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Abstract

In the framework of L-convex spaces, this paper is aim to study fuzzy convergence structures of L-convex space in a
viewpoint of fuzzy relations. For this purpose, L-directed relation is introduced and some of its examples are proposed.
Based on this, notions of L-convergence relation and L-convex convergence relation are introduced. It is proved that
there is a Galois’s connection between the category of L-convergence relation spaces and the category of L-convex
enclosed relation spaces. In particular, L-convex convergence relation spaces and L-convex enclosed relation spaces are
categorically isomorphic. Also, notions of L-ideal-convergence structure and L-convex ideal-convergence structure are
introduced. It is proved that L-convergence relation spaces and L-ideal-convergence spaces are categorically isomor-
phic. In particular, L-convex convergence relation spaces and L-convex ideal-convergence spaces are also categorically
isomorphic.

Keywords: L-convex space, L-directed relation, L-convergence relation, L-convex convergence relation, L-convex ideal-
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1 Introduction

The concept of convexity is originally inspired by some elementary geometric problems such as the shapes of circles
and polytopes in Euclidean spaces [I]. Later, this concept has being found to match with the same property of many
different mathematical structures. Eventually, it was generalized and abstracted as the concept of convex structure.
Specifically, a convex structure on a nonempty set is a family of subsets containing the empty set and the largest set
and is closed under arbitrary intersections and nested unions. Its theory is called the convex structure theory which is
a new branch of mathematics and involves many mathematical structures such as graph [2], poset [4], median algebra
[T1], metric space [20], lattice [30] and vector space [31].

Convex structure as well as its theory has been extended to different fuzzy settings. Maruyama introduced L-convex
structure [I0]. Many subsequent studies have been done [16] [17] 18 21} [34] [40]. Shi and Xiu introduced M-fuzzifying
convex structures [28]. Its theory has being studied by many scholars [24, [32] [42] [4T]. Also, Shi and Xiu introduced
(L, M)-fuzzy convex structure which is a unified form of L-convex structure and M-fuzzifying convex structure [29].
Many studies have been done recently [I5] [34] [35]. These fuzzy forms of convex structures have being applied to many
mathematical structures such as fuzzy topology [9, 22] 25| B2] 39, [35], fuzzy convergence [5] 8 [12], 13| [19] 14, [45] [46]
and fuzzy matroid [33] 43].

Relation is a useful tool to study fuzzy mathematical structures. In the L-setting, Shi and Shi introduced L-
topological internal relation and L-topological enclosed relation by which they characterized L-topologies [26]. Liao
and Wu introduced L-convex enclosed relation and characterized L-convex structures [9]. Wu et al. introduced sev-
eral derived relations such as L-topological derived enclosed relations, L-topological derived internal relations and
L-topological derived remotehood relations which are used to characterize L-topologies [36, B7]. In (L, M)-fuzzy set-
ting, Shi and Shi introduced (L, M)-fuzzy topological internal relation and (L, M)-fuzzy topological enclosed relation
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which are used to characterize (L, M)-fuzzy topologies [27]. Wu and Shi introduced (L, M)-fuzzy topological derived
enclosed relations and characterized (L, M)-fuzzy topologies [38].

Convergence theory is frequently used in interpreting topological structures and convex structures. In the frame-
work of topological theory, Min introduced fuzzy limit structures by prefilters. Hohle and Sostak constructed fuzzy
convergence spaces by introducing stratified L-filters [7]. Fang introduced stratified L-ordered convergence structures
[B]. Yao introduced L-fuzzifying convergence structures and study its categorical relations with L-fuzzifying topology
[44]. Pang introduced (L, M)-fuzzy convergence space by which he characterized (L, M)-fuzzy topological space [12].
Later, Han and Pang investigated convergence structures in L-concave spaces [6]. All above mentioned convergence
structures are constructed to interpret topology. However, in the framework of convex theory, Pang studied convergent
structures in M-fuzzifying convex spaces [I4]. Xiu et al. investigated fuzzy convergence structures in the framework
of L-convex spaces via L-convex ideals, where L is a completely distributive lattice with an inverse involution [40]. Its
main notions and results depend inevitably on the inverse involution. As we know that not all completely distributive
lattices are suitable for adopting inverse involutions, it may encounter some limitations in applying these results to
related topics in L-fuzzy theories where L has no inverse involution. Being inspired by this limitation, we adopt a new
approach to discuss relationships between convergence structure and convex structure in the L-setting, where L is not
required to be equipped with an inverse involution.

The arrangement of this paper is as follows. In Section 2, we recall some basic concepts, denotations and results
related to L-convex space. In Section 3, we introduce L-directed relations, L-convergence relations and L-convex
convergence relations. We prove that the category of L-convex enclosed relation spaces can be embedded into the
category of L-convergence relation spaces as a subcategory. We further prove that the category of L-convex enclosed
relation spaces isomorphic to the category of L-convex convergence relation spaces. In Section 4, we introduce L-
ideal convergence structures and L-convex ideal convergence structures. We prove that the category of L-convergence
relation spaces is isomorphic to the category of L-ideal-convergence spaces. We also prove that the category of L-convex
convergence relation spaces is isomorphic to the category of L-convex ideal-convergence spaces.

2 Preliminaries

In this paper, X and Y are nonempty sets. The power set of X is denoted by 2%. L is a completely distributive lattice.
The smallest (resp. largest) element in L is denoted by L (resp. T). An element a € L is called a co-prime element,
if for all b,c € L, a < bV c implies a < b or a < ¢. The set of all co-prime elements in L\{L} is denoted by J(L).
For any a € L, there is an L; C J(L) such that a = \/,c; b. A binary relation < on L is defined by a < b iff for
each L; C L, b < \/L; implies a d € L; with a < d. The mapping 8 : L — 2L, defined by B(a) = {b : b < a},
satisfies B(\/,;c; ai) = U;c; B(aq) for any {a;}icr € L. For any a € L, we denote 3*(a) = B(a) N J(L). It is proved that
0=V B(a) = V 5(a), 5(a) = Upepe (o ) and 5*(a) = Upe . (o) 5 (b) [23).

An L-fuzzy set on X is a mapping A : X — L. The set of all L-fuzzy sets on X is denoted by LX. The smallest
(resp, largest) element in L* is denoted by L (resp. T). An L-fuzzy point z) (A € L\{L}) is defined by x(z) = A
and z)(y) = L for any y € X\{z}. The set of all L-fuzzy points on L is denoted by Pt(L¥). In addition, we denote
J(LX) = {z) € Pt(LX) : A € J(L)} and B*(L¥) = {xx € Pt(LX) : X € B*(L)}. A family {A;}ie; € LY is said to be
directed, denoted by {Al}fg} C LY, if for all 4,5 € I there is a k € I such that 4; V A; < Aj. In this case, we further
denote \/2, A; for \/,c; Ai.

