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Abstract

In recent years, implication operators have been studied intensively from many perspectives. These include the study
of construction methods of implication operators. Additionally, it has been investigated whether some aggregation
operators such as t-norm in interval-valued L-fuzzy set theory are representable. In this paper, we present some
construction methods to obtain interval-valued implications, which are i-representable or not depending on the lattice
and fuzzy logic operators, via some fuzzy logic operators, order preserving and/or order reversing functions. Moreover,
many illustrative examples are included.

Keywords: Implications, lattice of closed intervals, interval-valued fuzzy set, bounded lattice, construction method,
order preserving function, order reversing function.

1 Introduction

Fuzzy set theory extends the notion of classical set theory by permitting the gradual membership of elements in a set.
It has been shown that fuzzy set theory is a useful tool for describing situations when the data is vague or imprecise.
It manages such situations by assigning a degree to which a certain object belongs to a set. Interval-valued fuzzy set
theory, which is an extension of ordinary set theory and denoted by L, is an important tool especially when it is
impossible to determine an exact degree of membership because of vague information or lack of knowledge, etc [11].

Fuzzy implications generalize the classical implication on {0,1} to fuzzy logic in which truth values belong to
the unit interval. Since fuzzy implications have a great number of applications such as fuzzy control, approximate
reasoning, and decision support systems and fuzzy control [3] I8, 19 22], they have been studied extensively recent
years [I} 12| [I3] 16, 21, 25]. In the literature, besides the studies on well-known classes of implications such as R-,
(S,N)-, and QL-implications, construction methods for implications from given implications or other fuzzy connectives
on more general structures than the unit interval [0,1] such as bounded lattices have been studied [I4] [I5]. After
some important fuzzy conjunctions were defined and studied on L such as triangular norms (conorms), uninorms etc.
[7, 8 [10], it is quite expected to study implications on L! and [J] introduced a concept of representability for interval-
valued fuzzy implications by fuzzy implication operators. For interval-valued fuzzy implication operators by means of
given fuzzy implications and aggregation functions, some construction methods are offered in the paper [2]. However,
a study of construction methods for interval-valued implications on L is not still available. Aim of this paper is to
find construction methods of interval-valued implication operators. In order to this, we use implications and some logic
operators on a bounded lattice L. Moreover, we reveal various new construction methods of interval-valued implications
using order-preserving or order-reversing functions on a bounded lattice L. The construction methods we obtained can
be applied on [0,1]. Thus, that construction methods play an important role for interval-valued fuzzy sets which have
many application areas; soft computing, approximate reasoning, optimization and etc. [0, 23] 24].

Corresponding Author: U. Ertugrul
Received: April 2024; Revised: September 2024; Accepted: December 2024.
https://doi.org/10.22111/ijfs.2024.48572.8569


https://orcid.org/0000-0002-2602-1788
https://orcid.org/0000-0002-5159-5396
https://orcid.org/0000-0003-0672-8134

34 F. Karacal, K. Karacair, U. Ertugrul

This paper is organized as follows. The next Section 2 is a preliminary that includes the basic concepts and definitions
required in this paper. In Section 3, some construction methods of interval-valued implications have been introduced by
means of some fuzzy connectives (t-norms, t-conorms, implication operators, etc.), negation on L and some arbitrary
elements of L. Also, some different construction methods for interval-valued implication operators are obtained from
order-preserving (order-reversing) functions as well as some fuzzy connectives, negations on L and some arbitrary of
L. Additionally, we add some examples including illustrative figures. Finally, our work ends with concluding remarks
Section 4.

2 Preliminaries

In this section, we list some basic notions and results which will be use in the paper.
A set L with a binary relation < is called a partially ordered set if for z,y, z € L it fulfills the following axioms:

o z <z (reflexive).
e z <yandy <z imply z =y (antisymetric).
e z <yandy<zimply z <z (transitive).

We say that an element a € L is an upper bound of a subset A C L if z < a for all z € A. Similarly, we mention
that an element b € L is a lower bound of a subset A C L if b < x for all z € A. Also, notation A denotes the set of the
upper bounds of A with respect to <. Dually A denotes the set of the lower bounds of A with respect to <. Element
s € A (if exists) is called the supremum of A if s is the smallest element of the set A. Dually, element i € A (if exists)
is called the infumum of A if i is the greatest element of the set A. It is immediately observed that if the supremum
and the infumum exist, they are unique. Specially if A = {a,b} is taken, the supremum of A is denoted by a V b and
infumum of A is denoted by a A b. In lattice L there exists a Vb and a A b for all a,b € L. A lattice L is called bounded
if it is a partially ordered set with a smallest element denoted by 0 and a greatest element denoted by 1. A bounded
lattice L with < is represented by (L,<,0,1). A lattice L is called complete if supremum and infimum exist for any
subset H C L. Readers can refer to [5] for more information.

Definition 2.1. [5] Let (L, <,0,1) be a bounded lattice. The elements x and y are called comparable if x <y ory < x.
Otherwise, x and y are called incomparable. In this situation, the notation x|y are used. If any two elements of L are
comparable, L is called a chain.

