Iranian Journal of Fuzzy Systems P

Volume 21, Number 1, (2024), pp. 19-31 University of

Sistan and Baluchestan

Original paper

Applying the lexicographic maximum solution of min-product fuzzy
relational inequalities for finding the optimal pricing with a fixed priority
in a supply chain system

Y. K. Wu @', C. F. Wen @2, Y. T. Hsu ©* and M. X. Wang ®*

LSchool of International Business, Shaozing Key Laboratory For Smart Society Monitoring, Prevention & Control, Zhejiang
Yuezxiu University, Shaoxing Clity, Zhejiang, China
2 Center for Fundamental Science and Research Center for Nonlinear Analysis and Optimization, Kaohsiung Medical
University, Kaohsiung, 80708, Taiwan, ROC
2 Department of Medical Research, Kaohsiung Medical University Hospital, Kaohsiung, 80708, Taiwan, ROC
3 Research Center of Finance, Shanghai Business School, Shanghai, China
4School of Digital Commerce, Zhejiang Yueziu University of Foreign Languages, Zhejiang 812000, China

ykwvnu@gmail.com, cfwen@kmu.edu.tw, yuanteng.hsu@gmail.com, 413129220Q@Qqq.com

Abstract

Fuzzy relational inequalities composed by the min-product operation are established to model the optimal pricing with
fixed priority in a single product supply chain system. The solution algorithm has been proposed for solving such an
optimization problem and finding the optimal solution (is called lexicographic maximum solution). In this study, a novel
approach is proposed to finding the optimal pricing with fixed priority in a single product supply chain system. This
approach is based on new properties of solution set in a min-product fuzzy relational inequality. These new properties
allow us directly determine the optimal value of variable without many duplicate checks in the solution procedure. A
numerical example is provided to illustrate the procedure.
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1 Introduction
In the literature, a system of fuzzy relational equations usually formulates in a matrix form as follows:
Aozt =pT,

where A = [4;j]mxn, = (2j)1xn and b = (b;)1xm are all defined over [0, 1]. The operation “o” represents a well-defined
algebraic composition for matrix multiplication.
[Apat]

When the operation “o” represents max-min or max-product compositions to A o 7 = bT, then fuzzy relational
equations are respectively expressed as

max{min{a;;,z;}} = b;,V i € T and max{a;jz;} =b;,VieZ,
JjET JjET

where index sets Z = {1,2,--- ,m} and J ={1,2,--- ,n}.

Various methods have been proposed to explore the solution sets of fuzzy relational equations with max-min or
max-product composition [2T], 23] 24] 25 30]. They are special cases of the max-triangular-norm (max-t-norm). It
is well-known that the solution set of fuzzy relational equations with continuous max-t-norm composition can be
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completely determined by the maximum solution and a finite number of minimal solutions [4] 14, 2§]. Finding all
minimal solutions of fuzzy relational equations was found to be closely associated with the covering problem, which is
NP-hard problem [15]. However, the solvability of fuzzy relational equations with max-t-norm composition has also been
considered [2], [6, 22]. Lin et al. [I8] showed that fuzzy relational equations with the max-product, the max-continuous
Archimedean t-norm and the max-arithmetic mean compositions are essentially equivalent to the covering problem.
These compositions are called max-continuous u-norm.

After the different fuzzy relational equations were proposed, Fang and Li [5] investigated the linear programming
problem subject to a system of fuzzy relational equations as following form:

n
Minimize Z(xz) = E cxj,
Jj=1

subject to Aozt =pT,

[19eb)

where ¢; € R is the cost coefficient associated with variable x;, operation “o” represents the max-product composition.
Shivanian and Khorram [27] studied the optimization of a linear objective function subject to fuzzy relation inequality
constraints with max-product composition. They proposed some simplification operations to accelerate the resolution
of the problem. After then, various optimization problems subject to a system of unipolar fuzzy relational equations
or inequalities with different compositions were proposed [8], [9], [T0] [T}, 12} 15} 26} B35].

A system of bipolar fuzzy relational equations with max-min composition proposed by Freson et al. [7] can be
formulated in the matrix form as follows:

AT ozt v A= ozt =0T,

where = (Zj)1xn, T = (Tj)1xn, AT = [aj'j]mxn, A = [ai_j]an and b = (b;)1xm are all defined over [0, 1]. The
notation “v” denotes max operation and the operation “o” represents the max-min composition. T; = 1 — z; denotes
the bipolar character.

The linear optimization problem subjected to bipolar fuzzy relational equations with max-min composition proposed

by Freson et al. [7] can be formulated as follows:

n
Minimize Z(z) = E cxj,
j=1

subject to At ozt v A= ozt =0b7

)

where c; € R is the cost coefficient associated with variable z;, operation “o” represents the max-min composition. Since
then, different optimization problems subject to bipolar fuzzy relational equations have been continuously proposed
[Tl (16, 20, 29].

As the above mentioned, most of fuzzy relational optimization problems had a constraint framework composed of
different max-t-norm compositions, for example, max-min, max-product, max-Lukasiewicz, and max-Archimedean t-
norm, etc. Recently, the constraint part of fuzzy relational optimization problems is no longer limited to the composition
of max-t-norm, for example, addition-min and min-product compositions.

