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Abstract

In this work, we present a novel approach for resolving a fuzzy single-objective function with fuzzy constraints. The
algorithm of the method is based on the null set concept and is focused on minimizing cases. With the null set concept,
two partial subtraction orders for fuzzy numbers have been defined, namely simple subtraction and the Hukuhara dif-
ference. That allows us to define, respectively, optimal solutions and H-optimal solutions. First, the initial optimization
problem is transformed into a deterministic, nonlinear, bi-objective optimization problem. Then, Karush Kuhn Tucker’s
(KKT) optimality conditions are applied to find deterministic optimal solutions. Finally, a few fuzzy algebraic oper-
ations are employed to transform deterministic optimal solutions into fuzzy optimal solutions for the initial solutions.
In order to demonstrate the effectiveness of the approach, we have dealt with eleven test problems from the literature.
Our method has been compared to those of other methods, and our method is at least the best in each instance.
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1 Introduction

Fuzzy optimization is a very important part of operations research. Numerous real-life problems are modeled into a
fuzzy optimization program due to the imprecise and subjective nature of the decision parameters. This model is more
difficult to use than deterministic optimization, where the parameters are known with more precision. However, there are
numerous works on modeling and solving fuzzy optimization problems in the literature. We can note that the application
of linear fuzzy modeling[3], [5l [6] @] 12} 16} 20} 21] is easier than nonlinear fuzzy modeling [2, [l [6] [7], [T5] 17, 22], 24] but
both are difficult to solve. Among the many published methods on fuzzy optimization, it is not easy to choose one that
will find the optimal solution to all fuzzy linear problems or fuzzy nonlinear problems, considering the preference of the
decision maker. Therefore, it is necessary to have other works to complete the lack of existing methods, especially the
solving of fuzzy nonlinear optimization problems that are widely used in many domains: economy, business, engineering,
management and so on. There is a lot of work on this topic that has suggested some ways to solve it. For example, Hsien-
Chung Wu [30] proposed the optimality conditions for the optimization problem with fuzzy-valued objective functions.
Pathak et al. [I8] established some necessary and sufficient optimality conditions for the nonlinear fuzzy optimization
problem. Horng-Ren Tai et al. [24] proposed a work on fuzzy nonlinear programming approach for optimizing the
performance of a four-objective fluctuation smoothing rule in a wafer fabrication factory. Sanjaya Kumar Behera et
al. [7] investigated on optimal solution of a fuzzy nonlinear programming problem with linear constraints. N. Ravi
Shankar et al. [22] proposed some technique for solving a fuzzy nonlinear optimization problem by genetic algorithm.
S. H. Nasseri et al. [I7] presented some works on fuzzy nonlinear optimization. Ali F. Jameel et al. [I5] focused on
solving nonlinear programming problems in a fuzzy environment.

The work of Hsien-Chung Wu [30] upon which our paper is based, employs the concept of continuous differentiability
of fuzzy functions in order to derive sufficient optimality conditions for obtaining the optimal solution. This work is
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done for the case of a deterministic constraint, and it is limited when the constraints are fuzzy. On the one hand,
we have planned to come up with an extension for the case of fuzzy constraints. Furthermore, the null set concept
was introduced by Hsien-Chung Wu[32] and has been applied to fuzzy linear optimization problems with deterministic
constraints. Indeed, the concept of a convex cone is derived from the concepts of fuzzy addition and multiplication by
a scalar in fuzzy numbers. From the convex cone, partial orderings are defined on the space of fuzzy numbers, and
from there, the solution concepts are naturally elucidated. However, in order to establish partial orderings via the
convex cone, the difference between two fuzzy numbers must be considered. The ambiguity arises from the fact that
the difference between a fuzzy number and its own value cannot be zero. Then, on the other hand, we have planned to
use the null set concept to solve nonlinear optimization problems.

Let’s remember that Hsien-Chung Wu’s works are focused on solving a fuzzy linear optimization problem with
deterministic constraints. Then, for the generalization proposed method, it is necessary to extend the null set concept
to solve nonlinear optimization problems with fuzzy constraints. Therefore, the purpose of our work is to propose a
new method that uses the null set concept to solve fuzzy nonlinear single-objective optimization problems with fuzzy
constraints. Due to the use of simple subtraction and the Hukuhara difference, we have considered two fuzzy nonlinear
single-objective optimization problems. That leads us to think about the concepts of optimal solutions and the concept
of H-optimal solution. Each fuzzy nonlinear optimization problem is transformed into a deterministic bi-objective op-
timization problem. Through the optimality conditions of Karush-Kuhn-Tucker, we look for the optimal solution and
the H-optimal solution. At each step of the method, some theorems are given to justify the convergence to an optimal
solution. Also, two examples have been dealt with, and the results are compared with those of the method of Pathak
et al.[I§] on the one hand, and the method of Kumar Behera et al.[7] on the other hand. Using the ranking function,
we can conclude that our proposed method is the best on these two examples.

The remainder of the present paper is presented in the following manner. Section 2 is devoted to preliminaries. We
will talk about many properties of fuzzy numbers that will be used in the following. The main outcomes of this work
will be presented in Section 3. The presentation of the method and algorithm, the numerical results and the discussion
will be the focus. Finally, we will dedicate Section 4 to the conclusion.

2 Preliminaries

2.1 Fuzzy numbers

Definition 2.1. [8/[11] Let X be a set. A fuzzy subset a of X is characterized by a membership function pg : X — [0,1]
and represented by a set of ordered pairs defined as follows:

a = {(, pa(x))/w € X}.