Definition 2.2. [5] Let (L, <,0,1) be a bounded lattice and a,b € L with a < b. The sublattice [a,b] is defined as

[a,b) ={x € L | a <x < b}
Similarly, (a,b) ={x € L|a<x <b}, [a,b) ={z € L|a<z<b}and (a,b) ={z € L | a <z <b} can be defined.

Definition 2.3. [5] Let (L,<,0,1) be a bounded lattice. A function B : L — L is called order preserving or isotone if
x <y implies B(x) < B(y) for any x,y € L. Similarly, a function 0 : L — L is called order reversing or antitone if
x <y implies 0(x) > 0(y) for any x,y € L.

Definition 2.4. [17] Let (L, <,0,1) be a bounded lattice. A functionT : L? —s L is a t-norm if it satisfies the following
conditions for any x,y € L.

(T1) T(z,y) =T(y, z). (commutavity)
(T2) T(x,1) = x. (neutral element)
(T3) If y < z, then T(z,y) < T(z,z). (monotonicity)
(T4) T(z,T(y,2)) = T(T(2,y), 2). (associativity)

Remark 2.5. Directly from Definition[2.]] we can deduce that a t-norm T satisfies the following additional conditions
for any x,y € L.

(i) T(z,0) =T(0,2) = 0.

(i) T(l,z) = x.

(iii) T(z,y) <z and T(z,y) < y.
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Definition 2.6. [I7] Let (L,<,0,1) be a bounded lattice. A function S : L?> — L is a t-conorm if it satisfies the

pa—

following conditions for any x,y € L.

(S1) S(z,y) = S(y, ). (commutavity)
(52) S(x,0) = =. (neutral element)
(S3) If y < z, then S(x,y) < S(z, 2). (monotonicity)
(54) S(z, S(y, z)) = S5(S(z,y),2). (associativity)

Remark 2.7. Directly from Definition[2.6] we can deduce that a t-conorm S satisfies the following additional contions
for any x,y € L.

(i) S(x,1) = S(1,2) =1.

(ii) S(0,z2) =«

(i) < S(z,y) and y < S(z,y).

Definition 2.8. [3,[I5] Let (L, <,0,1) be a bounded lattice. A decreasing function N : L — L is called a negation if
N(0)=1 and N(1) =0.

Definition 2.9. [3,15] A function I : L?> — L on a bounded lattice (L, <,0,1) is called an implication if it satisfies the
following conditions:

(I1) I is a decreasing operation on the first variable, that is, for every x,z € L with x < z, I(z,y) < I(z,y) for all
ye L.

(12) I is an increasing operation on the second variable, that is, for every y,z € L withy < z, I(x,y) < I(x,z) for
allz € L.

(13) 1(0,0
(14) I(1,1
(I5) 1(1,0

Theorem 2.
x,y € L,

1
1.
0

)
)
)
10. [13] Let (L,<,0,1) be a bounded lattice and a € L. Then the function I, : L> — L defined by, for all

L, ifz<y,
Io(z,y) =40, ifz>y, (1)
a, otherwise,

is an implication.

Theorem 2.11. [I3] Let (L,<,0,1) be a bounded lattice, S : L?> — L be a t-conorm and N : L — L be a negation.
Then the function I : L?> — L defined by, for all z,y € L,

L if v <y,

I(.’L’, y) =39 if x>y, (2)
S(N(x),y), otherwise,

is an implication.

Theorem 2.12. [14] Let (L,<,0,1) be a bounded lattice, S : L?* — L be a t-conorm, T : L?> — L be a t-norm,
I,J:L? — L be implications and a € L. The function TS, : L?> — L defined by, for all x,y € L,

T‘S’a(xvy) :T(S(a,l(a?,y)),J(x,y)), (3)
is an implication.

Theorem 2.13. [14] Let (L,<,0,1) be a bounded lattice, S : L?> — L be a t-conorm, T : L? — L be a t-norm,
I,J:L? — L be implications and a € L. The function ST, : L?> — L defined by, for all x,y € L,

STa(gjay) = S(T(a,](z,y)),J(z,y)), (4)

is an implication.
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Theorem 2.14. [16] Let (L,<,0,1) be a bounded lattice, S : L?> — L be a t-conorm, T : L?> — L be a t-norm,

I,J: L% — L be implications, N : L — L be a negation and a € L. The function Ki%SN : L2 — L defined by, for all
T,y €L,

K7 sn = S(T(a,I(2,9)), T(N(a), J(z,9))), (5)
is an implication if and only if S(a, N(a)) = 1.
Definition 2.15. [7] Let (L,<,0,1) be a bounded lattice. We define (L', <p1) by

L' = {[1’1,272] | (z1,22) € L? and 21 < Lxg},

(21, 29] <pr [y1,92] <= 71 <y1 and x2 <yo  for all [x1, 2], [y1, 2] in L.

Throughout this paper we will denote the element [x1, 7] € LT by x. It is easily verified that X'y = [x1Vy1, 22 V2]
and x Ny = [x1 Ay1, 22 Aya] for x,y € L1. The smallest and the greatest element of L are denoted by 0 = [0,0] and
1 = [1, 1] respectively, where 0 and 1 are the extremal elements of L. Note that the order on L defined above is not the
same as the inclusion order for sublattices.

