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Abstract

The concepts of cognitive interval information and cognitive uncertain information, which are two recently proposed
types of uncertain information, have been extended in this work to the typical hesitant fuzzy environment. We intro-
duce the notions of typical hesitant monopolar cognitive interval information and typical hesitant cognitive uncertain
information. To facilitate their analysis, we define uncertainty degree functions and score functions for these concepts
using extended aggregation operators. Furthermore, we reanalyze some decision models discussed in earlier literature
using these newly proposed concepts to demonstrate their advantages and potential applications.

Keywords: Cognitive interval information, cognitive uncertain information, decision making, group decision making,
information fusion, uncertain information.

1 Introduction

The classification of uncertain information encompasses various types, including probability information type, fuzzy
information type, set-valued information type, and basic uncertain information type. Within these types, there are
subtypes such as hesitant fuzzy granules [2, B, [27] and interval information that can be categorized under the set-valued
information type. Similarly, Z-number [3I] and basic uncertain information (BUI) [I8, [24], both in pair forms, should
be classified under the basic uncertain information type. Additionally, interval fuzzy granule [14], intuitionistic fuzzy
granule [1], and vague set granule [I2] share a similar mathematical structure with interval information.

Some extensions and application scenarios of BUI have been developed in recent years [21], 22] 23]. Recently, a new
type of uncertain information called cognitive uncertain type has emerged, which includes cognitive interval information
(CII) |21, cognitive uncertain information (CUI) [15], interval cognitive interval information (ICII) [I6], and interval
cognitive uncertain information (ICUTI) [I6]. The granules of this type contain both evaluation values and acceptance
areas (and unaccepted areas for CUI and ICUI), thereby enhancing intersubjective thinking, judgments, and compromise
[16]. For instance, various decision models can be effectively designed to facilitate consensus building in group decision
making.
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The interval extensions ICII and ICUI have proven to be successful expansions of CII and CUI, respectively. Con-
sidering the broad applicability of hesitant fuzzy sets, it is also meaningful in both theoretical studies and practical
applications to extend the real-valued evaluation values in cognitive type information into typical hesitant fuzzy granules
[3].

In the decision-making process, we often face various complex situations and problems, which are often accompanied
by a great deal of uncertainty. In such cases, utilizing hesitant fuzzy information can bring certain advantages. By
fully considering and utilizing hesitant fuzzy information, it is possible to better reflect the complexity and diversity of
the real world in the decision-making process. Compared to simple and clear, high-certainty intelligence data, hesitant
fuzzy information that includes more possibilities and potential factors can provide a more comprehensive, integrated,
and highly credible reference basis.

However, due to the intricate structure of typical hesitant fuzzy granules, achieving this extension requires intro-
ducing additional tools such as extended aggregation operators for redefining uncertainty degree functions and score
functions. Furthermore, it necessitates devising or rewriting decision models and related formulations.

The remaining sections of this work are structured as follows. Section 2 provides a review of cognitive interval
information, cognitive uncertain information, interval cognitive interval information, and interval cognitive uncertain
information. In Section 3, we formally define hesitant monopolar cognitive uncertain information and hesitant bipolar
cognitive uncertain information while discussing their characteristics such as degenerations, uncertainty degrees, and
score functions. Section 4 reanalyzes some decision models and related formulations to demonstrate the structural
differences and advantages of our proposed extensions to cognitive uncertain information. Finally, in Section 5 we
conclude and provide remarks on this work.

2 Cognitive uncertain information

The following section presents a comprehensive review of four variations of ” cognitive uncertain information”: cognitive
interval information (CII), cognitive uncertain information (CUT), interval cognitive interval information (ICII), and
interval cognitive uncertain information (ICUI).

The set of all intervals of the form [a,b] C [0,1] is denoted by Z. The degenerated interval with the form [a,a] is
allowed and sometimes can be regarded as the real number a.

Definition 2.1. [I5] A cognitive interval information (CII) granule is with the pair form (z,[a1,az2]) € [0,1] X T such
that x € a1, a2]. x is the evaluation value and [a1,az] is called the acceptance interval.