The value pg(x) € [0,1] represents the degree of membership of x to the fuzzy set and is interpreted as the extent to
which x belongs to a.

Definition 2.2. [8 [II] Let a be a fuzzy set on X and « € [0,1]. The o — level set of @ is the classical set noted G,
and is defined by:

G ={z € X, uz(z) > a}.

Definition 2.3. [29]
Let a a fuzzy subset . Then, a is called a fuzzy number if the following conditions are satisfied:

(i

(ii

a is normal, i.e, pgz(x) =1, for some x € R;
a is convez, i.e., the membership function ugz(x) is quasi-concave;

(iil) pa(x) is upper semi-continuous, i.e., o is a closed subset of R for some a € R;

)
)
)
(iv) the 0-level set ag, is a compact subset of R.

We note by F(R), the set of all fuzzy numbers. Indeed, if a € F(R), the a-level set of @ is a compact and convex
subset of R, i.e., @, is a closed interval, denoted a,=[a%, a{] for a € [0, 1].

Remark 2.4. Let a € F(R), then a% and a¥l are considered as functions of a.
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Definition 2.5. [29] Let @ € F(R), @ is a canonical fuzzy number if the functions ak and a¥ are continuous with
respect to o on [0, 1].

Let a,b € F(R). Using the extension principle of Zadeh [33, 34, 35] and by referring to Puri and Ralescu [19], the
membership function of the addition a @ b is defined by

Hawi(2) = sup  min{ua(z), pz(2)}, (1)
{(z,y):x+y=2}

and the membership function of the multiplication by a scalar Aa, is defined by

Ud(z//\)a if A 7é 07
wa(z)=14 0, if A\=0and z #0, (2)
1 ifA=0==z

We say that I{a} is a crisp number with value a if and only if the membership function of 1 {a} is defined by

1, if r=a

,ui{a}(r) - { 0, r#a. (3)

Indeed, for convenience we write Aa = i{a} ® a.

Definition 2.6. [30, 3T, B2] Let abe F(R) and the respective a-level a, = [ak,al] and b = [Z)g,i)g} for ac [0,1].
We have:

(i) a®be F(R) and
(@®b)a = o ® b = [ak +b%, b + Y], (4)
(i) aobe FR) and

Go ® (_E)Oz = [ag - Bg7dg - Bg]a (5)

—
IS}
®
S
=
Q
I
—
j=}}
S
—
|
=
=
~
Q
Il

(i) Aa € F(R) and
ak aall i
(Ao = {“ wMe] #2320, ©)

Aal, AaL] if A < 0.

Let us approach the notion of the concept of null set defined by Wu [32]. It is inspired by the fact that if the
difference of a real number by itself gives zero, this is not the case with fuzzy numbers, ie., a © a # {0} . This

ambiguity requires the definition of a set which gathers all the differences of the fuzzy numbers by themselves.
Let a € F(R) and a & a € F(R). We have:

(d@a)a = [&é - &gva’a - a(x] = [7(&(1 - aa)vdg - aa]'

(7)

Then, the a-level (a©a),, is a set centered at 0. It is seen as an approximation of real number zero. Hence, a©a ~ 0,

which is a fuzzy zero. Let 2 = {a©a: a € F(R)} such as for any & € 2 we have &, = [-0Y,&Y] and @Y > 0 for

some « € [0,1] . The subset §2 is called the null set in F(R).
Thus we have the following propositions.
Proposition 2.7. Ifa € 2, then ak = —-al.

«
Proof. Suppose a € 2, we have d, = [—a¥,al]| = [a,al], then a% = —al. O
Proposition 2.8. [32] The following propositions are true:
(i) —& =& for some & € 2,

(i) £2 is a closed set under fuzzy addition, i.e., & @ ©® e Q, ¥ oM, 0®? e 2,

(iii) AQ = 2, for X € R*.
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Definition 2.9. [32] Let a,be F(R), we say that a and b are almost identical if and only if there exists @V, &2 € 2

- o -~
such as a® oM ~bd 0@ . In this case we write @ ~ b.

Proposition 2.10. [32] Let @, b € F(R). We have:

Isz

(i) ifacbe 2, then a~b,

EQ

(ii) if @ = b, then there exists & € 2 such as a©b® & € Q.
Indeed, if a © @ = {0}, then we use the Hukuhara difference which is given by the Definition m

Definition 2.11. [29, [3T] Let a,be F(R), if there is a fuzzy number ¢ € F(R) satisfying a = b® ¢, then ¢ is unique
and is called the Hukuhara difference between a and b denoted by a Sg b.

Remark 2.12. If the Hukuhara difference exists, then a ©g a = {0}.

Proof. Suppose that the Hukuhara difference exists for a € F(R), i.e., there is ¢ € F(R) such as @ = & & ¢. We have

o = (@D E)a = Ga B &o = [al,al] + [k, &)
=lat + et al + &Y ora, = [ak,al). (8)
We have o = al + ¢k = ¢ = 0. Likewise Y] = al + ¢ = ¢ = 0.
So ¢, = [0,0] = 0. Therefore, a ©x @ = {0}. O

Pr0p051t10n 2.13. [29 31| Let a and b two fuzzy numbers. If the difference of Hukuhara ¢ = a Sy b exists, then

ek =al — bk and &¥ = al —bU for some o € [0,1].