Definition 2.16. [4, 0] Let (L, <,0,1) be a bounded lattice. A mapping T : (L')?> — LT is called an implication on L'
if it satisfies the following conditions:
(I1) Z is a decreasing operation on the first variable, that is, for every x,z € L1 with x<p:z, I(z,y)<1Z(x,y) for
ally e L.
(I2) T is an increasing operation on the second variable, that is, for every y,z € L' with y<rz, I(x,y)<p:1Z(x,z)
for allx € L'.
(13) Z(0,0) =
(I14) 7(1,1)
(I5) Z(1,0)

1.
1.
0.

Theorem 2.17. [9] Let (L,<,0,1) be a bounded lattice. Given two implications Iy and Iy on L. The mapping
Ii 1, (L2 — L' defined by, for x,y € L',

I7, 1,(x,y) = [Li(z2, 1), I2(21,92)],

is an implication on L'.

Definition 2.18. [9] The implication 17, 1, given by Theorem is called the i-representable implication on LT with
representatives I1 and Is.

Remark 2.19. For any i-represantable implication T on L' with representatives I and I, it holds the following
conditions:

e Z([0,1],[0,1]) = [0, 1].
e 7([0,1],[0,0]) = [0, 1].
e 7([1,1],[0,1]) = [0,1].

3 Some construction methods of implication on L'

In this section, we present several construction methods for implication operators on LY. To do that, we will use some
logic operators, special functions and arbitrary fix elements on bounded lattice. First, in Theorems and we
present construction methods for implication operators and also use some logic operators to build them.

Theorem 3.1. Let (L,<,0,1) be a bounded lattice, T be a t-norm, S be a t-conorm and I be an implication on L, ¢ be
an arbitrary element of the bounded lattice L and k,1 € {1,2}. Then, the mapping I¥sp. : (L1)? — LT defined by, for
allx,y € LT,

I}CéTC(X7 y)= {I(m, Y1), S(S<T(C»I($27y2))»I($1,y2))71($27yl))}7 (6)

is an implication on L'.
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Proof. Let x,y € L' and k,l € {1,2}. It follows that:

S(T(c, I(z2,y2)), I(21,92))
S(S(T(c,](zg, y2)), (1, yz)),f(l’%yl)),

thus ZFsp (z,y) € L.
(I1) Let us show that Z¥L,, (z,y)<p1ZFL . (x,y) for every elements x,y,z € LT with x<p:z. It follows from z;, < 2
that

I}C.ZS'TC(Z’y) = [I(zka Y1), S<S<T(C,I(z2,y2))a I(21, y2)),1(z2,yz))}

<po [T ). S (S(T(e, L2 ) Lwr1) ) Lwoo)) | = T (x.9),

for k,1 € {1,2}.
(I2) Let us show that T, (x,y)<pr1ZFL . (x,2) for every elements x,y,z € L! with y<jrz. It follows from y;, < 2
that

I%Tc(xa y)= [I(fﬂk,’yl)> S<S(T(C,I($2,y2)),1($17y2))aI(ﬂfzyyl))}

<pr [I(mk, 21), S(S(T(C,I(xg, 22)),1(321, 22)),1(1‘2, zl))} = Ifngc(x, z),
for k,1 € {1,2}.

(13)
Tiera(0,0) = [10.0) 5(5(7(10,0). 10.0)) 10,0
= [1,S(S(T(c;1),1),1)]
—[1,1]
(14)
I}ilch(]-, 1) _ I(l, 1), S(S(T(c’ I(l, 1)),[(1, 1)),1(1, 1))}
= [1,8(8(T(c;1),1),1)]
=[1,1]
(I5)

Remark 3.2. In Theorem[3.1}, the following equality is satisfied.
i ([0,11,10,1]) = [10,0), (8 (7 (e, 1(1,1)),10,1) ), 1(1,0) )|

- [1,S(S(T(c, 1),1),0)}
=[1,8(S(c, 1),0)]

= [1,5(1,0)]
—[1,1].

Then IFL .. is an implication operator which is not an i-repsentable on LI.
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Example 3.3. Consider the bounded lattice (L = {0,a,b,1},<,0,1) characterized by the Hasse diagram in Figure .
1
a b
0
Figure 1: The lattice L.

It is easy to obtain the lattice (L* = {[0,0],[0,al,[0,b],[a,al, [b,b],[0,1],[a, 1], [b, 1], [1,1]}, <11,[0,0],[1,1]) as in
Figure 3

[1,1]

a,1] [b,1

[ }
/ \
[a, a] [0,1] [b,b]
\ [ /

0, al [0,0]

/NN
N/ N/

[0,0]

Figure 2: The lattice L’.

Take the implicaton I, the t-norm T and the t-conorm S, respectively, as follows:

= o Ol
OO O =IO
(e TS TR i
o~ 9 Rl
— = |

Table 1: The implication I on L,

=S Ol
O O O OO
S O Q O
SO O OoOlc
=S O

Table 2: The t-norm T on L,
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= S Oltn
= o OO
== Q QR
—= == O o
e

Table 3: The t-conorm S on L.

