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Abstract

Seikh et al. (Iranian Journal of Fuzzy Systems, 18(5) (2021), 155-172) pointed out that there does not exist any
approach to solve type-2 fuzzy variable matrix games (matrix games in which each element of the payoff matrix is
represented by a type-2 fuzzy variable). To fill this gap, Seikh et al. proposed an approach to solve triangular type-2
fuzzy variable (TT2FV) matrix games (matrix games in which each element of the payoff matrix is represented by a
TT2FV). Seikh et al. also solved a real-life TT2FV matrix game (plastic ban problem) to show the applicability of
their proposed approach. In future, other researchers may use Seikh et al.’s approach to solve other real-life TT2FV
matrix games. However, it is inappropriate to use Seikh et al.’s approach as it may fail to find a correct optimal solution
of TT2FV matrix games. To validate this claim, a TT2FV matrix game is solved by Seikh et al.’s approach and it
is shown that the obtained optimal solution is not correct. Also, it is pointed out that this inappropriateness occurs
as a mathematically incorrect result is considered in Seikh et al.’s approach. Furthermore, Seikh et al.’s approach is
modified to resolve its inappropriateness.

Keywords: Triangular type-2 fuzzy variable, matrix games, plastic ban problem.

1 Introduction

Seikh et al. [21I] pointed out that although several approaches are proposed in the literature to solve fuzzy matrix
games [4), 1], 12} 07, 22] 27], intuitionistic fuzzy matrix games [2, [, 13| 24, [25] [26], hesitant matrix games [7, 23],
neutrosophic matrix games [I8], 19 20] etc. However, there does not exist any approach to solve type-2 fuzzy variable
matrix games. While, type-2 fuzzy variables [I4] have been used in other research areas [5} [0, [8, @) 10, 15, [16]. To fill
this gap, Seikh et al. [21], firstly, proposed the following method for comparing two triangular type-2 fuzzy variables

k1 = (af,a{”,a%;T{,T{) and ko = (a%,a’},a%;Té,Tg).
(i) k1 = ko if R (El) >R (7{2)

(i) 71 ~ Ao if R (%1) =R (ﬁg)
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where, R (ﬁ) , © =1,2is defined by (1) or (2) or (3),
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Then, using the proposed comparing method, Seikh et al. [2I] proposed an approach to solve TT2FV matrix games.
Seikh et al. [2]I] also solved a real-life TT2FV matrix game (plastic ban problem) to show the applicability of their
proposed approach. In this paper, it is pointed out that a mathematically incorrect result is considered in Seikh et al.
[21]’s approach due to which Seikh et al. [2I]’s approach fails to find correct optimal solution of TT2FV matrix games.
Also, Seikh et al. [2I]’s approach is modified to resolve its inappropriateness.

+ (af —a)In(1+7))}— 1n(1+7)+(a;‘ a;n)ln(].+7'il)} . (3)

This paper is organized as follows; In Section 2, Seikh et al. [2I]’s approach is discussed in a brief manner. In Section
3, a numerical example is considered to show that Seikh et al. [2I]’s approach fails to find correct optimal solution of
TT2FV matrix games. Origin of Seikh et al. [2I]’s approach is discussed in Section 4. In Section 5, the reason for the
inappropriateness of Seikh et al. [21]’s approach is discussed. In Section 6, the required modification is suggested to
resolve the inappropriateness of Seikh et al. [2I]’s approach. In Section 7, Seikh et al. [21I]’s approach is modified to
resolve its inappropriateness. In Section 8, correct optimal solution of TT2FV matrix game, considered to show the
inappropriateness of Seikh et al. [2I]’s approach, is obtained by the modified approach. Section 9 concludes the paper.

2 Seikh et al.’s approach

Let (/Nl, X, Y) be a TT2FV matrix game, where,

(i) A= (%ij)mxn represents the TT2FV payoff matrix of player I, where %ij = (afj, a;y, ag; Tilj, T[]) is a TT2FV.

(i) X = {(@1,22,...,@m) 12, >0, Y.i" | x; = 1} represents the set of strategies of player L.
(iil) Y = {(yl, Y2, Yn) 1 Y; >0, 2?21 Yj = 1} represents the set of strategies of player II.