Li and Yang [I7] first introduced a fuzzy relational inequality model with an addition-min composition to study
data transmission in a BitTorrent-like peer-to-peer file-sharing system as follows:

Zmin{aij,xj}zb,;,ViEI or Z(a,;j/\:rj) Zbi,VZ’EI,

j=1 j=1

where a;; and z; are defined over [0, 1] for all i € Z and j € J, b = (b;)iez is an m-dimensional vector with b; € (0, c0)
and the term “A” denotes “min” operator.

After the addition-min fuzzy relational inequalities were proposed, the fuzzy relational optimization problems involv-
ing different objective functions subject to a system of addition-min composition were successively proposed. Let Z(z)
denote a general function to reflect the managerial consideration (for instance, cost) associated with the transmission
levels = (x)1xn. The following optimization model could provide an optimal transmission levels with the function
Z(x).

Minimize Z(x),
n
subject to Zmin{aij,xj} >b,Viel.
j=1
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Note that the objective function Z(z) may be quite general to reflect the managerial consideration. The problem
with a linear cost objective function Z(z) = >_, ; ¢;z; was studied by Yang [31], Guu and Wu [13], where ¢; > 0 is the
cost coefficients associated with variable ;. To control the network congestion, Yang et al. [34] considered the min-max
programming problem to minimize the objective function Z(z) = max{x1, 22, -, 2} subject to addition-min fuzzy
relational inequalities, which one can view it as an indicator for congestion caused by the transmission . Chiu et al. [3]
proved that when the problem is feasible, there will always be an optimal solution with the same value for all variables.
Based on this result, the min-max programming problem can be simplified into a single-variable optimization model.

Recently, Zhou et al. [36] first proposed the min-product fuzzy relational inequalities and used it to model the
pricing relation in a supply chain system. Lin et al. [I9] studied a maximin programming problem subject to the
min-product fuzzy relational inequalities. An algorithm was proposed to obtain the optimal solution based on the
quasi-maximal matrix and the corresponding index set. Yang [32] investigated the resolution method and structure
of the complete solution set to min-product fuzzy relational inequalities. The concept of strong solution was further
defined to represent a feasible pricing scheduling for all the suppliers and retailers. Based on the relevant results of
solution set and strong solution, a detailed algorithm is also provided for finding all the strong solutions to a system of
min-product fuzzy relational inequalities.

Let us consider that there are n suppliers denoted by S;,j7 € J = {1,2,--- ,n}. They supply a single type of
commodities to m retailers denoted by R;,i € T = {1,2,--- ,m}. Assume that the commodity price from the jth
supplier S; to the retailers is z; > 0, while its cost is z; > 0,Vj € J. Basically, the supplying price x; of S; should be
bigger than or equal to the cost price z;, i.e., z; > z;. Considering the transportation expense and the profit of the
retailer, the selling price of the commodity which is supplied by S; and sold by R; (at the ith market), denoted by p;;
(retail price of the commodity), should be bigger than the prime price z;. Since p;; > x;, there exists some a;; > 1
such that p;; = a;52;,VieZ,j e J.

In addition, in order to make the commodity available for sale in the ith market, the price of such commodity should
be less than or equal to the highest acceptable price, denoted by b; > 0,V i € Z. Combining the price limitation of the
commodity to make them sellable, it turns out to be

Hél}]l{a”l']} = min{aﬂxl, a2, ,amxn} S bz,V 1€Z.
J

Furthermore, in order to ensure that all suppliers participate in the supply chain, the price of the commodity x;
offered by the supplier S; needs to meet at least one market, i.e., z; < T; = max;ez{ {Z 1.

Since all the variables and parameters in the above system are bounded, they could be normalized into the unit
interval [0, 1]. After normalization, the above system could be viewed as a system of min-product fuzzy relational

inequalities as follows:

gi(x) = min{a;jz;} < b;,VieZ, (1)
JjeJ

where a;;, z;, and b; are defined over [0, 1] with T; = max;ez{ :?'} and a;; # 0,a;; > b;, foralli € T and j € J.
ij
Each solution = = (z1,x2, - ,x,) of system (1) accurately represents a feasible pricing scheduling in the supply
chain. The jth component z; is the price on which the jth supplier S; provides its local commodity to the retailers.

The bigger the value of z; is, the higher profit the supplier S; will get. Consequently, in order to maximize the profit

of the suppliers, we should maximize all the prices, x1, 2, -, ZTy.
In most cases, it is not possible to maximize all the prices simultaneously. Hence, consider maximizing z1,zs, - ,Tx
under some fixed priority grade, denoted by z1 — x2 — -+ — z,, is a feasible option. Namely, the optimization

objective with fixed priority grade considers that the first objective is to maximize z1, and the second objective is
to maximize xo, and so on, until the last objective is to maximize x,,. Without loss of generality, we only discuss
the optimal solution with the natural priority grade 1 — zo — .-+ — x,. Such an optimal solution is called the
lexicographic maximum solution.

