t—x

Since T is continuous on 1% we get: a < T(q,g) = lim T(q, f(t)) = lim T(¢, f(g)). Similarly,
t—rx— t—x—
a<T(q,h)= lim T(q,f(t))= lim T(t, f(q)).
t—xt t—zt
The continuity of T' on I? further implies lim T(t, f(q)) = lim+ T(t, f(q)) and thus a < T'(q,9) = T(q, h). The
t—x— t—x

conditional cancellativity then implies g = h, which is a contradiction. Thus f is continuous on I\ {b}.

If f(x) = 2 then the monotonicity of T' and T'(x, 1) = x implies T'(z,y) = x for all y > b. Assume that f(z) =v <z
for some x € I\ {b}. Then for all € > 0 there exists a § > 0 such that v <T'(z,b+0) <v+e.

Since b € T there is also b < T(y1,y2) for all y1,ys € ]b,1]. Thus for all 0 < 6 <1 —10b, 0 < §; < 1 — b, there is
b<T(b+0d,b+6d1) <min(b+3,b+ 1), i.e., T(b+ 8,0+ 1) = b+ ds for some d3 € |0, min(d, 1)] .

Then for any 6; > 0 (small enough) we have T'(b + 61,v +¢) > T(b+ 61, T(x,b+0)) = T(x, T(b+ §,b+ 1)) =
T(x,b+ 02) > v. Thus f(v+¢€) > v for all € > 0 such that v + & < b. Since v < & < b and f is continuous on I \ {b}
then f(v) =wv.

Further, there exists a w € |a,b] such that T(w,v) > a. Then a < T(w,v) = T(w, f(v)) = T(v, f(w)) and
a < T(w,v)=T(w, f(z)) =T(z, f(w)).

Thus a < T(v, f(w)) = T(x, f(w)) and since T is conditionally cancellative on I? we get v = z. Therefore f(z) = x
for all z € T\ {b}. Since f(b) < b and f is increasing we get also f(b) =b. Then T'(z,y) = z for all z € I and y > b.

O
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Thus we get the following result.

Theorem 4.6. Let T be a t-norm and suppose that each of its non-trivial Archimedean components satisfies either
the hypothesis of Lemma B3, or the hypothesis of Proposition B-J. Then there is no other t-norm Ty different from T
having the same Archimedean components as T.

5 Uninorms and n-uninorms with continuous underlying functions

Each t-norm (t-conorm), which can be expressed as an ordinal sum of semigroups can be also expressed as an ordinal
sum of disjoint semigroups. This is no longer true in the case of uninorms.

Example 5.1. Assume the Lukasiewicz t-norm Ty,: [0,1]> — [0,1] given by Tr(z,y) = max(0,z +y — 1) and any
representable uninorm U. Let G1, G2 be two semigroups such that G; = ([%, ﬂ , %) and * 1is the linear transformation
of the Lukasiewicz t-norm to the interval [%, ﬂ , Gy = ([0, %] U]%, 1] ,U*), where U* is a transformation of U via (B),
i.e., % 1s the annihilator of G1 and the neutral element of Go such that for all x € ]0, %[ there exists a y € ]%, 1[ such
that U*(z,y) = 1. Then the ordinal sum of G1 and Go with the order 1 < 2 on the index set A = {1,2} is a uninorm
V. However, since U is representable and since Ty, is nilpotent we cannot remove the point % from neither of these two

semigroups. Therefore V' cannot be expressed as an ordinal sum of disjoint semigroups.

Based on the ordinal sum of t-norms the ordinal sum of uninorms was defined also just for a countable index set
(see [26, 2¥]). However, in [27] we have seen that ordinal sums with respect to an uncountable index set can also be
used in the case of uninorms.

The result of [29] shows that each uninorm with continuous underlying functions can be expressed as an ordinal sum
of a countable number of eight types of semigroups from Definition P23 and trivial semigroups defined on singletons.
However, this result is based on an incorrect observation made in [29, Remark 3, Definition 7] and [29, Proposition 9]
which claims that each trivial (singleton) semigroup is always between two non-trivial semigroups, or it is an accumu-
lation point of the set of their end points, which ensures that the number of summands is countable. It is true that the
number of non-trivial semigroups is countable since the support of each such a semigroup contains at least one rational
number. However, the closure of a countable set is not always countable, which is for example the case of the set of
rational numbers from the unit interval. The corrected result can be found in Theorem B33.