Then, using Seikh et al. [2I]’s approach, optimal strategy /strategies of player I, minimum expected gain of player
I, optimal strategy/ strategies of player II and maximum expected loss of player II can be obtained as follows:

Step 1: Using the expression (1) or (2) or (3), transform the TT2FV payoff matrix A = (%l]) into the crisp payoff
mXn

matrix A = (R (E;)) .
mXxn
Step 2: Solve the crisp linear programming problem (CLPP) (P1).

Problem (P1)
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Mazimize {w}
Subject to

Z?;R(ﬁw) xZ; Z w1, j: 1,27...,71,
Zznzl.l‘i = 1, Xy ZO, 1= 1,2,...,m.
In the obtained optimal solution (z1, g, ..., Tm,w),
(i) (x1,x9,...,%,) represents the optimal strategy of player I.

(ii) wy represents the minimum expected gain of player 1.

Step 3: Solve the CLPP (P2).
Problem (P2)

Minimize {ws}

Subject to

i Bt (%”) yj Swa, 0=1,2,...,m,

Siyi=Ly; =20, j=12,...,n
In the obtained optimal solution (y1,y2, ..., Yn, w2),

(1) (y1,y2,---,yn) represents the optimal strategy of player II.

(ii) wo represents the maximum expected loss of player II.

3 Inappropriateness of Seikh et al.’s approach

In this paper, it is pointed out that a mathematically incorrect result is considered in Seikh et al. [2I]’s approach due
to which Seikh et al. [21]’s approach fails to find correct optimal solution of TT2FV matrix games. In this section, this
claim is validated with the help of a numerical example.

Let (/T, X, Y) be a TT2FV matrix game where,
_ ((175,180,190;0.4,0.2) (175,180,190;0.2,0.1)

(i) A= (mj)m = <(175,180, 190;0.3,0.1) (175, 180,190;0.6,0.3)
I

> represents the TT2FV payoff matrix of player

(ii) X = {(z1,22) : 21 > 0,29 > 0, x1 + 2 = 1} represents the set of strategies of player I.
(iil) Y = {(y1,92) : y1 >0, y2 > 0,y1 + y1 = 1} represents the set of strategies of player II.
Then, according to the literature [IJ.

(i) Each optimal solution (z1, 3, . .., ;) of the TT2FV non-linear programming problem (NLPP) (P3) will represent
an optimal strategy of player I.

Problem (P3)
Minimize (%11x1y1 + R21T2y1 + Ri2T1Y2 + %2293292)
Maximize Subject to

Siyi=1,9;20j=12...,n
Subject to
St wi=1,2,>0,i=1,2,...,m.

(ii) Each optimal solution (y1,y2,...,¥yn) of the TT2FV NLPP (P4) will represent an optimal strategy of player II.

Problem (P4)
Maximize <E11:z:1y1 + Ro1xoy1 + K121y + E22x2y2>
Minimize Subject to
Str=1,2,>0,i=12,...,m
Subject to
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Z?:lyjzla ijO, j:1,2>"',n'

Since, for the considered TT2FV matrix game,

(751133191 + Ro122y1 + R1221Y2 + RoaZayo

= (175z1y1 + 17529y1 + 175x1y2 + 17529y, 180x1y1 + 180z2y1 + 180z1y2 + 180x2y2, 190z1y1 + 19022y1 + 190z1y2+
19022y2; maximum {0.4,0.2,0.3,0.6} , minimum {0.2,0.1,0.1,0.3})

= (175,180,190 0.6,0.1).

So, the objective functions of the TT2FV NLPPs (P3) and (P4) are independent from 1, x2,y; and yo. Hence,

(i) (ﬁllazlyl + E’glxgyl + ﬁlgxlyg + zggxgyg) = (175,180,190;0.6,0.1) will represent the minimum expected gain of
player I and the maximum expected loss of player II.

(ii) Each element (z1,x2) of the set X = {(z1,22) : 21 > 0,22 > 0, 21 + x5 = 1} will represent an optimal strategy
for player I.

(iii) Each element (y1,y2) of the set Y = {(y1,y2) : y1 >0, y2 > 0,41 + yo = 1} will represent an optimal strategy for
player II.