For a mapping f : X — Y, the L-fuzzy mapping f;* : LY — LY is defined by f;(A4)(y) = V{A(z) : f(z) =y}
for all A € LX and y € Y, and the mapping fi : LY — L¥X is defined by fi (B)(z) = B(f(z)) for B € LY and
x e X [23].

Next, we recall some basic notions and results related to L-convex spaces.

Definition 2.1. [10] A subset C C L is called an L-convex structure on X and the pair (X,C) is called an L-convex
space if

(LC1) T,LeC;

(LCQ) V{Al}zej cc, /\iEI A; €C;

(LC3) V(A € C. Vil As e C.

Let (X,Cx) and (Y,Cy) be L-convex spaces. A mapping f: X — Y is called an L-convexity preserving mapping,
if f{ (A) € Cx for any A € Cy. The category of L-convex spaces and L-convexity preserving mappings is denoted by
L-CS [1§].

Definition 2.2. [I8] An operator co : LX —s L is called an L-convex hull operator on LX and the pair (X, co) is
called an L-convex hull space, if co satisfies
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(LCO1) co(L) = L;
(LCO2) A < co(A);
(LCO3) co(co(A)) = co(A);
(LCO4) co(\V/52 A;) = Vi, co(A;).

Let (X, cox) and (Y, coy) be L-convex hull spaces. A mapping f : X — Y is called an L-convex hull preserving
mapping, if cox(A)(z) < coy(f(A))(f(x)) for all A € L* and x € X. The category of L-convex hull spaces and
L-convex hull preserving mappings is denoted by L-CHS [I8].

Proposition 2.3. [I8] (1) Let (X,C) be an L-convex space. The operator coc : LX — L%, defined by coc(A) =
NB €C: A< B} for any A € L™, is an L-convex hull operator.

(2) If (X, co) is an L-convex hull space, then C., = {A € LX : co(A) = A} is an L-convex structure.

(3) L-CS is isomorphic to L-CHS.

Definition 2.4. [35] A binary relation < is called an L-convex enclosed relation on LX and the pair (X, =) is called
an L-convex enclosed relation space, if < satisfies

(LCER1) L =< L;

(LCER2) A < B implies A < B;

(LCER3) A -< Nicr Bi iff AX By for allic I;

(LCER4) A< B zmplz'es a C e L with AXC =< B;

(LCERS5) \/fg, A; 2 Ciff A; 2 C for anyi€ 1.

Let (X,=%x) and (Y, =<y) be L-convex enclosed relation spaces. A mapping f : X — Y is called an L-convex
enclosed relation preserving mapping, if fi (A) Xx f; (B) for all A, B € LY with A <y B. The category of L-convex
enclosed relation spaces and L-convex enclosed relation preserving mappings is denoted by L-CERS [35].

Theorem 2.5. [35] (1) Let (X,=X) be an L-conver enclosed relation space. An operator coz : L — LX defined by
coz(A) = N{B € LX : A B} for any A € L%, is the L-convex hull operator of an L-convez structure C= on LX.

(2) Let (X,C) be an L-convex space. A binary operator Zc on LX, defined by A ¢ B iff coc(A) < B for all
A, B € L%, is an L-convex enclosed relation on L.

(3) L-CS is isomorphic to L-CERS.

Lemma 2.6. [36] Let z) € B*(L~). We denote B5(L) = {n € B*(L) : A € *(n)} and
bay (LX) = {A € LY : vy € BY(L), z, £ A}

For all B € L* and {A;}ie; C L, the following results hold.
(1) L € 9y (LY) and T & 9y, (L).
(2) A < B €1y, (LX) implies A € ,, (LX).
(3) Vier Ai € Yoy (LX) iff Ai € s, (LX) for any i € 1.
(4) wmx (LX) = ﬂneﬁ;‘\(L) wxn (LX)

Definition 2.7. [36] A family R = {Ry, C v, (LX) : zx € B* (LX)} C 2™ s called an L-convex B*-remotehood
system on L and the pair (X, R) is called an L-convex 3*-remotehood space, if R, C LX satisfies

(LCBRH1) L € Ry, ;

(LCBREQ) A € Ry, iff each n € B5(L) implies a B € ¥y, (LX) such that A< B € Ry, for any y, € B*(L) with
B ey, (L )

(LCBRH3) /%" A, € Ry, iff A € Ry, for anyie 1.

Let (X,Rx) and (Y,Ry) be L-convex *-remotehood spaces. A mapping f : X — Y is called an L-convex
B*-remotehood preserving mapping, if B € (Ry)(x,) implies fi7(B) € (Rx)., for xx € B*(LX) and B € LY.
The category of L-convex [*-remotehood spaces and L-convex [*-remotehood preserving mappings is denoted by
L-CBRHS [36].

Theorem 2.8. [36] (1) Let (X, R) be an L-convex B*-remotehood space. Then
Cr={Ac L™ :Vay € B(LY), A€, (L*) implies A € R, },

is an L-convex structure on L.
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(2) Let (X,C) be an L-convex space. For any xx € B*(LX), define a set
RS ={AeL*:3BeCny,, (LY), A< B}

Then Re = {RS, : xx € B*(LX)} is an L-convex B*-remotehood system on L.
(3) L-CBRHS is isomorphic to L-CS.

Definition 2.9. [40] A subset T C L is called an L-convez ideal on LX and the pair (X,TI) is called an L-convex
ideal space, if

(LCI1) LeZ and T €Z;

(LCI2) A < B €T implies A € Z;

(LCI3) {A;}4, C T implies \/12} € T.

The set of all L-convex ideals on L* is denoted by J(L%).

Definition 2.10. [40] Assume that L has an inverse involution '. An L-convergence structure on X is a mapping
lim : 3(LX) — 27(L%) satisfying

(LCV1) zy € lim([z)]), where [z)] = {A € LX 12\ < A'};

(LCV2) I, C I implies lim(Zy) C lim(Z»);

(LCV3) Rgf‘ = ﬂu<>\ Ra™, where Rgin = ﬂzk €lim(T) 1.

Ty’

3 L-directed relation space and L-convex convergence relation space

In this section, we define the notion of L-directed relation and present some related examples. Based on this, we
introduce notions of L-convergence relation space and L-convex convergence relation space. Then we further study
their relations with L-convex enclosed relation space.

Definition 3.1. A binary operator € on L is called an L-directed relation and the pair (X, <) is called an L-directed
relation space, if for all A, B,C € LX and {Az}fgl C LK,

(LDR1) L2 L and T £ T;

(LDR2) A B iff A< A< B;

(LDR3) V" A, 2 C iff A; 2 C forallie 1.
In the sequel, the set of all L-directed relations on LX will be denoted by R(L¥). For €1, <€ R(LYX), we say that
<1 is coarser that €5, denoted by €1 <<, provided that A €, B implies A €5 B for all A, B € Lx.

