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Abstract

This paper aims to introduce a groundbreaking methodology for deriving analytical solutions to the space-time fractional
fuzzy diffusion equation. Our approach uniquely incorporates a Caputo generalized Hukuhara fractional derivative (of
order β ∈ (0, 2]) for the second-order spatial derivative, alongside a fuzzy Caputo-Katugampola generalized Hukuhara
time-fractional derivative (of order α ∈ (0, 1)) for the first-order temporal derivative. The primary objective is to
develop explicit and fundamental solutions for both the space-time fractional fuzzy diffusion equation and the time
fractional fuzzy diffusion equation, encompassing various forms of fuzzy Caputo-Katugampola generalized Hukuhara
time-fractional differentiability. We initiate our study by thoroughly analyzing the fuzzy Fourier and fuzzy ℘−Laplace
transforms of the equation. To demonstrate the practical utility and effectiveness of our proposed method, we apply it
to two specific models: a fuzzy groundwater flow model for computing pressure head, and a fuzzy model for determining
the concentration of tumor cells. The results obtained highlight the method’s efficiency and precision in addressing the
complexities of both the space-time fractional fuzzy diffusion equation and the time fractional fuzzy diffusion equation.

Keywords: The fuzzy Caputo-Katugampola generalized Hukuhara time-fractional derivative, the fuzzy space-time
fractional diffusion equation, the fuzzy ℘−Laplace transform, the fuzzy Fourier transform, the Caputo generalized
Hukuhara fractional derivative.

1 Introduction

In the field of mathematical modeling, traditional diffusion equations have been crucial for understanding how various
quantities like heat, mass, or information spread and change across different spaces. However, when applied in real-world
contexts within continuous space, space-time fractional diffusion equations often encounter difficulties in accurately
capturing the complexities and uncertainties inherent to practical scenarios. The inherent disparities between controlled
laboratory conditions and real-world dynamics pose challenges in achieving precise estimations. This brings us to
the space-time fractional fuzzy diffusion equation, a formulation that combines fractional calculus principles. This
integration allows us to account for non-local effects in both space and time, using fuzzy logic to handle uncertainties
in the system.

Fuzzy fractional calculus has witnessed extensive utilization across various disciplines over the past few decades,
leading to the development of numerous nonlocal fuzzy fractional differential operators. These operators, available in
both singular and non-singular forms, find versatile applicability across a wide spectrum of scientific domains. Notable
examples include the fuzzy Riemann-Liouville derivative, fuzzy generalized Hukuhara Caputo fractional derivative,
fuzzy Caputo-Fabrizio fractional derivative, fuzzy Atangana-Baleanu fractional derivative, fuzzy Riemann-Liouville-
Katugampola generalized Hukuhara fractional derivative, and fuzzy Caputo-Katugampola generalized Hukuhara frac-
tional derivative. These operators, with their multifaceted functionalities, serve as indispensable tools for modeling and
analyzing intricate systems encountered in diverse scientific inquiries.
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Given the crucial role time-fractional differential equations play in various industries and engineering fields, it
becomes imperative to explore mathematical approaches that yield closed-form solutions for such equations. Both
numerical and analytical methods employ mathematical techniques to derive closed-form or exact solutions for fuzzy
time-fractional differential equations. Viet Long and colleagues [25] introduced a novel approach to handle fuzzy
fractional partial differential equations by employing the Caputo generalized Hukuhara partial differentiability for fuzzy
multi-variable functions. Following this work, Ghaffari and co-authors [12] further advanced the field by providing
explicit solutions for the time-fractional fuzzy equation using fuzzy Laplace and Fourier transforms. In a related
study, Keshavarz et al. [18] derived the fuzzy fundamental solution of the fractional diffusion equation, emphasizing
generalized Hukuhara differentiability, and applied it to model the release of an anti-cancer drug within a tumor.
Mohapatra et al. [21] employed the Elzaki transformed homotopy perturbation method and the fractional reduced
differential transformation method to solve the n+1-dimensional fractional order heat equation with an external source
term under uncertain conditions.

In this study, we propose enhancements to the existing fuzzy Caputo-Katugampola derivative for two-variable fuzzy
functions, aimed at expanding its applicability in solving space-time fuzzy fractional differential equations. Initially,
Hoa et al. [15] utilized the generalized Lipschitz condition to establish the existence of solutions for initial value
fractional differential equations, employing the fuzzy Caputo-Katugampola derivative. Concurrently, Sajedi et al. [22]
investigated the existence, uniqueness, and stability of solutions for an impulsive coupled system of Caputo-Katugampola
fuzzy fractional differential equations. Thereafter, Alshbeel et al. [4] considered a fuzzy fractional heat equation and
presented its numerical solutions using the optimal homotopy asymptotic method.

This research introduces a novel method for analyzing the space-time fractional diffusion equation within the frame-
work of fuzzy space, leveraging the Caputo-Katugampola generalized Hukuhara time-fractional derivative. This equa-
tion is derived by replacing the second-order space derivative with a Caputo generalized Hukuhara fractional derivative
of order β ∈ (0, 2] and the first-order time derivative with a fuzzy Caputo-Katugampola generalized Hukuhara time-
fractional derivative of order α ∈ (0, 1). We advocate for the adoption of this derivative type as a robust tool for
qualitatively assessing such equations, thereby enhancing our understanding of complex systems governed by fractional
dynamics. Furthermore, we utilize the capabilities of the fuzzy ℘-Laplace transform [10] and fuzzy Fourier transform
[13] to derive explicit and fundamental solutions for the space-time fractional fuzzy diffusion equation.

Our focus extends to addressing a significant challenge in groundwater flow modeling, particularly in accurately
determining the pressure head and a fuzzy model for determining the concentration of tumor cells. Through concrete
examples and meticulous analysis, we demonstrate the efficacy and practical relevance of our approach. By tackling
real-world challenges, our method not only validates its effectiveness but also underscores its potential utility in various
practical applications, paving the way for new insights and advancements in the field.

The subsequent sections are carefully arranged to offer a thorough understanding. Section 2 provides necessary
background information on fuzzy fractional derivatives. Section 3 introduces fuzzy Caputo-Katugampola time frac-
tional derivatives using generalized Hukuhara differentiability and establishes important properties of this type of
differentiation. Section 4 explores the fuzzy ℘-Laplace transform and the fuzzy Fourier transform along with their
essential properties. Moving forward, Section 5 presents a fuzzy space-time fractional diffusion equation and derives
fuzzy explicit and fundamental solutions for it. To demonstrate the practical applicability of our proposed method in
addressing real-world issues, we examine the fuzzy saturated groundwater flow model and a fuzzy model for calculating
the concentration of tumor cells in Section 6. Finally, Section 7 summarizes the paper with conclusive remarks.

2 Fuzzy fractional derivatives

In this section, we revisit the fundamental concepts essential for our exploration of fuzzy fractional partial derivatives.
We begin by explaining important definitions and basic properties relevant to our study. Additionally, we introduce
key notations and preliminary facts that will form the basis for the discussions in this paper. For those seeking a more
in-depth understanding of the fuzzy theory underpinning our analysis, we recommend consulting pertinent articles and
books [1, 3, 6, 8, 19].

To initiate our discussion, we define the set of fuzzy numbers as RF , which consists of normal, fuzzy convex, upper
semi-continuous, and compactly supported fuzzy sets defined over the real line. A fuzzy function extends the classical
notion of a function by accommodating uncertain or imprecise mappings between elements of two sets. A specific
type of fuzzy function that we consider is the triangular fuzzy-valued function, denoted as ϑ̆ : Ω ⊆ R2 → RF . It is
represented as ϑ̆(x, t) = (ϑ1(x, t), ϑ2(x, t), ϑ3(x, t)).

Corollary 2.1. [18] Let λ1 and λ2 be two real constants such that λ1, λ2 ≥ 0 (or λ1, λ2 ≤ 0 ). Then, the following
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relation holds

λ1ϑ̆(x, t)⊖gH λ2ϑ̆(x, t) = (λ1 − λ2)ϑ̆(x, t).

Definition 2.2. [11] A fuzzy-valued function ϑ̆ : Ω → RF is said to be continuous at t0 ∈ Ω if for each ϵ > 0 there is

δ > 0 such that H
(
ϑ̆(t), ϑ̆(t0)

)
< ϵ, whenever t ∈ Ω and |t − t0| < δ. We say that ϑ̆ is fuzzy continuous on Ω if ϑ̆ is

continuous at each t0 ∈ Ω. Here, H is the Hausdorff distance [19].

Definition 2.3. [23] A fuzzy function ϑ̆ is piecewise continuous on the interval [0,∞) if

1. lim
t→0+

ϑ̆(t) = ϑ̆(0+).