Definition 2.2. [I5] A cognitive uncertain information (CUI) granule is with the triad form (z,[a1, az], [u1,us]) €
[0,1] x T x T such that x € [a1,a2] and [a1,a2] C [u1,uz]. = is the evaluation value, (a1, as] is called the acceptance

interval and [0,1] \ [u1, us2] is called the unaccepted area.

Definition 2.3. [16] An interval (type) cognitive interval information (ICII) granule is with the pair form ([z1, 2], [a1,
as]) € I? such that [z1,x2) C [a1,az]. [x1,22] is the evaluation interval and |a1, as] is called the acceptance interval.

Definition 2.4. [16] An interval (type) cognitive uncertain information (ICUI) granule is with the triad form ([x1, 23], [a1
as], [u1,uz)) € Z? such that [x1, 2] C [a1, a2] C [u1,us]. [z1,22] is the evaluation interval, a1, as] is called the acceptance

interval and [0,1] \ [u1, uz2] is called the unaccepted area.

For CII, CUI, ICII, and ICUI, the evaluation values or intervals can be provided by experts, evaluators, or other
non-human sources of information. In the case of CII, CUI, ICII, and ICUI, an acceptance interval is often presented
by an evaluator or expert who suggests a specific evaluation value or interval (for an object under evaluation) as x or
[1, 23] but expresses uncertainty and lack of confidence in this given value or interval. Therefore, they may provide
an interval [a1, ag] (which includes the suggested evaluation value or interval) and accept any value (or interval) falling
within this range that is provided by other sources of information.

In practical applications, CII, CUI, ICII, and ICUI can also be employed with alternative connotations. For instance,
the evaluator offering a CII (or CUI, ICII, ICUI) granule may assert being “indeed certain” about the evaluation value
x (or interval [x1,z3]), but due to compromise and tolerance or for facilitating group decision-making efficiency, they
might agree to “accept” other evaluation values (or intervals) proposed by related evaluators with providing some other
information of tolerance such as [a;, as] and [uq, us].

For a CII granule or an ICII granule, there is no related information, opinion, attitude or cognition about the values
in the area [0,1]\ [a1, az], but this does not mean the values (or intervals) in [0, 1]\ [a1, az] are unacceptable; for a CUI
granule or an ICUI granule, there is also no related information, opinion, attitude or cognition about the values in the
area [u1,us] C [a1,az2]. Hence, whether or not considering the values in those areas is determined by decision makers

and by the detailed decisional scenarios and backgrounds.
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3 Hesitant cognitive uncertain information

In this section, we formally define the typical hesitant monopolar cognitive uncertain information and the typical
hesitant cognitive uncertain information.

Definition 3.1. A (typical) hesitant monopolar cognitive uncertain information (HMCUI) granule is with the pair form
({z, Yo, (a1, a2]) € RO\ {2}) x T such that {x,}F_, is finite and a1 < x1 < T3+ < Tp_q < T < ag. {z,}5_, is
called the (typical) hesitant evaluation values and [a1,az2] is called the accepted area.

Remark 3.2. Due to uncertainty, an evaluator may provide multiple potential evaluation values, and thus a typical
hesitant fuzzy granule is employed as the representation of these evaluation values. Unlike both CUI and ICUI, HMCUI
represents evaluations as finite sets that generally do not correspond to some real numbers, singletons or intervals unless
certain degeneration occurs, which will be discussed later. The term “monopolar” is used to indicate that HMCUI does
not define the associated “unaccepted area” as defined in the subsequent definition of typical hesitant cognitive uncertain
information, which encompasses both accepted and unaccepted areas and therefore has a “bipolar” nature.

Remark 3.3. One HCUI granule can provide both the information of accepting other involved HCUI granules and
the information of being accepted by other involved HCUI granules. For erxample, when all the hesitant evaluation
values {x,}F_, in one HCUI granule totally fall into the acceptance interval of another HCUI granule, it gains entire
acceptance (or support in group decision making) from that HCUI granule (or that expert in group decision making);
if only part of the hesitant evaluation values {x,}res (with S C {1,...,k}) fall into the acceptance interval of another
HCUI granule, then it gains only part of acceptance (or support). This characteristic of HMCUI makes it effective and
flexible to be applied in group decision making.