Example 5.2. Assume the Cantor set C' and let D = $. Denote ri, = %, stho=1- %, Ri = (vl Usi)2, for all
neN, i€ {l,...,2"7 1} where p', is the corresponding open interval from the construction of the Cantor set. Assume
271—1 )
a representable uninorm U and let e = 5, A=[0,1>\ U U RY. We define a binary function V': [0,1]> — [0,1] for
neN i=1

x <y using (0) by

yab.ed if (x,y) € R, for somen € N, i€ {1,...,2" 1},
Viz,y) = qmin(z,y) if (z,y) €A, z+y <1,
max(z,y) if (z,y) €A z+y>1,

where a = infrl, b=supri,c=1—b,d=1—a andv =b. Fory < x we define V(z,y) = V(y,z). Then V is evidently
commutative and since e = 5 € DN (1= D) for all x € [0,1] there is V(x,e) = min(z,e) if x + e < 1, ie., v < § which
implies V(z,€) = min(z,e) =  and V(z,e) = max(z,e) if t+e > 1, i.e., x > + which implies V (x,e) = max(z,e) = x.
Thus e is the neutral element of V. Further observe that V on A coincide with the idempotent uninorm Uy given by
Ui(z,y) = min(z,y) if e +y < 1 and Ui(z,y) = max(z,y) if v, > 1. To show the associativity of V' we will distinguish
for x,y,z € [0,1] three cases. In the first case x,y,z € i Us!, for somen € N, i € {1,...,2""1}. Then the associativity
follows from the associativity of the representable uninorm U. In the second case there does not exist such n € N and
i€ {1,...,2""1} that at least two elements from {x,y,z} belong to ri U st . Then (x,y),(y,2),(z,2) € A and the
associativity follows from the associativity of Uy.

In the third case there exist n € N and i € {1,...,2" 71} such that exactly two elements from {x,y,z} belong to
ri U st. Without loss of generality we will assume that x,y € ri Usl, z & ri U sl and we will compare all three
values V(V(z,y),2), V(z,V(y, 2)) and V(V(x,z2),y). Observe that V(x,y) € rl U sl and since z ¢ ri U st there is
V(z,y) + 2z # 1. Similarly, t+ 2z # 1 and y + z # 1.

1. If xz,y € rl,. Then either z < min(x,y) and then z < V(x,y), or z > max(z,y) and then z > V(x,y). There is
x+ 2z <1ifand only if y+ 2z < 1 and then also V(x,y) + z < 1. Similarly, there is x + z > 1 if and only if
y+ 2z > 1 and then also V(z,y) + z > 1. Therefore we have four possibilities.
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o Ifz < min(z,y) and x + z < 1, then V(V(x,y),2) = z, V(x,V(y,2)) = V(x,2) = z and V(V(z, 2),y) =

V(z,y) = z.

o Ifz <min(z,y) and x + z > 1, then V(V(x,y),2) = V(x,y), V(z,V(y,2)) = V(x,y) and V(V(z,2),y) =
Vi(z,y).

o Ifz>max(z,y) and x + z < 1, then V(V(x,y),2) = V(z,y), V(z,V(y, 2)) = V(z,y) and V(V(x,2),y) =
Viz,y).

o Ifz>max(z,y) and x + z > 1, then V(V(x,y),2) = z, V(2,V(y,2)) = V(z,2) = z and V(V(z,2),y) =
Viz,y) = 2.

2. If w,y € s, then the associativity can be shown similarly as in the previous case.

3. Ifvert andy € st,, then v < V(z,y) <y and we can obtain the following: If * < z, then 1 —c =b < z, i.e.,
1<c+z<y+z Similarly, x > z implies 1 >y + z, y < z implies 1 < x + z and y > z implies x + z < 1. Thus
we have the following three possibilities:

e lfz <o <y, theny+z <1 and x4+ 2z < 1 and then also V(x,y) + z < 1 and z < V(x,y). Then
V(V(z,y),z) =2 V(z,V(y,2)) =V(z,z) =z and V(V(z,2),y) = V(z,y) = 2.

e Ifr<z<y,thenx+z<l<y+zandb<z<1—0. ThereisV(V(x,2),y) =V(x,y), V(z,V(y,2)) =
Viz,y). If V(z,y) < b, then V(z,y) < 2<1-b<1—-V(z,y), ie., z+ V(z,y) <1 and V(V(z,y),2) =
V(z,y). If V(z,y) > ¢, then V(z,y) >c>2>1—c>1-V(z,y), i.e., 2+ V(z,y) > 1 and V(V(z,y), 2) =
V(z,y).

e Ifx <y <z theny+z >1and x4+ 2z > 1 and then also V(x,y) + z > 1 and z > V(x,y). Then
V(V(xay),z) =2z, V(x,V(y,z)) = V(l'vz) =z and V(V(x7z)ay) = V(Z’y) =z