2. ϑ̆ is continuous on every finite interval (0, b) expect possibly at a finite number of points t1, t2, · · · , tn in (0, b) at

which ϑ̆ has jump discontinuity.

Theorem 2.4. [27] Let ϑ̆(t) be a fuzzy-valued function on (−∞,∞) and it is represented by ϑ̆(t; r) = [ϑ−(x; r), ϑ+(t; r)]
for any fixed r ∈ [0, 1]. Assume that |ϑ−(t; r)| and |ϑ+(t; r)| are Riemann integrable on (−∞,∞) for all r ∈ [0, 1]. Then

ϑ̆(t) is improper fuzzy Riemann-integrable on (−∞,∞) and the improper fuzzy Riemann integral is a fuzzy number.
Furthermore, we have ∫ ∞

−∞
ϑ̆(t)dt =

[ ∫ ∞

−∞
ϑ−(t; r)dt ,

∫ ∞

−∞
ϑ+(t; r)dt

]
.

Definition 2.5. [13] Let ϑ̆ : R → RF . We say that ϑ̆(t) is fuzzy absolutely integrable if
∫∞
−∞ H

(
ϑ̆(t), 0

)
< ∞.

Definition 2.6. [8] The fuzzy generalized Hukuhara partial derivative with respect to t for the mapping ϑ̆ : Ω → RF ,

denoted as ∂ϑ̆(x,t)
∂t (abbreviated as gH-partial derivative), is formally defined as:

∂ϑ̆(x, t)

∂t

∣∣∣
(x0,t0)

= lim
ℏ→0

ϑ̆(x0, t0 + ℏ)⊖gH ϑ̆(x0, t0)

ℏ
.

Where (x0, t0) ∈ Ω. It is assumed that ∂ϑ̆(x,t)
∂t ∈ RF .

Moreover, the generalized Hukuhara partial differentiability concerning t at a specific point (x, t) ∈ Ω can be classified
into two types: [i− p]-differentiability and [ii− p]-differentiability.

When we state that ϑ̆(x, t) is [i− p]-differentiable, it signifies that the first gH−partial derivative with respect to t of
this function can be expressed as:

∂iϑ̆(x, t)

∂t
=

(
∂ϑ1(x, t)

∂t
,
∂ϑ2(x, t)

∂t
,
∂ϑ3(x, t)

∂t

)
.

Similarly, [ii − p]-differentiability is attributed to ϑ̆(x, t) when the first gH−partial derivative with respect to t can be
represented as:

∂iiϑ̆(x, t)

∂t
=

(
∂ϑ3(x, t)

∂t
,
∂ϑ2(x, t)

∂t
,
∂ϑ1(x, t)

∂t

)
.

Throughout this paper, we make the following assumptions: Suppose that the space of all continuous fuzzy functions
on a domain Ω is denoted by CF (Ω,RF ), and AC(Ω,RF ) is the set of all absolutely continuous fuzzy functions ϑ̆ on Ω
with values in RF that are gH-partial differentiable and have no switching points in their domain.

Definition 2.7. [2, 25] The map ϑ̆ : Ω → RF is called a Caputo generalized Hukuhara fractional differentiable function

of order β with respect to x (Caputo gH-space fractional differentiable), if C
g D

β
x0,xϑ̆(x, t) is a fuzzy function. This

derivative is defined as follows:

C
g Dβ

x0,xϑ̆(x, t) =
1

Γ(1− β)

∫ x

x0

1

(x− ξ)β
∂ϑ̆(ξ, t)

∂ξ
dξ,
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where 0 < β ≤ 1 and x > x0.
Furthermore, the Caputo generalized Hukuhara space fractional differentiability with respect to x at a specific point

can be classified into two distinct types: C
1.gD

β
x0,xϑ̆(x, t) and

C
2.gD

β
x0,xϑ̆(x, t).

The first type, denoted as (1)-Caputo gH-space fractional differentiability (which is denoted as C
1.gD

β
x0,xϑ̆(x, t)),

manifests when the Caputo gH-derivative takes the form:

C
1.gDβ

x0,xϑ̆(x, t) =
(

CDβ
x0,xϑ1(x, t),

CDβ
x0,xϑ2(x, t),

CDβ
x0,xϑ3(x, t)

)
.

Similarly, the second type, termed (2)-Caputo gH-space fractional differentiability (which is denoted as C
2.gD

β
x0,xϑ̆(x, t)),

emerges when the Caputo gH-derivative is articulated as:

C
2.gDβ

x0,xϑ̆(x, t) =
(

CDβ
x0,xϑ3(x, t),

CDβ
x0,xϑ2(x, t),

CDβ
x0,xϑ1(x, t)

)
.

Here, the symbol CDβ
x0,x denotes a fractional Caputo derivative of a real-valued function.

Definition 2.8. [10] A function ϑ̆ : Ω → RF is termed a partially generalized Hukuhara conformable fractional dif-
ferentiable fuzzy function of order 0 < ℘ < 1 at (x, t) ∈ Ω, such that for any sufficiently small ε > 0, the generalized

Hukuhara difference ϑ̆
(
x, t+ ε(t− a)1−℘

)
⊖gH ϑ̆(x, t) is well-defined and

gHT℘
a,tϑ̆(x, t) = lim

ε→0

ϑ̆
(
x, t+ ε(t− a)1−℘

)
⊖gH ϑ̆(x, t)

ε
,

provided that gHT℘
a,tϑ̆(x, t) ∈ RF exists. In simpler terms, we say that ϑ̆ is a [℘− p]gH-differentiable fuzzy function.

Let ϑ̆ be a [℘ − p]gH-differentiable fuzzy function with 0 < ℘ < 1. We say that ϑ̆(x, t) is [℘ − p]i.gH-differentiable

over Ω (denoted as i.gHT℘
a,tϑ̆(x, t)) if the following holds

i.gHT℘
a,tϑ̆(x, t) =

(
T℘
a,tϑ1(x, t), T

℘
a,tϑ2(x, t), T

℘
a,tϑ3(x, t)

)
.

Similarly, ϑ̆(x, t) is [℘− p]ii.gH-differentiable over Ω (denoted as ii.gHT℘
a,tϑ̆(x, t)) if the following holds

ii.gHT℘
a,tϑ̆(x, t) =

(
T℘
a,tϑ3(x, t), T

℘
a,tϑ2(x, t), T

℘
a,tϑ1(x, t)

)
.

Here, the symbol T℘
a,t denotes a fractional Conformable derivative of a real-valued function.

Theorem 2.9. [10] Let ϑ̆ : Ω → RF be a [℘ − p]gH-differentiable fuzzy function, such that the type of [℘ − p]gH-
differentiability remains consistent throughout Ω. Then, for ℘ ∈ (0, 1), we have

gHT℘
0,tϑ̆(x, t) = t1−℘ ∂ϑ̆(x, t)

∂t
.

3 The fuzzy Caputo-Katugampola generalized Hukuhara time fractional
derivative and its key properties

This section presents a new definition of a fuzzy fractional derivative, the fuzzy Caputo-Katugampola generalized
Hukuhara time-fractional derivative. Within this framework, we aim to elucidate and establish various crucial properties
associated with this particular type of fuzzy fractional derivative through systematic presentation and rigorous proofs.

Definition 3.1. Let 0 < α < 1 and ℘ > 0 be two fixed real parameters. The fuzzy Caputo-Katugampola generalized
Hukuhara time-fractional derivative of order α for a given fuzzy function ϑ̆ : Ω → RF , with respect to t at (x, t) ∈ Ω, is
formally defined as follows:

∗
gD

α,℘
t ϑ̆(x, t) =

℘α

Γ(1− α)

∫ t

0

(t℘ − ξ℘)
−α

gHT℘
0,ξϑ̆(x, ξ)

dξ

ξ1−℘
.

Provided that ∗
gD

α,℘
t ϑ̆(x, t) ∈ RF . In simpler terms, we say that ϑ̆ is a [CK]g-time differentiable fuzzy function.