Definition 3.4. A typical hesitant cognitive uncertain information (HCUI) granule is with the triad form ({x,}%_,, a1,
as], [u1,us]) € (20U {@}) x 2 such that {x,}k_| is finite and uy < ay <@y <9+ <1 < T < ag < ug. {T, 3
is called the (typical) hesitant evaluation values, [a1,as] is called the acceptance interval and [0, 1]\ [u1,uz] is called the
unaccepted area.

Remark 3.5. In comparison to HMCUI, a HCUI granule has an additional area [0,1]\ [u1, us] and any values within
it must not be accepted. Therefore, apart from the consideration of whether the hesitant evaluation values {z, }F_, are
within the acceptance interval of another HCUI granule, we should also consider their inclusion relations to the unac-
cepted area of that HCUI granule. Hence, some related applications (such as in group decision making and aggregation)
with HCUI will become possibly more involved but more practical than with HMCUIL

Remark 3.6. When k = 1, a HMCUI granule ({z,}F_,,[a1,az]) becomes ({z,}i_q,[a1,a2]) = ({z1},]a1,a2]) and
actually degenerates into CII granule (x1,[a1,az]) in both formal and practical senses. Similarly, when k =1, a HCUI
granule ({z,}F_,, (a1, az], [u1,u2]) actually degenerates into CUI granule (x1,[a1, as], [u1, us]) in both form and practice.

Remark 3.7. It should be noted that HMCUI and ICII are not mutually inclusive, and HCUI and ICUI are also not
mutually inclusive. Only when k = 1 for HMCUI/HCUI and when [x1,x2] represent degenerate intervals, HMCUI in
actual coincides with ICII, and HCUI in actual coincides with ICUL

The structures of both HMCUI and HCUI contain complex uncertainties which can be measured by the following
functions.

Definition 3.8. The uncertainty degree of a HMCUI granule ({z,}*_,,[a1,a2]) is defined by
U(({zr}iey, lar, aa))) = Maw — 21) + (1= N)(az — a1), 1)

where X € [0,1] is a parameter which can be determined according to the preferences of decision makers. The certainty
degree of a HMCUI granule ({z,}F_,, [a1,az]) is defined by 1 — U(({z,}r_,,[a1,a2])).

Definition 3.9. The uncertainty degree of a HCUI granule ({x,}5_,,[a1,as], [u1, us]) is defined by
U(({zr}ioy, lar, asl, [ur, u2])) = A (@r — 21) + Aa(az — ar) + As(uz — w), (2)

where A = (A1, A2, A3) is a normalized weight vector which can be determined according to the preferences of decision
makers. The certainty degree of a HCUI granule ({z,}*_,, [a1, az], [u1,uz]) is defined by 1-U(({z,}F_,, [a1, az], [u1, ua))).
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In the presence of uncertainty, an evaluator may provide multiple potential evaluation values, necessitating the
application of a typical hesitant fuzzy granule. In certain data aggregation processes, the initial step involves determining
weight vectors for assigning to input vectors and utilizing Yager preference-based weight allocation [28, 29| [30]. For
instance, if a decision maker favors HMCUI or HCUI granules with lower degrees of uncertainty, it is advisable to assign
higher weights to those granules in order to prepare for subsequent aggregation processes.

For two typical hesitant fuzzy granules, often they cannot be compared because they involve different numbers of
evaluation values or even if they have the same numbers of evaluation values it is still cannot compare them in sense
that not each ith largest value in the first granule is always larger (or smaller) than the ith largest value in the second
granule for any i. Therefore, employing mean operators with inputs consisting of these evaluation values within hesitant
fuzzy granules represents an ideal approach, as performing a mean operator on an input vector yields a single output real
number bounded between the maximum and minimum of inputs, enabling comparison between any two real numbers.

