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Abstract

In this paper, we deal with the global practical exponential stabilization of a class of perturbed Takagi-Sugeno fuzzy
control systems. The terms of perturbations are supposed uniformly bounded by some known functions and in certain
cases not necessarily smooth. We prove that the solution of the closed-loop system with a linear fuzzy controller converge
to a neighborhood of the origin. We use common quadratic Lyapunov function and parallel distributed compensation
controller techniques to study the asymptotic behavior of the solutions of fuzzy system. Numerical simulations are
given to validate the proposed approach.
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1 Introduction

In recent years, Takagi-Sugeno (T-S) fuzzy models [19] have become a useful tool to deal with a class of nonlinear
systems. The models can be described by a set of if-then rules which gives local linear approximations of an underlying
system. One of the most important problems while designing fuzzy controller is to derive the desired fuzzy rule base.
Trial and error has been a natural choice to design fuzzy controller in this case. The selection of fuzzy if-then rules
often relies on a substantial amount of heuristic observations to express proper strategy. Obviously it is difficult for
human experts to examine all the input data from a complex system to find the number of proper rules for a fuzzy
system. To cope with this difficulty, much research effort has been devoted to develop alternative design methods. The
stability analysis and control design for T-S fuzzy systems keep attracting researchers for decades However, the use
of a (CQLF) often leads to overly conservative results because a common Lyapunov matrix should be found for all
subsystems [14, 15, 16, 17, 18, 19, 21]. For the stability analysis of T-S fuzzy systems, many researchers have presented
the conventional quadratic Lyapunov function satisfying the stability conditions of all subsystems [8, 9, 18, 22]. The
Lyapunov stability theory is the main approach for these kinds of problems, among them, the simplest approaches
consists in looking for a common quadratic Lyapunov function (CQLF) by using the concept of the parallel distributed
compensation (PDC) technique [15, 18, 21] to design a stabilizing controller. However, another important issue in
stability analysis of nonlinear systems is to study the behavior of the solutions in practical sense, it means that the
trajectories converge to a small neighborhood of the origin. Stability is one of the most important concepts concerning
the properties of control systems. In practical engineering systems, external disturbances tend to introduce oscillation,
even causes instability. In these cases, the systems are usually not stable in the sense of Lyapunov stability, but
sometimes their performance may be acceptable in practice just because they oscillate sufficiently near a mathematically
unstable course. Furthermore, in some cases, though a system is stable, it can not be acceptable in practice engineering
just because the attraction domain is not large enough. To deal with these situation, the concept of practical stability
[1, 2, 3, 4, 5, 6, 7, 10, 11, 12, 13], which is derived from the so called, finite time stability, is more useful. In these
studies, the origin was not supposed to be necessarily an equilibrium point of the system. So, we can no longer expect
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to design a controller that guarantee the stability of the origin as an equilibrium point. A new approach for the stability
analysis is proposed. The approach allows the computation of the bound which characterizes the main novelty of this
work relies on the fact that the proposed approach for stability analysis allows for the computation of the bound which
characterize the exponential rate of convergence of the solutions under some assumptions on the perturbed term. In this
paper, we study the stabilization problem of a class of Takagi-Sugeno fuzzy systems in presence of external disturbances
(perturbations). The common quadratic Lyapunov function and parallel distributed compensation controller are used
to show the convergence to a small ball for the solutions of the uncertain T-S fuzzy systems, even when the origin is not
an equilibrium point, provided that the uncertainties are supposed uniformly bounded by known integrable functions.
Moreover, we give some new sufficient conditions to solve this problem when the uncertainties are not smooth. An
example is given to prove the validity of the main result for inverted pendulum system.

2 Fuzzy control systems

Consider a class of the continuous-time T-S fuzzy control system which can be described by the following fuzzy rules,

Rule i : If z1(t) is Mi1 and z2(t) is Mi2 ... and zp(t) is Mip, then

ẋ(t) = Aix(t) +Biu(t), i = 1, 2, ..., r,

where x(t) ∈ Rn is the state vector, u(t) ∈ Rm is the control input vector, Ai ∈ Rn×n and Bi ∈ Rn×m are the system
matrix input matrix, i = 1, ..., r is the number of fuzzy rules, Mij are the inputs fuzzy sets, z(t) = [z1(t), ..., zp(t)]

T

are measurable variables, i.e., the premise variables. Using weighted average defuzzifiers, the aggregated fuzzy model
is given by

ẋ(t) =

r∑
i=1

wi(z)
(
Aix(t) +Biu(t)

)
r∑

i=1

wi(z)

,

where wi(z) =
∏r

j=1 Mij(zj).