Using Theorem 2.9, we can rewrite the generalized Hukuhara Caputo-Katugampola time-fractional derivative as
follows:

∗
gD

α,℘
t ϑ̆(x, t) =

℘α

Γ(1− α)

∫ t

0

(t℘ − ξ℘)
−α ∂ϑ̆(x, ξ)

∂ξ
dξ.
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Definition 3.2. Consider a function ϑ̆ : Ω → RF that is [CK]g-time differentiable with an order of α. We refer to

this as a [CK]i.g-time differentiable function at (x, t) ∈ Ω, symbolized by ∗
i.gD

α,℘
t ϑ̆(x, t), if the following condition holds:[

∗
i.gD

α,℘
t ϑ̆(x, t)

]r
=
[
Dα,℘

t ϑ−
r (x, t), D

α,℘
t ϑ+

r (x, t)
]
, ∀r ∈ [0, 1]. (1)

Similarly, we refer to this function as a [CK]ii.g-time differentiable function at (x, t) ∈ Ω, symbolized by ∗
ii.gD

α,℘
t ϑ̆(x, t),

if the following condition holds:[
∗
ii.gD

α,℘
t ϑ̆(x, t)

]r
=
[
Dα,℘

t ϑ+
r (x, t), D

α,℘
t ϑ−

r (x, t)
]
, ∀r ∈ [0, 1]. (2)

Here, the symbol Dα,℘
t denotes the Caputo-Katugampola fractional derivative of a real-valued function [24].

Remark 3.3. Consider a function ϑ̆ : Ω → RF that is [CK]g-time differentiable with an order of α. Furthermore, ϑ̆

is a triangular fuzzy function, i.e., ϑ̆(x, t) =
(
ϑ1(x, t), ϑ2(x, t), ϑ3(x, t)

)
.

i. ϑ̆ is considered [CK]i.g-time differentiable at a point (x, t) within the set Ω if the following equation holds:

∗
gD

α,℘
t ϑ̆(x, t) = (Dα,℘

t ϑ1(x, t), D
α,℘
t ϑ2(x, t), D

α,℘
t ϑ3(x, t)) .

ii. ϑ̆ is considered [CK]ii.g-time differentiable at a point (x, t) within the set Ω if the following equation holds:

∗
gD

α,℘
t ϑ̆(x, t) = (Dα,℘

t ϑ3(x, t), D
α,℘
t ϑ2(x, t), D

α,℘
t ϑ1(x, t)) .

Example 3.4. Consider the fuzzy function ϑ̆ ∈ AC([0, 2]× [0, π
2 ],RF ) defined as follows:

ϑ̆(x, t) = (2x sin(t), 5x sin(t), 12x sin(t)) .

Next, we explore the fuzzy [CK]g-time derivative using Definition 3.1, with ℘ = α = 1
2 . This derivative is represented

as:

∗
gD

α,℘
t ϑ̆(x, t) =

(
8

3

√
2

π
t
3
4 x,

20

3

√
2

π
t
3
4 x, 16

√
2

π
t
3
4 x

)
pFq

({
3

4
, 1,

5

4

}
;

{
5

8
,
7

8
,
9

8
,
11

8

}
;
−t2

4

)
.

In this equation, pFq signifies the generalized hypergeometric function. Consequently, the fuzzy function ϑ̆(x, t) is
deemed [CK]i.g-time differentiable within the specified domain of [0, 2]× [0, π

2 ].
To visually comprehend the concept of [CK]i.g-time differentiability for this solution, we have generated a plot

showcasing the behavior of both ϑ̆(x, t) and ∗
gD

α,℘
t ϑ̆(x, t) with ℘ = α = 1

2 . This plot is depicted in Figure 1.

The lower cut (in red) and the upper cut (in blue) for both ϑ̆(x, t) and ∗
gD

α,℘
t ϑ̆(x, t) coincide, emphasizing that ϑ̆(x, t)

is a [CK]i.g-time differentiable function.

(A) ϑ̆(x, t) (B) ∗
gD

α,℘
t ϑ̆(x, t)

Figure 1: Illustrating the behavior of ϑ̆(x, t) and its [CK]g-time derivative ∗
gD

α,℘
t ϑ̆(x, t) for specific parameters in Example

3.4: ℘ = α = 1
2 , r = 0.2
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Example 3.5. Consider the function ϑ̆(x, t), defined as follows

ϑ̆(x, t) = (x exp(−t), 12x exp(−t), 24x exp(−t)) .

Now, we delve into the concept of a fuzzy [CK]g-time derivative with an order of α = 1
3 and ℘ = 1

2 . It can be
represented as

∗
gD

α,℘
t ϑ̆(x, t) =

(
−108× 2

2
3 t

5
6 x

5Γ
(
2
3

) ,−54× 2
2
3 t

5
6 x

5Γ
(
2
3

) ,− 9t
5
6 x

5× 2
1
3Γ
(
2
3

)) pFq

({
1,

3

2

}
;

{
4

3
,
11

6

}
;−t

)
.

Consequently, the fuzzy function ϑ̆(x, t) is considered [CK]ii.g-time differentiable.
To visually grasp the idea of [CK]g-time differentiability for this solution, we’ve created a plot illustrating the behavior

of both ϑ̆(x, t) and ∗
gD

α,℘
t ϑ̆(x, t) with α = 1

3 and ℘ = 1
2 . This plot is depicted in Figure 2.

The positions of the lower cut (in red) and the upper cut (in blue) for both ϑ̆(x, t) and ∗
gD

α,℘
t ϑ̆(x, t) coincide, indicating

that ϑ̆(x, t) is a [CK]ii.g-time differentiable function.

(A) ϑ̆(x, t) (B) ∗
gD

α,℘
t ϑ̆(x, t)

Figure 2: Visualizing the dynamics of ϑ̆(x, t) and its derivative, ∗
gD

α,℘
t ϑ̆(x, t), under specific parameters outlined in

Example 3.5: α = 1
3 , ℘ = 1

2 and r = 0.2.

Definition 3.6. Let τ0 ∈ R+ is fixed and there exist (x, τ1) and (x, τ2) in any neighborhood of (x, τ0) such that (x, τ1) <
(x, τ0) < (x, τ2), then

i. The points (x, τ0), are switching points Type I for the [CK]g−time differentiability of ϑ̆(x, t) if at (x, τ1) (1) holds
while (2) does not hold and at (x, τ2) (2) holds and (1) does not hold.

ii. The points (x, τ0), are switching points Type II for the [CK]g−time differentiability of ϑ̆(x, t) if at (x, τ1) (2) holds
while (1) does not hold and at (x, τ2) (1) holds and (2) does not hold.

Example 3.7. Let ϑ̆ ∈ AC([0, 2]× [0, 6],RF ) which is defined by

ϑ̆(x, t) =
(
x2(6t− t2), 8x2(6t− t2), 20x2(6t− t2)

)
.

To calculate the [CK]g−time derivative of ϑ̆(x, t), we use Definition 3.1. In this case, for (x, t) ∈ [0, 2] × [0, 35
8 ) and

α = ℘ = 1
2 we have

∗
gD

1
2 ,

1
2

t ϑ̆(x, t) =

(
−8

35

√
2

π
t
3
4 (8t− 35)x2,

−64

35

√
2

π
t
3
4 (8t− 35)x2,

−32

7

√
2

π
t
3
4 (8t− 35)x2

)
,

and for (x, t) ∈ [0, 2]× [ 358 , 6], we have

∗
gD

1
2 ,

1
2

t ϑ̆(x, t) =

(
−32

7

√
2

π
t
3
4 (8t− 35)x2,

−64

35

√
2

π
t
3
4 (8t− 35)x2,

−8

35

√
2

π
t
3
4 (8t− 35)x2

)
.
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Clearly the fuzzy-valued function ϑ̆(x, t) is [CK]i.g−time differentiable on (x, t) ∈ [0, 2]× [0, 35
8 ) and it is a [CK]ii.g−time

differentiable for all (x, t) ∈ [0, 2]× [ 358 , 6] . Hence, the points (x, 35
8 ), for all x ∈ [0, 2], are switching points Type I for

the [CK]g−time differentiability of ϑ̆(x, t).

The fuzzy functions ϑ̆(x, t) and ∗
gD

1
2 ,

1
2

t ϑ̆(x, t) are shown in Figures 3(a) and (b), respectively. As you can see, in

Figure 3(b), the position of lower cut(blue color) and upper cut(red color) of the fuzzy function ∗
gD

1
2 ,

1
2

t ϑ̆(x, t) for t > 35
8

is changed. It shows that, the points (x, 35
8 ), for all x ∈ [0, 2], are switching points Type I.

(A) ϑ̆(x, t) (B) ∗
gD

1
2 ,

1
2

t ϑ̆(x, t)

Figure 3: Plots of ϑ̆(x, t) and ∗
gD

α,℘
t ϑ̆(x, t) for Example 3.7 when ℘ = α = 1

2 , and r = 0.1.

Theorem 3.8. Let ϑ̆ ∈ AC(Ω,RF ) be a fuzzy function and is [CK]g-time differentiable.

i. ϑ̆ is [℘− p]i.gH−differentiable for all (x, t) ∈ Ω, if and only if it is [CK]i.g−time differentiable fuzzy function.

ii. ϑ̆ is [℘− p]ii.gH−differentiable for all (x, t) ∈ Ω if and only if it is [CK]ii.g−time differentiable fuzzy function.