Lemma 3.2. Let (X, Z) be an L-directed relation space. For all A, B,C,D € LX,

(1) A< C <2 D < B implies A € B;

(2) A Z B implies ANC Z BAC.
Proof. (1) Since C € D < B, it is clear that C € C < D < B by (LDR2). Thus C' € B. Since the set {4,C} is
directed and AV C = C € B, it follows from (LDR3) that A € B.

(2) Since ANC < A Z B, it is clear that AANC € B by (1). Thus ANC € AANC < BAC by (LDR2). Hence
ANC 2 BAC. O

We present some examples of L-directed relations by the following proposition.

Proposition 3.3. Let x, € 5*(LY).
(1) Define a binary relation <., on L* by

VA,BeLX, AZ, B <= 3Dc,, (L") st. A<D<B.

Then Z,, is an L-directed relation.
(2) Let (X,=) be an L-convex enclosed relation space. Define a binary relation 2 by

VA,BeL*, A<} B < 3De, (LX) st. ASDAB<D=ZD.

Then {_i is an L-directed relation satisfying
(i) éfkgémzé:jm, where Xt is the finest L-convex enclosed relation on LX, defined by A Xtn Biff A< B
for all A,B € LX;
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(i) A<Z, Biff A<y B for anyn € B5(L).
(3) Let (X,C) be an L-convex space. Define a binary relation <5 on L~ by

VA, BeL®, Az B < 3ICeRS st. ASC<B.

_ _Crin

Then é% is an L-directed relation satisfying ngéézk—<u ;where Cyin = LX s the finest L-convex structure on

L.

Proof. (1) It is easy to check that A < C £,, D < B implies A €., B. We check that €, satisfies (LDR1)-(LDR3).
(LDR1) Since L € ,, (LX) and T ¢ 1., (LY), it is clear that L £,, L and T #,, T.
(LDR2) For all A, B € L, we have

AZ, B <= 3IDc,, (L*)st. A<D<B
— Aci,, (LX)st. A<LB

— A<, A<B.

(LDR3) Let {A;}¢7 C L* and B € L*. If \/fgl A; Z,, B then it is clear that A; £€,, B for any i € I. Conversely,
assume that A; €5, B for any ¢ € I. Then there is D; € 9, (LX) such that A; < D; < B for any i € I. Thus
VI A <Vep Di < B Tt follows from Lemma 22 that \/,c; D; € g, (LY). Therefore VA 2., B.

(2) Tt is clear that A < C 27 D < B implies A €7 B. Next, we check that < satisfies (LDR1)—(LDR3).

(LDR1) Since T & 5, (L™) and L € 9, (LX), it is clear that T #7 T and L <7 L.

(LDR2) For all 4, B € LX,

A2 B < 3Dey, (LX)st. ASDAB<DZD
— 3D, (L*)st. ASDANA<D=ZD
<— AéfAAgB.

and A< B

(LDR3) Let {A4;}¢i", C L* and B € L*. Then \/fgl A; (f} B clearly implies A; (f} B for any i € I. Conversely,

assume that A; Z:A B for any i € I. There is D; € 9., (LX) such that A; < D; AB < D; X D, for any i € I. Let
©Y; = {CZ € Z/JQCA(LX) A, <C;ANB<(C; X Cz}

Let E; = A\ p; for any i € I. Then E; < D,. Next, we check that {Ez}fg] C LY and E; € ; for any i € I.

Let ¢,j € I. Since {A;};cr is directed, there is an index k € I such that A; V A; < Ay. For any Ci, € ¢y, we have
Cp, XCr>CryNB > A, > A; VA Thus Cy € ¢; Ng; which implies that E; V E; < Ei. So {E;},cs is directed.
For any i € I and any C; € ¢;, we have E; < C; X C;. Thus E; < C; and E; < /\Cie% C; = E; by (LCER3). Hence
A;<E;,NB< Ez =< FE; which implies E; € ©;-

Let E = \/zdg} E;. Then E; X E for any i € I. Thus E X E by (LCER5). Further, since E; € t,, (LX) for any
i € I, it follows from Lemma (2) that E € ¢, (LX). Hence /2, A; < EA B < E 2 E. Therefore \/{*; A, z; B.

Next, we prove other results.

(i) In order to prove that €7 <<Z,,, let A, B € L*. Then

A2 B <= 3Dy, (L¥)st. ASDAB<DZD
= Ac,, (LX)st. A<B
— A<, B.

Thus € <Z,,.

It is clear that ‘J<fm is an L-convex enclosed relation. So <f{i"§<m. To check that <m§<f{i", let A 2,, B.
There is C' € 1), (LX) such that A < C < B. Thus A < C A B < C =y, C which implies that A Z:i " B. Hence
@Angji". Therefore sz =2,

(ii) It directly follows from Lemma [2.6{3).

(3) (LDR1) Since L € RS, and T ¢ RS, it is clear that L ¢ 1 and T 2§ T.

TN’

(LDR2) For all A, B € L+, it is clear that

A2 B < JEE€RS st. ASE<B < AR st. A<B « Az A<B.
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(LDR3). Let {4;}fin, C LY and B € LX. If \/fg[ A; 2§ B then it is clear that A; €5 B for any i € I. Conversely,
let A; <§k B for any ¢ € I. Then there is D; € ng such that A; < D; < B for any i € I.

Let ¢; = {C; € RS, : A; < C; < B} for any i € I. Then A i € RS, - In addition, since {A;}din C L‘X7 it is easy to
check that the set {A ¢;}ier is directed. Thus \/fgl A i € RS, and \/fgl A; < \/fgl ¢; < B. Hence \/fg} A; 26 B.

Therefore 2¢_ is an L-directed relation.

Let ABeL*. If A égA B then there is a C & RgA C by, (L) such that A < C < B. This shows that A €,, B.
Thus 5 <Z,,.

Since RYL™ = b, (LX), it is easy to check that A £,, Biff A 2%/ B for all A, B € LX. Therefore ,, =2/, [

Proposition 3.4. Let f: X — Y be a mapping. For any €x€ R(LYX), we define a binary relation (Zx)px) (simply,
Z5(x)) on LY by

VA,BELY, A(f(X)B <~ ASBandff(A) Zx ff(B)

Then (f(X)E D%(LY)
Proof. Tts proof is direct. O

Based on examples of L-directed relations presented in Proposition we introduce L-convergence relation spaces
and study its relation with L-convex enclosed relation spaces.

Definition 3.5. A relation < on 3*(LX) xR(LX) is called an L-pre-convergence relation on LX if for all z) € B*(LX)
and 21, Z2€ R(LYX),

(LCR1) 2y <Zy, ;

(LCR2) z) <21 and €1<Z9 imply z) <<s.