Therefore, on solving the considered TT2FV matrix game by the existing approach [21]
(i) wy =wy =R (%llxlyl + %glxgyl + %121‘1@/2 + Eggxgyg) = R(175,180,190;0.6,0.1) should be obtained.

(ii) Each element (z1,x2) of the set X = {(x1,22) : 1 > 0,29 > 0, 21 + 22 = 1} should represent an optimal strategy
for player I.

(iii) Each element (y1,y2) of the set Y = {(y1,92) : y1 > 0, y2 > 0,y1 + y2 = 1} should represent an optimal strategy
for player II.

However, in this section, it is shown that if the considered TT2FV matrix game is solved with the existing approach

[21] by considering the expression (1) to evaluate the values of R (§”> Then,

(i) w1 = wq = 164.945 is obtained instead of w; = wy = R (§11w1y1 + :I%gll'zyl + %12x1y2 + Eggxgyg)
= R(175,180,190;0.6,0.1) = 171.144.

(ii) Only one element (z1, z2) = (0.4062,0.5938) of the set X = {(x1,22) : 1 > 0,22 > 0, x1 + x2 = 1} represents the
optimal strategy for player I instead of each element (z1,x3) of the set X = {(x1,22) : 1 > 0,29 > 0, 1 + 29 = 1}.

(iii) Only one element (y1,y2) = (0.7571,0.2429) of the set Y = {(y1,y2) : y1 > 0, y2 > 0,41 + y2 = 1} represents the
optimal strategy for player II instead of each element (y1, y2) of the set Y = {(y1,y2) : 41 >0, y2 > 0,41 +y2 = 1}.

Using the existing approach [21], the considered TT2FV matrix game can be solved as follows:
Step 1: According to the Step 1 of the existing approach [21], there is a need to transform the TT2FV payoff matrix
i (z ) _ (175,180,190;0.4,0.2) (175,180,190;0.2,0.1)\ . to the cris & matri
M7 ) 0o~ \(175,180,190;0.3,0.1) (175,180,190;0.6,0.3) ) O PHE CHISP PAYOR tattix
A (R(175,180, 190;0.4,0.2) R(175,180, 190;0.2,0.1))
~ \R(175,180,190;0.3,0.1) R(175,180,190;0.6,0.3) }°
It can be easily verified that on using the expression (1),

(i) R(175,180,190;0.4,0.2) = 167.851,
(i) R(175,180,190;0.2,0.1) = 155.883,
(ifi) R(175,180,190;0.3,0.1) = 162.956,
(iv) R(175,180,190;0.6,0.3) = 171.144.
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Hence,

167.851 155.883

A= 162.056 171.144

Step 2: According to Step 2 of Seikh et al. [2I]’s approach, in each optimal solution (1, z2,w;) of the CLPP (P5),

(i) (x1,x9) will represent an optimal strategy of player I.

(ii) w; will represent the minimum expected gain of player I.

Problem (P5)
Maximize {w; }
Subject to

155.883 =1 + 171.144 29 > w1,
T1+x0=1, 1 > 0,29 > 0.

It can be easily verified that on solving the CLPP (P5), the unique optimal solution i.e., (1, z2,w;) = (0.4062,0.5938, 164.944)
is obtained. Hence,

(i) The unique optimal strategy of player I is (z1,z2) = (0.4062,0.5938).
(ii) The minimum expected gain of player I is w; = 164.944.
Step 3: According to Step 3 of Seikh et al. [2I]’s approach, in each optimal solution (yi,y2,w2) of the CLPP (P6),
(i) (y1,y2) will represent an optimal strategy of player II.
(ii) we will represent the maximum expected loss of player II.

Problem (P6)

Minimize {ws}

Subject to

167.851 1 + 155.883 4y < wo,

162.956 41 + 171.144 yo < w,
yi+y2=1, y1 > 0,92 > 0.

It can be easily verified that on solving the CLPP (P6), the unique optimal solution i.e., (y1, y2, w2) = (0.7571, 0.2429,164.944)
is obtained. Hence,

(i) The unique optimal strategy of player II is (y1,y2) = (0.7571, 0.2429).
(ii) The maximum expected loss of player II is wy = 164.944.