Proof. Let ϑ̆(x, t) satisfy the assumptions of the theorem, making it [CK]g-time differentiable. By applying Definition
3.1, we obtain the following expression

∗
gD

α,℘
t ϑ̆(x, t) =

℘α

Γ(1− α)

∫ t

0

(t℘ − ξ℘)
−α
gH T℘

0,ξϑ̆(x, ξ)
dξ

ξ1−℘
.

Now, assuming that ϑ̆(x, t) is [℘− p]i.gH -differentiable for all (x, t) ∈ Ω, we express i.gHT℘
0,tϑ̆(x, t), as(

T℘
0,tϑ1(x, t), T

℘
0,tϑ2(x, t), T

℘
0,tϑ3(x, t)

)
.

This allows us to rewrite the expression for ∗
gD

α,℘
t ϑ̆(x, t) as:

∗
gD

α,℘
t ϑ̆(x, t) =

℘α

Γ(1− α)

∫ t

0

(t℘ − ξ℘)
−α
(
i.gHT℘

0,ξϑ̆(x, ξ)
) dξ

ξ1−℘

=
℘α

Γ(1− α)

(∫ t

0

(t℘ − ξ℘)
−α

T℘
0,ξϑ1(x, ξ)

dξ

ξ1−℘
,

∫ t

0

(t℘ − ξ℘)
−α

T℘
0,ξϑ2(x, ξ)

dξ

ξ1−℘

,

∫ t

0

(t℘ − ξ℘)
−α

T℘
0,ξϑ3(x, ξ)

dξ

ξ1−℘

)
= (Dα,℘

t ϑ1(x, t), D
α,℘
t ϑ2(x, t), D

α,℘
t ϑ3(x, t))

= ∗
i.gD

α,℘
t ϑ̆(x, t).

Therefore, the desired result is achieved. A similar argument can be applied to establish the result for the other case.

Theorem 3.9. Let ϑ̆ and ŭ be two fuzzy functions in AC(Ω,RF ), each [CK]g-time differentiable, with no switching
points in the domain Ω. Additionally, if λ1 and λ2 are both positive real numbers, then the following statements hold:

i. ∗
gD

α,℘
t

(
λ1ϑ̆(x, t)⊕ λ2ŭ(x, t)

)
= λ1

∗
gD

α,℘
t ϑ̆(x, t)⊕ λ2

∗
gD

α,℘
t ŭ(x, t).
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ii. ∗
gD

α,℘
t

(
λ1ϑ̆(x, t)⊖gH λ2ŭ(x, t)

)
= λ1

∗
gD

α,℘
t ϑ̆(x, t)⊖gH λ2

∗
gD

α,℘
t ŭ(x, t).

Proof. Using Definition 3.1 and properties of fuzzy integrals, it can be concluded that

∗
gD

α,℘
t

(
λ1ϑ̆(x, t)⊕ λ2ŭ(x, t)

)
=

℘α

Γ(1− α)

∫ t

0

(t℘ − ξ℘)
−α ∂

∂ξ

(
λ1ϑ̆(x, ξ)⊕ λ2ŭ(x, ξ)

)
dξ

= λ1
℘α

Γ(1− α)

∫ t

0

(t℘ − ξ℘)
−α ∂ϑ̆(x, ξ)

∂ξ
dξ

⊕ λ2
℘α

Γ(1− α)

∫ t

0

(t℘ − ξ℘)
−α ∂ŭ(x, ξ)

∂ξ
dξ

= λ1
∗
gD

α,℘
t ϑ̆(x, t)⊕ λ2

∗
gD

α,℘
t ŭ(x, t).

Similarly, the second statement can be proven.

4 Fuzzy integral transforms: A comprehensive overview

In this section, we embark on a concise exploration of fuzzy integral transforms, specifically focusing on the fuzzy
℘-Laplace transform and the fuzzy Fourier transform. Through rigorous analysis, novel properties of these fuzzy
transforms will be established, contributing to an enhanced understanding of their mathematical characteristics and
potential applications.

4.1 The generalized fuzzy Laplace transform

Consider the set K defined as follows

K =
{
ϑ̆(x, t) : ∃M,℘ > 0,H

(
ϑ̆(x, t), 0

)
≤ Mec

t℘

℘

}
,

where H is the Hausdorff distance, and ϑ̆(x, t) ∈ K is a piecewise continuous fuzzy function on [0,∞).

The fuzzy ℘−Laplace transform for this fuzzy function ϑ̆(x, t) with respect to t is defined as

L℘,t

{
ϑ̆(x, t)

}
(s) =

∫ ∞

0

t℘−1e−s t℘

℘ ϑ̆(x, t)dt, ℘ > 0, (3)

subject to the condition that the limit exists as a finite fuzzy function.

Lemma 4.1. [10] Consider ϑ̆(x, t) and ŭ(x, t) are two fuzzy functions. Consider real constants λ1, λ2 both either positive

or negative. If the fuzzy ℘−Laplace transform ϑ̆ and ŭ exist hence the fuzzy ℘−Laplace transform of λ1ϑ̆(x, t)⊕λ2ŭ(x, t)

and λ1ϑ̆(x, t)⊖gH λ2ŭ(x, t) also exist. Additionally

1. λ1 L℘,t

{
ϑ̆(x, t)

}
(s)⊖gH λ2 L℘,t {ŭ(x, t)} (s) = L℘,t

{
λ1ϑ̆(x, t)⊖gH λ2ŭ(x, t)

}
(s).

2. λ1 L℘,t

{
ϑ̆(x, t)

}
(s)⊕ λ2 L℘,t {ŭ(x, t)} (s) = L℘,t

{
λ1ϑ̆(x, t)⊕ λ2ŭ(x, t)

}
(s).

Theorem 4.2. [10] Let ϑ̆ : R × [0,∞) → RF be a fuzzy piecewise continuous function that exhibits ℘-exponential

order. Assume that the type of [℘− p]gH-differentiability for ϑ̆(x, t) does not change in the interval R× [0,∞), and that

gHT℘
0,tϑ̆(x, t) is piecewise fuzzy continuous. Then, the fuzzy ℘-Laplace transform of gHT℘

0,tϑ̆(x, t) exists for 0 < ϑ < 1,
s > c, and

i. If ϑ̆(x, t) is [℘− p]i.gH−differentiable with respect to t, then we have

L℘,t

{
i.gHT℘

0,tϑ̆(x, t)
}
(s) = sL℘,t

{
ϑ̆(x, t)

}
(s)⊖ ϑ̆(x, 0).

ii. If ϑ̆(x, t) is [℘− p]ii.gH−differentiable with respect to t, then we have

L℘,t

{
ii.gHTϑ

0,tϑ̆(x, t)
}
(s) = (−1)ϑ̆(x, 0)⊖ (−1)sL℘,t

{
ϑ̆(x, t)

}
(s).
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Definition 4.3. Let ϑ̆(x, t) be a piecewise fuzzy-valued continuous function on R × [0,∞), exhibiting ℘-exponential
order. Also, let ℏ(x, t) be a real-valued piecewise continuous function on R× [0,∞), showing ℘-exponential order. The

℘−convolution of two functions ℏ(x, t) and ϑ̆(x, t) for t > 0 is defined as

(ℏ ∗℘ ϑ̆)(x, t) =

∫ t

0

1

ξ1−℘
ℏ
(
(t℘ − ξ℘)

1
℘

)
ϑ̆(x, ξ)dξ.

Theorem 4.4. (℘−Convolution Theorem) Let ϑ̆(x, t) be a piecewise fuzzy-valued continuous function on R × [0,∞),
exhibiting ℘-exponential order, and ℏ(x, t) be a real-valued piecewise continuous function on R × [0,∞), showing ℘-

exponential order. Then, for Re(s) > c, the ℘-Laplace transform of the ℘-convolution (ℏ ∗℘ ϑ̆)(x, t) is given by

L℘,t

{
(ℏ ∗℘ ϑ̆)(x, t)

}
(s) = L℘,t {ℏ(x, t)} (s)× L℘,t

{
ϑ̆(x, t)

}
(s).

Proof. Starting with the right-hand side of the equation

L℘,t{ℏ(x, t)}(s)× L℘,t{ϑ̆(x, t)}(s) =

(∫ ∞

0

e−s t℘

℘ ℏ(x, t)
dt

t1−℘

)(∫ ∞

0

e−s ξ℘

℘ ϑ̆(x, ξ)
dξ

ξ1−℘

)
=

∫ ∞

0

∫ ∞

0

e−s t℘+ξ℘

℘ ℏ(x, t)ϑ̆(x, ξ)
dt

t1−℘

dξ

ξ1−℘
.