Let µi(z) be the membership functions that belong to class C1, i,e., they are continuous differentiable and defined as

µi(z) =
wi(z)
r∑

i=1

wi(z)

.

Then, the fuzzy system has the state-space form

ẋ(t) =
r∑

i=1

µi(z)
(
Aix(t) +Biu(t)

)
, (1)

where µi(z) ≥ 0 for i = 1, 2, ..., r and

r∑
i=1

µi(z) = 1.

Many published results, concerning the control of the fuzzy system, are based on the PDC principle. The design of
the fuzzy controller shares the same antecedent as the fuzzy system and employs a linear state feedback control in the
consequent part. For each local dynamics the controller is defined as

Rule i : If z1(t) is Mi1 and z2(t) is Mi2 ... and zp(t) is Mip, then

u(t) = −Kix(t), i = 1, 2, ..., r, (2)

where Ki is the local state feedback gain. Consequently, the defuzzified result is

u(t) = −
r∑

i=1

µi(z)Kix(t). (3)
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The system (2.1) in closed-loop with the fuzzy controller (2.3) yields the following fuzzy system,

ẋ(t) =

r∑
i=1

r∑
j=1

µi(z)µj(z)
(
Ai −BiKj

)
x(t). (4)

A sufficient condition for the stability is deduced using Lyapunov’s direct method. Suppose that a common positive
definite matrix P exists, so that the following conditions are satisfied:

(Ai −BiKi)
TP + P (Ai −BiKi) < 0, i = 1, 2, ..., r,

and
1

2
(Ai −BiKj +Aj −BjKi)

TP +
1

2
P (Ai −BiKj +Aj −BjKi) < 0, 1 ≤ i < j ≤ r.

When these conditions are satisfied, the fuzzy system (2.4) is then asymptotically stable. The design work can be
transformed into a convex problem [18], which is efficiently solved by linear matrix inequalities optimization. If the
solution is feasible, meaning that the stabilization constraints are met, then local state feedback gains are obtained.

3 Control of perturbed fuzzy systems

Motivated by the results of the above section concerning the control of fuzzy-model, we will extend the T-S fuzzy system
with the presence of external disturbances. Consider the following T-S fuzzy uncertain model,

Rule i : If z1(t) is Mi1 and z2(t) is Mi2 ... and zp(t) is Mip, then

ẋ(t) = Aix(t) +Biu(t) + ϕi(t, x(t)), i = 1, 2, ..., r. (5)

ϕi : R+ × Rn −→ Rn are continuous functions which represent the perturbations terms for i = 1, 2, ..., r.

We shall suppose the following assumption required for the stabilization problem.

(H1) The pairs (Ai, Bi), i = 1, ..., r, are controllable, that is each nominal local model is controllable.
The fuzzy system is then inferred to be

ẋ(t) =

r∑
i=1

µi(z)
(
Aix(t) +Biu(t) + ϕi(t, x(t))

)
. (6)

As is mentioned in the above section, µi are the membership functions that belong to class C1, i.e., they are continu-
ously differentiable, which ensures the existence and uniqueness of solutions, and are subject to the following conditions:

0 ≤ µi(z) ≤ 1 and
r∑

i=1

µi(z) = 1.

The functions ϕi, i = 1, 2, ..., r, represent the uncertain external disturbances of each fuzzy subsystem and are time-
varying satisfying the following condition.

(H2) Assume that,
∥ϕi(t, x(t))∥ ≤ κi(t), i = 1, 2, ..., r, (7)

for all t ≥ 0 and x ∈ Rn, where κi are known nonnegative continuous functions for i = 1, ..., r, with

(

∫ +∞

0

κ(t)2 dt)
1
2 ≤ κ̃ < +∞,

where κ(t) := (
∑r

i=1 κi(t)
2)

1
2 , and κ̃ is a nonnegative constant.

The fuzzy control rule is defined as above and we will consider the fuzzy uncertain system (3.2). Therefore, the
closed-loop system with respect to the fuzzy control (2.2)− (2.3) is given by

ẋ(t) =
r∑

i=1

r∑
j=1

µi(z)µj(z)
(
Ai −BiKj

)
x(t) +

r∑
i=1

µi(z)ϕi(t, x(t)). (8)
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Thus,

ẋ(t) =
r∑

i=1

µ2
i (z)Giix(t) + 2

r∑
i<j

µi(z)µj(z)Gijx(t) +
r∑

i=1

µi(z)ϕi(t, x(t)),

where Gii = Ai −BiKi and Gij =
1
2 (Ai −BiKj +Aj −BjKi). The controller synthesis initially considers the stability

of the local fuzzy dynamics. That is, the stable feedback gains are determined for every subsystem. Suppose that there
exist positive symmetric and definite matrices P, Qi, and Qij (i < j), and some matrices Ki, i = 1, ..., r, such that the
following inequalities [16] hold,

GT
iiP + PGii < −Qi, i = 1, 2, ..., r, (9)

and
GT

ijP + PGij < −Qij , 1 ≤ i < j ≤ r. (10)

Based on this assumption, each nominal local model is controllable and a suitable feedback gain can be obtained.