Recall a real valued aggregation operator [I3] (with dimension n € N) is a mapping A : [0,1]" — [0, 1] such
that (i) A(x) < A(y) whenever x <y (i.e, z; < y; for all ¢ € {1,---,n}), and (ii) A(0) = A(0,---,0) = 0 and
A1) = A(1,---,1) = 1. With convention, when n = 1 we define A(x) = z. Aggregation operators have been
extensively applied in various applications [7, 8, @, 10, [I1], and their theory and extensions have been extensively
researched over the past few decades [, [5 [I7, 20, 25 26]. Based on the relationship between function values and
inputs, aggregation operators can be classified into the following four classes [13]:

(I) an aggregation operator A : [0,1]" — [0,1] is called conjunctive if A(x) < min(x) for any x € [0,1]", where
min(x) = in f{z )y

(IT) an aggregation operator A : [0,1]" — [0,1] is called disjunctive if A(x) > maxz(x) for any x € [0, 1]™, where
maw(x) = sup{z V1,

(III) an aggregation operator A : [0, 1]™ — [0, 1] is called mean if min(x) < A(x) < maz(x) for any x € [0, 1]™;

(IV) an aggregation operator A : [0,1]" — [0, 1] is called mixed (or hybrid) if it is neither conjunctive, nor disjunctive
and nor mean, which contains, among others, compensation operators, uninorms, and nullnorms [6}, [13].

Since the involved hesitant evaluation values {z,.}*_, may be with different numbers of values, then it is natural to

introduce extended aggregation operators. Recall an extended aggregation operator [I3] is a map A : |J [0,1]" — [0, 1]
neN
such that its restriction A™ £ A lj0,1)» to [0,1]" is an aggregation function on [0, 1]" for any n € N.

Definition 3.10. A score function for any HMCUI granule ({x,}F_,,[a1,az]), Score : 29U\ {@}) x T — [0,1], is
defined by

SCOTC(({:ET}?:D [ah a2])) = B(A(k) ((xr):le)ﬂ ar, a2)7 (3)
where A% is the restriction of an extended mean operator A : |J [0,1]™ — [0,1] to [0,1]% and B : [0,1]> — [0,1] is any
neN

ternary mean operator.

Definition 3.11. A score function for any HCUI granule ({x, }F_,, [a1, a2], [u1,usa]), Score : (2101U\ {@}) x 7% — [0,1],
is defined by

SCO’/‘E(({JIT}le, [a17 a2]’ [u17 U‘Q])) = B(A(k)((xT)f=1)7 ai, az, Ui, u2)7 (4)

where A% s the restriction of an extended mean operator A : |J [0,1]" — [0,1] to [0,1]% and B : [0,1]> — [0,1] is any
neN
mean operator of dimension five.

Remark 3.12. The involved (extended) aggregation operators can be selected based on the preferences of decision
makers, enabling them to compare and evaluate alternatives in multi-criteria decision making using corresponding score
functions.

Example 3.13. Suppose the extended mean function A : |J [0,1]" — [0, 1] with its restriction AT £ A ||g 1 satisfies
neN
A (x) = 157" ;.

For the HMCUI granule ({z,}3_;,[a1,a2]) = ({0.5,0.6,0.7},[0.3,0.9]), suppose B : [0,1]*> — [0, 1] satisfies B(y) =
B(y1,y2,y3) = 0.2y1 + 0.3y + 0.5y3. Then from (3) we have

Score(({0.5,0.6,0.7},[0.3,0.9])) = B(0.6,0.3,0.9) = 0.2(0.6) + 0.3(0.3) + 0.5(0.9) = 0.66.