By holding t fixed in the interior integral and substituting τ℘ = t℘ + ξ℘, we obtain

L℘,t{ℏ(x, t)}(s)× L℘,t{ϑ̆(x, t)}(s) =
∫ ∞

0

∫ ∞

ξ

e−s τ℘

℘ ℏ
(
(τ℘ − ξ℘)

1
℘

)
ϑ̆(x, ξ)

dτ

τ1−℘

dξ

ξ1−℘(∫ ∞

0

∫ ∞

ξ

e−s τ℘

℘ ℏ
(
(τ℘ − ξ℘)

1
℘

)
ϑ1(x, ξ)

dτ

τ1−℘

dξ

ξ1−℘
,

∫ ∞

0

∫ ∞

ξ

e−s τ℘

℘ ℏ
(
(τ℘ − ξ℘)

1
℘

)
ϑ2(x, ξ)

dτ

τ1−℘

dξ

ξ1−℘
,∫ ∞

0

∫ ∞

ξ

e−s τ℘

℘ ℏ
(
(τ℘ − ξ℘)

1
℘

)
ϑ3(x, ξ)

dτ

τ1−℘

dξ

ξ1−℘

)
.

Since ϑ̆(x, t) =
(
ϑ1(x, t), ϑ2(x, t), ϑ3(x, t)

)
, and using Theorem 3.2 in [13], we can reverse the order of integration:

L℘,t{ℏ(x, t)}(s)× L℘,t{ϑ̆(x, t)}(s) =

(∫ ∞

0

e−s τ℘

℘

[ ∫ τ

0

ℏ
(
(τ℘ − ξ℘)

1
℘

)
ϑ1(x, ξ)

dξ

ξ1−℘

] dτ

τ1−℘
,∫ ∞

0

e−s τ℘

℘

[ ∫ τ

0

ℏ
(
(τ℘ − ξ℘)

1
℘

)
ϑ2(x, ξ)

dξ

ξ1−℘

] dτ

τ1−℘
,∫ ∞

0

e−s τ℘

℘

[ ∫ τ

0

ℏ
(
(τ℘ − ξ℘)

1
℘

)
ϑ3(x, ξ)

dξ

ξ1−℘

] dτ

τ1−℘

)
.

Finally

L℘,t{ℏ(x, t)}(s)× L℘,t{ϑ̆(x, t)}(s) =

∫ ∞

0

e−s τ℘

℘

[ ∫ τ

0

ℏ
(
(τ℘ − ξ℘)

1
℘

)
ϑ̆(x, ξ)

dξ

ξ1−℘

] dτ

τ1−℘

= L℘,t{ℏ(x, t) ∗℘ ϑ̆(x, t)}(s).

The desired result obtained.

Theorem 4.5. Let ϑ̆(x, t) ∈ AC (R× [0,∞),RF ) is a fuzzy function and 0 < α < 1. Moreover, the function ϑ̆(x, t) be

of ℘−exponential order such that ∗
gD

α,℘
t ϑ̆(x, t) is fuzzy piecewise continuous on R× [0,∞). Then

i. If ϑ̆(x, t) be a [CK]i.g−time differentiable on R× [0,∞), then

L℘,t

{
∗
i.gD

α,℘
t ϑ̆(x, t)

}
(s) = sαL℘,t

{
ϑ̆(x, t)

}
(s)⊖ sα−1ϑ̆(x, 0).

ii. If ϑ̆(x, t) be a [CK]ii.g−time differentiable on R× [0,∞), then

L℘,t

{
∗
ii.gD

α,℘
t ϑ̆(x, t)

}
(s) = (−1)sα−1ϑ̆(x, 0)⊖ (−1)sαL℘,t

{
ϑ̆(x, t)

}
(s).
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Proof. According to the definition of the fuzzy Caputo-Katugampola generalized Hukuhara time-fractional derivative
(Definition 3.1) and the definition of the fuzzy ℘-Laplace transform (Equation (3)), we derive

L℘,t

{
∗
gD

α,℘
t ϑ̆(x, t)

}
(s) =

∫ ∞

0

t℘−1e−s t℘

℘

(
℘α

Γ(1− α)

∫ t

0

(t℘ − ξ℘)
−α
(
gHT℘

0,ξϑ̆(x, ξ)
) dξ

ξ1−℘

)
dt

=
℘α

Γ(1− α)

∫ ∞

0

t℘−1e−s t℘

℘

(∫ t

0

ξ℘−1
(
(t℘ − ξ℘)

1
℘

)−℘α (
gHT℘

0,ξϑ̆(x, ξ)
))

dξdt.

Next, by comparing this expression with the definition of the ℘-convolution of two functions (Definition 4.3) and utilizing
Theorem 4.4, we obtain

L℘,t

{
∗
gD

α,℘
t ϑ̆(x, t)

}
(s) =

℘α

Γ(1− α)

∫ ∞

0

t℘−1e−s t℘

℘

(
t−℘α ∗℘ gHT℘

0,tϑ̆(x, t)
)
dt

=
℘α

Γ(1− α)
L℘,t

{
t−℘α ∗℘ gHT℘

0,tϑ̆(x, t)
}
(s)

=
℘α

Γ(1− α)
L℘,t{t−℘α}(s)× L℘,t

{
gHT℘

0,tϑ̆(x, t)
}
(s). (4)

Consider the function ϑ̆(x, t) to be a fuzzy-valued function that is [CK]i.g-differentiable. According to Theorem 3.8, it
is also [℘− p]i.gH -differentiable. Utilizing Case 1 of Theorem 4.2, we can deduce that

L℘,t

{
i.gHT℘

0,tϑ̆(x, t)
}
(s) = sL℘,t

{
ϑ̆(x, t)

}
(s)⊖ ϑ̆(x, 0).

Additionally, the ℘-Laplace transform of t−℘α is given by [17]

L℘

{
t−℘α

}
(s) = ℘−αΓ(1− α)

s1−α
.

Using this result, together with the previous result and Equation 4, we can express the ℘-Laplace transform of ∗
i.gD

α,℘
t

of ϑ̆(x, t) as follows:

L℘,t

{
∗
i.gD

α,℘
t ϑ̆(x, t)

}
(s) =

℘α

Γ(1− α)

(
℘−αΓ(1− α)

s1−α
×
(
sL℘,t

{
ϑ̆(x, t)

}
(s)⊖ ϑ̆(x, 0)

))
= sαL℘,t

{
ϑ̆(x, t)

}
(s)⊖ sα−1ϑ̆(x, 0).

A similar approach can be extended to [CK]ii.g-time differentiable functions.

4.2 The fuzzy Fourier transform

Let ϑ̆ : R× [0,∞) → RF . The fuzzy Fourier transform of ϑ̆(x, t) with respect to x is given by the integral [13]

Fx

{
ϑ̆(x, t)

}
(w) =

∫ ∞

−∞
e−iwxϑ̆(x, t)dx = V(w, t). (5)

The result is a fuzzy function in the frequency domain, denoted as V(w, t).
Likewise, the fuzzy inverse Fourier transform of V(w, t) is given by

F−1
w {V(w, t)} (x) = 1

2π

∫ ∞

−∞
eiwxV(w, t)dw = ϑ̆(x, t).

Theorem 4.6. Let ϑ̆(x, t) be fuzzy continuous, fuzzy absolutely integrable. Furthermore, let C
g D

β
0,xϑ̆(x, t) is fuzzy

absolutely integrable on every (−∞,∞). Then

Fx

{
C
g D

β
0,xϑ̆(x, t)

}
(w) = (iw)βV(w, t).

Where V(w, t) = Fx

{
ϑ̆(x, t)

}
(w).
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Proof. Using Definition of fuzzy Fourier transform and its inverse, we get

ϑ̆(x, t) =
1

2π

∫ ∞

−∞
eiwxV(w, t)dw. (6)

Applying the Caputo generalized Hukuhara fractional differential operator of order β to both sides of (6), we obtain

C
g D

β
0,xϑ̆(x, t) = C

g D
β
0,x

(
1

2π

∫ ∞

−∞
V(w, t)eiwx dw

)
=

1

2π

∫ ∞

−∞
V(w, t)

(
CDβ

0,xe
iwx
)
dw. (7)

Since CDβ
0,ze

az = aβeaz holds, take a = iw and z = x, then

CDβ
0,xe

iwx = (iw)βeiwx. (8)

Substituting (8) into (7), we obtain

C
g D

β
0,xϑ̆(x, t) =

1

2π

∫ ∞

−∞
(iw)βV(w, t)eiwxdw.

Thus, the fuzzy Fourier transform of the Caputo generalized Hukuhara fractional derivative of order β, i.e. C
g Dα

0,xϑ̆(x, t),

is given by (iw)βV(w, t).