Integrating the various factors involved in the above commodity pricing problems, the lexicographic maximum
solution of the min-product fuzzy relational inequalities for finding optimal pricing with fixed priority in a single
product supply chain system, which first proposed by Zhou et al. [36], can be expressed as follows:

Maximize Ty —> Ty —> - —> Ty,
subject to gi(z) = mi}l{aijxj} <b,VieT, (2)
Jje

z; <z <T V€T,
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where a;;, z;, and b; are defined over [0, 1] with T; = max;ez{ bi,} and a;; # 0,a;; > b, for alli€Z and j € J.

a;
Basically, z; and T; are regarded as the lower limit value and upper limit value of the variable x;, respectively.

Zhou et al. [36] proposed an algorithm for solving the lexicographic maximum solution to problem (2). This
algorithm first uses the lower limit value 2 = (z;)je7 of = to check whether the problem (2) has a feasible solution,
ie., gi(z) < b;,V i€ Z. When the problem has a feasible solution, the algorithm replaces the lower limit value of the
variable with the possible maximum value 1, so as to check whether it is still a feasible solution of the problem (2)
according to the priority grade of objective function. That is, a vector y* = (1,25, ,z,) with the value 1 = 1 is
used to determine whether it is also a feasible solution in the first iteration of algorithm. If it is, then the optimal value
of variable x; is obtained from the upper limit value ;. Otherwise, the algorithm finds the maximum value of x; as
the optimal value from the remaining constraints that are not satisfied by .

After finding the optimal value x7} for x1, the solution procedure iterates x; using the variable x5 to find the optimal
value of xo. Similar to the first iteration, the vector y? = (x3,1,23,+-- ,z,) with the value zo = 1 is used to check
whether it is a feasible solution to the problem (2). In the next iterations, the proposed algorithm sequentially checks
the vectors y3,4* in turn, and so on until the last vector y™ to find the optimal value of all variables.

After analysis of the algorithm proposed by Zhou et al. [36], one can see that each time the solution of one variable
is modified, all constraints in problem (2) must be checked again and again. As a result, some repeated inspection
procedures are generated. Essentially, after determining the optimal value 7, once a;;x} > b; holds, the ith constraint
in problem (2) does not need be checked again because it has already been satisfied. In order to reduce the amount of
inspection procedures to quickly obtain the optimal solution, we propose a new approach to finding the optimal pricing
for problem (2) in this paper. This new approach is based on the concept that the properties of the solution set in
the min-product fuzzy relational inequality can be used to directly determine the optimal value of variables without
duplicate checks during the solution procedure.

This paper is organized as follows. In Section 2, some definitions and preliminary properties of the min-product
fuzzy relational inequalities are presented. In Section 3, the new property and solution algorithm of the lexicographic
maximum solution of problem (2) are introduced. In Section 4, a numerical example is provided to illustrate how the
proposed algorithm finds the lexicographic maximum solution step by step. The conclusion is in Section 5.

2 Properties of min-product fuzzy relational inequalities

In this section, some definitions and existing preliminary properties of min-product fuzzy relational inequalities in
system (1) are presented first. Then, we discuss some new theoretical properties of problem (2). On the basis of these
new properties, the solution procedure of min-product fuzzy relational inequalities is proposed to find the lexicographic
maximum solution to problem (2).

Definition 2.1. Let © = (x;)jey. The solution set of system (1) is denoted by
X(A,0) :={z €[0,1)"gi(z) = EIél‘Ijl{aijj} <b,Vie I,Qj <z; <7;,Vj € J}.

Follows from Definition it is obvious that the system (1) is consistent, X (A4,b) # 0, if and only if z = @j)un
is one of its solution(s), i.e., it holds that g;(x) = minje 7{aj;z;} < bij,z; <T;,Vie€I,j€J.
Definition 2.2. Let 2! = (m})ieg and 2% = (m?)jej be two vectors. For any vector ' and 22, ' < 22 if and only if
1’]1 §z?,f0rallj€,7.

Definition 2.3. A solution & € X(A,b) is the maximal solution if x < & indicates x = & for any v € X(A,b). A
solution & € X (A,b) is a minimum solution if and only if & < x, for all x € X(A,D).

When the system (1) is consistent, the lower limit value z is always its minimum solution, i.e., & = z, according to
Definition 2.3

Note that a;; # 0 and a;; > b; for all ¢ € Z,j € J in system (1). To further explore the properties of the solution
set X(A,b) of the min-product fuzzy relational inequality, the matrix D = (d;j)mxn is defined as follows, where

=, fa; <
dij=4 "7 (3)
X, ifz; >~

Basically, the matrix D of (3) covers a lot of information about the properties of the solution set in system (1),
including whether the solution set X (A, b) is an empty set, which inequalities are satisfied by the variables, and which
variables can meet the inequalities, and so on.
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Theorem 2.4. [36] System (1) is consistent if and only if there exists at least one element greater than 0 in each row
and each column of matrix D.

Theorem can be used to check whether the min-product fuzzy relational inequality of (1) has a solution, as
shown in Example [2.5] below.

Example 2.5. Considering the optimal pricing problem of a supply chain system with four suppliers and four markets,
the min-product fuzzy relational inequality of the system (1) is as follows:

1(x) = min{0.821,0.622,0.923,0.7x4} < 0.4,

g2(z) = min{0.921,0.8z2,0.6x3,0.724} < 0.6,

3(z) = min{0.8x1,0.7x2,0.5x3,0.624} < 0.45,

g4(x) = min{0.521,0.6z2,0.6x3,0.7x4} < 0.4,

06<z21 <08, 07<25<0.75, 05<23<1.0, 0.6 <zy4 <0.857.