Remark 3.1. It can be easily verified that if in Step 1 of Section 3, the expression (2) or (3) is used to evaluate the
values of R (E”) Then, also a unique optimal strategy instead of infinite number of optimal strategies will be obtained

for player I and player II.

4 Origin of Seikh et al.’s approach

It is obvious from Section 3 that Seikh et al. [21]’s approach fails to find the correct optimal solution of TT2FV matrix
games. In this paper, it is claimed that this inappropriateness occurs as a mathematically incorrect result is considered
in Seikh et al. [2I]’s approach. Since, to point out the considered mathematically incorrect result, there is a need to
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discuss the origin of CLPPs (P1) and (P2). So, the same is discussed in this section.
The origin of the CLPPs (P1) and (P2) is as follows:

Step 1: To find an optimal strategy (xi,zo,...,%,) of player I is equivalent to find an optimal solution of the
TT2FV NLPP (P7). Also, to find an optimal strategy (y1,y2,...,yn) of player II is equivalent to find an optimal
solution of the TT2FV NLPP (P8).

Problem (P7)
Minimize (Z?:l S %j%%‘)
Maximize Subject to

2?21%:1; y; =20, j=1,2,...,n
Subject to
ST wi=1, 2, >0, i=1,2,...,m.

Problem (P8)
Mazimize (Z?Zl S %ijxiyj)
Minimize Subject to
Z;llxi =1, 2z;,>20,1=1,2,...,m
Subject to
Syi=1,920j=12..,n

Step 2: Using the comparing method, Ay = Zg if R (Al) >R (Avg) where, R (Ai), i = 1,2 can be obtained

by the expression (1) or (2) or (3), discussed in Section 1, to find an optimal solution of the TT2FV NLPPs (P7) and
(P8) is equivalent to find an optimal solution of the crisp NLPPs (P9) and (P10) respectively.

Problem (P9)
Minimize (R (E?:l > ﬁijxiyj>>
Maximize Subject to

Syi=1,9;20j=12...,n
Subject to
SPai=1,2; >0, i=1,2...,m.

Problem (P10)

Maximize (R (Z;-Lzl Dy wazy])>
Minimize Subject to

ST =1, 2, >0, i=1,2,...,m
Subject to
Z;’:ly] = 1’ Y 2 O7 j: 1,2,...,’!1.

Step 3: Using the expression (4), to find an optimal solution of the crisp NLPPs (P9) and (P10) is equivalent to
find an optimal solution of the crisp NLPPs (P11) and (P12), respectively.

Z R (ﬁw) TilYj- (4)

1:i=1

n m
R|Y D FRymy; | =
J=1i=1

n m

J

Problem (P11)
Minimize (Z;;l SR (ﬁi]) zil/j)
Maximize Subject to

Z?:ﬂ/j:l; y; >0, 7=1,2,...,n
Subject to
S wi=1,2,>0,i=1,2,...,m.

Problem (P12)
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Mazximize (Z?zl SIELR (zm) xiyj)
Minimize Subject to

ST wi=1,2;>0,i=1,2,...,m
Subject to
Sryi=1,920j=12...,n

Step 4: Since, in the CLPP (P11), >3 | >" | R ('EU> z;y; represents the convex linear combination of
ZZZI R (%11) i, Z:il R (%12) Ljyeoey ZZ’LI R <%zn) iz and in the CLPP (P12), Z?:l er;l R (%U) ZTiYj represents the
convex linear combination of 37| R (§1j> Yj, >y R (%2]') Yjsoor oy R (%mj) yj. So, to find an optimal solution

of the crisp NLPPs (P11) and (P12) is equivalent to find an optimal solution of the crisp NLPPs (P13) and (P14)
respectively.

Problem (P13) - N N
Maximize {Mim’mumlgjgn ((Z;ll R (Ezl) :cl> , (Zyil R (Elg) xl> s (Z?;l R (Em) mz)) }

Subject to
Sriwi=1,2,>0,i=1,2,...,m.