5 Space-time fractional fuzzy diffusion equation

The space-time fractional fuzzy diffusion equation is an advanced mathematical model that describes how a substance,
like heat, mass, or concentration, behaves as it spreads through a medium. This equation helps us understand the
complex movement of substances from areas of high concentration to low concentration, influenced by the random
motions of molecules.

In this section, our focus is on investigating fuzzy solutions for a specific case of the space-time fractional diffusion
equation, represented by

∗
gD

α,℘
t ϑ̆(x, t) = κ C

g D
β
0,xϑ̆(x, t), (x, t) ∈ R× [0,∞), (9)

where 0 < α < 1, 0 < β ≤ 2 and κ is a positive real constant, representing the diffusion constant. The terms
∗
gD

α,℘
t ϑ̆(x, t) and C

g D
β
0,xϑ̆(x, t) are the generalized Hukuhara Caputo-Katugampola time-fractional derivative of order α

and the Caputo generalized Hukuhara space-fractional derivative of order β, respectively.
The solution for Equation (9) is obtained through the fuzzy ℘-Laplace transform of a fuzzy functionϑ̆(x, t) with

respect to t for any fixed x ∈ R and the fuzzy Fourier transform with respect to x for any fixed t > 0.
Let LF represent the space of all fuzzy functions ϑ̆(x, t) for which the fuzzy ℘-Laplace transform and the fuzzy

Fourier transform exist. We introduce the notation:

Ṽ(w, s) := FxL℘,t

{
ϑ̆(x, t)

}
=

∫ ∞

−∞

∫ ∞

0

t℘−1e−s t℘

℘ e−iwxϑ̆(x, t)dtdx.

5.1 Fuzzy explicit solution

In this subsection, our goal is to determine the explicit fuzzy solution denoted as ϑ̆(x, t) for the space-time fractional
fuzzy diffusion equation (9), with the following fuzzy initial-boundary conditions

ϑ̆(x, 0) = φ̆(x), x ∈ R, t > 0. (10)

Here, φ̆(x) is a given continuous fuzzy function.

Theorem 5.1. Consider a fuzzy function denoted by φ̆(x), for which a fuzzy Fourier transform Φ̆(w) exists, defined

as Φ̆(w) = Fx {φ̆(x)} (w). The solution ϑ̆(x, t) ∈ LF to the fuzzy problem (9) with fuzzy initial-boundary values (10) is
expressed as follows

ϑ̆(x, t) =
1

2π

∫ ∞

−∞
Φ̆(w)Eα

(
κ(iw)β

(
t℘

℘

)α)
eiwxdw,
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assuming that the integral on the right-hand side of this equation exists. In this expression, Eα(z) denotes the Mittag-
Leffler function.

Proof. Consider the function ϑ̆(x, t), which possesses [CK]i.g-time differentiability up to order α. We apply the fuzzy
℘-Laplace transform with respect to t to Equation (9)

L℘,t

{
∗
gD

α,℘
t ϑ̆(x, t)

}
(s) = κL℘,t

{
C
g D

β
0,xϑ̆(x, t)

}
(s).

Using Theorem 4.5 and the fuzzy initial conditions (10), we obtain:

sαL℘,t

{
ϑ̆(x, t)

}
(s)⊖ sα−1φ̆(x) = κ C

g D
β
0,xL℘,t

{
ϑ̆(x, t)

}
(s).

Next, we apply the fuzzy Fourier transform (5) to the above equation, utilizing Theorem 4.6, which leads to the following
expression

sαV̆(w, s)⊖ sα−1Φ̆(w) = κ(iw)βṼ(w, s),

then

sαṼ(w, s)⊖ κ(iw)βṼ(w, s) = Φ̆(w)sα−1.

Subsequently, by employing Corollary 2.1, we can conclude that

Ṽ(w, s) = Φ̆(w)
( sα−1

sα − κ(iw)β

)
. (11)

Use the fuzzy inverse ℘−Laplace transform in Equation (11), we recall the ℘−Laplace transform of the Mittag-Leffler

function, Eα

(
λ
(

t℘

℘

)α)
[17] as follows

L℘,t

{
Eα

(
λ
( t℘
℘

)α)}
(s) =

sα−1

sα − λ
, (| λ

s−α
| < 1).

where Eα(λt
α) denotes the entire transcendental function, known as the Mittag-Leffler function of order α, defined

in the complex plane by the power series Eα(z) =
∑∞

j=0
zj

Γ(αj+1) [17]. Going back to the time domain, by assuming

λ = κ(iw)β , we can conclude that

Fx

{
ϑ̆(x, t)

}
= Φ̆(w)Eα

(
κ(iw)β

(
t℘

℘

)α)
, (12)

and applying the inverse fuzzy Fourier transform to Equation (12)

ϑ̆(x, t) =
1

2π

∫ ∞

−∞
Φ̆(w)Eα

(
κ(iw)β

(
t℘

℘

)α)
eiwxdw.

The solution for other cases of [CK]ii.g−time differentiability can be obtained in a similar way.

5.2 Fuzzy fundamental solution

In this section, we explore a specific situation involving the space-time fractional diffusion equation, which was previously
discussed in Section 5. Our focus is on analyzing the unique features and properties that arise in this particular instance.
To start, we consider the initial value as φ̆(x) = ῠ0δ(x). Here, ῠ0 is a fuzzy number, a mathematical concept that accounts
for imprecision or uncertainty, and δ(x) is the Dirac delta function, a mathematical tool used to model concentrated
point-like sources.

By applying this fuzzy initial condition to Equation (9), we derive a solution that demonstrates fuzzy characteristics.
This solution is commonly known as the fuzzy fundamental solution. Analyzing this specific solution provides valuable
insights into the behavior and dynamics of the space-time fractional diffusion equation under fuzzy conditions.
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Theorem 5.2. Consider the space-time fractional fuzzy diffusion equation represented by Equation (9), wherein fuzzy
initial values are defined as follows

ϑ̆(x, 0) = ῠ0δ(x), x ∈ R.

The solution to this equation, denoted as ϑ̆(x, t) ∈ LF , can be expressed through the following integral representation

ϑ̆(x, t) =
ῠ0
2π

∫ ∞

−∞
Eα

(
κ(iw)β

(
t℘

℘

)α)
eiwxdw.

Provided that the integral on the right-hand side of this equation converges.

Proof. Consider the function ϑ̆(x, t), assumed to be [CK]g-time differentiable. Utilizing Theorem 5.1 and invoking

Lemma 3.1 from reference [18], we achieve the desired outcomes for this theorem by defining Φ̆(x) = ῠ0δ(x).

Remark 5.3. By setting β = 1 in Equation (9), we derive the following time fractional diffusion equation, utilizing
the generalized Hukuhara Caputo-Katugampola time-fractional derivative of order α:

∗
gD

α,℘
t ϑ̆(x, t) = κ∂ϑ̆(x,t)

∂x , (x, t) ∈ R× [0,∞),

ϑ̆(x, 0) = φ̆(x).

(13)

Here, 0 < α < 1, ℘ > 0, and κ is a positive constant representing the diffusion coefficient.
To determine the fuzzy explicit solution for Equation (13), we employ the methodology outlined in Theorem 5.1 and

the result from Theorem 3.4 in [18], which state that Fx

{
∂ϑ̆(x,t)

∂x

}
(w) = iwV(w, t). This leads us to the following fuzzy

explicit solution

ϑ̆(x, t) =
1

2π

∫ ∞

−∞
Φ̆(w)Eα

(
κiw

(
t℘

℘

)α)
eiwxdw,

where the convergence of the integral on the right-hand side is assumed. Here, Φ̆(w) = Fx {φ̆(x)} (w).
Similarly, given the initial condition φ̆(x) = ῠ0δ(x), the fuzzy fundamental solution for Equation (13) can be expressed

as follows

ϑ̆(x, t) =
ῠ0
2π

∫ ∞

−∞
Eα

(
κiw

(
t℘

℘

)α)
eiwxdw,

under the condition that the integral on the right-hand side converges.

6 Application

6.1 Fuzzy Groundwater modeling

Groundwater modeling serves as an indispensable tool for hydrogeologists, enabling them to predict fluctuations in
water levels and flow velocities under various conditions. By using mathematical expressions to describe groundwater
dynamics in specific areas, hydrogeologists gain deeper insights into how water moves through underground aquifers.
One crucial aspect of groundwater modeling is the concept of pressure head, which refers to the force exerted by
water due to gravity within an aquifer. Pressure head is influenced by factors such as the depth of the water table,
characteristics of the surrounding soil or rock formations, and extraction rates. Understanding pressure head is essential
for developing accurate groundwater models and effectively managing groundwater reservoirs [5, 14, 16, 20].