@

NS

The following matriz D can be yielded by (3).

X X X X
2 6
2 075 075 8
D=(dij)axa=| 3 0.9 0.775 : (4)
0.8 X % X

Obviously, the first row of matriz D in (4) has no element greater than 0, so that Emample is inconsistent according
to Theorem 2.4 This result indicates that the product cost (lower limit value) x;,j = {1,2,3,4} proposed by each
supplier makes the market mechanism ayjz; higher than the highest acceptable price by in the first market, i.e., a1;x; >
b1,7=1{1,2,3,4}.

Definition 2.6. [33] Let z = (z1,22, - ,Zn), ¥y = (Y1,Y2, - ,Yn) and x,y € X = [0,1]". We denote x < y, if there

exists some j € J such that v, = yx for all k < j—1 and x; < y;. Moreover, x =y means either v <y or v =y holds.
The total order “X” defined above is called the lexicographic order. The lexicographic order “<” is equivalent to the

following another statement by Definition[2.6 x =<y if and only if it holds that

(1). 1 <wyp; and

(2). If x1 = y1, then x2 < yo; and

(n). Ifx1 =wy1, - and xp—1 = Yp—1, then x, < y,.

Definition 2.7. A solution x* € X (A,b) is said to be a lexicographic mazimum solution of system (1), if x < x* holds,
for all x € X(A,b).

Theorem 2.8. [33]

(i) The lezicographic mazimum solution exists if and only if the system (1) is consistent.

(i1) If the system (1) has a lexicographic maximum solution, then the lexicographic mazimum solution should be unique.
(iii) If the system (1) is consistent, then the lexicographic mazimum solution is one of its mazimal solution(s).

Theorem [2.8|shows that the lexicographic maximum solution is one of the maximal solutions of system (1). Therefore,
the unique lexicographic maximum solution in problem (2) can be obtained by pairwise comparison of maximal solutions.
However, solving all the maximal solutions of system (1) is not easy work because it is a NP-hard problem. In the
following, we will discuss some theoretical properties of the lexicographic maximum solution to problem (2). On the
basis of these properties, the solution procedure of min-product fuzzy relational inequalities is proposed for finding the
lexicographic maximum solution to problem (2), without using pairwise comparison of maximal solutions.

3 Resolution algorithm for the lexicographic maximum solution

Zhou et al. [36] proposed an algorithm for solving the lexicographic maximum solution of problem (2). However,
the proposed procedure is necessary to check each variable one by one in the system of min-product fuzzy relational
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inequality. In other words, based on the objective function with fixed priority, Mazimize 1 — x5 — -+ — X, in
problem (2), their algorithm first maximizes the variable z1 and then continues to maximize x5. By analogy, the last
variable x,, will eventually be maximized.

Essentially, it is not necessary to solve the problem (2) in such a sequential order because both the objective function
and the constraint part of the min-product fuzzy relational inequality are not continuous functions. In addition, the
matrix D = (dij)mxn in (3) already provides enough information for solving the lexicographic maximum solution of
problem (2).

Definition 3.1. For the matriz D in (3), let index sets I;(D) := {i € I|d;; > 0},5 € J and J;(D) := {j € J|dij >
0},i € Z. For a given value x;, let I;(x;,D) :={i € Z|d;; > 0 and a;;z; < b;},j € J.

According to Definition the relationship between the index sets I;(D) and I;(z;, D) is obviously shown in
Remark [3.2]

Remark 3.2. For any j € J, I;(z;,D) C I;(D) holds to the matriz D in (3).

Essentially, the index set I;(D) indicates those inequalities that can be satisfied by the variable z;. The index set
Ii(z;, D) shows those inequalities that can be satisfied by the variable 2; when the value of z; is given. Echoing the
result of Example the matrix D contains do; = 2 and dg; = 0.8 in (4), i.e., [;(D) = {2,4}; it follows that the
variable z1 has the opportunity to be selected to satisfy the second and fourth inequalities. Moreover, I (% D) =1{2,4}

denotes that the second and fourth inequalities are satisfied simultaneously when x; = % is given, since there is

2 2
do1 = g > 0 and ag121 = 0.9 X g = 0.6 < by = 0.6,

2
d41—08>0anda41x1—05><§ <bs=04.

oo\»—*

1,(0.8, D) = {4} means that only the fourth inequality is satisfied by z; = 0.8 since

2
do1 = g > 0 and as1z1 = 0.9 X 0.8 =0.72 > by, = 0.6,
dy1 =0.8>0and as1z1 =0.5x 0.8 =0.4<by =04.
Clearly, according to Remark [3.2] I;(2, D) = {2,4} = I;(D) and (0.8, D) = {4} C I;(D) hold.
The index set J;(D) defined in Deﬁnition indicates the possible variables of x that may be selected to satisfy the
ith inequality of problem (2). For the matrix D of Example [2.5|in (4), J3(D) = {3,4} means that the variables z3 and
x4 can be selected to satisfy the third inequality because dz3 = 0.9 > 0 and d34 = 0.75 > 0. However, J;(D) = () implies

that no variable can be selected to satisfy the first inequality because there doesn’t exist di; > 0,7 € J = {1,2,3,4}.
Therefore, the solution set of Example [2.5]is empty.