Problem (P14)

Minimize {Mascimumlgigm ((Z;L:1 R (Elj) yj) , (Z;-lzl R (%gj) yj) e, (Z;Zl R (Emj) yj>)}

Subject to

Siayi=1920, j=12,...,n

Step 5: Assuming Minimumi<;<n ((Z:’;l R (Ezl) :L'Z> , (Z;il R (%12) xl) s (Z?;l R (Em) :L'z>) = wy, and

Maximumi<i<m ((Z?ﬂ R (ilj) yj) , (Z?:1 R (%2]') yj) s (2?21 R (ﬁmj) yj)) = wy to find an optimal solution
of the crisp NLPP (P13) and (P14) is equivalent to find an optimal solution of the CLPPs (P1) and (P2) respectively.

5 Reason for the inappropriateness of Seikh et al.’s approach

It is obvious from Section 4 that in Step 3, the expression (4) is used to transform
(i) The crisp NLPP (P9) into the crisp NLPP (P11).
(ii) The crisp NLPP (P10) into the crisp NLPP (P12).

However, in this section, a numerical example is considered to show that the expression (4) is not valid. Therefore,
it is mathematically incorrect to use the expression (4) for transforming

(i) The crisp NLPP (P9) into the crisp NLPP (P11).
(ii) The crisp NLPP (P10) into the crisp NLPP (P12).
It is pertinent to mention that as the expression (4) is not valid. So,

(i) The crisp NLPP (P9) is not equivalent to the crisp NLPP (P11) and hence, the crisp NLPP (P13) is not equivalent
to the CLPP (P1). Therefore, it is mathematically incorrect to assume that to find an optimal solution of the
crisp NLPP (P13) is equivalent to find an optimal solution of the CLPP (P1).

(ii) The crisp NLPP (P10) is not equivalent to the crisp NLPP (P12) and hence the crisp NLPP (P14) is not equivalent
to the CLPP (P2). Therefore, it is mathematically incorrect to assume that to find an optimal solution of the
crisp NLPP (P14) is equivalent to find an optimal solution of the CLPP (P2).

The following example clearly indicates that the expression (4) is not valid.
Let, k11 = (175,180, 190;0.4,0.2), k12 = (175,180, 190;0.2,0.1),



42

K. Kirti, T. Verma , A. Kumar

For = (175,180, 190;0.3,0.1), a2 = (175,180,190;0.6,0.3), 21 = 1, 22 =0, y; =1, y» = 0.
If the expression (1) is used to define R ( k;; ) then we have

R (i iﬁijxiyj> =

j=11i=1

R(175x1y1 —+ 175x2y1 —+ 175:81?]2 —+ 1755622/2, 180.%1:1/1 + 180:]323/1 + 180$1y2 —+ 180:82?;2

190z1y1 + 190z2y1 + 190z1y2 + 190z2y2; mazimum {0.4,0.2,0.3,0.6} , minimum {0.2,0.1,0.1,0.3})
= R(175,180,190;0.6,0.1) = 171.144.
While,

()

2
Jj=

11¢:=1

R (ﬁij) wyy; = R(175,180,190;0.4,0.2) 211 + R(175,180,190;0.2,0.1)z 1y

+ R(175,180,190;0.3,0.1) zoy; + R(175,180, 190; 0.6,0.3) 2y
= 167.851 x1y; + 155.883 2192 + 162.956 zoy; + 171.144 3915
= 167.851.

(6)
It is obvious from (5) and (6) that R (2321 23:1 %ijxiyj) # 2321 2?21 R (ﬁw) T3y,
Hence, the expression (4) is not valid.
Similarly, it can be easily proved that

(i) If the expression (2) is used to define R (K;;) then the expression (4) is not valid.

(ii) If the expression (3) is used to define R (k;;) then the expression (4) is not valid.

6 Valid expression corresponding to existing expression
It is obvious from Section 5 that the expression (4) is not valid. In this section, it is proved that the expression (7)
represents the valid expression corresponding to the existing expression (4).

n m n m

RI> > Rymy; | = DD R (FéijM> T3y
j=1i=1 j=1i=1

where, N
~. s m w1 r
Kij = (aij,aij,aij,rij,nj) and

= _ s m _u ., -

K:Z_]M — (aij7a7;j,a/7;j, maxzmumll

INIA

1 ..
i<m {ri;}  minimum,
The following proof clearly indicates that the expression (7) is valid.
If the expression (1) is used to define

IAIA
o -
INIA

33
=

<
<
——
N———

then

R (Ry) and 7 ().