However, assessing pressure head often poses challenges in terms of precision and complexity, leading to uncertainties
about the initial conditions of the problem. To address this challenge, employing a fuzzy groundwater model offers a
promising solution. By incorporating uncertainties, a fuzzy groundwater model provides a more comprehensive and
realistic representation of the various factors affecting groundwater dynamics.

In this study, we enhance an existing groundwater model [7] by integrating fuzzy functions, aiming to improve its
representation of an aquifer with continuous vertical flow over time. This model focuses on an aquifer with unbounded
vertical flow over time. The initial distribution of fuzzy pressure head in this aquifer is represented by the fuzzy function
φ̆(x).
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To determine the fuzzy pressure head within the aquifer, we utilize a fuzzy saturated groundwater flow model
expressed as follows:

∗
gD

α,℘
t ϑ̆(x, t) =

K
N

C
g D

β
0,xϑ̆(x, t). (14)

Here, x represents vertical flow, and t indicates time.
In this equation, K stands for saturated hydraulic conductivity, reflecting the rate at which water can traverse a

porous medium under a given hydraulic gradient. Hydraulic conductivity is impacted by several factors including the
physical attributes of the porous medium (such as porosity and permeability), the nature of the fluid, and the direction
and slope of water movement. Additionally, N denotes specific yield, which quantifies the volume of water that a
saturated aquifer or soil can release under the influence of gravity, typically expressed as a fraction or percentage.

These factors significantly influence an aquifer’s or soil’s ability to transmit water, consequently affecting the rate
and direction of groundwater flow. Table 1 provides insights into the typical ranges of specific yield and hydraulic con-
ductivity for various earth materials, collating measurements obtained through diverse laboratory and field techniques
[9, 26].

Material Range of Hydraulic Conductivity K Range of Specific Yield N
Clay 10−13-10−9 1-18
Silt 10−8-10−5 1-40
Sand 10−5-10−2 32-47
Gravel 10−3-1 13-40

Table 1: Range of hydraulic conductivity and specific yield of soil materials

Example 6.1. Imagine a shallow aquifer with layers of saturated silt, nourished by rainwater from a recharge zone
above. Water flows downward through these layers, driven by gravity, until it reaches a discharge zone, where it exits
the aquifer into a nearby stream. This process can be modeled mathematically using a fuzzy groundwater flow equation:

∗
gD

1
2 ,

1
2

t ϑ̆(x, t) =
K
N

C
g D

1
2
0,xϑ̆(x, t), −∞ < x < ∞, t ≥ 0.

Suppose we set K = 10−5 and N = 2, as indicated in Table 1. Initially, the aquifer has a certain level of pressure,

which we can describe using a mathematical fuzzy function denoted as φ̆(x) =
(
x2, 7x2, 15x2

)
. By employing a particular

method outlined in Theorem 5.1, we derive the following fuzzy Explicit solution for this model

ϑ̆(x, t) =
1

2π

∫ ∞

−∞
Φ̆(w)E 1

2

(
10−5

√
2

2
(iw)

1
2 t

1
4

)
eiwxdw,

=

((√
t− 1010x

)2
1020

,
7
(√

t− 1010x
)2

1020
,
3
(√

t− 1010x
)2

2× 1019

)
.

Example 6.2. Consider a saturated sand aquifer with multiple layers, typical in sandy regions, river valleys, and

coastal areas. To characterize this system, we define a fuzzy initial condition, φ̆(x) =
(
3x4, 5x4, 9x4

)
, representing the

initial water pressure distribution. Two critical parameters, K = 10−2 and N = 35, are set based on Table 1.
The dynamics of the aquifer and pressure distribution can be mathematically modeled using a fuzzy groundwater flow

equation

∗
gD

1
2 ,3
t ϑ̆(x, t) =

10−2

35
C
g D

3
2
0,xϑ̆(x, t), −∞ < x < ∞, t ≥ 0.

Utilizing Theorem 5.1, we derive the following explicit solution to understand the aquifer’s dynamics and pressure
distribution

ϑ̆(x, t) =
1

2π

∫ ∞

−∞
Φ̆(w)E 1

2

(
10−2

35
(iw)

3
2

(
t2

2

) 1
2

)
eiwxdw

=

(
3

(
−t3x

1531250
+ x4

)
,

−t3x

306250
+ 5x4, 9

(
−t3x

1531250
+ x4

))
.
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6.2 Fuzzy modeling of tumor cell concentration

The concentration of tumor cells, indicating the quantity or density of cancer cells within a specific volume of tissue, fluid,
or area, is crucial for diagnosing cancer, determining its stage and severity, devising treatment plans, and evaluating
therapeutic efficacy.

Accurately estimating tumor cell concentration in real-world scenarios is challenging due to the differences between
controlled laboratory conditions and the complex environment of the human body. These variations introduce uncer-
tainty, complicating measurement accuracy. To address this, a fuzzy model incorporating uncertainty and imprecision
can more accurately represent real-world conditions.

Let ϑ̆(x, t) denote the concentration of tumor cells at location x and time t, and let ϑ̆(x, t0) represent the initial
concentration of tumor cells at time t0. The model examines the dynamics of tumor cell populations through proliferation
and diffusion, which can be mathematically expressed as:

∗
gD

α,℘
t ϑ̆(x, t) = κ

∂ϑ̆(x, t)

∂x
, −∞ < x < ∞, t ≥ 0. (15)

In this equation, κ represents the diffusion coefficient.

Example 6.3. Consider a patient diagnosed with brain cancer. At the time of diagnosis, the initial distribution of
tumor cells ϑ̆(x, t0) = (6, 7, 8) nanograms per milliliter (ng/mL) characterizes the spatial arrangement of cancerous
cells.

In addition, the diffusion process governing the spread of tumor cells is quantified by the diffusion coefficient κ = 0.01.
To mathematically model this scenario, we employ a fuzzy time-fractional diffusion equation:

∗
gD

1
2 ,2
t ϑ̆(x, t) = 0.01

∂ϑ̆(x, t)

∂x
,

where ∗
gD

1
2 ,2
t denotes the fuzzy generalized Hukuhara Caputo-Katugampola time-fractional derivative operator, reflecting

the non-local temporal dynamics in the evolution of tumor cell concentrations. This equation encapsulates how the
concentration ϑ̆(x, t) evolves over time t due to diffusion governed by κ.

To obtain a fundamental solution for this mathematical model, we will apply the methodology discussed in Remark
5.3, ensuring a rigorous approach to understanding the spatial and temporal characteristics of tumor cell spread within
brain tissue.

ϑ̆(x, t) =
(6, 7, 8)

2π

∫ ∞

−∞
E 1

2

(
0.01iw

(
t2

2

) 1
2

)
eiwxdw

=

(
e−

5000x2

t2

(
95.493t2 + 7619.24tx

t3

)
, e−

5000x2

t2

(
111.408t2 + 8889.11tx

t3

)
,

e−
5000x2

t2

(
127.324t2 + 10159tx

t3

))
.

Which is the exact fuzzy fundamental solution.

7 Conclusion

In summary, this research developed a novel methodology to derive analytical solutions for the space-time fractional
fuzzy diffusion equation, incorporating both Caputo generalized Hukuhara fractional derivatives and fuzzy Caputo-
Katugampola generalized Hukuhara time-fractional derivatives. Utilizing the fuzzy Fourier and fuzzy ℘-Laplace trans-
forms, the study successfully obtained explicit and fundamental solutions, accounting for various degrees of fuzzy
time-fractional differentiability.

The effectiveness of the proposed method was demonstrated through applications to a fuzzy groundwater flow
model and a fuzzy tumor cell concentration model, accurately determining the pressure head and cell concentration,
respectively. This highlights the method’s efficiency and accuracy in solving complex space-time and time fractional
fuzzy diffusion equations.

However, the research has certain limitations. The complexity of the fractional derivatives and fuzzy transforms
may pose computational challenges, especially for large-scale problems. Additionally, the method’s applicability to
non-linear or higher-dimensional systems remains unexplored.
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Future research should focus on extending this methodology to handle non-linear and higher-dimensional fractional
fuzzy diffusion equations. Further development of numerical techniques could also enhance the practicality and efficiency
of the proposed method for real-world applications.

Acknowledgment

The authors would like to extend their sincere gratitude to the referees for their valuable and insightful suggestions,
which significantly contributed to improving the quality of this paper.