By applying the formula @ m Theorem with ¢ = b, k =2 and | = 1, the implication T?&7, can be obtained as
in Table[4)

II%%‘Tb [Ov 0] [Ov a] [Ov b] [CL, a] [b’ b] [07 1] [aa 1] [ba 1] [1’ 1]
0,0f (1,1 LA LA [ Ly L [ fuape ]
0,a] [0,1] [0,1] [0,1] [L,1] [a, 1] [0,1] [L1] a,1] [1,1]
[0, 0] [0,1] [0,1] [0,1] [b,1] [1,1) [0,1] [b,1] [1,1] [1,1]
[a,a]  [0,0] [0,1] [0,a] [1,1] [a,a] [0,1] [1,1] [a,1] [1,1]
[b, b] [0,0] [0,8] [0,1] [b,1] [1,1] [0,1] [b,1] [1,1] [1,1]
0,1] [0,1) [0,1] [0,1] [0,1] [0,1] [0,1] [0,1] [0,1] [1,1]
[a,1]  [0,0] [0,1] [0,a] [0,1] [0,a] [0,1] [0,1] [0,1) [1,1]
[b,1]  [0,0] [0,b] [0,1] [0,b] [0,1] [0,1] [0,1] [0,1] [1,1]
[1,1]  [0,0] [0,0] [0,0] [0,0] [0,0] [0,1] [0,1] [0,1] [1,1]

Table 4: The implication Z2%,, on LZ.

Theorem 3.4. Let (L,<,0,1) be a bounded lattice, T be a t-norm and S be a t-conorm on L, N be a negation on L
and k,t € {1,2} with k < t Then, the mapping IgtTN (L2 — L! defined by, for all x,y € L!,

ISy (x,y) = [S(T(N(22), N(x1)), yi), S(T(N(x2), N (1)), 92)] (7)
is an implication on LT.
Proof. From S(T(N(z2),N(z1)),yx) < S(T(N(z2), N(z1)),y:) for k,t € {1,2} with k < ¢, it follows that ZEb.\ (z,y) €
L.
(I1) Let us show that ZEL (2, y)<p 1 ZE: v (x,y) for every elements x,y,z € LT with x<g:z. It follows from z), < 2
that

T§rn(z,y) = [S(T(N(22), N(21)), yx), S (T(N(22), N(21)), e) |
<rr [S(T(N(l‘g), N(ml))a yk)>S(T(N('rQ)?N(xl))vyt)] = Ig%“N()Qy)v

for k,t € {1,2} with k <t.
(I2) Let us show that ZkL.  (x,y) <1 ZEb v (%, ) for every elements x,y,z € LT with y<;:z. It follows from y;, < 2
that

I n(xy) = [S(T(N(x2), N($1) yx), S(T(N(z ) N(z1)),y:)]
<pr[S(T(N(z2), N(21)), z), S(T(N(22), N(21)), 2¢) | = T n (x,2),

for k,t € {1,2} with k <t.
(13)
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(I5)

Remark 3.5. In Theorem[3.]}, the following equality is satisfied.

T8 ([0,11,10,0)) = [S(T(N(1), N(0)),0), S(T(N(1), N(0)),0)]
[5(T(0,1),0), S(T(0,1),0)]
[5(0,0),5(0,0)]

[0,0].

Then TEY. is an implication operator which is not an i-repsentable on L'.

Example 3.6. Consider the lattice L' as given in Figure[d, the t-norm T and t-conorm S as given in Tables[q and |3
Let the negation N be the following.

1, ifx=0,
)b, difz=aq,
N() = a, ifx=0>o,
0, ifz=1
By applying the formula (@) mn Theorem with k =1 and t = 2, the implication Ié2TN can be obtained as in Table
[
Igrny [0,0] [0,a] [0,8] [a,a] [b,0] [0,1] [a,1] [b,1] [1,1]
0,0] LA LA LA LA L) LA [ [ 1,
(0,a]  [b,0] [p,1] [p,1] [1,1] [1,1] [b,1] [1,1] [1,1] [1,1]
0,6]  la,a] [a,a] [a,1] [a,a] [1,1] [a,1] [a,1] [1,1]  [1,1]
[a,a]  [0,0] [0,a] [0,b] [a,a] [bb] [0,1] [a,1] [b,1] [1,1]
[b, b] [a,a] [a,a] [a,1] [a,a] [1,1] [a,1] [e,1] [1,1] [1,1]
0,1]  [0,0] [0,a] [0,0] [a,a] [bb] [0,1] [a,1] [b,1] [1,1]
[a,1]  [0,0] [0,a] [0,0] [a,a] [b,b] [0,1] [a,1] [b,1] [1,1]
[b,1] [0,0] [0,a] [0,b] [a,a] [b,0] [0,1] [a,1] [b,1] [1,1]
[1,1] [0,0] [0,a] [0,b] [a,a] [bb] [0,1] [a,1] [b,1] [1,1]

Table 5: The implication %\ on LY.