As a first step, we need to recall what is meant by uniformly ultimately bounded and uniform global practical exponential
stability of dynamic systems [1, 2, 3, 10]. Consider a system described by

ẋ = F (t, x), (11)

with t ∈ R+ is the time and x ∈ Rn is the state.

Definition 3.1. [10] The system (11) is said uniformly ultimately bounded if there exists R > 0, such that for all
R1 > 0, there exists a T = T (R1) > 0 such that

∥x(t0)∥ ≤ R1 ⇒ ∥x(t)∥ ≤ R for all t ≥ t0 + T and t0 ≥ 0.

Definition 3.2. [1] The system (11) is said uniformly globally practically exponentially stable, if there exists a ball

Br = {x ∈ Rn / ∥x∥ ≤ r},

such that Br is uniformly globally practically exponentially stable, it means that, there exists r > 0 such that, for all
ε > r, there exists ϵ = ϵ(ε) > 0 such that, for all t0 ≥ 0, ∥x(t0)∥ ≤ ϵ, we have

∥x(t)∥ ≤ η∥x(t0)∥e−υ(t−t0) + r, for all t ≥ t0,

with η > 0, υ > 0.
In the case where t = t0, the solution of (3.7) with respect the initial condition (0, x(0)), satisfies:

∥x(t)∥ ≤ γ∥x(0)∥e−υt + r, for all t ≥ 0, (12)

with η > 0, υ > 0.

The goal of this paper is to find some conditions on the functions κi(t) such that the fuzzy system (3.4) is globally
uniformly practically exponentially stable. If κi(t) = 0 for all i = 1, ..., r, the fuzzy uncertain system (3.4) has an
equilibrium point at the origin. In this case, we can analyze the stability of the closed loop system behavior for the
origin as an equilibrium point. If κi(t) ̸= 0, for some i = 1, ..., r, then the origin will not be an equilibrium point of
the fuzzy uncertain system (3.4). In this case, we can study the uniform ultimate boundedness of the solutions of the
fuzzy uncertain system, also, the convergence of the solutions toward a neighborhood of the origin. Note that, while
the proposed fuzzy system is actually a model of a nonlinear system, the perturbation is originated from the fuzzy
modelling error.

Now, one can state the following theorem.

Theorem 3.3. Suppose that the assumptions (H1), (H2) hold and there exist a common positive definite matrix P and
some feedback gain matrices Ki, i = 1, ..., r, such that the stability conditions (3.5)− (3.6) are satisfied, then the fuzzy
closed-loop system (3.4) with the control laws (2.2)−(2.3) is guaranteed to be globally uniformly practically exponentially
stable.
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Proof. Consider the Lyapunov function candidate V (t, x) = xTPx. It’s derivative with respect to time is given by,

V̇ (t, x) =
r∑

i=1

µ2
i (z)x

T (GT
iiP + PGii)x+ 2

r∑
i<j

µi(z)µj(z)x
T (GT

ijP + PGij)x+ 2xTP
r∑

i=1

µi(z)ϕi(t, x(t)).

The first two terms on the right-hand side constitute the derivative of the Lyapunov function V (x) with respect the
nominal system, while the third term is the effect of the perturbation. On the one hand, we have

xT (GT
iiP + PGii)x ≤ −λmin(Qi)∥x∥2, i = 1, 2, ..., r,

and
xT (GT

ijP + PGij)x ≤ −λmin(Qij)∥x∥2, 1 ≤ i < j ≤ r.

It follows that,

V̇ (t, x) ≤ −
r∑

i=1

µ2
i (z)λmin(Qi)∥x∥2 − 2

r∑
i<j

µi(z)µj(z)λmin(Qij)∥x∥2 + 2xTP
r∑

i=1

µi(z)ϕi(t, x(t)).

Thus,

V̇ (t, x) ≤ −
( r∑
i=1

µ2
i (z)λmin(Qi) + 2

r∑
i<j

µi(z)µj(z)λmin(Qij)
)
∥x∥2 + 2xTP

r∑
i=1

µi(z)ϕi(t, x(t)).