Lemma 3.6. Let < be an L-pre-convergence relation on L~ and xx € B*(LX). Define a binary relation Zﬁ on LX
by

VA,BeL®, Az$ B < VzeRy(LY), A< B,

Tx
where R (LX) = {£€ R(LY) : v\ <<}, Then 5 is an L-directed relation on LX.
Proof. (LDR1) Since z) <Z,, by (LCR1) and T Z,, T, it is clear that T Z;5 T. For any €€ R (LX), it is trivial

that L € L by (LDR1). Thus L £ L holds.
(LDR2) For all A, B € L*,

AZS B < VZeRS(LY), A<B
= Vz2eRT(LY), AzA<B
— A<S A<B.
(LDR3) For all {4;}fi", C LX and B € L¥,
dir dir
\Ai<5 B — vzeRrs(L¥), \/A<B
icl iel
= VZeRS(LY),Viel, A; 2B
— Viel, A <5 B.
Therefore <§<A is an L-directed relation. O

Definition 3.7. An L-pre-convergence relation < on L™ is called an L-convergence relation and the pair (X, <) is
called an L-convergence relation space if 25 further satisfies
(LCR3) VA, Be LY, A<5 B« A Za B for any n € BY(L).

Let <; and <4 be L-convergence relations on LX. < is said to be coarser than <, denoted by < <<, provided
that ) <1< implies 7) <2< for all z) € B*(LX) and €€ R(LY).

Definition 3.8. Let (X, <x) and (Y,<y) be L-convergence relation spaces. A mapping f : X — Y is called an L-
convergence relation preserving mapping if vy <x<x implies f (xx) <y < p(x) for all xy € B*(LY) and € x€ R(LY).
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Example 3.9. Let X = {z} and L = {L,a,b,¢,d, T}, where c = aAb, d =aVb and a,b are incomparable. Then
B* (LX) = J(LX) = {za, zp, 2.} and R(LX) = {Z: w € L\{T}}, where Z,, is defined by A €, B iff A <z, A B for
all A,B € L and w € L\{T}. It is easy to check that €, =2, , €q=%,, and £,=Z,,.

Let < and < be relations on 3*(LX) x R(LX) defined by Tables 1 and 2 as follows.

21 Zc Za Zp <4 21 2. Za Zp %4

Tc < < K KX (K Te < < K K (K
Tq << K T < K K
Ty < < Tp < K K
Table 1: The definition of K Table 2: The definition of <

It is easy to check that both < and <y are L-convergence structures.

The category of L-convergence relation spaces and L-convergence relation preserving mappings is denoted by L-
CRS. We now study relationships between L-convergence relation spaces and L-convex enclosed relation spaces.

Proposition 3.10. Let (X, =) be an L-convex enclosed relation space. Define a relation <= on B*(LX) x R(LX) by
Vay € B*(LX),V 2€ R(LY), =) <2 <= <1<<.

. . . 3 <L« -
Then <~ is an L-convergence relation satisfying éxfzé;i.

Proof. Let xy € B*(LY) and <1, €2€ R(LY).
(LCR1) It is clear that € <<, by Proposition/2). Thus ) €<Z,,.
(LCR2) Clearly, z) <x<; and €;<Z5 imply <;A§<1§<2. That is, ) <<Zs.
(LCR3) For all A, B € LX it is clear that

AZ5 B <= Vr, <=2, AZB « V<;<<, A<B < AZ] B.
This shows that észéf}. Further, it follows from Proposition 2) that
<= _= * _= * A S
AZy" B <= AZ, B < Wnepi(l), A<, B < Vnepi(l), Az, B.
This shows that (LCR3) holds for <.
Therefore <= is an L-convergence relation satisfying (széi. O

Theorem 3.11. Let (X,=<x) and (Y, =Xy) be L-convex enclosed relation spaces. If f : X — Y is an L-convex enclosed
relation preserving mapping, then f: (X, <z, ) — (Y, <z, ) is an L-convergence relation preserving mapping.

Proof. Let xy € B*(LX) and € x€ R(LY) with z) <=, Zx. Then <ij <Zx. Inorder to prove that f77(z)) <, € ¢(x),
it is sufficient to prove that (;}'(m)géﬂx). If D e wf?(m)(LY) then fi (D) € 1, (LX). Thus, for all A, B € LX,

AL B > IDE€Ysy(LY)st. ASDAB<D=Zy D
— A< Band3 ff (D)€ ¢y, (L) s.t.

[ (A) < f (D) A i (B) < [ (D) 2x fi7 (D)

A< Band fi7(4) <5 fi7(B)

A< Band f (A) Zx fi (B)

Ll

Thus <f§(m)§< #(x) which shows that f7’(zx) <=z, Zx). Hence f is an L-convergence relation preserving mapping
from (X, <=, ) to (Y, <<, ). O

Proposition 3.12. Let (X, <) be an L-convergence relation space. Let < be defined by

VA,BeL®, AR« B <= 3JA<D<B st Vo, € 85 (LY),V 2e R (LY),
xx £ D implies D € B.

Then L« is an L-convex enclosed relation on L.
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Proof. Tt is clear that A < C ¢ D < B implies A ¢ B for all A, B,C,D € LX. Next, we check that . satisfies
(LCER1)-(LCERS5).

(LCER1) It is trivial that L < L.

(LCER2) If A %« B then it is clear that A < B.

(LCER3) If A X« \,c; Bi then it is clear that A X B; for any i € I. Conversely, let A < B; for any i € I. By
A Z o B, there is a D; € LX such that A < D; < B; and for all z) € $*(L%) and €€ %fi(LX), x)x £ D; implies
D; € B;.

Let D= A,c; Di. Then A< D < A\,; B;. For any zg € 8*(L*) and any €€ RS (LY) with z9 £ D, thereis j € I
such that z9 £ D;. Thus D; € B; by A X« B;. Hence

Dg@AAmg&AA&ZA&.
icl iel i€l

Hence D € A,.; Bi. Therefore A <2 A,.; B; as desired.

(LCERA4) Let A % B. We need to find a set D € L* such that A X D < B.

By A 2. B, there is a D € LX such that A < D < B and all 2, € 8*(L¥) and €€ R (LX) with x) £ D imply
D Z B.

We say that D <« B. Indeed, D < D < B. For all y,, € 8*(L¥) and €€ R (L) with y, £ D, we have D < B
by A %« B. Thus D 2« B. We also say that A X« D. Indeed, A < D < D. For all z,, € 8*(L¥) and €€ %i(LX)
with z, £ D, we have D € B by A X« B. Thus D € D by (LDR2). Hence A X« D. Therefore A X« D X« B as
desired.

(LCERA5) If \/fgl A; %« B then it is clear that A; X B for any ¢ € I. Conversely, assume that A, <« B for any

i € I. Thus, for any i € I, there is a set D; € LX such that A; < D; < B and D; € B for any z) € $*(L%) and any
ze RS (LX) with zy £ D;. Let E; = )\ ¢; for any i € I, where

@i ={D; € L 1 A; < D; < B and Va, € 8*(LY),V 2€ R (LX), £ D; implies D; € B}.