References

[1] T. Allahviranloo, Fuzzy fractional differential operators and equations: Fuzzy fractional differential equations, Ger-
many, Springer International Publishing, (2020). https://doi.org/10.1007/978-3-030-51272-9

[2] T. Allahviranloo, Z. Gouyandeh, A. Armand, Fuzzy fractional differential equations under generalized fuzzy Caputo
derivative, Journal of Intelligent and Fuzzy Systems, 26 (2014), 1481-1490. https://doi.org/10.3233/IFS-130831

[3] T. Allahviranloo, Z. Gouyandeh, A. Armand, A. Hasanoglu, On fuzzy solutions for the heat equation based on
generalized Hukuhara differentiability, Fuzzy Sets and Systems, 265 (2015), 1-23. https://doi.org/10.1016/j.
fss.2014.11.009

[4] A. Alshbeel, A. Azmi, A. K. Alomari, Generalized Caputo-Katugampola for solving fuzzy fractional heat equation,
Results in Nonlinear Analysis, 7(1) (2024), 44-63. https://doi.org/10.31838/rna/2024.07.01.006

[5] M. P. Anderson, W. W. Woessner, R. J. Hunt, Applied groundwater modeling: Simulation of flow and advective
transport, Academic Press, (2015). https://doi.org/10.1016/C2009-0-21563-7

[6] A. Armand, T. Allahviranloo, Z. Gouyandeh, Some fundamental results on fuzzy calculus, Iranian Journal of Fuzzy
Systems, 15(3) (2018), 27-46. https://doi.org/10.22111/IJFS.2018.3948

[7] A. Atangana, Mathematical analysis of groundwater flow models, CRC Press, (2022). https://doi.org/10.1201/
9781003266266

[8] B. Bede, Mathematics of fuzzy sets and fuzzy logic, Springer, London, (2013). https://doi.org/10.1007/

978-3-642-35221-8

[9] J. N. Del Pino, P. D’iaz, Pesticide distribution and movement. Biotherapy, 11 (1998), 69-76. https://doi.org/10.
1023/A:1007961524517

[10] H. Eghlimi, M. S. Asgari, A study of the time-fractional heat equation under the generalized Hukuhara conformable
fractional derivative, Chaos, Solitons and Fractals, 175 (2023), 114007. https://doi.org/10.1016/j.chaos.2023.
114007

[11] M. Friedman, M. Ma, A. Kandel, Numerical solutions of fuzzy differential and integral equations, Fuzzy Sets and
Systems, 106(1) (1999), 35-48. https://doi.org/10.1016/S0165-0114(98)00355-8

[12] M. Ghaffari, T. Allahviranloo, S. Abbasbandy, M. Azhini, On the fuzzy solutions of time-fractional problems,
Iranian Journal of Fuzzy Systems, 18(3) (2021), 51-66. https://doi.org/10.22111/IJFS.2021.6081

[13] Z. Gouyandeh, T. Allahviranloo, S. Abbasbandy, A. Armand, A fuzzy solution of the heat equation under generalized
Hukuhara differentiability by fuzzy Fourier transform, Fuzzy Sets and Systems, 309 (2017), 81-97. https://doi.
org/10.1016/j.fss.2016.04.010

[14] K. M. Hiscock, V. F. Bense, Hydrogeology: Principles and practice, Wiley-Blackwell, (2014). https://doi.org/
10.1144/1470-9236/05-105

[15] N. V. Hoa, H. Vu, T. M. Duc, Fuzzy fractional differential equations under Caputo-Katugampola fractional deriva-
tive approach, Fuzzy Sets and Systems, 375(15) (2019), 70-99. https://doi.org/10.1016/j.fss.2018.08.001

[16] J. Istok, Groundwater modeling by the finite element method (water resources monograph), American Geophysical
Union, (1989). https://doi.org/10.1029/WM013

https://doi.org/10.1007/978-3-030-51272-9
https://doi.org/10.3233/IFS-130831
https://doi.org/10.1016/j.fss.2014.11.009
https://doi.org/10.1016/j.fss.2014.11.009
https://doi.org/10.31838/rna/2024.07.01.006
https://doi.org/10.1016/C2009-0-21563-7
https://doi.org/10.22111/IJFS.2018.3948
https://doi.org/10.1201/9781003266266
https://doi.org/10.1201/9781003266266
https://doi.org/10.1007/978-3-642-35221-8
https://doi.org/10.1007/978-3-642-35221-8
https://doi.org/10.1023/A:1007961524517
https://doi.org/10.1023/A:1007961524517
https://doi.org/10.1016/j.chaos.2023.114007
https://doi.org/10.1016/j.chaos.2023.114007
https://doi.org/10.1016/S0165-0114(98)00355-8
https://doi.org/10.22111/IJFS.2021.6081
https://doi.org/10.1016/j.fss.2016.04.010
https://doi.org/10.1016/j.fss.2016.04.010
https://doi.org/10.1144/1470-9236/05-105
https://doi.org/10.1144/1470-9236/05-105
https://doi.org/10.1016/j.fss.2018.08.001
https://doi.org/10.1029/WM013


Towards efficient solutions of space-time fractional fuzzy diffusion equations: A methodological approach 195

[17] F. Jarad, T. Abdeljawad, A modified Laplace transform for certain generalized fractional operators, Results in
Nonlinear Analysis, 1(2) (2018), 88-98.

[18] M. Keshavarz, T. Allahviranloo, Fuzzy fractional diffusion processes and drug release, Fuzzy Sets and Systems,
436 (2022), 82-101. https://doi.org/10.1016/j.fss.2021.04.001

[19] V. Lakshmikantham, T. Bhaskar, J. Devi, Theory of set differential equations in metric spaces, Cambridge Scientific
Publishers, (2006).

[20] J. D. Logan, Applied partial differential equations, Springer Cham, (2015). https://doi.org/10.1007/

978-3-319-12493-3

[21] D. Mohapatra, S. Chakraverty, M. Alshammari, Time fractional heat equation of n + 1-dimension in Type-
1 and Type-2 fuzzy environment, International Journal of Fuzzy Systems, (2023). https://doi.org/10.1007/
s40815-023-01569-z

[22] L. Sajedi, N. Eghbali, H. Aydi, Impulsive coupled system of fractional differential equations with Caputo-
Katugampola fuzzy fractional derivative, Journal of Mathematics, (2021). https://doi.org/10.1155/2021/

7275934

[23] S. Salahshour, T. Allahviranloo, Applications of fuzzy Laplace transforms, Soft Computing, 17 (2013), 145-158.
https://doi.org/10.1007/s00500-012-0907-4

[24] W. Sawangtong, P. Sawangtong, An analytical solution for the Caputo type generalized fractional evolution equation,
Alexandria Engineering Journal, 61 (2022), 5475-5483. https://doi.org/10.1016/j.aej.2021.10.055

[25] H. Viet Long, N. Thi Kim Son, H. Thi Thanh Tam, The solvability of fuzzy fractional partial differential equations
under Caputo gH-differentiability, Fuzzy Sets and Systems, 309 (2017), 35-63. https://doi.org/10.1016/j.fss.
2016.06.018

[26] W. W. Woessner, E. P. Poeter, Hydrogeologic properties of earth materials and princi-
ples of groundwater flow, The Groundwater Project, (2020). https://books.gw-project.org/

hydrogeologic-properties-of-earth-materials-and-principles-of-groundwater-flow/.

[27] H. C. Wu, The improper fuzzy Riemann integral and its numerical integration, Information Sciences, 111(14)
(1998), 109-137. https://doi.org/10.1016/S0020-0255(98)00016-4

https://doi.org/10.1016/j.fss.2021.04.001
https://doi.org/10.1007/978-3-319-12493-3
https://doi.org/10.1007/978-3-319-12493-3
https://doi.org/10.1007/s40815-023-01569-z
https://doi.org/10.1007/s40815-023-01569-z
https://doi.org/10.1155/2021/7275934
https://doi.org/10.1155/2021/7275934
https://doi.org/10.1007/s00500-012-0907-4
https://doi.org/10.1016/j.aej.2021.10.055
https://doi.org/10.1016/j.fss.2016.06.018 
https://doi.org/10.1016/j.fss.2016.06.018 
https://books.gw-project.org/hydrogeologic-properties-of-earth-materials-and-principles-of-groundwater-flow/. 
https://books.gw-project.org/hydrogeologic-properties-of-earth-materials-and-principles-of-groundwater-flow/. 
https://doi.org/10.1016/S0020-0255(98)00016-4

	Introduction
	Fuzzy fractional derivatives
	The fuzzy Caputo-Katugampola generalized Hukuhara time fractional derivative and its key properties
	Fuzzy integral transforms: A comprehensive overview
	The generalized fuzzy Laplace transform
	The fuzzy Fourier transform

	Space-time fractional fuzzy diffusion equation
	Fuzzy explicit solution
	Fuzzy fundamental solution

	Application
	Fuzzy Groundwater modeling
	Fuzzy modeling of tumor cell concentration

	Conclusion