Then, one gets

V̇ (t, x) ≤ −λ0∥x∥2
r∑

i=1

r∑
i=1

µi(z)µj(z) + 2xTP
r∑

i=1

µi(z)ϕi(t, x(t)),

where λ0 = inf{(λmin(Qi); i = 1, ..., r); (λmin(Qij); 1 ≤ i < j ≤ r)}, λmin(max) denotes the smallest (largest) eigenvalue
of the matrix.
Since,

r∑
i=1

r∑
j=1

µi(z)µj(z) = 1,

then, we have

V̇ (t, x) ≤ −λ0∥x∥2 + 2xTP

r∑
i=1

µi(z)ϕi(t, x(t)).

Taking into account the assumption (H2), we have

∥
r∑

i=1

µiϕi(t, x(t))∥ ≤
r∑

i=1

µi(z)κi(t).

Taking into account the above expressions, it follows that

V̇ (t, x) ≤ −λ0∥x∥2 + 2∥x∥∥P∥
r∑

i=1

µi(z)κi(t).

Thus, by using the Cauchy-Schwartz inequality, one has

V̇ (t, x) ≤ −λ0∥x∥2 + 2∥x∥∥P∥
(
(

r∑
i=1

µ2
i (z))

1
2 (

r∑
i=1

κi(t)
2)

1
2

)
.

It follows that,
V̇ (t, x) ≤ −λ0∥x∥2 + 2∥P∥κ(t)∥x∥.

Since,
λmin(P )∥x∥2 ≤ V (t, x) = xTPx ≤ λmax(P )∥x∥2,
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then, by taking ∥P∥ = λmax(P ), yields

V̇ (t, x) ≤ − λ0

λmax(P )
V (t, x) + 2

λmax(P )

λ
1
2
min(P )

κ(t)V (t, x)
1
2 .

Let η = λ0

λmax(P ) > 0, and ρ(t) = 2λmax(P )

λ
1
2
min(P )

κ(t). With the previous notations, it follows that

V̇ (t, x) ≤ −ηV (t, x) + ρ(t)V (t, x)
1
2 .

In the last expression, we make the following change of variable, w(t) = V (t, x)
1
2 . The derivative with respect to time

is given by

ẇ(t) =
V̇ (t, x)

2V (t, x)
1
2

.

This implies that ẇ(t) ≤ − 1
2ηw(t) +

1
2ρ(t). Thus,

w(t) ≤ w(0)e−
1
2ηt +

1

2
e−

1
2ηt.

∫ t

0

ρ(s)e
1
2ηsds.

It follows that,

λ
1
2
min(P )∥x(t)∥ ≤ λ

1
2
max(P )∥x(0)∥e− 1

2ηt +
1

2
e−

1
2ηt.

(
(

∫ t

0

ρ(s)2ds)
1
2 .(

∫ t

0

(e
1
2ηs)2ds)

1
2

)
.

So,

λ
1
2
min(P )∥x(t)∥ ≤ λ

1
2
max(P )∥x(0)∥e− 1

2ηt +
1

2
e−

1
2ηt.

(
(

∫ +∞

0

ρ(s)2ds)
1
2 .(

∫ t

0

eηsds)
1
2

)
.

One gets,

λ
1
2
min(P )∥x(t)∥ ≤ λ

1
2
max(P )∥x(0)∥e− 1

2ηt + 2κ̃
(λmax(P )

λ
1
2
min(P )

)2
e−

1
2ηt.(

1

η
(e

1
ηt − 1))

1
2 .

Hence,

∥x(t)∥ ≤ λ
1
2
max(P )

λ
1
2
min(P )

∥x(0)∥e− 1
2ηt + 2κ̃

λ2
max(P )

λ
3
2
min(P )

e−
1
2ηt.(

1

η
e

1
ηt )

1
2 .

Then,

∥x(t)∥ ≤ λ
1
2
max(P )

λ
1
2
min(P )

∥x(0)∥e− 1
2ηt + 2

λ2
max(P )

λ
3
2
min(P )

κ̃

η
1
2

.

Therefore, Br, with r = 2
λ2
max(P )

λ
3
2
min(P )

κ̃

η
1
2
, is globally uniformly practically exponentially stable.

Remark 3.4. Note that the last inequality implies that system (3.4) is uniformly ultimately bounded in the sense of
Definition 3.1.