Then A; < E; € ¢; and {E; }ier is directed since {4;}¢ C LX. Thus \/;igl A < \/;igl E;, < B.

In order to prove that \/fgl A R« B, let 2y € B*(LY) and €€ R (LX) with ) £ \/flgl Ej;. Since <€ RS (LX)
and z) £ F; for any ¢ € I, it follows that E; < D; € B by A; X« B. Thus E; € B. Hence \/fgl E; € B by (LDR3).

Therefore \/fgl A; R« B. O
Proposition 3.13. Let (X,<x) and (Y,<y) be L-convergence relation spaces. If f : X — Y is an L-convergence
relation preserving mapping from (X, <x) to (Y, <y ), then f : (X, R« ) = (Y, R« ) is an L-convex enclosed relation
preserving mapping.

Proof. Let x5 € *(L%X) and €x¢€ RSX (LX). Since f : X — Y is an L-convergence relation preserving mapping, it is
clear that <y x)€ D‘if_ff(n)([/y). For all A, B € LY, it follows that
L

A=¢, B <= 3JA<D<Bst Wy, €pY(LY),V2ye Ry (L),
yu £ D implies D €y B
= 3JA< D < Bst. Vay € B (LY),V2xe REX(LY),
[’ (xx) £ D implies D Z(x) B
= 3f; (A) < H < f (B) s.t. Vo € B*(LY),V 2x€ REX(LY),
xx £ H implies H €x f{ (B)
= fi (4) R«i fL (B).
Therefore f is an L-convex enclosed relation preserving mapping. O
Lemma 3.14. Let (X, <) be an L-convergence relation space. Then szgz;j <Z,, forxy € B*(LY).

Proof. Let x) € 8*(LX) and A,Be€ LX. If A (jf B then there is a D € )., (LX) such that A< DAB < D=, D.
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It follows from (LCR3) of <, Lemma (2) and (LDR2) of €5 that

D=2 D < Vyge B (LY),VZ2eRSX(LY), yp £ D implies D £ D
— Ve pN(L),Y e REX(LY), xy £ D implies D < D
— Vnepi(l), D5 D
<~ Dz5 D
— A< A<B
— A<S B
Thus 55 << .
Since Z,, € RS (L) by (LCR1), A 5 B implies A <,, B. Therefore €5 <<,,. O

Proposition 3.15. If (X, <) is an L-convergence relation space, then K<<= _ .

Proof. Let z) € 8*(LX) and €€ R(LYX). If 2, << then <f;<§<§§ << by Lemmas and This implies that
z) <z_<Z by Proposition @ This shows that < <<z _. O

Proposition 3.16. If (X, <) is an L-convex enclosed relation space, then < =<.
Proof. Tt follows from Proposition that éfﬁzéi. For all A,B e LX,

A=Z., B <= 3A<D<Bst Vo, € LX),V 2e R (LY),
xx £ D implies D € B
& 3JA<D<Bst Vo, € B5(LY), ) £ D implies D < B.

Thus A <, B implies a set D € L* such that A < D < B and D €5 B for any z € 8*(LX) with 25 £ D. Further,
by D (jA B, there is a set E,, € 1, (LX) such that D < E,, AB< E,, X E,,.

Let £ = /\xxzD E,,. Then FE <X E by (LCER3) of <. We say that E = D. Indeed, it is clear that D < E. Suppose
that E £ D. Then there is y,, € f*(E) such that y, £ D. By y,, € 8*(F), there is y,, € *(E) such that y, € 8*(yy).
But y, < E < E,, €1, (LX) which is a contradiction. Thus £ < D. Hence E = D. Asaresult, A< EX E<B
which shows that A < B. In conclusion, A <_ B implies A < B. Therefore < _ <<.

Conversely, let A < B. (LCERA4) yields a set F' € LX such that A< F < B. Let D = A{G € LX : A X G}. Then
A<D =D < B by (LCER3). This shows that A < D < B.

In order to prove that A X B, let x) € p*(L¥) and €€ Ry (LX) with ) £ D. Then D € 1,, (L¥) and
éigé. Since D < DA B < D < D, it is follows that D é; B. Thus D € B. This shows that A <. B. Therefore
<=y

In conclusion, X _ == as desired. O

Based on Propositions and we get a functor U : L-CERS — L-CRS defined by

L-CERS — L-CRS;
U: (X,=) — (X, <x);

Based on Propositions and we get a functor V: L-CRS — L-CERS defined by

L-CRS - IL-CERS:
V: (X, <) — (X,%&);
f — I

Based on Propositions [3.10H3.16] we have the following conclusion.
Theorem 3.17. (U,V) is a Galois’s connection, where V is a left inverse of U.

In order to study further relationships between L-convergence relations and L-convex enclosed relations, we introduce
L-convex convergence relations as follows.
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Definition 3.18. An L-convergence relation < on L~ is called an L-convex convergence relation and the pair (X, <)
is called an L-convex convergence relation space, if for all xy € 3*(L%) and A, B € L,

(LCCR1) z)\ << ;

(LCCR2) A< B <= 3D € ¢, (L) s.t. ASBAD<DZ$ D forally, £ D.

The category of L-convex convergence relation spaces and L-convergence relation preserving mappings is denoted
by L-CCRS. Next, we discuss the relationships between L-CERS and L-CCRS.

Remark 3.19. The L-convergence relation < defined in E:L’ample is an L-convex convergence relation on L™, while
the L-convergence relation <1 is not an L-convex convergence relation. In fact, éfalzéfblzéc while ., {éczéfal,
That is, (LCCR1) fails for <. Therefore <1 is not an L-convex convergence relation.

Proposition 3.20. If (X, <) is an L-convex enclosed relation space, then <= is an L-convex convergence relation on
Lx.
Proof. 1t is sufficient to prove that << satisfies (LCCR1) and (LCCR2).

(LCCR1) Let z) € 8*(LX). We have x) << Z; by <f}§<f}. Thus ) <= ij by Proposition

(LCCR2). For any D € LX, it is clear that D < D imply D é;ﬂ D for any y, £ D. On one hand, it follows from
Proposition that

AzS*B Azi B

3D € ¢, (LX) st. ASDAB<D=ZD
D € ¢ (LX) s.t. ¥y, £ D, ASDAB<DZ, D

AD € ¢y, (LX) s.t. Yy, £ D, ASDAB<D 3. D.

IR

On the other hand, by (LCR3) of Z5,~, Lemma 2) and Proposition [3.10 it follows that

3D € ¢, (LX) s.4. Yy, £ D, ASDAB<DZy.° D

3D € 9, (LX) st. ¥p e B5(L), ASDAB<DZ3° D

AD € ¢, (LX) st. ASDAB<DZ5°D (by (LCR3))

AD € ¢, (LX) st. ASDAB<DZ; D (by Proposition B.10)

_=
Az, A<B (by Lemma 2))
Az5* A< B (by Proposition [3.10)
Az57 B

rrLrrel

Thus (LCCR2) holds for <.
Therefore <« is an L-convex convergence relation. O

Lemma 3.21. If (X, <) is an L-convex convergence relation space, then fozéﬁ for xy € B*(LX).