Definition 2.14. Let 6, a vector space. The function n : F(R) — I' is called additive and positively homogeneous
function of degree k, if the following conditions are satisfied:

n@®b) =n@) +nb) and nA\a) =A@, x>0, k>0
Indeed, the function 7 is a linear function if k = 1.

Remark 2.15. If n is an additive and positively homogeneous function of degree k of F(R) to I', then its kernel,
denoted ker (n), and its image noted Im (n) are defined by:

kern ={a:n(a) =0r} and Im (n) = {n(a) :a € F(R)}. (9)
Or is the zero element of vector space I'. In addition ¥ & € 2, n(&) = Op, then we have 2 C ker (1).

Proposition 2.16. Let a, b e F(R). Suppose that n is an additive and positively homogeneous function of degree k
defined on F(R). If the difference of Hukuhara b S a exists, then n(b S a) = n(b) — n(a).

Proof. Let ¢ =b6 ie.,b=a®é We have
n(b) = (@@ & = n(a) +n(@), (10)
then 7(é) = n(b) — n(a). Therefore n(boy a) = n(b) — n(a). O

Definition 2.17. A subset C of F(R) is a convex cone ifVa,beC, A\a® BbeC, for \,3>0.

From the Proposition we remark that V &,l; € 2, we have \a @ BB € 2, with A\, 8 > 0. What it means that the
null set €2 is a convex cone.

Proposition 2.18. Let C a convezr cone of N (R). If the function n is additive and positively homogeneous of degree
k, then the set n(C) = {n(a) : a € C} is a convex cone in the vector space I

Proof. Assume that C is a convex cone, i.e., if Va,beC, \a® b e C, for A, 8 > 0. Consider the function n which is an
additive and positively homogeneous of degree k. We have n(Aa @ 8b) € n(C), then An(a) + Bn(b) € n(C). Therefore
7(C) is a convex cone in the vector space I. O
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Suppose I' = R?, we define the function 7 by
n(a) = (—ak —a¥%;al +a¥) with al+al >o. (11)

Let C is a convex cone of F ( ), we have: }
) = {(=ck —cl;eh + ) e R?/ek + &l > 0 for some a € [0,1]} € {(—=,2) € R?,z > 0}. Indeed, if @ € 2, we
have oL = — g, V € [0, 1], then, n(©) = (0,0) is the zero element of R? with respect to the addition, i.e., 2 C ker 7.
So, if 2 C ker 7, then, @ € 2 and at+a¥ = 0. Let C a convex cone of F(R) and [ = {& € F(R): 3beC such as a 2

Based on the notion of the convex cone, we define the partial orderings on the space of fuzzy numbers F(R) and the
vector space n(F(R)) C I'.

Definition 2.19. [32] The binary relations < and g are called partial orderings on F(R) if the following conditions
are satisfied:
V a,be F(R), a<bifandonlyifboac[], (12)

and
a <p b if and only if bOy a exist and (b O a) ® @ € C for & € 0. (13)

Definition 2.20. [32] The binary relations < and <pg are called partial orderings on n(F(R)) if the following conditions
are satisfied:

n(@) < n(b) if and only if n(b) —n(a) € n(C), (14)
and
n(a) <g n(b) if and only if n(b) — n(a) € n(C) and b O a exist. (15)
Proposition 2.21. [27, 29 32] Let partial ordering < on F(R). The following azioms are satisfied:
(i) if 2 CC, then @ < @ for some a € F(R)  (reflexivity),
(i)
(iii) if @ < b and X > 0, then \a < Ab for some a,b € F(R),
(iv)

Proposition 2.22. [27, 29] 32] Let the partial ordering <g on F(R). The following axioms are satisfied:

ifa<bandb=< ¢, then a < ¢ for some a,b,é € F(R) (transitivity),

ifa<bandd<é, thena®d<b®é for some a,b,d,é € F(R).

(i) if 10y €C, then a <y a for some a € F(R)  (reflexivity),

(i) if a <y b and b <p ¢, then a <y ¢ for some a,b,¢ € F(R) (transitivity),
(i) ifa <y b and \ > 0, then \a <g \b for some a,be F(R),
(iv) if a <ng bandd <y é, thena®d <y b® & for some a,b,d,é € F(R).

Proposition 2.23. [27, 29 [32] Let partial ordering < on n(F(R)) and C a convex cone of F(R). Suppose the function
n: F(R) = I is additive and positively homogeneous of degree k. Then the following axioms are satisfied:

(i) if 0r € n(C), then x < x for some x € n(F(R)) (reflexivity),

(ii) ifz <y andy < z, then x < z for some x,y,z € n(F(R)) (transitivity),
(i) if x <y and X > 0, then Az < Ay for some z,y € n(F(R)),
(iv) ifz <y and a < b, then z +a < y+b for some x,y,a,b € n(F(R)).

Proposition 2.24. [27,29,32] Let partial ordering <g onn(F(R)) and C a convex cone of F(R). Suppose the function
n: F(R) = I' is additive and positively homogeneous of degree k. Then the following axzioms are satisfied:

(i) if {0y €C, then x <g x for some x € n(F(R)) (reflexivity),

(i) if x <g y and y <pg z, then x <pg z for some z,y,z € n(F(R)) (transitivity),

by
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(iil) if x <g y and A > 0, then \x <y Ay for some x,y € n(F(R)),
(iv) fz <gyanda<g b, then x +a <g y +b for some z,y,a,b € n(F(R)).