For the HCUI granule ({z,}*_;, [a1, az], [u1,u2]) = ({0.3,0.4,0.5,0.6},[0.3,0.6], [0, 0.6]), suppose B : [0,1]> — [0, 1]
satisfies B(y) = B(y1,Y2, Y3, Y4, y5) = 0.6y1 + 0.2y4 + 0.2y5. Then from (4) we have

Score(({0.3,0.4,0.5,0.61,[0.3,0.6], [0,0.6])) = B(0.45,0.3,0.6,0,0.6) = 0.6(0.45) + 0.2(0) + 0.2(0.6) = 0.39.
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4 HMCUI and HCUI in evaluation, aggregation and decision making

For any HMCUTI granule ({x,}*_,,[a1,a2]) and any HCUI granule ({x,}*_,,[a1, az], [u1,uz]), the hesitant evaluation
values {,}*_, are the main concerned data for comparing with or aggregating with the counterparts in other HMCUI
or HCUI granules. To achieve this objective, it is appropriate to apply extended aggregation operators to hesitant
evaluation values in order to obtain real values for evaluation and subsequent decision-making processes. In decision-
making scenarios where multiple such real values are obtained from different HMCUI or HCUI granules, they can
be further aggregated using weighted mean or other forms of aggregation for comprehensive or overall evaluation.
Previous studies have highlighted certain advantages of CII, CUI, ICII, and ICUT in decision-making problems [15, [16].
Building upon similar backgrounds discussed in references [16], this section focuses on discussing weight allocation and
aggregation methods specific to the corresponding HMCUI and HCUI environments.

4.1 Decision model 1

Suppose a decision maker presented a HMCUI granule ({z,}*_;, [a1,az]) as the evaluation value for an object under
evaluation, and he wants to have more different opinions from a group of n invited experts; each of the invited experts is
allowed to have a typical hesitant fuzzy granule and they altogether can be denoted by a vector of typical hesitant fuzzy
granules ({xir}fgl)?zl. It is desired for the decision maker to consider the opinions of the experts but still under the
main influence of his own cognition. However, different from the aggregation methods adopted in [I5} [16], in HMCUI
environment we may reasonably take the average of at most k + > .-, k; real values; that is, we may consider {z, }*_,
and {z;.}¥ | whenever z;. € [a1,az] (i € {1,---,n}, r € {1,---,k;}). Therefore, with the influence of acceptance
interval [a1,as], we may have the following reasonable aggregation result as a desired evaluation after the decision
maker considers the opinions from those experts:

k n
Zr:l Ty + Zi:l ZTESf, r (5)

evaluation =

where S; = {y € {2, }¥L, 1y € [a1,az]} for any i € {1,--- ,n} and |S| denotes the cardinality of any finite set S.

Example 4.1. For ({x,.}le, [a1,a2]) = ({0.6,0.7,0.8},[0.4,0.9]), n = 4 with ({xw}fl:l)?:l = ({0.1,0.5,0.9},{0.5},{0.2,
0.3,0.4},{0.9,1}), we have S = {0.5,0.9}, Sy = {0.5}, S35 = {0.4}, Sy = {0.9}. Then, using (5) we obtain

(0.6 +0.7+0.8) + ((0.5 4+ 0.9) + (0.5) + (0.4) + (0.9))

= 0.6625.
34 2+1+1+1)

evaluation =

4.2 Decision model 2

Similar to the background of decision model 2 in reference [16], still suppose a group of experts {E;}? ; are invited
and each of them is requested to offer an evaluation value that is a HCUI granule for an object under evaluation.
That is, we may obtain a vector of n HCUI granules (({i,}*.,, [ai1, aso], [tir, ui2]))?,. With the n different HCUI
granules, a decision maker wants to obtain a single real value result as the final comprehensive evaluation used for later
decision making. In this group decision making environment, the extent (i.e., S;;) of expert E; accepting the opinion
(evaluation value) of expert E; is determined by the structures of the HCUI granules ({sr:ir}fi:17 [@i1, aza], [wi1, wiz])
and ({xjr}f.;l, [aj1,aj2], [uj1,uje]). That is, if more x; fall into the acceptance interval [a;1,aj2] and less into the
unaccepted area [0, 1] \ [uj1, u;2], then this acceptance extent S;; will be larger and expert E; can obtain more weight
derived from expert E;; after exhausting all j € {1,--- ,n}, r, = 2?21 S;; denotes the overall acceptance extent gained
for expert E;. With the vector of overall acceptance extents r = (r;)_; we may obtain a weight vector w = (w;)?_; by
Yager preference induced weights allocation method and then take the weighted mean for those HCUI granules with
the methods discussed previously and return a single desired result to use. That is, we may firstly use an extended
aggregation operator A : |J [0,1]" — [0,1] to aggregate each vector of (z;)" , with z; = A®)((z;,)% ) (with