In the following theorem, we offer a method to construct interval-valued implication operators from given two
implications on L.
Theorem 3.7. Let (L, <,0,1) be a bounded lattice, Jy, Jo be two implications on L and k,t € {1,2}. Then, the mapping
I, (L1)? — LT defined by, for all x,y € L*,
If;sz (x,y) = [J1(z2, Jo (ks yr)), J1 (w1, Ja (2, y2)) | (8)

is an implication on L'.
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Proof. Since
Ji (@2, oz, ) < Ji(w1, Jo(@n, )

< Ji (1, Jo(zh, 42)) s

for k,t € {1,2} it follows that Iﬁfb (x,y) = [Jl (mg, Jg(xk,yt)), J1 (ml, JQ(Ik,yg))] e L.
(I1) Let us show that I, (z,y)<p: I, (x,y) for x,y,z € L' with x<przie x < z. It follows from
Ji (22, J2 (20, ) < Ji(w2, J2(zk, 1)) < Ji(w2, Ja(k, ye)) and J (21, Jo (2, y2)) < J1 (@1, 22k, 92)) < Ji(21, Jo (g, y2))
that
Ih 2z y) = [J1 (22, T2 (20, we) ) J1 (21, Jo (28, 92) )]
SLI [Jl (.’1?27 J2($k:ayt)>7 Jl (xla JQ(xk7y2)):| = If;lth(X, Y)a

for k,t € {1,2}.
(12) Let us show that I, (x,y)<prZ%; (x,z) for every elements x,y,z € L’ with y<;:z, i.e, yp < 2. It follows
from Ji (z2, J2 (i, yt)) < J1(z2, J2(wk, 2¢)) and Jy (21, J2(wk, y2)) < J1(21, J2(zk, 22)) that

Il}f,lg(xa y) = [N (@2, oz, u1)), J1 (21, Jo(zk, y2)) ]
<pr[Ji (22, ok, 22)), J1 (21, Jo 2k, 22)) ] = IHE ) (%, ),
for k,t € {1,2}.

(I13)
5! ,,(0,0) = [J1(0, J2(0,0)), J1 (0, J2(0,0))]
= [J1(0,1), J1(0,1)]
=[1,1].
(14)
5, (1,1) = [1 (1, J2(1,1)), T (1, J2(1, 1))
= [‘]1(1’ 1)7 J1(17 1)]
=[1,1].
(I5)

Th . (1,0) = [J1(1, J2(1,0)), Ji (1, J2(1,0))]
= [J1(1,0), Jy(1,0)]
= [0,0].
O

Example 3.8. Let us give an example for Theorem and obtain the implication Ik];sz’ where the LT is as given in
Figure[d, Ji, Jo are as in the Tables[7 and[6, respectively.

= o R Ol
[=NeNel =)
O O~ R
O = O =
i e R

Table 6: The implication I; on L,

and
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HQ‘QOF
O Q RO
SIS Y
S =S =S
— = | e

Table 7: The implication I on L.

By applying the formula (@) in Theorem with k =1 and t = 2, the implication I}fh can be obtained as in Table
18

7%, 0.0 _[0.a] [0.5] [aa] .5 [0.0] [a1] [5,1] [L1]
[0,0] [1,1] [1,1) [1,1] [1,1] [L,1] [1,1] [L,1] [L,1] [1,1]
0 (LY [LY [LY L1 L1 L] [LY [LY [L]]
00 (LY (LY (LY L1 LY L1 [LY (LY [L1]
[a,a] [b,0] [1,1] [b,b] [1,1] [b,0] [1,1] [1,1] [1,1] [1,1]
[b,b] [a,a] [a,a] [1,1] [a,a] [1,1] [1,1] [1,1] [1,1] [1,1]
0,1 [1,1] [1,1] [1,1] [1,1] [L,1] [1,1] [L,1] [1,1] [1,1]
@1 0.5 [LY 0.5 (L1 (08 (L1 [LY (L1 [L1]
b1 [0 0.0 [LY [0a [L1] L1 [LY [L1 [L1]
[1,1] [0,0] [0,0] [0,0] [0,0] [0,0] [1,1] [L,1] [1,1] [1,1]

Table 8: The implication Z;2 .

Remark 3.9. In Example we have Zp% ([0,1],[0,1]) = [1,1] from the Table @ which shows that the implication
If}fb gwwen by Theorem does not have to be i-representable on L.

Example 3.10. Let J; = Igg and Jo = Iap,

1, ifxz<y,
Igg(z,y) = {y o>y
1, if z<y,
Igp(z,y) =
ep(@y) {y if x>y,

are two fuzzy implications on the unit interval [0,1] (see [3]).
The implication I}é on [0,1] with k =t =1 is obtained as follows:

clep
[1,1], fol S Y1,
1 =L, if x1 > y1 and x1 < yo,

Icclep
Yi Y2 ;
(£, 2], ifzr >y and 31 > .

In the following theorem, we offer a construction method for implication operators on L’ by using an order-reversing
function 6 : L — L and an arbitrary fix element of L.