4. If v € st and y € r! then the associativity can be shown similarly as in the previous case.

To show the monotonicity, due to the commutativity, it is enough to show that the partial function V (z,-) is increasing
for allx € [0,1]. If x € D or 1 —x € D then V(z,y) = min(z,y) for ally <1 — 2 and V(z,y) = max(z,y) for all
y>1—um, e, V(z,-) is increasing. Further suppose that x € r¢ for somen € N, i € {1,...,2"7 1} (the case when
x € st is analogous). ThenV(z,y) =y fory < a. Ify € vl then V(x,y) € [a,z]| and V(z,-) is increasing on r’,. Further,
V(x,y) =z fory € [b,c]. If y € st then V(x,y) € [x,y] and V (x,) is increasing on s,. Finally, if y > d > 1 — x there
isx+y>1and V(z,y) =y. Summarizing, if x € v, then V(x,-) is increasing.

Thus V is commutative, associative, increasing and has a neutral element e and therefore it is a uninorm. Further,
since its underlying functions are isomorphic to an ordinal sum of continuous t-norms (continuous t-conorms) V has
continuous underlying functions. Observe that V is an ordinal sum of trivial semigroups from D and 1 — D and non-
trivial semigroups (r, U {b} U s;,Ulf’b’c’d) forn € N, i € {1,...,2"7 1}, which are isomorphic to the representable
uninorm U wvia ().

However, V' cannot be expressed as an ordinal sum of a countable number of semigroups from Definition 223 and
trivial semigroups (compare Example Z3).

Therefore the main result from [29] should be corrected to the following theorem.

Theorem 5.3. Let U: [0,1]2 — [0,1] be a uninorm with continuous underlying functions. Then U can be expressed
as an ordinal sum of a countable number of semigroups from Definition 223 and a possibly uncountable number of trivial
SeMigroups.

Proof. The proof is similar to the proof of [24, Proposition 11]. The only correction has to be done in the partition of
the unit interval which was given in [29, Definition 7], where the sets A and D are possibly uncountable and then also
the index sets M3 and Og are possibly uncountable. O

The result with a countable number of summands was from [29] incorrectly transferred to [82], where the main result
of the paper states that each n-uninorm with continuous underlying functions can be expressed as a z-ordinal sum of
a countable number of semigroups from Definition 23 and trivial semigroups (for the definition of the z-ordinal sum

construction see [82, B1]). Similarly as in the case of uninorms this result is not correct. As an example we can take a
z-ordinal sum of three semigroups G1 = ([0, 3] ,V[O’%]), Ga = ([3,1] ,V[%’l]) and G3 = ({3},1d) with respect to the
set A = {3} and a partial order < given by 1 A2 = 3, where VI®? is a linear transformation of the uninorm V from
Example B2 to the interval [a,b]. Then this z-ordinal sum is a 2-uninorm W from Class 1, i.e., W(z,y) = vlo.3] (z,9)

ifz,y € [0, %] , Wiz, y) = viz] (z,y)ifx,y € [%, 1] and W(z,y) = % otherwise. Here ([0, 1], W) can be expressed as a
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z-ordinal sum of a countable number of non-trivial semigroups and an uncountable number of trivial semigroups. Note
that supports of the corresponding trivial semigroups cover the transformation of the Cantor set to intervals [O, ﬂ ,
[i, %} , [%, %] and [%, 1] . This 2-uninorm cannot be expressed as a z-ordinal sum of semigroups from Definition I3
and trivial semigroups with a countable number of summands.

Similarly as in the case of uninorms, the correct statement of [32, Theorem 10] is the following.

Theorem 5.4. Let U™: [0,1] — [0, 1] be an n-uninorm, U™ € U,,. Then U™ can be expressed as a z-ordinal sum of
a countable number of semigroups from Definition Z=3 and a possibly uncountable number of trivial semigroups, where
An~{z1,...,2n-1} and (C, <) has a tree structure.

The proof is exactly the same as the proof of [32, Theorem 10], since the mistake occurs in results for uninorms.
Thus the only difference here is that we should use the corrected result from Theorem B3.

6 Ordinal sums of aggregation functions

Ordinal sums of t-norms and t-conorms, see Proposition E3, differ in the role of min and max in their definition. To
unify both approaches to ordinal sums, observe that both t-norms and t-conorms are aggregation functions. Ordinal
sum of aggregation functions related to finitely many non-overlapping intervals covering the unit interval [0,1] was
proposed by De Baets and Mesiar [, 22]. We generalize their approach in the spirit of Proposition EZ2.