r=

neN
A £ A1) and then take the weighted mean of the vector z = (z;)I_; with w.
To calculate r; (the overall acceptance extent for expert E;) for each i € {1,--- ,n}, we need to obtain S;; firstly.

Note that if z;, € [a;j1,a;2] then it is reasonable for expert E; to gain a bit of positive acceptance or support from expert
E;, and if x;, € [0,1] \ [u;1,u 2] then expert E; should gain a bit of negative acceptance or disapproval. Therefore, for
each i,j € {1,--- ,n} we define
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|25
k;

[Nig| _ 1Pl — [Ny

+(~1)-

where Pij = {y € {zi}*, 1y € [aj1,a50]}, Nij = {y € {2 )7, 1y € [0,1]\ [uj1,uj0]}. Note that we always have
Sy =1forany i € {1,--- ,n}.

With the vector of overall acceptance extents r = (r;); € [—1,1]", an ideal method to generate the weight
w = (w;), is to adopt Yager preference induced weights allocation method. With a vector of overall acceptance
extents r = (r;)I;, we can use a quantifier function @ to generate the desired weights for the experts. A (fuzzy)
quantifier @ : [0, 1] — [0, 1] is a monotonic non-decreasing function with Q(0) = 0 and Q(1) = 1 [29]. For example, a
concave quantifier function Q with Q(t) = 1 — (1 — #)? can indicate some moderate extent of preference to the experts
who get larger overall acceptance extent r;. Then, given a quantifier @, the weight vector w = (w;)?_; can be generated
by the following generalized formulation of Yager’s method [19].

w. = @QUSul/n) — Q(|Si2| /n)
' |Si3]

(izla"'vn) (7)

where S;1 ={ke{l,---,n}:irg>r}, So={ke{l,---,n}:rg>r}and S;s={ke{l,--- ,n}:rp,=r;}.

Example 4.2. In general, the value of a Chinese jade artifact increases with its age. A collector seeks to determine the
value of an inherited jade piece as a benchmark for future sale. To assess its age, she has enlisted the expertise of four
antique and archaeological specialists. Although they cannot provide an exact date, they estimate that it was produced
between the 10th and 20th centuries AD. For evaluation purposes, we assume that the range [0,1] corresponds to the
11th-21st centuries, where any x € [0, 1] represents the 10 + 10xth century.

Suppose a group of 4 antique experts (denoted by {E;}?_;) are invited and each of them is requested to provide an
HCUI granule ({xir}f’;l, [ai1, aia), [wi1, use]) for an object under evaluation. Assume ({1, }>_1, [a11, a12], [u11, u12]) =
({0.5,0.6,0.7},[0.3,0.9],[0.1,1]) (that is, this expert evaluates that the jade artifact is highly likely to date back to the
Ming Dynasty (about 15th, 16th or 17th centuries AD), with a possibility (acceptance range for other experts’ opinions)
of originating from the Yuan (around 13th-14th centuries AD) or Qing Dynasties (including 18th-19th centuries AD);
however, it is improbable to be a contemporary creation (20th century) or an artifact from the Tang Dynasty (existing
before 11th century).