Remark 3.5. In this paper, the origin of the considered systems may not be an equilibrium point. Indeed, the desired
system may be unstable and yet the system may oscillate sufficiently near this state that its performance is acceptable,
thus the notion of practical stability is more suitable in several situations than traditional stability. One also desires
that the state approaches the origin (or some sufficiently small neighborhood of it) in a sufficiently fast manner. To
this end, we have used the fuzzy PDC controller to show the exponential practical stability of the considered closed-loop
fuzzy perturbed systems.

A simple extension can be given if we suppose the following assumption instead of (H2).
(A2) Assume that,

∥ϕi(t, x(t))∥ ≤ αi∥x∥+ κi(t), i = 1, 2, ..., r, (13)

for all t ≥ 0 and x ∈ Rn, where αi > 0, κi are known nonnegative continuous functions for i = 1, ..., r, with

(

∫ +∞

0

κ(t)2 dt)
1
2 ≤ κ̃ < +∞,
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where κ(t) := (
∑r

i=1 κi(t)
2)

1
2 , and κ̃ is a nonnegative constant.

Let α = (
∑r

i=1 α
2
i )

1
2 , and suppose that,

α <
inf{(λmin(Qi), (λmin(Qij)}

2∥P∥
,

for i = 1, ..., r; 1 ≤ i < j ≤ r.

Corollary 3.6. Suppose that the assumptions (H1), (A2) hold and there exist a common positive definite matrix P and
some feedback gain matrices Ki, i = 1, ..., r, such that the stability conditions (3.5)− (3.6) are satisfied, then the fuzzy
closed-loop system (3.4) with the control laws (2.2)−(2.3) is guaranteed to be globally uniformly practically exponentially
stable.

Proof. Using the same argument as the above proof, we consider the Lyapunov function candidate V (t, x) = xTPx.
It’s derivative with respect to time is given by,

V̇ (t, x) =
r∑

i=1

µ2
i (z)x

T (GT
iiP + PGii)x+ 2

r∑
i<j

µi(z)µj(z)x
T (GT

ijP + PGij)x+ 2xTP
r∑

i=1

µi(z)ϕi(t, x(t)).

Taking into account the assumption (A2), we get,

V̇ (t, x) ≤ −λ0∥x∥2 + 2∥x∥∥P∥
r∑

i=1

µi(z)(αi∥x∥+ κi(t)),

where λ0 = inf{(λmin(Qi); i = 1, ..., r); (λmin(Qij); 1 ≤ i < j ≤ r)}, λmin(max) denotes the smallest (largest) eigenvalue
of the matrix.
Thus, by using the Cauchy-Schwartz inequality, one has

V̇ (t, x) ≤ −λ0∥x∥2 + 2∥x∥2∥P∥
(
(

r∑
i=1

µ2
i (z))

1
2 (

r∑
i=1

α2
i )

1
2

)
+2∥x∥∥P∥

(
(

r∑
i=1

µ2
i (z))

1
2 (

r∑
i=1

κi(t)
2)

1
2

)
.

It follows that,
V̇ (t, x) ≤ −(λ0 − 2α∥P∥)∥x∥2 + 2∥P∥κ(t)∥x∥.

By taking ∥P∥ = λmax(P ) and λ̃0 = λ0 − 2α∥P∥ , yields

V̇ (t, x) ≤ − λ̃0

λmax(P )
V (t, x) + 2

λmax(P )

λ
1
2
min(P )

κ(t)V (t, x)
1
2 .

Let η̃ = λ̃0

λmax(P ) > 0, and ρ(t) = 2λmax(P )

λ
1
2
min(P )

κ(t). With the previous notations, it follows that

V̇ (t, x) ≤ −η̃V (t, x) + ρ(t)V (t, x)
1
2 .

A simple computation shows that, Br̃, with r̃ = 2
λ2
max(P )

λ
3
2
min(P )

κ̃

η̃
1
2
, is globally uniformly practically exponentially stable.

Remark 3.7. One can check here that if we suppose that there exists a constant κ̃ > 0 such that κ(t) ≤ κ̃, then Br,

with r = λmax(P )
λmin(P )

κ̃
η is globally uniformly practically exponentially stable.

Motivated by the above result, the design principle can be extended to the T-S fuzzy system with non-smooth uncer-
tainties. One can consider the following T-S fuzzy uncertain model,

Rule i : If z1(t) is Mi1 and z2(t) is Mi2 ... and zp(t) is Mip, then

ẋ(t) = Aix(t) +Biu(t) + φi(t, x(t)), i = 1, 2, ..., r. (14)

(H′
2) Assume that,

∥φi(t, x(t))∥ ≤ ζi(t)∥x∥p, i = 1, 2, ..., r, (15)
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for all t ≥ 0 and x ∈ Rn, where p ∈]0, 1[, ζi are known nonnegative continuous functions for i = 1, ..., r, with with

(

∫ +∞

0

ζ(t)2 dt)
1
2 ≤ ζ̃ < +∞,

where ζ(t) := (
∑r

i=1 ζi(t)
2)

1
2 , for a certain nonnegative constant ζ̃.