Proposition 2.25. [32] Let C a conver cone of F(R). Suppose the function n : F(R) — I" is additive and positively
homogeneous of degree k. Suppose that 2 C kern C C. Then we have the following results:

(i) if a < b, then n(a) < n(b),
(ii) if n(a) < n(b), then a < b.
Proposition 2.26. [32] Let C a conver cone of F(R). Suppose the function n : F(R) — I" is additive and positively
homogeneous of degree k. Suppose that 2 C kern C C. Then we have the following results:

(i) if @ <g b, then n(a) <g n(b),
(i) if n(a) <u n(b), then a <p b.
Below we present the triangular fuzzy numbers and its algebraic operations that we will use in this paper.

Definition 2.27. [22, 28, [33] A triangular fuzzy number @ can be defined by a triple (a”,a,aV) whose membership

function pg(xz) given below:
xr —al

— i al <z <a
a—a

_ - U _ 1
Ha(z) a4 ac’ if a<z<a¥; (16)

aV —a
0, else.
Then, the a-level set a is
o = [(1 - a)a” +aa, (1 —a)a” + aa]l; a€[0,1]. (17)
such as,
al(a) = (1 —a)a® +aa and @Y(a) = (1 - a)d’ + aa. (18)

Definition 2.28. [22, 28] A triangular fuzzy number a = (a”,a,aV), is assumed to be non negative triangular fuzzy
number if and only if a* > 0.

Definition 2.29. [22| 28] Let a = (a”,a,a") and b = (bL,b,8Y) be any two triangular fuzzy numbers, then fuzzy
algebraic operations are as follows:

(i) addition: & ® b= (a® +b* a+b,a” +bY),
(i) subtraction: a &b = (a¥ —bY,a —b,aV — bL),
(iif) multiplication: b to be nonnegative
) (a*bF ab,aVbY), siat >0,
a®@b=1{ (atb¥ ab,a’bV), sial <0,aV >0,

(a®bY, ab,aVbl), sia¥ <0,

and
(ka®, ka,kaV) if k > 0,

(kaY; ka; ka®) if k <0,
a® a aV

(iv) division: a @ b= (bT” X bT)

Definition 2.30. [12] [16] A ranking function is an application R : F(R) — R, from the set of fuzzy numbers to the
set of real numbers such as a and b € F(R), we have the following relations:

(i) @~ b if and only if R(a) = R(b),
(ii) @ =g b if and only if R(a) > R(b),
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(ii) @ =g b if and only if R(a) < R(b),
(iv) @ >x b if and only if R(a) > R(b).
Mathematically the ranking function is defined by the formula

1
R(a) = %/0 (inf @q + sup aq ) de. (19)

For the case of triangular fuzzy numbers @ = (a”,a,a’) € F(R), we have

- a’ +2a + aV

2.2 Karush-Kuhn-Tucker optimality conditions

Let f a real-valued function defined on R™. Consider the following deterministic nonlinear optimization problem with
inequality constraints:
(21)
S={zeR":g;(x) <0,j=1,m}.
Suppose that the constrained functions g; are convex on R" for each j =1,2,...,m. Then the feasible set S is a
convex set of R”. The optimality conditions for the problem (see [6] and [I4] ) is stated below:

Theorem 2.31. Suppose that the constrained functions g; : R® — R are convex on R™ for j = 1,2,...,m. Let
S={z:g;(x) <0,j=1,2,...,m} is a feasible set and a point T € S. Suppose the objective function f : R" — R
is convex in T and f, g;, j = 1,2,...,m, are continuously differentiable in T. If there are (Lagrange) multipliers

0<pu; €R, j=1,2,...,m such as:
(i) V@) +)_ 1V, = 0;
j=1

(ii) p;g;(@) =0 for some j =1,2,...,m.
Then, T is an optimal solution of the problem .

3 Main results

3.1 Method and algorithm

Let X, a real vector space and f : X — F (R) a fuzzy nonlinear function. Consider the following two fuzzy nonlinear
optimization problems:

(22)

and

(23)

where f and g;, ¢ = 1,2,...,m are nonlinear canonical fuzzy functions defined on the vector space X. Each of these
problems will be solved according to its corresponding solution concept. Note S = {z € R". /g;(z) < 0, ¢ = 1,m} and

SH = {x € R"/g;(x) <u 0, i = I, m} respectively the feasible set of problems and .
Consider C a convex cone of F(R) and Yz € S (or Yo € S¥ ), f(x) € C. Based on the concept of solutions employed
by Wu [20], we note by

MIN (f, s) - {f(f) . there is no (£ 7) € S such as f(z) < f(f)} . (24)
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the set of all non-dominated values of problem and

_ . \H . . . -
MIN (f,SH> = {f(f) : there is no z(# 7) € S such as f(z) <y f(f)} . (25)
the set of all non-dominated values of problem
Proposition 3.1. (i) T is an optimal solution of problem if and only if f(f) € MIN(]Z7 5’)

(ii) T is an H-optimal solution of problem (23) if and only if
f(@) € MIN(f,S™)".

Proof. (i) Suppose T be an optimal solution of problem , then there is no € S such as f(:r) < f(@), ie
f(@) € MIN(f,5).

Conversely, let f(x) € MIN(f, S), then, there is no = € S such as f(x) < f(f), i.e, T is an optimal solution of

problem .