({2}, [a1, aga], [uar, usa]) = ({0.7},]0.4,1],]0.2, 1]),
({zs,: Y2_ 1, [as1, asa], [us1, us2]) = ({0.3,0.4,0.5,0.6},[0.3,0.6], [0, 0.6]),

({.’174T}£:1, [a41, a42], [U41, U42]) = ({04, 0.5, 0.6, 0.7, 0.8}, [0.2, 0.9]7 [0.2, 1])

Suppose we choose a concave quantifier function Q with Q(t) = 1 — (1 — t)? with moderate extent of preference to
the experts who get larger overall acceptance extent r;.
Then, from (6) we calculate:
S =1, 512:1'%4'(—1)'9:17 513:1-%+(—1)~
So1 =1, S92 =1, So3 = —1, Sog = 1;
Ss1=1,83=1-3+(=1)-§ =13, S35 =1, 34 = 1;
S41:1, S42:1, 543:1'%4*(*1)-%:%,544:1.
Hence, 7y = Y;_; S1j = 3.33, 72 = 2, 15 = 3.75, ry = 3.2.
With the obtained r = (r;)%_; = (3.33,2,3.75,3.2) and the preset quantifier function Q(¢) = 1 — (1 — ¢)2, from (7)
we have wy = SEACUM) _ (3195w, = 0.0625, wy = 0.4375, wy = 0.1875.
Suppose the extended mean function A : |J [0,1]" — [0, 1] with its restriction A™ £ A | 1. satisfying A (x) £
neN
I @ Then, z1 = A®((y,)3,) = SSHGEELT = 06, 25 = AW ((zo,)ll)) = 0.7, 23 = AD((23,)}_)) =
0340.040.5+0.6 — () 45 7y = A®)((wyy)_,) = LALOSLO6H0.TH08 _ 6.

Finally, take the weighted mean of the vector z = (0.6,0.7,0.45,0.6) with w = (0.3125,0.0625,0.4375,0.1875),and
then we obtain

w

=)
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Evaluation = Z?:l w;z; = 0.540625,

which means, after being evaluated by various experts, the historical value of this jade artifact is approximately equiva-
lent to that of 15th-century jade artifacts. Additionally, unlike extensive appraisal programs involving multiple experts
with differing opinions engaging in repeated discussions and evaluations, our method does not necessitate mutual
acquaintance among the experts.

We discuss some advantage of using the proposed method over hesitant fuzzy information in decision making. It
is known that decision making processes often involve dealing with uncertain and imprecise information. In such
scenarios, intuitionistic fuzzy sets have been widely used to represent and handle uncertainty by presenting acceptance
and rejection information. Hesitant fuzzy sets have emerged as an alternative approach that allows decision makers to
express their hesitancy or ambiguity towards different alternatives. However, hesitant fuzzy information cannot present
further additional information such as acceptance and rejection information which are important in many decision
making scenarios. In such contexts, HCUI presents itself as an advanced technique that offers several advantages over
hesitant fuzzy set models HCUI can better capture and represent decision makers’ cognitive behavior when faced with
complex decision-making situations. Simply speaking, due to the acceptance and rejection areas it contains, HCUI
consider the natures of both the intuitionistic fuzzy information and the hesitant fuzzy information.

5 Conclusions

CII, ICII, and HMCUI granules all consist of paired forms, where the first entry represents the main evaluation value
(in different forms) and the second entry denotes the acceptance interval. As their bipolar extensions, CUI, ICUI,
and HCUI granules adopt triad forms with an additional third entry representing the unaccepted area. HMCUI and
HCUTI can be considered as generalizations of CII and CUI respectively. Since hesitant fuzzy sets lack lattice structures,
HMCUTI and HCUI also do not possess such structures or defined order relations. Consequently, extended aggregation
operators are employed to define score functions for HMCUI and HCUI in order to facilitate comparisons between
their respective granules. Due to their distinct structures, decision models suitable for ICII and ICUI may no longer
be applicable in HMCUI and HCUI environments. Therefore, corresponding reanalysis and reformulations have been
made for these two models by incorporating extended aggregation operators along with Yager preference-induced weight
allocation techniques. HCUI outperforms hesitant fuzzy set models in terms of accuracy, flexibility, interpretability,
and computational efficiency. The potential utilization of HMCUI and HCUI extends beyond current decision-making
problems; further extensions are also feasible which would contribute to enriching both aggregation theory and decision
theory.
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