Theorem 6.1. Let K be a finite or countably infinite index set and let (Jag,bx|)rex be a system of open, disjoint
subintervals of [0,1], Uy lar, br] = [0,1]. Let (Ag)rer be a system of binary aggregation functions. Then the ordinal
sum A = ({ak, b, Ax) | k € K) given by

Az, y) = k;((bk — ag) - Ag(min(1, max(0, ;’; ‘_‘;’; )), min(1, max(0, byk __‘;’1 ) (3)

is an aggregation function.

Proof. The monotonicity of A is obvious. Further, A(0,0) = > (by — ax)Ax(0,0) = 0 and A(1,1) = > (by —
keK keK
ar)Ak(1,1) =1, and thus A is an aggregation function. O

Obviously, A is commutative (continuous) if and only if all summands Ay, are commutative (continuous).
It is not difficult to check that if (z,y) € [ax, bx]” then A(z,y) = ap + (by — ag) - Ap (R0, 4=,

br—ay’ bp—ax

Lemma 6.2. Let K be a finite or countably infinite index set and let (Jax,bx[)kex be a system of open, disjoint
subintervals of [0,1], Uc lar, br] = [0,1]. Let (Ar)rer be a system of binary aggregation functions such that each Ay,
has a neutral element e = 1 (and thus a = 0 is its annihilator). Then the ordinal sum A = ({ax,br) | k € K) can be
written as

Aoy = 4 T O —a) - A=) f (o) € o bl
’ min(x, y) otherwise.

Proof. Let = € [as, bs] and y € [a,, b.], where ag < a,. Then

T as . —a
Aw )= 3 (=) AL D+ (0 a) - A—om D 3 (0 = aw) - Ax(0,min(l, max(0, —5))
keK s s ke K k k
ap<as arSas
T — a
= Usg bsf s) - =
as + (bs — as) A x

Similarly, A(y,x) =y if as > a, and then the ordinal sum A = ({ax, bx) | k € K) can be written as

T—a y—ag . 2
Alz,y) = {ak + (bk —ar) - Ap(p=2, =) if (z,y) € [ag, bi[”,

min(z, y) otherwise.
O

As an easy consequence we see that if all summands Ay, are t-norms (copulas, quasi-copulas) then also A is a t-norm
(copula, quasi-copula). Similarly, one can show that the same formula (B) yields a t-conorm A whenever all summands
A}, are t-conorms.

Note that Theorem G does not cover Proposition B2 whenever |J [ag, bg] # [0, 1].
keK
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7 Concluding remarks

We have recalled and discussed the topic of ordinal sums in the framework of aggregation functions on [0,1]. Note
that some of ordinal sums were already discussed in different contexts. For example, Moster and Shields [33] in 1957
presented an ordinal sum-based representation of I-semigroups, i.e., topological semigroups acting on some closed real
interval I. Their results were restricted to the case I = [0,1] by Ling [21] in 1965, yielding the representation of
continuous t-norms and t-conorms, compare Proposition 2. All mentioned ordinal sums have considered associativity
as a basic property of considered summands and resulting ordinal sums, and thus their binary forms were studied only,
with no loss of generality. With the extension to n-dimensional case, one should stress the important role of the top
(or the bottom) input elements. In particular, the ordinal sums of t-norms and t-conorms discussed in Proposition 22
lead to the following n-ary form of T' (S) for n > 2:

T(a1,... ) = ak. + (bk — ar) - Ti(p(F=gE), .- p(32=22))  if min(zy, ..., 2,) € |ak, bil,
min(zy,...,oy) else
and
S(ors ) = ek + (di — i) - Sk(p(F=2), .., o(E=2)) i max(2y, ..., z0) € Jag, by,
max(L1,...,Ty) else,

where p: R — [0, 1] is given by ¢(z) = min(1, max(0, z)).

Observe that a similar construction and representation for n-copulas was shown by Mesiar and Sempi in [24].

Not going into details, note that the ordinal sum of overlap functions was introduced by Dimuro and Bedregal in
2014 in [T7]. Based on the representation of continuous t-norms, an ordinal sum of residual implications was proposed
by De Baets and Mesiar in [H]. Several other types of ordinal sums of fuzzy implications were discussed in Drygas et
al. in [B, 4] and in [23].

Our paper can be seen as an overview and summarization of several types of ordinal sums related to the aggregation
and related functions on [0, 1]. Some of our original results either expand few already known results, or stress the better
understanding of ordinal sums, in particular when considering the n-dimensional case with n > 2, or when discussing
the possible cardinality of the corresponding index set for particular ordinal sums.
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