We have the following theorem.

Theorem 3.8. Suppose that the assumptions (H1), (H′
2) hold and there exist a common positive definite matrix P and

some feedback gain matrices Ki, i = 1, ..., r, such that the stability conditions (3.5)− (3.6) are satisfied, then the fuzzy
closed-loop system (3.4) with the control laws (2.2)−(2.3) is guaranteed to be globally uniformly practically exponentially
stable.

Proof. Consider the Lyapunov function candidate V (t, x) = xTPx. It’s derivative with respect to time is given by,

V̇ (t, x) =
r∑

i=1

µ2
i (z)x

T (GT
iiP + PGii)x+ 2

r∑
i<j

µi(z)µj(z)x
T (GT

ijP + PGij)x+ 2xTP
r∑

i=1

µi(z)ϕi(t, x(t)).

The first two terms on the right-hand side constitute the derivative of the Lyapunov function V (x) with respect to the
nominal system, while the third term is the effect of the perturbation. On the one hand, we have

xT (GT
iiP + PGii)x ≤ −λmin(Qi)∥x∥2, i = 1, 2, ..., r,

and
xT (GT

ijP + PGij)x ≤ −λmin(Qij)∥x∥2, 1 ≤ i < j ≤ r.

It follows that,

V̇ (t, x) ≤ −
r∑

i=1

µ2
iλmin(Qi)∥x∥2 − 2

r∑
i<j

µiµjλmin(Qij)∥x∥2 + 2xTP

r∑
i=1

µiφi(t, x(t)).

Thus,

V̇ (t, x) ≤ −
( r∑
i=1

µ2
i (z)λmin(Qi) + 2

r∑
i<j

µi(z)µj(z)λmin(Qij)
)
∥x∥2 + 2xTP

r∑
i=1

µi(z)φi(t, x(t)).

Then, one gets

V̇ (t, x) ≤ −λ0∥x∥2
r∑

i=1

r∑
i=1

µi(z)µj(z) + 2xTP
r∑

i=1

µi(z)φi(t, x(t)).

Since,
r∑

i=1

r∑
j=1

µi(z)µj(z) = 1,

then, we have

V̇ (t, x) ≤ −λ0∥x∥2 + 2xTP

r∑
i=1

µi(z)φi(t, x(t)).

Taking into account the assumption (H′
2), we have

∥
r∑

i=1

µiφi(t, x(t))∥ ≤
r∑

i=1

µi(z)ζi(t)∥x∥p.

Taking into account the above expressions, it follows that

V̇ (t, x) ≤ −λ0∥x∥2 + 2∥x∥∥P∥
r∑

i=1

µi(z)ζi(t)∥x∥p.
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Thus, by using the Cauchy-Schwartz inequality, one has

V̇ (t, x) ≤ −λ0∥x∥2 + 2∥x∥p+1∥P∥
(
(

r∑
i=1

µ2
i (z))

1
2 (

r∑
i=1

ζi(t)
2)

1
2

)
.

It follows that,
V̇ (t, x) ≤ −λ0∥x∥2 + 2∥P∥ζ(t)∥x∥p+1.

Since,
λmin(P )∥x∥2 ≤ V (t, x) = xTPx ≤ λmax(P )∥x∥2,

then, by taking ∥P∥ = λmax(P ), yields

V̇ (t, x) ≤ − λ0

λmax(P )
V (t, x) + 2

λmax(P )

λ
p+1
2

min(P )
ζ(t)V (t, x)

p+1
2 .

Let η = λ0

λmax(P ) > 0, and ρ̃(t) = 2 λmax(P )

λ
p+1
2

min (P )

ζ(t). With the previous notations, it follows that

V̇ (t, x) ≤ −ηV (t, x) + ρ̃(t)V (t, x)
p+1
2 .

In the last expression, we make the following change of variable, w̃(t) = V (t, x)
1−p
2 . The derivative with respect to time

is given by

˙̃w(t) =
1− p

2
V̇ (t, x)V (t, x)−

(1+p)
2 .

Since,
1− p

2
V̇ (t, x)V (t, x)−

(1+p)
2 ≤ −η

1− p

2
V (t, x)

1−p
2 +

1− p

2
ρ̃(t),

Then,

˙̃w(t) ≤ −η
1− p

2
w̃(t) +

1− p

2
ρ̃(t).