Theorem 3.11. Let (L,<,0,1) be a bounded lattice, 0 : L — L be an order-reversing function, ¢ € {f(x) : = € L}
and k € {1,2}. Then, the mapping Ik, : (L1)? — LT defined by, for all x,y € L',

[15 1]7 if [1‘1,1?2} = [050] or [ylayQ] = [17 1]a
Igc(x7y) = [030]7 if [1'1,1'2] - [1, 1] and [ylayQ] - [070]7 (9)
[0(z),c], otherwise,

is an implication on L'.
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Proof. 13, 14 and 15 are obtained directly from the definition of I(’;c.

(I1) Let us show that Z} (z,y)<p:Z}.(x,y) for every elements x,y,z € LT with x<;:z. The inequality Z. (z,y)<p:
Tk (x,y) is directly obtained by the definiton of Zf. if [z1,22] = [0,0] or [y1,y2] = [1,1]. Similarly, if [21, 20] = [1,1] and
[y1,y2] = [0,0], the proof is obivous as well. Otherwise, it follows that

T5o(2,y) = [0(21), ] <11 [0(2x), €] = Th.(x, ).

(I2) Let us show that Zj(x,y)<p:Zk (x,z) for every elements x,y,z € L! with y<;:z. The inequality Zp,(x,y)<p:
Tk (x,2) is directly obtained by the definiton of Z}}, if [x1, 2] = [0, 0] or [21, z2] = [1,1]. Similarly, if [z, 2] = [1,1] and
[y1,y2] = [0,0], the proof is obivous as well. Otherwise, it follows that

Tio(x,y) = [0(x), c] = T, (x, 2).

O
Example 3.12. Consider the lattice L' as given in Fig. @ and the order-reversing function 0 as follows:
1, ifxz=0,
0(z) = a, %fx:a, (10)
b, ifx=0b,
0, ifzx=1

Then, ¢ must be 1. By applying the formula (@ in Theorem with k = 1, the implication 1'911 can be obtained as
in Table[9,

75 0.0] [0,a] 0.8 [aa B8 0.9 (a1 51 [L1]
0.00 LU (LY L1 L] L] LY L1 L1 (L1
0.0 (LY LY L1 L L L1 LY Ly (L
o0 (L1 LY L1 L1 L1 L Ly L (L
wd [e) [0l (a1 (@l (@l [@1] (o1 [e1 [L1]
S S B S U ST ST SR S R 1R
0.1 (LY L1 L1 L] L] L1 LY (LY (LY
@l fo) [0l (@l (@l (@l [@1] (@1 [e1] [L1]
S S S S U S TR ST S| S IR (1R
1,1 [0,0] [o0,1] [0,1] [o0,1] [0,1] [0,1] [0,1] [0,1] [1,1]

Table 9: The implication Z}, on L.

Remark 3.13. In Ez:ample we have T},([0,1],[0,1]) = [1,1] from the Table@ which shows that the implication
Ié“c given by the formula (@ in Theorem does not have to be i-representable on L.

Corollary 3.14. In Theorem if the order-reversing function 6 : L — L satisfies 0(0) = 1, the implication
Ik LT — LT is obtained on L' as follows.

1,1], if [y1,y2] = [1,1],
Igl(xv y) =4 [0,0], if [x1, 2] = [1,1] and [y1, y2] = [0,0],
(zr),1], otherwise,
is an implication on L'.

In the following theorem, we offer a construction method for implication operators on L! by using an order-preserving
function §: L — L and an arbitrary fix element of L.
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Theorem 3.15. Let (L,<,0,1) be a bounded lattice, B : L — L be an order-preserving function, ¢ € {B(z) : = € L}
and k € {1,2}. Then, the mapping Lj, : (L1Y? — L defined by, for all §,1 € L,

[17 1]7 if ["L‘lam?] = [0’0] or [ylay2] = [17 1])
Ik:(X»Y) = [070]’ if [xlaxQ] = [la 1] and [y17y2] = [070]’ (11)
[c, B(yk)], otherwise,

is an implication on L'.
Proof. The proof can be done in an analogous way to the proof of Theorem Therefore, we omit it. O

Example 3.16. Consider the lattice L' as in Example and the order-preserving function B as 5(x) = x for all
x € L. Then, it is clear that ¢ = 0. By applying the formula i Theorem with k =1, the implication Iég can
be obtained as in Table [I0.

Ty [0,0] [0.a] [0,6] [a,a] [b,8] [0,1] [a,1] [b,1] [1,1]
0,0 (1,1 [L,A] [, [ [ [ L 1) 1]
[0,a] [0,0] [0,0] [0,0] [0,a] [0,6] [0,0] [0,a] [0,8] [1,1]
0,6 [0,0] [0,0] [0,0] [0,a] [0,6] [0,0] [0,a] [0,8] [1,1]
[a,a] [0,0] [0,0] [0,0] [0,a] [0,6] [0,0] [0,a] [0,6] [1,1]
[b,o] [0,0] [0,0] [0,0] [0,a] [0,6] [0,0] [0,a] [0,b] [1,1]
[0,1] [0,0] [0,0] [0,0] [0,a] [0,6] [0,0] [0,a] [0,8] [1,1]
[a,1] 0,0 [0,0] [0,0] [0,a] [0,6] [0,0] [0,a] [0,8] [1,1]
[b,1] [0,0] [0,0] [0,0] [0,a] [0,6] [0,0] [0,a] [0,8] [1,1]
[1,1] [0,0] [0,0] [0,0] [0,a] [0,6] [0,0] [0,a] [0,8] [1,1]

Table 10: The implication Ié;") on LT
Remark 3.17. Consider the implication Iéz‘) given by Table m in BExample . It fulfills that Iéz‘)([(), 1],10,0]) = [0, 0].
The implication Ig: given by the formula in Theorem does not have to be i-representable on L.