3.1 Some properties for the lexicographic maximum solution of problem (2)

These three indices I;(D), I;(z;, D) and J;(D), defined in Definition contain some properties of finding the lexico-
graphic maximum solution to problem (2).

Lemma 3.3. If I;(D) # 0, for any j € J, then there exists mg = min;er, (py{dij}, such that awx <b,Vielj(D)=
Ij(xg,D) and I;(z;,D) C Ij(osg-,D) zfzg <uzj.
Proof. For the matrix D in (3), there are

and I;(D) = {i € Z|d;; > 0},V¥j € J. Since xg = min;eg, (py{di;}, it leads to

b; b; )
a”xt1 = a;; er?l(n {di;} = ai; EI}H(HD){Z} < a;; - ;'j =b;, Viel;(D).
Hence, we have a”x <b;,¥ielj(D)= Ij(xg.,D).
In addition, I;(x;, D) := {i € Z|d;; > 0 and a;;2; < b;},Vj € J is defined in Definition If x§ < z;, then it

implies that aijxg- < a;jz; <b;, for any i € I;(x;, D). Therefore, we have I;(x;, D) C Ij(ajg, D), if xg < zj. O
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Lemma 3.4. Let 2* = (2})jes € X(A4,0) #0. Ifr,s € J,r < s and I,(D) C I5(D), then there exists x; = T, such
that z* € X(A,b).

Proof. Since z* = (x7,--- ,xk,--- k- ,x%) € X(A,b). It means that

o ERl

g%%l{a”x;} = /\jej,j#m{aijz;} Aapxr A aszy < b,V i €T and z; < x; <zZ;VjeJ.

Obviously, it contains /\jeg,j#ns{aijx;f} A @i A aiszr < b;,V i € I.(D). In this case, there are two scenarios where
the relationship between a;,z; and a;sx; needs to be discussed, as follows:
Case 1. /\jGJJ#,,S{aijx;} A aisx: S a,;,,m;ﬁ,v 1€ IT(D)

Since x) < T, the following inequality holds

Neglaiziy = (Negjers{ai} A aiszy) A airxy
(/\jej)];grts{aijl‘;} A\ aisx:) A air Ty < byt € IT(D>

Hence, there exists (7, - ,Tp, -, 2k, ,25) € X(A4,D).
Case 2. /\jej,j#,s{aijx;} Aaisxt > appat,3i € I.(D).

According to Lemma since I (D) # 0,s € J, then there exists zf = min;e; (py{dis}, such that a;sxh <
b;,V i € I,(D). In addition, since I.(D) C I (D), there is a;; @, A a;sx% < b;,V i € I.(D). This result implies that
(/\jej)j;ﬁns{ai]‘x;} A aiszh) A i@ < byyi € I.(D). Hence, there exists (2%, @y, - 2k, -+ 2) € X(A,b). O

Theorem 3.5. Let " = (z]);eg be the lexicographic mazimum solution of problem (2).
(1) If there exist r,s € J such that r < s and I,(D) C I4(D), then x} =T, holds.
(i) If there exists r € J such that I,(D) C Use s s>r1s(D), then x) =T, holds.

Proof. (i) Since x* = (z}),e is the lexicographic maximum solution of problem (2), if 2. = Z;., then the proof is done.

Suppose to the contrary that o* = (zf, -+ ,z5_q,a%, -+ 2%, -+, 2}) is a lexicographic maximum solution of prob-
lem (2) but « < Z,. Since there exists r,s € Z,r < s and I.(D) C I,(D), we can find another solution containing
:L': =T by Lemma such as y* = (ZT’ n ax:—lafm T >$:7 e ax:z) or y* = (xT, o ax:—lafra’ o ,ZL'E,' o ,fﬂ;)

In this case, the result of 2* < y* is generated according to Definition [2.6] This result of assumption contradicts
the fact that z* is the lexicographic maximum solution of problem (2). Hence, 2* = , holds.

(ii) This is an extension of Theorem [3.5(i). Its proof is similar to the argument of Theorem [3.5(i).
O

Theorem (1) shows that when the set of inequalities satisfied by the preceding variable x, is a subset of subsequent
variable x4, its value can be directly obtained by the upper bound for the lexicographic maximum solution of problem
(2). Theorem [3.5(ii) is derived from Theorem [3.5i). Therefore, Theorem [3.5]ii) can be extended to fit the union of
more variables.

It is worth noting that if the property of Theorem [3.5]is satisfied in the process of finding the lexicographic maximum
solution of problem (2), the value of z can be obtained directly from the upper bound Z, without checking any
constraints. Moreover, the row corresponding to x; = Z, in the matrix D can be deleted because the corresponding
inequality is satisfied. The corresponding column of the matrix D associated with the variable z, can also be deleted
because the value of the variable x, has been determined.