(ii) Likewise that the proof (i), suppose T be a H-optimal solution of problem (23] . that is to say that there is no

x € S such as f(z) <g f(Z), Which means that, f(Z) € MIN(f,S7)H.
Conversely, let f(z) € MIN(f,SH)H  then, there is no 2 € S¥ such as f(z) <y f(Z), i.e, T is a H-optimal

solution of problem .
O

Pr0p051t10n 3.2. [10} 28] [30] Let fix— F(R), a fuzzy-valued function defined on an open set X of R™ with a-level
fo =[fE: fY). Then, f is convex at T if and only if fX and fY are conver at T for some a € [0,1].

We are now able to present our new approach to solve any type of fuzzy nonlinear problems. This new approach is
based on the concept of null set and the Karush-Kunh-Tucker optimality conditions. The main steps can be summarized
as follows.

Step 1 Defuzzification.
It consists of the transformation the fuzzy nonlinear optimization problem into a deterministic nonlinear opti-
mization problem. For this purpose we use the function 7 defined in equation for this operation.

Using this function n from equation , then we consider the following two optimization problems:

min of (z),

st

(n0§j(x)) <m(0) j=1,m,
r € RY.

(26)

and ~
min nof(z),
st
(nog;(x)) < m(0) j=1,m,
x € RY.

where 1(0) = (0,0), the zero element of R? with

no fla) = (= fE@) - @), fE@) + @) = (fal@), fal@)) (28)

and

nogi(@) = (= 3 (@) = 350 (@), 35 (@) + 350(0)) = (da(@). Fal(@)), j = Tm. (29)

The functions f and Gj, 7 = 1,m being canonical fuzzy functions, then f;a, ]Ta, Gjo and Gja, j = L,m, are

continuous functions with respect to « € [0, 1]. Thus, we can consider the following new functions:

fa Ydao and f(x fudar, (30)
=/ =7

and

J

1 1
g.(x) :/ Gja(z)dor and gj(x) :/ Gjoda, j=1,m. (31)
0 0
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Remark 3.3. From the Proposition each constraint gj(z) < 0 implies that n(g;(z)) < n(0). We have
(gj(x),gj(x)) < (0,0) i.e. gj(;v) <0 and gj(x) <0. As gj(m) < gj(x), then gj(x) < §j(x)
consider the constraint gj(as) <0, j =1,m. Similarly, consider the constraint gj(a:) <g0,j=

1

, M.

Based on the equations , and the Remark the problems and are rewritten into the following

deterministic nonlinear bi-objective optimization problems:

min (f(2), J(x))

st (32)
gg(x) S 0, ] = lama

x € RY.

and _
min (f(a), J(x))
st (33)
ﬁj(x) <w0, j=1m,
x € RY.

Theorem 3.4. Suppose 2 C ker (n) CC. If T is a Pareto optimal solution of the problem , then T is an
optimal solution of the problem (@

Proof. Let T a feasible solution of the problem . From the remark T is a feasible solution of the problem
(32). Furthermore, suppose that 7 is a Pareto optimal solution of the problem . Then, there is no z (z # 7)
such as n(f(x)) < n(f(z)). Using the Proposition then there is no  (z # T) such as f(z) < f(Z) ie.,

f(T) € MIN(f,S). Therefore T is an optimal solution of the problem . O

Theorem 3.5. Suppose 2 C ker (n) CC. If T is a Pareto H-optimal solution of the problem , then T is an
optimal solution of the problem .

Proof. Let T a feasible solution of the problem . From the remark T is a feasible solution of the problem
(33). Furthermore, suppose that Z is a Pareto H-optimal solution of the problem . Then, there is no x~(x #+T)

such as n(f(z)) <m n(f(7)). Using the Proposition then there is no = (z # ) such as f(z) <u f(T) i.e.,
f(@) € MIN(f,S")" . Therefore T is an H-optimal solution of the problem (23). O

Step 2 Résolution.
This step consists of using the Karush-Kunh-Tucker optimality conditions to find the optimal or H-optimal
solutions of fuzzy nonlinear problems. To do this we introduce the following propositions.

Proposition 3.6. Let X is an open interval. If]ia and fj are continuous on [0;1] x X and admit partial

0
derivatives é et

Ja respectively for i = 1,...,n, themselves continuous on [0;1] x X. So the functions f and

o 8.%‘1' 6371
f are well defined on X, they are of class C' and
f(x) _ [ Ofalz) 0f(x) _ " Ofalx) .
Vo e X, oz, _/0 oz, da  and oz, —/0 oz, da  fori=1,...,n. (34)

Proposition 3.7. Let f be a fuzzy-valued function defined on an open subset X of R". If f is continuously
differentiable in the neighborhood of T. Then, the real-valued functions f and f are continuously differentiable in

T and ~ _
of 10 Ji "0

=(7) = = (7)d t —(@) = T)da. 35

G @= [ SE@da @ @)= [ Se@aa (3)

Proof. Let us show that the partial derivatives 8:;- and B exists in the neighborhood of T and are continuous

of of . .
= and that of is done in the same

£ £

at T for some i = 1,...,n. Indeed, the proof will be done only for the
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way. f being a canonical fuzzy function and assume f continuously differentiable at the neighborhood of 7, i.e.