Thus,

w̃(t) ≤ w̃(0)e−η 1−p
2 t +

1− p

2
e−η 1−p

2 t.

∫ t

0

ρ̃(s)eη
1−p
2 sds.

It follows that,

λ
1−p
2

min(P )∥x(t)∥1−p ≤ λ
1−p
2

max(P )∥x(0)∥1−pe−η 1−p
2 t +

1− p

2
e−η 1−p

2 t.

∫ t

0

ρ̃(s)eη
1−p
2 sds.

So,

λ
1−p
2

min(P )∥x(t)∥1−p ≤ λ
1−p
2

max(P )∥x(0)∥1−pe−η 1−p
2 t +

1− p

2
e−η 1−p

2 t.
(
(

∫ +∞

0

ρ̃(s)2ds)
1
2 .(

∫ t

0

e2η
1−p
2 sds)

1
2

)
.

Thus,

λ
1−p
2

min(P )∥x(t)∥1−p ≤ λ
1−p
2

max(P )∥x(0)∥1−pe−η 1−p
2 t + 2

1− p

2
e−η 1−p

2 tλ
2
max(P )

λp+1
min(P )

ζ̃.
1

(1− p)η
(eη(1−p)t − 1)

1
2 .

Then,

∥x(t)∥1−p ≤ λ
1−p
2

max(P )

λ
1−p
2

min(P )
∥x(0)∥1−pe−η 1−p

2 t +
1

η
ζ̃
λ2
max(P )

λ
p+3
2

min(P )
.

Hence,

∥x(t)∥ ≤ λ
1
2
max(P )

λ
1
2
min(P )

∥x(0)∥e−η 1
2 t +

(1
η
ζ̃
λ2
max(P )

λ
p+3
2

min(P )

) 1
1−p

.

Therefore, Br̄, with r̄ =
(

1
η ζ̃

λ2
max(P )

λ
p+3
2

min (P )

) 1
1−p

, is globally uniformly practically exponentially stable.
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A simple extension can be given if we suppose the following assumption instead of (H′
2).

(A′
2) Assume that,

∥φi(t, x(t))∥ ≤ αi∥x∥+ ζi(t)∥x∥p, i = 1, 2, ..., r, (16)

for all t ≥ 0 and x ∈ Rn, where p ∈]0, 1[, αi > 0, ζi are known nonnegative continuous functions for i = 1, ..., r, with

(

∫ +∞

0

ζ(t)2 dt)
1
2 ≤ ζ̃ < +∞,

where ζ(t) := (
∑r

i=1 ζi(t)
2)

1
2 , for a certain nonnegative constant ζ̃.

Let α = (
∑r

i=1 α
2
i )

1
2 , and suppose that,

α <
inf{(λmin(Qi), (λmin(Qij)}

2∥P∥
,

for i = 1, ..., r; 1 ≤ i < j ≤ r.

Corollary 3.9. Suppose that the assumptions (H1), (A′
2) hold and there exist a common positive definite matrix P and

some feedback gain matrices Ki, i = 1, ..., r, such that the stability conditions (3.5)− (3.6) are satisfied, then the fuzzy
closed-loop system (3.4) with the control laws (2.2)−(2.3) is guaranteed to be globally uniformly practically exponentially
stable.

Proof. Using the same argument as the above proof and the idea used in Corollary 3.2, taking into account the
assumption (A′

2), it suffices to take the same Lyapunov function where the derivative with respect time gives:

V̇ (t, x) ≤ −λ̃0∥x∥2 + 2∥x∥∥P∥
r∑

i=1

µi(z)ζi(t)∥x∥p.

Therefore, Br∗ , with r∗ =
(

1
η̃ ζ̃

λ2
max(P )

λ
p+3
2

min (P )

) 1
1−p

, is globally uniformly practically exponentially stable.

Remark 3.10. Note that, if we suppose that there exists a constant ζ̃ > 0 such that ζ(t) ≤ ζ̃, then Br, with r =(
λmax(P )
λmin(P )

ζ̃
η

) 1
1−p

is globally uniformly practically exponentially stable.