Proof. Let A, B € LX. We have

A2 B > 3D, (LX)st. ASKDAB<DZD
= EIDGM}I*(LX)S't'vy“ﬁD’véemi(Lx),ASD/\BSDéD
= 3AD €y, (LX) st. ¥y, £ D, ASDAB<DZ5 D
= AZJ B
Therefore éff =<5. -

Proposition 3.22. Let (X, <) be an L-convex convergence relation space. Then <<z _=<.

Proof. It follows from Proposition that < <<<_. Inorder to prove that <z _ <<, let z) € 5*(L¥) and €€ R(LY)
with ) <z_ <. Then €;,° <<. Thus 2\ <<E =2Z,,° << by (LCCR1) and Lemma Hence z), << by (LCR2).
Therefore <z << O

Based on Propositions [3.10H3.13], [3.15] [3.20] and [3.22], we have the following conclusion.
Theorem 3.23. L-CERS is isomorphic to L-CCRS which is a bireflective subcategory of L-CRS.
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4 [-ideal-convergence spaces and L-convex ideal-convergence spaces

In this section, we introduce L-ideal-convergence spaces and L-convex ideal-convergence spaces. Then we investigate
their relations with L-convergence relations spaces and L-convex convergence relation spaces.

Proposition 4.1. Let (X,R) be an L-convex B*-remotehood space and (X,C) be an L-convex space. We denote
Loy = Uy (LX), IX =Ry, and IS, = RE, for any xx € B*(T). Then I,,, I IS are L-conver ideals on L~

XY\ )\
Proof. They are direct results of Lemma Definition [2.7] and Theorem O
Proposition 4.2. Let (X, <) be an L-directed relation space. Then Io = {B € L* : B € B} € 3(LY).

Proof. (LCI1) It directly follows from (LDR1) that L € 7o and T ¢ Z..
(LCI2) If A< B €. then A< B<Z B. Thus A< A< B by Lemma[3.2{(1) and (LDR2). So A € Z-.
4(LC13) If {A;}din C I then A; € A; < \/fg} A; for any ¢ € I. Thus \/jgl A; € \/fg} A; by (LDR3). Therefore
Vier Ai € Ze. 0
Proposition 4.3. Let (X,Z) be an L-convex ideal spaces. Define a binary relation €1 by
VA, BeLX, A2;B <= AeZ and A<B.

Then €7 is an L-directed relation on LX.

Proof. (LDR1) It directly follows from (LCI1) that L €7 L and T #7 T.
(LDR2) For all A, B € L, we have

(LDR3) Let {A;}d" C LX and B € LX. If \/d" A; €7 B then A; €7 B for any i € I. Conversely, if A; €7 B

i€l i€l : '
for any i € I then 4; € Z and A; < B for each i € I. Thus V%" A, < B and \/fg} A; € Z. This shows that

i€l
dir A & ’
Vier Ai €z B. O

Proposition 4.4. (1) If (X, <) is an L-directed relation space, then €=<1
(2) If (X,Z) is an L-convex ideal space, then To, =T.

A

Proof. (1) For all A, B € LX, (LDR2) implies that
AZB & AZA<B < A€lr:and A<B < AZ7; A<B < AZ7_B.

So €=<Z7_.
(2) For any A € LY, we have A€ I, <= A<Z7 A < A€ Z. Therefore Zo, = T. O

Lemma 4.5. For any x € B*(LYX), the following statements are valid.
(1) Zo, =Te,, and <,,=%1,, .
(2) If (X,C) is an L-convex space, then Iéfx = Rgf and (ffzégx.
(3) If {Z; }icr € I(LY) is nonempty then (;c; Z; € I(LY).
Proof. (1) For any A € LX, we have
AT, += Acy,,(IY) <= A<, A « Aecl. .
Thus Z,, =7z, . Also, for all A, B € LX, we have
A<, B < Ay, (L¥)and A< B < A<z, A<B < A<z, B

Therefore <,, =<7, .
(2) Let A,B € LX. Since A % A iff A € C, we have

A€T < = ARAey, (LY) &= AeCxniy, (I¥) AeREE.

A
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Thus Iég = Rgf Also, since A € C iff A <. A, we have

A

AzZep

2! — 3D €, (L*)st. ASDAB<D=Z¢D
— 3D eCNt,, (LX)st. ASDAB<D
< AeR{ and A<B
«— AZS B
Therefore <j§:<§x
3) Its proof is direct. O
(3) Its p

Proposition 4.6. Let f: X — Y be a mapping, x € I(LX) and £x€ R(LX). Then
(1) Iy xy = {G € LY : f5(G) € Ix} € R(LY) satisfying (Z1x)(x) =Z7,x)
(2) Tex)px) = Tz;0ny -

Proof. (1) 1t is easy to check that Zy(x) is an L-convex ideal on LY. For A, B € LY,

A(Zzy)rx)B A< Band fi (A) 2z, f1 (B)
A< Band fj (A) € Ix

A< Band A EIf(X)

A L) A<B

Az, B.

rreey

So (214 ) f(x) =ZZ;0x)-
(2) For all Ac LY,

Ac (Tey)iixy <= fL (A eIy &= AZyx) A — A€z, .

Therefore (Z-)fx) =1z O

SSiCoN

By Proposition [£:4] there is a one-to-one correspondence between L-convex ideals and L-directed relations. We next
introduce L-ideal-convergence structure and L-convex ideal convergence structure and discuss their relationships with
L-directed relations and L-convex convergence relations.

Definition 4.7. Let J(LX) be the set of all L-convez ideals on LY. A mapping lim : J(LX) — 28" ) s called an
L-ideal-convergence and the pair (X,lim) is called an L-ideal-convergence space if lim satisfies

(LICL) zy € lim(Z,,);

(LIC2) VI1,Zs € 3(LX), Iy C Iy implies lim(Z;) C lim(Zz);

lim __ lim lim __
(LIC3) Z,* = ﬂnEBi(L) I, where T, = ﬂmelim(z) 7.

Definition 4.8. Let (X,limyx) and (Y,limy) be L-ideal-convergence spaces. A mapping f : X — Y is called an
L-ideal-convergence preserving mapping, if xx € limx(Z) implies f7’(xx) € limy (Zy(x)) for all zy € B*(L¥) and
T e 3(LX).

The category consisting of L-ideal-convergence spaces as objects and L-ideal-convergence preserving mappings as
morphisms is denoted by L-ICS.