(SN .
1s continuous at

~ —_ a
fa and f, are continuously differentiable at T for a € [0, 1]. Through the Proposition 84
Ja z;

7 i.e., Ve > 0, there is a § > 0 such as
0fa 8fa

lz —7| < d = 3 () — 3 ()| < € for each a € [0,1]. From Proposition we have: | z —7 |< § implies that
Z; Z;
Vi=1,...,n
of . Of _ ' 0fa 10fa
Y Ofa,  Ofa,_
=1, oz, @)~ g, @lde
"ofo, . Ofa
< Ja
< /0 oz, x) — oz, (T)|da < e. (36)
Therefore 87 is continuous V¢ =1, ..., n. O
T

Proposition 3.8. Let f be a fuzzy-valued function defined on an open subset X of R". If f is continuously
H-differentiable in the neighborhood of T. Then, the real-valued functions f and f are continuously differentiable
in T with
0 L af, of
f f (T)da et /
8;102 o 0x;

o

50 = | G @da. (37)

Proof. The proof is similar to the proof of Proposition assuming that the function f continuously H-differentiable
in the neighborhood of Z. O

Remark 3.9. Propositions and [3.8 are valid for constrained functions g;, ¥ j =1,2,...,m

)

Now we present the Karush-Kuhn-Tucker optimality conditions for optimization problems and .

Theorem 3.10. Let 2 C ker(n) C C. If the constrained functions with fuzzy value gj : X = F(R) are convex
on X and continuously differentiable at T € X for i = 1,2,...,m, and the objective function f is convex and

continuously differentiable at T. If in addition, there are multipliers (Lagrange) pn; >0, j =1,2,...,m and reals
A1, A2 >0 (A # A2) such as:

(i) MVL(@) + XV (T +Zulvgj i=1,2,...,m

then T is an optimal solution of the problem (@)

Proof. We will prove by contradiction. Suppose that Z is not an optimal solution of the problem ( . then there

exists z(# T) € S such as f(x) < f(Z). We have n(f(z)) < n(f(®)) = (f(2), f(2)) < (f(@), [(Z))-
Let A1, Ao > 0 with Ay # Ag, then

AMf (@) + X f(x) S M f(T) + Ao f(T) = F(z) < F(T)

with F(z) = A f(z) + Ao f(x) and F(7) = M f(T) + Ao f(T).

Suppose f be convex and continuously differentiable in Z, then the functions f and f are also convex and
continuously differentiable in Z according to the Proposmon [B:71 Which implies F is a convex and continuously
differentiable function. Moreover T € S, we obtain by the conditions of KKT:

(i) MVL(@) + X V(T +Zuzvgj i=1,2,...,m
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(11) MZEJ(T):(L .7:1,2>,m

According to the Theorem [2.31] 7 is an optimal solution of the objective function F' under the constraints g;,
j=1,2,...,m. As a result T is an optimal solution of the problem . This contradicts the initial hypothesis.
Therefore T is an optimal solution of the problem . O

Theorem 3.11. Let 2 C ker(n) C C. If the fuzzy-valued constraint functions g; + X = F(R) are convexr on
X and continuously H-differentiable at T € X for j = 1,2,...,m and the objective function f is conver and

continuously H-differentiable at T. If, in addition, there are multipliers of Lagrange p1; >0, j =1,2,...,m and
reals A1, Ay > 0 (A1 # A2) such as:

1. MVf(@)+ V(@ +ZMN9] i=1,2,...,m,

2. 1ig;() =0, j= 172,...,m.
then T is an H-optimal solution of the problem .

Proof We prove this theorem |3.11] - by absurd. Suppose that T is not an H-optimal solution of the problem

, then there exists z(# 7) € S such as f(z) < f(T). We have n(f(z)) <u n(f(T)) = (f(@), f(z)) <u
(i(T)af(f))
Let A1, A2 > 0 with A\ 75 Ao, then

A f(@) + Ao f(z) < M f(T) + Ao f(T) = F(x) <u F(T),

with F(z) = M\ f(z) + Ao f(2) and F(Z) = A\ f(T) + Ao f(Z).

Let f be convex and continuously H-differentiable in Z, then the functions f and f are also convex and con-
tinuously H-differentiable in T according to the Proposition Which implies F' is a convex and continuously
H-differentiable function. Moreover Z € S, we obtain by the conditions of KKT:

(1) Alvi( )+A2Vf +Z/~‘le.gj ]: 1a2a"'am7

From Theorem@ 7 is a H-optimal solution of the objective function F' under the constraints g;, j = 1,2,...,m.
As a result T is a H-optimal solution of the problem (23). Which is absurd according to the initial hypothesis.
Therefore T is a H-optimal solution of the problem (23]). O

Step 3 Solution initialization.
In this last step, we use the fuzzy arithmetic operations to transform the obtained deterministic solution to the
solution of initial problem which is fuzzy.

Let (P) be the problem or , then, the algorithm of the method can be summarized as follows.



12 J. C. Sama, K. Some

Algorithm 1 : Pseudo-code
Data (P), A1, Az >0, Aq 75 Ao, Hj >0,5=1,...,m;

Defuzzify (P) and obtain f = (f(®@), f(2), gi = (g.(%),7:(2));

{2

Determine V f(z); Vf(z) and Vg;(z), j = 1,...,m

. MVEE) + X V@) + > Vg, @) =0, j = m;
1=1

Formulate (P’) b,

Repeat
Choose 5, A1, A2
Determine Z solution of (P’) by KKT
check if 7 € S ,
Convert T to fuzzy value and save it;
else change the values of i, A1, Ao;
End repeat
End

3.2 Numerical examples

In this subsection we solve 11 fuzzy nonlinear problems of different types. For this purpose, we simply consider the
partial order <. These problems are summarized in the following table.