R

%

m
E KijTilj

j=11i=1

3

[
=
AME

s m w1 r o
(aijv iy Qg5 Tigo Tij) TiY;

<
3
-
-
Il
-

NE

n m n m
S m

R E aijfiyj»g E a;;iTiy;,

j=1i=1

E E a5 TiY5; MATIMUM < i < m {T
j=1i=1

-
Il

1 .

: Z—j} , MINIMUM, <
— = 1<j<n 1<
j=1i=

J

T
i< m {T- }
i<n “
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1 Z’L IZ] 1a1j+2znl

m
j= 1a’Lj +Z
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Zz 12; 145y

1 + maximum

l
1§i§7n{7-ij}
1<j<n

1+0.5

_1 j= 1a Zz 127 1@
2 2 MATIMUM < i < m {
1<j<mn

m nooam =" " af

_ Z“l 23*1 LY 21*1 23712 tJ (1 + mazximum, < < {Tzl]}) In
1<i<n
(mammuml <i<m { })
1<j<n

)

1-05 (mammuml <i<m {
1

1<j<n
DG A~ Dy Dy

'SS’;;{Tilj}

i
J

+;(
(

Mazximun,
1

INIA

1—mammum1<L<m{ }
1<j<n

1-0.5 (maximuml <i<m {T,}})
1Z5<n - Y
=7 =

l
R (afp ais a”,mammum <i<mq

1<j<n
n m =
=> >R (EijM) Ty,

Ty

|
.MS

Hence, the expression (7) is valid.
Similarly, it can be easily proved that

(i) If the expression (2) is used to define R (Eij

;ij { (1 + maximums 1Sigm {TZZJ}) In (1 +0.5 (mammum gigm {Tl})>
Tij} ,mim’mumlé gg { }) ZiYj

M) then the expression (7) is valid.

ii) If the expression (3) is used to define R %Z inr | then the expression (7) is valid
J

7 Modified approach

MATIMUMI < i < m {Tilj}
1<j<n

]

In this section, Seikh et al. [21]’s approach is modified by replacing the existing expression (4) with the valid expression
(7).

The steps of modified approach are as follows:
Step 1: Using the expression (1) or (2) o

i~

into the crisp payoff matrix

A= (R (E‘jM)) = (R (afj, ai}, aiy; mazximum
mXn

Step 2: Solve the CLPP (P15).

Problem (P15)

Maximize {w;}

Subject to

ZZlR(EZJM> €Z; 2 Wy, j: 1,2,...,
ZZL@ = 1, ZT; ZO, 1= 1,2,...,m
In the obtained optimal solution (z1, zs,

n,

* 7xm7 wl)’

/iij

[

r (3), transform the TT2FV payoff matrix

b
>m><n

. {Tilj } , MANIMUM,
1

\/\\/\

<
<
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(i) (x1,x9,...,%,) represents the optimal strategy of player I.
(ii) wy represents the minimum expected gain of player I.

Step 3: Solve the CLPP (P16).

Problem (P16)
Minimize {ws}
Subject to
YR (EijM) yj <wgy, i=1,2,...,m,
SUyi=1,y>0, j=1,2,...,n
In the obtained optimal solution (y1, Y2, - ., Yn, W2),
(i) (y1,92,--.,Yyn) represents the optimal strategy of player II.

(ii) wo represents the maximum expected loss of player II.

8 Illustrative example

In Section 3, a TT2FV matrix game is considered and it is shown that on solving considered TT2FV matrix game,
(i) wy = wg = 171.144 should be obtained.

(ii) Each element (x1,x2) of the set X = {(z1,x2) : 1 > 0,22 > 0, 21 + 22 = 1} should represent an optimal strategy
for player I.

(iii) Each element (y1,y2) of the set Y = {(y1,42) : y1 > 0, y2 > 0,y1 + y2 = 1} should represent an optimal strategy
for player II.

While, on solving the considered TT2FV matrix game by the existing approach [21].
(i) w1 = wy = 164.945 is obtained.