Example 4.9. Let X = {z} and L = {L,a,b,¢,d, T}, where c = aAb, d = aVb and a,b are incomparable. Then
B* (LX) = J(LX) = {za, xp, 2} and I(LX) = {Z, :w € L\{T}} U{Zus}, where Zop = Z, ULy and T, = {x, € L= :
v <w} for any w € L\{T}. In addition, T, =T, , I, =L,, and I = I,,.

(1) Let lim : 3(LYX) — 28" (L) pe defined by lim(Z,) = lim(Z.) = {z.}, im(Z,) = {z¢, xp}, Um(Zy) = {zc, x4} and
lim(Z, ) = lim(Zy) = B*(LX). It is easy to check that lim is an L-ideal-convergence structure.

(2) Let lim; : I(LX) — 25"E™) be defined by limy (Z,) = limy (Z.) = {z.} and lim;(Z,) = lim;(Z,) = limy (Z,) =
lim (Zy) = B*(LX). Then lim; is an L-ideal-convergence structure.

Lemma 4.10. Let (X, <) be an L-convergence relation space. Define lim« : J(LX) — 28" (L%) py
VZ € J(LY), lime(T) = {xy\ € B* (LX) : x) <21}

Then Ty"< = {Ae LX : A 2S5 A} for any xx € BH(LY).
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Proof. Let xy € 8*(L¥) and A € LX. Proposition yields that

Aeim< VZ € 3(LX), xy € lim (Z) implies A € T
VI € J(LX), x\ <<7 implies A 27 A
VZe DQ(LX), Ty <<z implies A € T
vV 2e R(LY), z) << implies A< A
Ve RS(LY), A< A
A<S A

TX

Thus Zoy'< = {A € LY : A<S A} O

preent

Proposition 4.11. If (X, <) is an L-convergence relation space,then lim is an L-ideal-convergence structure on LX.

Proof. (LIC1) Let z) € 8*(L%). We have x <Z4,=Zz,, by (LCR1) and Lemma 1). Thus z) € lim(Z,,).
(LIC2) If 7y € Zy and z) € lim«(Z4) then z) <<7,<Z7z,. So z) <<z, by (LCR2). This implies that z) €
lim (Z5). Thus lim (Z7) C lime (Zy).
(LIC3) Let ) € B*(LX) and A € LX. Tt follows from Lemma and (LCR3) that

A< = Az5 A
= Wnef(l), AZSF
* lim
= VnepiL), AeIr<
= Ae (] T,
nepX(L)

Therefore IS;“<< = ﬂueﬁ*(A) Iiim<<.

u
Therefore lim is an L-ideal-convergence structure. O

Proposition 4.12. Let (X,<x) and (Y,<y) be L-convergence relation spaces. If f : X — Y is an L-directed
convergence relation preserving mapping from (X, <x) to (Y, <y), then f: (X,limg ) — (Y,lim«, ) is an L-ideal-
convergence preserving mapping.

Proof. Let Ix € J(LX) and let x5 € B*(LY). Since f is an L-convergence relation preserving mapping, it follows from
Proposition [.6] that
T\ e lim<<X (IX) s T\ <<X<Ix
= fl'?(x/\) <<Y<If(x)
<~ fL_)(CL')\) c lim<<y (If(x)).
Therefore f is an L-ideal-convergence relation preserving mapping. O
Proposition 4.13. Let (X,lim) be an L-ideal-convergence space. Define a relation <y, on B*(LX) x (LX) by
Yy € B (LY),V 2€ R(LY), ) <im€ <= =) € lim(Z2).
Then <jim s an L-convergence relation satisfying éﬁ“mzéznm.
EPN
Proof. (LCR1) Since x) € lim(Z,,) = lim(Z¢, ) by (LIC1) and Lemma 1), it follows that x) <jim<y, -
(LCR2) Let 21, Z2€ R(LX) with £,<Z5 and z) <im<1. Then Zo, C T, and x, € lim(Z2,) C lim(Z2,). Thus
Ty LiimZ2-
(LCR3) Let x € *(LX). We check that €5 =Z um. For all A, B € LY, Propositionyields that
£

AzSim B Vze RE(LY), A< B

vV 2€ R(LY), =) € lim(Z2) implies A € B

vV 2e R(LY), ) € lim(Z2) implies A € Zo and A < B
VI € 3(LY), x € lim(Z.,) implies A € Zo, and A < B
VT € 3(LX), x) € lim(Z) implies A € Z and A < B
AeZ)™ and A< B

A Zgim B.

[ A A
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Thus éjﬁ“mzéInm. Hence (LIC3) implies that
LN

AgSim B = A Zzim B
= .
— A <nueﬁf\(L)I§c'ff] B
— Vpepi(l), AZqnm B
T
= VupepB(L), A5 B.
Hence (LCR3) holds for <iy,.
Therefore <;y, is an L-convergence relation satisfying éji“m:éznm. O
EDY

Proposition 4.14. Let (X,limx) and (Y,limy) be L-ideal-convergence spaces. If f : X — Y is an L-ideal-convergence
preserving mapping from (X, limx) to (Y,limy) then f : (X, <imyx) — (Y, <limy ) 8 an L-convergence relation
PTESETVING MAPPINgG.

Proof. Let ) € B*(LX). If £x¢€ i)ﬁ{f;imx (LY) then zy € limx(Zz,) and f77 () € limy (Zzy ) p(x)) = limy (Z, )
Thus f77(2x) <iimy € f(x)- So f is an L-convergence relation preserving mapping. O
Proposition 4.15. If (X, <) is an L-convergence relation space, then Klim =<

Proof. Let x € B*(LY). Tt follows from Proposition that
Ty Kiime € = 1) €limc(Zz) = 1\ KL, = 1) KL
This shows that <jj, =< 0

Proposition 4.16. Let (X,lim) be an L-ideal-convergence space. Then limg = lim.
Proof. Let xy € B*(LX) and Z € 3(LX). It follows from Proposition [4.4] that
zx €limg, (7)) <= o) € im€7z < 2\ € lim(Zz,) < =z, € lim(Z).
Thus lim,, . = lim. O
Based on Propositions and we obtain a functor T : L-CRS — L-FCS by

L-CRS — L-FCS;
T:¢ (X,<) +— (X limg);

Based on Propositions T is isomorphic. Thus we have the following result.
Theorem 4.17. L-CRS is isomorphic to L-ICS.

Definition 4.18. An L-ideal-convergence lim : J(LX) — 28" (L™ s called an L-conves tdeal-convergence structure
and the pair (X,lim) is called an L-convez ideal-convergence space if lim further satisfies

(LCIC1) zy € lim(Zi™);

(LCIC2) A € ZH™ iff there is B € by, (LX) such that A< B € I}j;“ for ally, £ B.

The category of all L-convex ideal-convergence spaces and L-ideal-convergence preserving mappings is denoted by
L-CICS. Clearly, it is a bireflective subcategory of L-ICS.