Table 1: Problems Tests

Code | Problem formulation Characteristics source
min f(z1,22) = (1,2,3) © 27 & ((0,1,2) © 3,
P st (0.1,2)(z1 — 2)) & (0. 1,2)(z2 — 2)%) < (0.2.4) fuzzy nonlinear objective, [18]
2130, 29> 0 uzzy nonlinear ~ con-
’ ’ straints and deterministic
variables
min f(z1,22) = (1, 3,4)£B% @ (1,2,3)z3,
st
Py (0,1,3)2? & (2,3,5)x3 < (3,4,6), Fuzzy nonlinear objective, [7]
(1,2,4)22 © (0,1,2)x3 < (1,2,5), fuzzy  nonlinear  con-
1 >0, g > 0. straints and deterministic
variables
min f(z) = (1,2,3) © 2% & (0,1,2) ® 23
BT 2o < Fuy st cbjtie, | I
r1,T9 >0

constraints and determin-
istic variables

To modeling the problem Ps, we must assume that unit cost and sale’s price of product A and B are set by UC; = ¢1;



Null set concept for optimal solutions of fuzzy nonlinear optimization problems

min f(r) = 3z, @ 223

P, st o — 2123 < 4 guzzy nonlinear objective, [10]
e eterml.nlstlc nonhne')ar
’ constraints and determin-
istic variables
Ps; | A manufacturing factory is going to produce 2 kinds of | Deterministic — nonlinear | [23]
products A and B in a period (such as one month). The | objective, fuzzy linear
production of A and B requires 3 kinds of resources Ri, | constraints and determin-
Ry and Rj3. The requirements of each kind of resource to | istic variables
produce each product A are 2, 4 and 3 units respectively.To
produce each product B, 3, 2 and 2 units are to be required
respectively. The planed available resource of R and Ry are
50 and 44 units respectively but there are additional 30 and
20 units safety store of material which are administrated by
the general manager. The estimate value of available quan-
tity of resource R3 is 36 units, estimate error are Hunits.
Assuming that the planned production quantity of A and
B is 1 and x9 respectively.
min f(z) = (1,3,4)z3 & (1,2, 3)x3
st
Ps (0,1,3)z1 @ (2,3,5)z2 < (3,4,6) Fuzzzy nonlinear objec- | [7]
(1,2,4)z1 ©(0,1,2)z2 < (1,2,5) tive, fuzzy linear con-
T1,T9 >0 straints and deterministic
variables
max f(%) = 2 ® 13
P, st (0.1,2)51 & (1,2, 35 < (L,10,27) fuzzy rllgnlinear objective, 7]
(1,2,3)#1 @ (0,1,2)i < (2,11, 28) uzzy linear constralnt's
and triangular fuzzy vari-
ables
max f(7) = (1,3,4)72 @ (1, 2, 3)72
P st (0.1,3)5: & (2,3,5)5 < (3,4.6) ]f?uzzy rllgnlinear objective, [25]
(1.2.4)31 © (0.1,2)3 < (1.2.5) uzzy linear constralnt's
and triangular fuzzy vari-
ables
max f(7) = (0,1,2)%; @ (0,1, 3)73
Py st (2,3, 4)31 @ (1,2,3)32 < (8,9, 10) F"uzzy nonlinear objec— [13]
N = tive,  fuzzy nonlinear
71,72 70 constraints and triangular
fuzzy variables
min f = (1,2, 3)2?
Py st Fuzzy nonlinear objective, | [10]
—1<x<2 deterministic nonlinear
constraints and determin-
istic variables
max f(z) = (1,3,4)z7 & (1,2, 3)x3
st
Py (0,1,3)z1 @ (2,3,5)z2 < (3,4,6) Fuzzy nonlinear objective, | [I]
(1,2,4)z1 ©(0,1,2)z2 < (1,2,5) fuzzy linear constraints
T1,29 >0 and deterministic vari-

ables

13
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k k
UCy =cyand US| = 71; US; = 2 respectively. It can be described as
l‘l/al zl/ag
1 2
max f(z) = klxi_l/al —cio1 + kgx;_l/az — oy
st

221 + 3z < 50
4.7}1 + 2.’1}2 < 4~4

g (38)
3x1 + 229 = 36
1,72 >0
r=1, ky =50

Cc1 = 8.0, kz = 45, Cy = 10, ] = Qg = 2.
First, let us solve the problem P; of the table|l} This resolution follows the following three (3) steps

Step 1: Defuzzification
For converting of the fuzzy nonlinear program into a deterministic bi-objective we apply the function 7 positively
homogeneous additive of degree 2, we have

min 7((1,2,) ® 2% & (0,1,2) ® 23),

st 39
0((0,1,2) © (21 — 2)2) @ (0,1,2) ® (22 — 2)?) < 1((0,2,4)), (39)

1 2 07 T2 Z 03

By using Remark the problem is rewritten into a bi-objective nonlinear deterministic problem as follows:

min (f, f) = (—4a? — 223, 42} 4 223),
st
2(x1 — 2)% + 2(z2 — 2)? < 4, (40)

-1:1207 1‘220

Step 2: Resolution
Karush-Kuhn- Tucker optimality condition is applied according to the Theorem [3.10] Let us set Ay = 1, Ay = 2,
then we have the following Karush-Kuhn-Tucker conditions:

8x1 +4p(r; —2)=0
4o +4p(xa —2) =0 (41)
p(2(z1 —2)% 4+ 2(xg — 2)% —4) = 0.