In order to explore the possible value of each variable of the lexicographic maximum solution z* = (x;’f)je 7 in
problem (2) with the priority grade z1 — 29 — - -+ — x,,, we start from analyzing the relationship between the variable
x1 and the set I; (D) to get the relevant property and obtain the value of . After determining the value of the variable
x1, the subsequent variable x5 can inherit the relevant property because it has the highest priority, and so on.

For finding the value of each variable of the lexicographic maximum solution directly, we define the index sets

1 . . 2 . .
11(D) = {i € (D)l ¢ Ujeg—ny1;(D)} and I} (D) = {i € L(D)]i € Ujeg—135(D)}-
Theorem 3.6. Let ™ = (7})jes be the lexicographic mazimum solution of problem (2). In the matriz D of (3),
(i) if there exist i € I1(D) such that i ¢ Ujec7_r131;(D), then 27 = min;er, (py{di1} holds.

(ii) if there exists i € I,(D) = Ifl)(D) U 152)(D) where I{l)(D) N I{Q)(D) = (), then a7 = Ininiejil)(D){dil} holds.
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Proof. (i) i € I1(D) and i ¢ Ujey_q131;(D) are equivalent to 7 € I;(D) and J;(D) = {1}. This case indicates
that the ith inequality, for all i € I;(D), can be only satisfied by the variable z;. Because z* = (z7);e7 is the
lexicographic maximum solution of problem (2), there is a;; 23 < b; for the ith inequality such that 23 < ;’?1 =d;,
for all i € I;(D). Therefore, it is concluded that ] = min;c;, (py{di1 }- '

(ii) Since z* = (7});jes is the lexicographic maximum solution in problem (2), we have

grél}l{a”x;} = /\jej{aijx;-‘} <b,Viel

Obviously, it contains the ith inequality for i € I(D) = fl)(D) U 11(2)(D) such that
anal <bsie I(D)={i € L(D)]i ¢ Ujes 3 1;(D)}, (5)
and
X N ) 2 . )
ainai A (Ajeg—myfagas}) < biie ID(D) = {i € L(D)|i € Ujes—1y 1 (D)} (6)

According to the above Theorem i), solving the value of the variable =7 in (5) can get x} = minielu)(D){dﬂ}.
1

Moreover, according to Theorem ii), there is x7 = Z; since i € I{Q)(D) C Ujeg—q131;(D) in (6). Therefore,
the value of the variable z7 for the ith inequality i € I;(D) can be obtained by combining the results of (5) and
(6) as follows:

2] =min{ min {d;},71} = min {da}.
ie1™ (D) ieIM (D)

O

Let us look closely at Theorem i). Essentially, the cases of i € I1(D) and i ¢ Ujcy_q131;(D) also imply
that J;(D) = {1},7 € I1(D) in the matrix D of (3). Let us concern on the number of inequalities that the variable
x1 can satisfy, which is the cardinality n(I;(D)) of the set I;(D). The index set I;(D) = {i} with the cardinality
n(I1(D)) = 1 and J;(D) = {1} is one of the special cases of Theorem [3.6(i). This special case means that the ith
inequality can only be satisfied by the variable 1, and the variable z; only satisfies the ith inequality. The variable x
is a singleton. Hence, the value of the variable x} can be directly assigned as ] = d;; = T in the process of finding
the lexicographic maximum solution z* = (z}),c7 of problem (2). The ith inequality and variable z; do not need to
be checked repeatedly, i.e., the ith row and the corresponding column of variable z; in the matrix D can be deleted.

Let us focus on the other cases of Theorem [3.6(i), the index set ¢ € I1(D) with the cardinality n(I;(D)) > 2. Since
Ji(D) = {1} and i € I;(D), we have x] = min;er, (py{di1} according to Theorem i) such that a;1z5 < b;, for all
i € I;(D). In other words, the ith inequality has been satisfied by 7, for all ¢ € I;(D). Hence, after using Theorem
[3-6(i) to find the lexicographic maximum solution of problem (2), the rows of i € I;(D) and the corresponding column
of the variable x; can be deleted from the matrix D.

Note that in the process of finding the lexicographic maximum solution of problem (2), if the variable z; meets
Theorem (ii), the ith row, i € T fl)(D), can deleted from the matrix D because the corresponding ith inequality of
i€ I{l)(D) can be satisfied by z7 = miniel{”(D){d“}’ as shown in Theorem (1) For the same reason, the ith row,

i€ 11(2) (D) with d;; > miniejm(D){dﬂ} =z} can be also deleted from the matrix D. However, the ith row, i € I{Q)(D)
1

with d;; < mini er( D){dﬂ} = x] cannot be deleted from the matrix D because the corresponding ith inequality is not
1

yet satisfied by 7.

3.2 Solution algorithm of problem (2)

According to the properties of Theorems and above, a solution procedure for solving the min-product fuzzy
relational inequalities is proposed to find the lexicographic maximum solution of problem (2). The solution procedure
is summarized as the following algorithm.

Algorithm: for finding the lexicographic maximum solution of problem (2)

Step 1. Compute the matrix D according to (3), and generate the index sets I;(D) and J;(D),Vi € Z,j € J by
Definition [3.11
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Step 2. Check the consistency of problem (2) by Theorem If it is consistent, then go to Step 3. Otherwise,
problem (2) is inconsistent and has no lexicographic maximum solution.