Remark 4.19. The L-ideal-convergence structure lim defined in Example (1) 1s an L-convex ideal-convergence
structure on LX, while the L-ideal-convergence structure lim, defined in Evample (2) is mot an L-convex ideal-
convergence structure. In fact, Ii™ = I™ = T, and x, & lim (Z}™) = limy (Z.) = {z.}. So x4 & limy(Z)™) which
shows that (LCIC1) fails for lim;. So lim; is not an L-convez ideal-convergence convergence structure.

Proposition 4.20. If (X, <) is an L-convex ideal-convergence relation space, then lim« is an L-convex ideal-convergence
structure.
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Proof. Tt follows from Proposition that lim. is an L-ideal-convergence structure. It is sufficient to verify that
(LCIC1) and (LCIC2) hold for lim..
/<<lim

(LCIC1) Let 5 € 8*(L™). It follows from Propositions {4.13{ and [4.15( that <55 =2, =<Z_tim .
ZX

Since ) << by (LCCRI1), it is clear that xy << ime. That is, x5 € lim¢ (Z02<).
DN

TN
(LCIC2) Let A € L. It follows from Lemma and (LCCR2) of < that
AeI™s «— AZS A
& ID €y, (LX) st.Vy, £ D, A<D Z5 D
& 3AD €, (L¥)st. Vy, £ D, A<D eT)"<.

So (LCIC2) holds for lim. O

Proposition 4.21. If (X,lim) is an L-convez ideal-convergence space, then <jim is an L-convex convergence relation
on LX.

Proof. Tt follows from Proposition that ), is an L-convergence relation. It is sufficient to verify that (LCCRI1)
and (LCCR2) hold for €.

(LCCR1) Let z € B*(L¥). Then éﬁ“mzézgin by Proposition Since z) € lim(Z}™) = lime,, (Z}™) by
(LCIC1) and Proposition it follows that ) <jjm<qm. Therefore xy <<hm<§<;im.

(LCCR2) Let A, B € L. It follows from Proposition and (LDR2) that

AzSim B = AZpm B < AZpm A<B < AeTI)™ and A< B.

Hence, (LCIC2) of lim and Theorem [4.13] yield that

AzSm B > A<Band AcI}™
— 3AD ey, (LX)st.Vy, £ D, ASBAD<DeL™
<= 3ID €, (LX) st. Vy, £ D, AKBAD<D Zgm D
= 3D €y, (L¥)st. ¥y, £ D, ASBAD<DZ5im D
— 3D €Y, (L¥)st. ¥y, £ D, ASBAD<DZg5lm D.
Thus (LCCR2) holds for <jjy,. O

Based on Propositions and and Theorem we have the following result.
Theorem 4.22. L-CCRS is isomorphic to L-CICS which is a bireflective subcategory of L-ICS.

Also, relationships among L-convex ideal-convergence space, L-convex enclosed relation space and L-convex space
are presented as follows.

Remark 4.23. Relations between L-CICS and L-CERS are presented as follows.
(1) Let (X,lim) be an L-convex ideal-convergence space. Define a binary relation <y, on LX by

VA,Be LX, A=y, B < 3A<D<B st Vo, £D, DeIim

Then Zyim is an L-convex enclosed relation on L. .
(2) Let (X, =) be an L-convex enclosed relation space. Define a mapping limz : (LX) — 287(7) by
VI € 3(LX), limz(Z) = {z) € B*(LY) :2] <=1}
Then lim= is an L-convez ideal-convergence structure on L.
(3) Rlimz== and limz, = lim.
(4) L-CICS is isomorphic to L-CERS.
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Remark 4.24. Relationships between L-CICS and L-CS are presented as follows.

(1) Let (X,lim) be an L-convex ideal-convergence space. Then the set Ciim = {A € LX :Vay £ A, A € II™} is an
L-convex structure on LX.

(2) Let (X,C) be an L-convex space. Define a mapping lime : J(LX) — 28" (L) by lime (I) = {xx € p*(LY): IS, C
T} for any T € Z(LX). Then lime is an L-convex ideal-convergence structure on L.

(3) Clime = C and lime,,,, = lim.

(4) L-CICS is isomorphic to L-CS.

We present the following diagram to show relationships among the categories mentioned in this paper.

L-CERS <% [_.CCRS 2L 1 .CRS

isoﬂ\/ isoﬂ isoﬁ

[-CS < [.CICS =L 1-1CS

5 Conclusions

In [0], Xiu et al. studied L-convex ideal and L-convergence structure in the framework of L-setting, where L is
a completely distributive lattice with an inverse involution. Its main notions and results depended inevitably on the
inverse involution. Being inspired by this limitation, we adopt L-convex *-remotehood to construct L-convergence (rep.
L-convex convergence) relation and L-ideal-convergence (resp. L-convex ideal-convergence ) structure, and establish
their relationships with L-convex enclosed relation and L-convex structure, where L is not required to be equipped with
an inverse involution.

Indeed, if L is a complete lattice with an inverse involution, then L-convex filter is a dual concept of L-convex
ideal. Similarly, L-convex ideal-convergence structure is a dual concept of L-convergence structure. However, L-convex
ideal-convergence structure can adapt to a more general environment where the complete lattice L has no inverse
involution.

(1) Even if the lattice L has an inverse involution ’, L-convex ideal-convergence structure and L-convergence structure
in the sense of Xiu et al. [40] (alternatively, Definition are independent concepts. We have the following examples.

We define an inverse involution ' on L in Example by L'’=T,d =band ¢ =d.

(i) The L-convex ideal-convergence structure lim : J(LX) — 27 (L) defined in Exampleis not an L-convergence
structure in the sense of Xiu. In fact, Z)™ = 7, and (., o™ = 0™ NIM™ =T, NZ, = L. So I)™ # Ny<a j;fn
(i.e., (LCV3) in Definition “ 0| fails). Thus lim is not an L-convergence structure.

(11) Define a mapping lim; : fi(LX) — 27(L7) py lim;(Z,) = limy(Z,) = 0, limy(Z,) = {@s}, limy(Zp) = {z,} and
lim; (Zg) = limy (Zap) = J (LX). It is easy to check that lim; is an L-convergence structure in the sense of Xiu et al.
[40]. However, we have ZU™ = 7, and ﬂneﬁ (L) Ihml. So Zjmi £ nneﬂ:(L) I}j;“l. That is, (LIC3) fails for lim;.
Therefore lim; is not an L- 1dea1—convergence structure.

In recent years, fuzzy relations and fuzzy convergence structures have been applied to many fuzzy mathematical
structures such as L-topological spaces, (L, M )-fuzzy topological spaces, M-fuzzifying convex spaces and (L, M )-fuzzy
convex spaces. Fuzzy relations and fuzzy ideal-convergence structures discussed in this paper may provide an alternative
way to study related fuzzy mathematical structures in the future.
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