Example 3.11. A control problem of balancing an inverted pendulum on a cart is considered in this study [20]. The
state equations of the inverted pendulum are given by,

ẋ1(t) = x2(t), (17)

ẋ2(t) =
gsin(x1(t))− amlx2

2sin(2x1(t))/2− acos(x1(t))u(t)

4l/3− amlcos2(x1(t))
, (18)

where x1(t) denotes the angle (in radians) of the pendulum from the vertical and x2(t) is the angular velocity; g = 9.8
m/s2 is the gravity constant, m is the mass (kg) of the pendulum, M is the mass (kg) of the cart, 2l is the length of
the pendulum, and u is the force applied to the cart (in newtons); and a = l/(m+M). We choose m = 2kg, M = 8kg,
2l = 1m in the simulations.
We suppose that x1(t) ∈ [−88◦ 88◦], then we approximate the system by the following two-rule fuzzy model:
Rule 1: If x1 is about 0 then

ẋ(t) = A1x(t) +B1u(t).

Rule 2: If x1 is about ±π

2
then

ẋ(t) = A2x(t) +B2u(t),

where x(t) = [x1(t) x2(t)]
T as well as the matrices:

A1 =

[
0 1
g

4l/3− aml
0

]
, B1 =

[
0

− a

4l/3− aml

]
,
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and

A2 =

 0 1
2g

π(4l/3− amlβ2)
0

 , B2 =

 0

− aβ

4l/3− amlβ2

 ,

with β = cos(88◦).
Membership functions for rules 1 and 2 are shown in Figure 1.

Using an LMI optimisation algorithm, we obtain:

P =

[
0.0521 0.0362
0.0362 0.0521

]
,

the following feedback gains:
K1 =

[
−115.7705 −17.3927

]
,

and
K2 =

[
−80.2120 −17.4054

]
.

and the following positive definite matrices:

Q1 =

[
0.1136 0.1112
0.1112 0.1236

]
, Q2 =

[
0.1136 0.1112
0.1112 0.1236

]
, and Q12 =

[
0.1517 0.1498
0.1498 0.1679

]
.

It can be easily shown that the following stability conditions are satisfied:

GT
iiP + PGii < −Qi, i = 1, 2,

and
GT

12P + PG12 < −Q12.

Then, we have
λmin(P ) = 0.0159, λmax(P ) = ∥P∥ = 0.0883,

and
λ0 = inf{(λmin(Qi); i = 1, 2), (λmin(Q12))} = 0.0073.

The resulting PDC control law is as follows:

Rule 1: If x1 is about 0, then u(t) = −K1x(t).

Rule 2: If x1 is about ±π

2
, then u(t) = −K2x(t). That is,

u(t) = −µ1(x1(t))K1x(t)− µ2(x1(t))K2x(t).

The membership values of rules 1 and 2 are µ1 and µ2, respectively (µ1+µ2 = 1). This nonlinear control law guarantees
the stability of the fuzzy control system (fuzzy model + PDC control).
Now, we introduce external disturbances and we approximate the system by the following two-rule fuzzy model:
Rule 1: If x1 is about 0 then

ẋ(t) = A1x(t) +B1u(t) + φ1(t, x(t)).

Rule 2: If x1 is about ±π

2
then

ẋ(t) = A2x(t) +B2u(t) + φ2(t, x(t)),

where

φ1(t, x(t)) = φ2(t, x(t)) =

kx2 +
1√

1 + t2

√
|x1|

0

 .

Remark that, we are in the situation where the solutions exist and are unique outside a small ball centered at the origin.
The only problem is arround the origin given that the function

√
|x1| is not Lipschitzian in zero.

We can see that

∥φ1(t, x)∥ = ∥φ2(t, x)∥ ≤ k∥x∥+ 1√
1 + t2

√
|x1|, k > 0, for all t ≥ 0.
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Therefore, we can choose

α1 = α2 = k ≤ λ̃0

2λmax(P
,

and

ζ1(t) = ζ2(t) =
1√

1 + t2
.

Figures 1, and 2, show that the resulting closed-loop system with uncertainties is globally uniformly practically expo-
nentially stable with initial conditions x1 = 2 and x2 = 2. Thus, the trajectories of system (17) with uncertainties are
bounded and approach a sufficiently neighborhood of the origin.
For the component x1, we have found:

rise time = 15.5277 and settling time = 73.7025.

For the component x2 we have found:

rise time = 23.4427 and settling time = 162.4598.

Figure 1: Time evolution of the state x1(t) of system (17) with uncertainties.

Figure 2: Time evolution of the state x2(t) of system (17) with uncertainties.
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4 Conclusions

In this paper, we have studied the global uniform practical exponential stability for some classes of perturbed fuzzy
systems. The asymptotic behaviors of the solutions are in term of convergence toward a small neighborhood of the
origin. The perturbations are supposed uniformly bounded by some known functions where the nominal systems are
linear. The effectiveness of the proposed theory is illustrated by computer simulation of the inverted pendulum system.
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