Corollary 3.18. In Theorem if the order-preserving function § : L — L satisfies 5(0) = 0, the implication
I’g(’; : LT — LT is obtained on L' as follows.

[ 71] if [1‘1,.1‘2] = [0’0} or [ylvyﬂ = [17 1]’

1
Ik* , _ )
p0(%,Y) {[O,B(yk)], otherwise.

In Theorems [3.19]3.23] [3.27| and [3.29] we add various new construction methods of implication operators on L! by
means of an arbitrary fix element of I and an order-preserving or an order-reversing functions on L.

Theorem 3.19. Let (L,<,0,1) be a bounded lattice, B : L — L be an order-preserving function, ¢ € {f(x) : = € L}
and k € {1,2}. Then, the mapping I’gc :(LH)? — L defined by, for all x,y € L',

[17 ]-]7 Zf [xlaxQ] = [070] or [ylvyZ] = [1a ]-]7
Ik (x,y) = < [0,0], if [x1, 2] = [1,1] and [y1,y2] = [0, 0], (12)
[B(yk),c], otherwise,

is an implication on L'.
Proof. The proof can be done in an analogous way to the proof of Theorem [3.11] Therefore, we omit it. O

Example 3.20. Consider the lattice L' as given in Figure | and the order-preserving function 3 as B(x) = x for all
x € L. Then, it follows that c = 1. By applying the formula m Theorem with k = 1, the implication Iél can
be obtained as in Table [Tl
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75, 0.0, 0.a [0.8 [ea B8 0.1 (a1 b1 [L1]
0,00 L1 LY L1 L1 L] L] L1 L] [L1]
0.0l 0.1 (0,1 [0 [a1] B [0.1] [e1] b1 [L1]
0.6 0.1 01 [0 [a1] B [0.1] (a1 b1] (L]
aca) [0.1] 0,1] (0] [a1] pa] [0.1] [e1] 1] [L,1]
[b,b] [0,1] [0,1] [0,1] [a,1] [b,1] [0,1] [a,1] [b,1] [1,1]
0.1 0.1 0.1 01 [0l B 01 (01 b1 [L1]
@l 01 0.0 01 [0 B 0.1 [e) by (L1
b1 0.1 01 0] [e1] B [01] [e1] ba] (L]
L1 (0.0 (01 [0 fe1] b [01] a1 1] [1,1]

Table 11: The implication Z}, on L'.

Remark 3.21. Consider L' as given in Figure@ and the order-preserving function as follows:

8a) = {o, if «e{0,b},

a, otherwise.
It must be ¢ = a. By applying the formula (@ mn Theorem with k = 1, we have that:
Iéa([()? 1], [07 1]) = [5(0)70'] = [07CL] 7& [07 1]'
Then, I’ga does not need to be i-representable on L.
Corollary 3.22. In Theorem if the order-preserving function 8 : L — L satisfies (1) = 1, the implication
Ilgl : LT — L' is obtained on L' as follows:
[171]7 Zf [-’L’l,IQ] = [OaO]a
Ikl(x7y) = [070]7 Zf [$1a$2] = [15 1] and [ylayQ] = [070]5
B
[ﬂ(yk)7 1]5 otherwise,
is an implication on LT.
Theorem 3.23. Let (L,<,0,1) be a bounded lattice, 6 : L — L be an order-reversing function, ¢ € {0(xz) : x € L}
and k € {1,2}. Then, the mapping I}* : (L1)? — LI defined by, for allx,y € L!,
[17 1]7 Zf [I17x2] = [070} or [ylny] = [la 1]7
Ig:(XJ) =4 10,0], if 21, 2] = [1,1] and [y1, y2] = [0,0], (13)
[c,0(xzr)], otherwise,

Proof. The proof can be done in an analogous way to the proof of Theorem [3.11] Therefore, we omit it. O

Example 3.24. Consider the lattice L' as given in Figure@ and the order-reversing function 0 as given in the formula
. Therefore ¢ = 0. By applying the formula n Theorem with k = 1, the implication I} can be obtained
as in Table[12