Step 3. Compute the upper limit value T = (T;)jes, T; = maxer, (p){di;} and let ¥ = (27) e 7.

Step 4. First apply Theorem and then apply Theorem to determine the values of variable z7. Delete
the corresponding column of variable 27 and rows which satisfied by z7 in the matrix D. Denote the remaining
sub-matrix by D again and generate new index sets I;(D) and J;(D). Iterate Step 4 until no remaining rows are
left in D. If there are undetermined variables, assign the upper limit value to them.

Step 5. Generate the lexicographic maximum solution of problem (2), z* = (2} )e7-

Let us concern the computational complexity of the proposed algorithm for finding the lexicographic maximum
solution of problem (2). Problem (2) has n variables and m inequalities. Clearly, the most operations come from
applying Theorems |3.5[ and in Step 4 to generate the value of each variable in the algorithm. The main operation
comes from the comparison of elements in n sets, each set with m elements in the worst case. It requires nm? operations.
Therefore, the computational complexity of the proposed algorithm is O(nm?).

*

Theorem 3.7. The vector x* = (x7,25, - ,2%) obtained from the proposed algorithm is the lexicographic mazimum
solution of the problem (2).

Proof. The problem (2) is consistent if and only if the cardinalities n(I;(D)) > 1 and n(J;(D)) > 1foralli e Z,j € J
by Theorem [2.4] The values of each variable in the vector z* are fully generated in Step 4. The algorithm first applies
Theorem and then applies Theorem to determine the value of variable. Since the property of Theorem is
based on the highest priority variable (x; at the beginning), the following proof shows how the algorithm can determine
the value of the variable x; by applying Theorems [3.5] and
Case 1. n([;(D)) =1.

Subcase 1-1. If {i} = I;(D) and i € Uje7_{131;(D) exist, ie., I1(D) C I;(D),1 < j, then the algorithm generates
2} = d;1 = 71 by Theorem [3.5(i).

Subcase 1-2. If {i} = I;(D) and i ¢ Ujes_q131;(D) exist, i.e., 1 is a singleton, then the algorithm generates
2} = d;1 = 71 by Theorem [3.6(i).
Case 2. n([;(D)) > 2.

Subcase 2-1. If i € I;(D) and i € Uje 7_q131;(D) exist, i.e., I1(D) € Ujes—1131;(D), then the algorithm generates
2} =71 by Theorem [3.5[(ii).

Subcase 2-2. If i € I1(D) and all i ¢ Ujec7_(131;(D) exist, then the algorithm generates x7 = min;es, (py{di1} by
Theorem [3.6(i).

Subcase 2-3. If i € I1(D) and some i ¢ Ujc7_q131;(D) exist, then there is

i€ 1(D) = I (D) U I?P(D) with I'(D) N 12 (D) = 0,

and
117(D) = {i € L(D)li ¢ Yses—y (D)}, 1Y (D) = {i € Li(D)]i € Ujeg—ny15(D))}.
The algorithm generates 7 = min,_ 1 D){dﬂ} by Theorem ii).

Essentially, the value of each variable z7, for all j € J, can be fully generated in Step 4 by Theorems and
Furthermore, Theorem ii) shows that the lexicographic maximum solution is unique if the problem (2) is consistent.
Hence, the vector «* = (27,235, ,x}) obtained from the proposed algorithm is the lexicographic maximum solution
of the problem (2). O

3.3 A numerical example

A numerical example is provided to illustrate how the proposed algorithm finds the optimal pricing with fixed priority
in the single product supply chain system of problem (2). For easy reference, the following example is taken from Zhou
et al. [36]. This example is solved by the proposed algorithm that allows finding the lexicographic maximum solution
of problem (2) quickly, without having to duplicate check the constraints.
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Example 3.8. Find the lexicographic mazimum solution for the following problem.

Minimize T1 —> Tog —> Tz — Ty — Ty — Tg —> Ty —> Ty
subject to g1(z) = min{0.7x1,0.85x2,0.81x3,0.824,0.95x5, 0.924, 0.727,0.825 } < 0.64,
g2(z) = min{0.85z1,0.8z2,0.7523, 0.8524,0.95x5, 0.926, 0.9527,0.85x5 } < 0.60,
g3(x) = min{0.721,0.7x2,0.7523, 0.8524,0.9z5, 0.82x¢, 0.8827,0.825 } < 0.56,
g4(z) = min{0.921, 0.8z, 0.76x3, 0.824,0.8z5, 0.92¢,0.9527,0.85z5 } < 0.60,
g5(x) = min{0.8x1, 0.65x2,0.75x3, 0.8x4, 0.85x5, 0.82x¢, 0.927, 0.74xs} < 0.55,
g6(x) = min{0.7z1,0.85x2, 0.823,0.924,0.925,0.75x6,0.7527,0.7zs } < 0.63,
(21,20, ,x8) > (0.75,0.8,0.78,0.72, 0.65, 0.7, 0.65,0.75) = z,