(ii) Only one element (z1,x2) = (0.4062,0.5938) of the set X = {(x1,22): 21 > 0,22 > 0, 1 + 22 = 1} represents
the optimal strategy for player I.

(iii) Only one element (y1,y2) = (0.7571,0.2429) of the set Y = {(y1,¥2) : y1 > 0, y2 > 0,y1 + y2 = 1} represents the
optimal strategy for player II.

In this section, it is shown that the correct results are obtained on solving the considered TT2FV matrix
game by modified approach.

Using the modified approach, the considered TT2FV matrix game can be solved as follows:
Step 1: According to the Step 1 of the modified approach, there is need to transform the TT2FV payoff matrix

G ((175,180,190;0.4,0.2) (175,180,190;0.2,0.1)
=\ (175,180,190;0.3,0.1) (175,180, 190;0.6,0.3)
4 _ (R(175,180,190;06,0.1) R(175,180,190;0.6,0.1)
~ \R(175,180,190;0.6,0.1) R(175,180,190;0.6,0.1)
and minimum {(0.2,0.1,0.1,0.3)} respectively. It can be easily verified that on using the expression (1),

) into the crisp payoff matrix,

> , where, 0.6 and 0.1 represents mazimum {0.4,0.2,0.3,0.6}

R(175,180,190;0.6,0.1) = 171.144.

Hence, A = (171-144 171.144>'

171.144 171.144
Step 2: According to Step 2 of the modified approach, in each optimal solution (x1, 23, w;) of the CLPP (P17),

(i) (x1,x9) will represent an optimal strategy of player I.

(ii) wy will represent the minimum expected gain of player I.
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Problem (P17)

Maximize {w1}

Subject to

171.144 1 +171.144 29 > wy,

1+ T = 1, Ty Z O,LL'Q Z 0.

Since, 1 + x2 = 1 so to find an optimal solution of the CLPP (P17) is equivalent to find an optimal solution of the
CLPP (P18).

Problem (P18)

Maximize {w;}

Subject to

171.144 > wy,

171.144 > wy,

1 +ax2=1, x1 > 0,29 > 0.

It can be easily verified that each element of the set {(z1, 2z, w1) : 21 > 0,29 >0, 1 +x2 = 1, wy; = 171.144} repre-
sents an optimal solution of the CLPP (P18). Hence,

(i) Each element of the set X = {(z1,22) : #1 > 0,29 > 0, x1 + 22 = 1} represents an optimal strategy of player I.
(ii) The minimum expected gain of player I is wy; = 171.144.
Step 3: According to Step 3 of the modified approach, in each optimal solution (yi,y2,w2) of the CLPP (P19),
(i) (y1,y2) will represent an optimal strategy of player II.
(ii) we will represent the maximum expected loss of player II.

Problem (P19)

Minimize {w2}

Subject to

171.144 y; + 171.144 y, < wo,

171.144 yy 4+ 171.144 yo < wo,

y1+y2=1 11 >0,y2 > 0.

Since, y1 + y2 = 1 so to find an optimal solution of the CLPP (P19) is equivalent to find an optimal solution of the
CLPP (P20).

Problem (P20)

Minimize {ws}

Subject to

171.144 < ws,

171.144 < wo,

yi+y2=1 11 20,92 > 0.

It can be easily verified that each element of the set {(y1,y2,w2) : y1 > 0,92 > 0, y1 +y2 = 1, wy = 171.144} represents
an optimal solution of the CLPP (P20). Hence,

(i) Each element of the set Y = {(y1,92) : y1 > 0,y2 > 0, y; + y2 = 1} represents an optimal strategy of player II.

(ii) The maximum expected loss of player II is we = 171.144.

9 Conclusion

A numerical example is considered to show that Seikh et al. [2I]’s approach fails to find correct optimal solution of
TT2FV matrix games. Also, it is pointed out that this inappropriateness occurs due to considering a mathematically
incorrect result in the origin of Seikh et al. [2I]’s approach. Furthermore, Seikh et al. [21I]’s approach is modified to
resolve its inappropriateness. Finally, a correct optimal solution of the considered numerical example is obtained by
the modified approach.

It is pertinent to mention that as the proposed approach cannot be used to solve bi-matrix games. To overcome
this limitation of the proposed method may be considered as an open research problem.
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