By solving the equation we get the solution (x1,x9) = (0.8432874,1.186356) and p = 1.458077. Through the
Theorem the solution T = (71, T2) = (0.8432874,1.186356) is an optimal solution of the problem

Step 3: Initilization
Using fuzzy algebraic operations, we transform the deterministic solution obtained into a fuzzy solution, thus we
have fimin = (0.71,2.83,4.94).

Secondly, either to solve the problem Pg of the table. We have fuzzy variables in this problem. So we pose T; =
(x1,91,21) and Tz = (22, Y2, 22).

We have ~
max f(Z) = (1,3,4)(x1,y1,21) @ (x1,¥1, 21) @ (1,2, 3) (22, y2, 22) ® (22, Y2, 22)
st (42)
(07 17 3)(3317 Y1, zl) S2) (27 37 5)(1:% Y2, ZQ) < (37 47 6)
(17 27 4)('r17 Y1, Zl) © (Oa 17 2)(1‘2, Y2, 22) < (17 27 5)
Using fuzzy algebraic operations, problem is rewritten as follows:
max f (%) = (a2,3y7,423) @ (23,243, 323)
st
(21;27 Y1 + 3927 321 + 522) '\< (37 47 6) (43)
(r1 —2x2,2y1 —y2,  4z1) < (1,2,5)

T1,%2,Y1,Y2, 21,22 = 0
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By transforming problem into a minimization problem and after defuzzification using the function 7, we obtain:

min f(z) = (—%x% — 3yt — 227 — 223 —2y3 — 322 122 + 3y? + 227 + 12 + 293 + %zg)

st
Y1+ %Zl + 2 + 3y2 + %Zz <85 (44)
%z1+2y1+2217z27y2 §5
T1,T2,Y1,Y2, 21,22 Z 0
By the conditions of KKT and taking Ay = 1, Ay = 2, we have the following equations:
1+ pe =0
6y1 + p1 +2p2 =0
4z + %,ul + 210 =0
To+ 1 —p2 =0
45
4ys +3p1 —p2 =0 (45)
3224 Sp1 =0
pi(yr + 321 4+ 22 + 3y2 + 220 — 8,5) = 0
po(321+2y1 +221 —22 —y2 —5) =0
After solving equation we obtain as a solution #; = (z1,y1,51) = (0,0,0), &2 = (z2,y2,y2) = (0,0,0), 1 = ps and

fmin =0

Thus, the other problems in table [I| are resolved, the results obtained and others from existing methods in the
literature are summarized in the following table:

Table 2: Results of test problems

Methods Solutions Ranking function value | best method
Our method (0.71,2.833, 4.94) 2.82

P Pathak ot al's method (0.84,3.28,5.71) 327 Our method
Our method (1.83,5.07,6.89) 6.95

P Kumar et al’s method (2.65,7.55,10.05) 6.95 Our method

P Our method (1.44,5.13,8.82) 5.13 Both

3 Pathak et al’'s method (1.44,5.13,8.82) 5.13

Our method (0,0,0) 0

Py Chalco-Cano et al’s method. | (0,0,0) 0 Both
Our method 128.75 128.75

P Jiafu Tang et al's method | 128.75 128.75 Both
Our method (0,0,0) 0

P Kumar et al’s method (2.65,7.53,10.05) 6.87 Our method
Our method (0,0,0) 0

P Kumar et al’s method (2.77,32.00,68,11) 23,62 Our method
Ganesan method (25,9 —9r, 17 — 17r), r € [0,1] | 10.62, r =0.5
Our method (0,0,0) 0

P Ganesan method (759,2—2r,3—3r), r€[0,1] | 2117 €05 Our method
Our method (0,0,0) 0

P Bharathi method (1945, 1~k 1—F), k€[0.1] |56, k=05 Our method
Our method (0,0,0) 0

Pro Chalco-Cano method (0,0,0) 0 Both
Our method (0,0, 0) 0

Pu Akrami method (0.36,7.59,5.11) 5.16 Our method
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3.3 Discussion

Table [2] presents the results of a comparison between our method and seven other methods on the eleven test problems
presented above. We have the following results:

e our method gives the best solution for the problems Py, P>, Ps, Pr, Py, Py and Piq;
e both methods gives the same solution for the problems P, Py, Ps and Pi;.

According to the characteristics of test problems given in the table [T} we can formulate that our method is best than
other when the test problem owns deterministic variable, or objective function or constraint function. Therefore, we
can say that our method is the best option for solving nonlinear, single-objective, fuzzy optimization problems.

4  Conclusions

This work studied the combination of the null concept with the Karush-Kuhn-Tucker’s optimality conditions for mini-
mizing a constrained objective function. The new method has been used to solve fuzzy nonlinear optimization problems
and find the best solutions. In practice, any fuzzy nonlinear optimization problem is transformed into a deterministic
bi-objective nonlinear optimization problem. The optimality conditions of Karush-Kuhn-Tucker are then directly used
to find optimal solutions. Eleven test problems have been treated in order to highlight the theoretical and numerical
aspects, and the found results have been compared with others of existing methods in the literature. This comparison
has allowed us to conclude that our method is an adequate for solving fuzzy nonlinear optimization problems with fuzzy
constraint functions.
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