Step 1. Compute the matriz D according to (3), and generate the index sets I;(D) and J;(D),Vi €L ={1,2,--- ,6},j €
J ={1,2,---,8} by Definition[3.1], as shown below:

variable — x1 To T3 Ty 5 T T7 Ty
g1(z) [ 0.9143 X 0.7901 0.8 0.6737 0.7111 0.9143 0.8
g2(x) X X 0.8 X X X X X
gs(z 0.8 0.8 X X X X X X
D = (dij)exs = 94596% X x 07895 0.75  0.75 X X x |’ (7)
g5(x) X 0.8462 X X X X X X
g6(T) 0.9 X 0.7875  x 0.7 0.84 0.84 0.9

I (D) ={1,3,6}, (D) = {3,5},Is(D) = {1,2,4,6}, I,(D) = {1, 4},
I5(D) = {174’6}’16(D) = {1v6}vl7(D) = {1’6}vIS(D) = {176}7

and
J1(D) ={1,3,4,5,6,7,8}, Jo(D) = {3}, J5(D) = {1, 2},
Ji(D) ={3,4,5}, Js(D) = {2}, Js(D) = {1, 3,5,6,7,8}.
Step 2. Check the consistency of problem (2) by Theorem ,
Since the cardinalities n(1;(D)) > 1 and n(J;(D)) > 1 for alli € T ={1,2,--- ,6},5 € J ={1,2,---,8}, Ezample
is consistent. Go to Step 3.
Step 3. Compute the upper limit value T = (T;)je7,T; = maX;er;(py{di;} and let x* = (z7)je7-
They are T = (0.9143,0.8462,0.8,0.8,0.75,0.84,0.9143,0.9).
Step 4. First apply Theorem and then apply Theorem to determine the values of variable 7.
For the current matriz D wn (7), since

IL(D) ={1,3,6} C IL,(D)U I3(D) ={1,2,3,4,5,6},
I4(D) ={1,4} C I5(D) = {1,4,6}, and Is(D) = I(D) C Is(D) = {1, 6},
according to Theorem we have
x] =71 =0.9143, 23 = T4 = 0.8,25 = T = 0.84, and x5 = Tr = 0.9143.

Columns 1, 4, 6 and 7, and the rows 1 and 6, i.e., rows of g1(x) and ge¢(x), corresponding to 7 = T1,x; = T4, x§ = Te
and x5 =Ty can be deleted from matriz D. After deletion, the remaining matriz D becomes

variable = T2 x3 Ts Ts
g2(x) X 0.8 X X
_ g3(x) 0.8 X X X
b= ga(x) X  0.7895 0.75 x |’ (8)
g5(x) 0.8462 X X X

and
1,(D) = {3,5}, Is(D) = {2,4}, I5(D) = {4}, Is(D) = 0.
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For the current matriz D in (8), since Io(D) = {3,5} and I3(D) U Is(D) U Is(D) = {2,4}, such that i € Iy(D) and all
i ¢ I3(D) U Is(D) U Is(D) hold, according to Theorem[3.6/(i), we have

x5 = min {dia} = min{dsz2,ds2} = min{0.8,0.8462} = 0.8.
i€12(D)

Moreover, I3(D) = {2,4}, Is(D) = {4} and Is(D) = 0 such that 2 € I3(D),2 ¢ I;(D) U Is(D), i.c., I{" (D) = {2}; and
4 € I3(D),4 € Iy(D) U Ig(D), i.e., I?EQ) (D) = {4} hold, according to Theorem (m), we have

z3 = min {d;3} = min{des} = min{0.8} = 0.8.
ieI{" (D)

Columns 2 and 8 of corresponding to xo and xs, and the rows of i € Io(D) = {3,5},i € Iél)(D) = {2}, i.e., g3(x), g5(x)
and g2(x), can be deleted from matriz D. After deletion, the remaining matriz D becomes

variable - x5 X8
D= gi(x) [ 075 x ], 9)

and
I5(D) = {4}, 1s(D) = 0.

For the current matriz D in (9), it is clear that x5 is a singleton since Is(D) = {4} and Jy(D) = {5}. According to
Theorem [3.6/(i), we have x% = das = 0.75. The row of i € Is(D) = {4} can be deleted from matriz D. After deletion,
no remaining rows are left in matriz D. We have x§ = s = 0.9, since it is only undetermined variable.
Step 5. Generate the lexicographic mazimum solution of Example ¥ = (m;)jej.

The proposed algorithm obtains the lexicographic mazimum solution for Ezample[3.8 as

2* = (0.9143,0.8,0.8,0.8,0.75,0.84,0.9143,0.9).

4 Conclusions

In the literature, the min-product fuzzy relational inequalities has been proposed to model optimal pricing with fixed
priority in a single product supply chain system. In order to maximize the price of commodities from suppliers with
priority 7 — x2 — -+ — x,, the lexicographic maximum solution is utilized to find the optimal solution for such
a supply chain system. We found that the feature matrix D obtained from the solution set of the problem contains
enough information to directly find the lexicographic maximum solution of the problem. Based on this feature matrix
D, we first present some new properties of the lexicographic maximum solution. These new properties then allow us to
propose a new algorithm that determines the optimal solution for each variable quickly, without using it to check the
feasibility of the problem. How the proposed algorithm can be used to quickly find the lexicographic maximum solution
to the problem can be illustrated by numerical examples.
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