Zgo  [0,0] [0,a] [0,0] [a,a] [b,6] [0,1] [a,1] [b,1] [1,1]
0,0 [1,1] [1,1] [1,1] [1,1] [1,1] [1,1] [1,1] [,1] [1,1]
[0,a¢] [0,1] [0,1] [0,1] [0,1] [0,1] [0,1] [0,1] [0,1] [1,1]
[0,6] [0,1] [o,1] [0,1] [0,1] [0,1] [0,1] [0,1] [0,1] [1,1]
[a,a] [0,a] [0,a] [0,a] [0,a] [0,a] [0,a] [0,a] [0,a] [1,1]
[b,b] [0,b] [0,0] [0,8] [0,6] [0,0] [0,8] [0,0) [0,b] [1,1]
(0,1} [o,1] [0,1] [0,1] [0,1] [0,1] [0,1] [0,1] [0,1] [1,1]
[a,1] [0,a] [0,a] [0,a] [0,a] [0,a] [0,a] [0,a] [0,a] [1,1]
[b,1] [0,b] [0,b] [0,b] [0,0] [0,b] [0,b] [0,b] [0,0] [1,1]
[1,1] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0] f[0,0] [0,0] [1,1]

Table 12: The implication I;g on L',
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Remark 3.25. From the Table (13) in the Ezample it is seen that Tj:([1,1],[0,1]) = [0,0]. Then, Z; is an
implication operator which does not have to be i-representable on L'.

Corollary 3.26. In Theorem if the order-reversing function 6 : L — L satisfies 0(1) = 0, the implication
Ikx o (LT)2 — LT is obtained on L' as follows

[L 1]7 if [1‘1,1‘2] = [0’0] or [ylva] = [15 1]’
[0,0(xy)], otherwise,

is an implication on L'.

Theorem 3.27. Let (L, <,0,1) be a bounded lattice, B be an order-preserving function and 6 be an order-reversing
function on L. Then, the mapping Zge : (L)?> — LT defined by, for allx,y € L!,

[070]? Zf [xl,.fg] = [1a 1} and [ylva] = [O7O]a
1-69(XaY) = [13 1]7 Zf B(ZEI) < B(yl) and B(xZ) < ﬂ(y2)7 (14)
[0(x2),0(z1)],  otherwise,
is an implication on L'.
Proof. The proof can be done in a similar fashion as the proof of Theorem [3.11] Therefore, we omit it. O

Remark 3.28. Consider the implication Zgg given by the formula in. Theorem[3.27. It holds that Zge([0,1],[0,1]) =
[1,1]. Then, Zgg is an implication operator which is not i-representable on L.

Theorem 3.29. Let (L,<,0,1) be a bounded lattice and B be an order-preserving function on L. Then, the mapping
Is: (L1)? — LT defined by, for all x,y € L',

[070]’ if [wlax?} = [1’ 1] and [ylaﬁUQ] = [0,0],
Is(x,y) = ¢ [1.1], if B(z1) < Blyr) and B(x2) < B(y2), (15)
[B(y1), B(y2)],  otherwise,

is an implication on L'.
Proof. The proof can be done in a similar fashion as the proof of Theorem Therefore, we omit it. O

Remark 3.30. Consider the implication Zg given by the formula in Theorem[3.29 Since T([0,1],[0,1]) = [1,1] #
[0,1], Zs is a non-i-representable implication L'.

The following theorem reveal a construction method for implication operators on L! under an additional condition
by using a t-norm T : L? — L, an order-reversing function 6 : L — L and an order-preserving function 8 : L — L.

Theorem 3.31. Let (L,<,0,1) be a bounded lattice, T be a t-norm, 6 be an order-reversing function and 8 be an
order-preserving function on L. Then, the mapping Lreg : (L1? — LT defined by, for all x,y € L,

(1, 1], if [x1,22] = [0,0] or [y1,y2] = [1, 1],

[T(0(z2), B(y1)), T (0(21), B(y2))], otherwise, (16)

Iros(x,y) = {

is an implication on L' if only ifT(@(l),ﬂ(())) =0.

Proof. Let T(6(1),3(0)) = 0.

I3 and I4 are obtained directly from the definition of Zrgg.

(I1) Let us show that Zres(z, y)<p1Zres(x,y) for every elements x,y,z € L’ with x<;:z. The definiton of Zzgg
directly follows that Zrgs is a decreasing function in the first place if [x1,z2] = [0,0] or [y1,y2] = [1,1]. Otherwise, it
follows that

Tros(z,y) = [T(0(22), B(y1)), T(0(z1), B(y2)) | <pr [T(0(x2), B(y1)), T (0(x1), B(y2))] = Ires(x,y).
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(I2) Let us show that Zrgs(x,y)<r:Zres(x,z) for every elements x,y,z € L with y<;:z. From definiton of Zrgg
it follows that Zpgg is an increasing function in the second place if [x1,22] = [0,0] or [21,22] = [1,1]. Otherwise, it
follows that

Tros(x,y) = [T(0(x2), B(y1)), T(0(x1), By2))] <pr [T (0(x2), B(z1)), T(0(x1), B(22)) | = Trep(x,z).
(15) IT&B(]-aO) = [T(e(l),ﬂ(O)),T(Q(l),5(0))] = [OﬂO]

The converse of the proof is immediate. O

Example 3.32. Consider the lattice L' as given in Figure @ the order-reversing function 6 as given in the formula
(@), the t-norm T as given in Table @ and the order-preserving function 8 as f(x) = x for all x € L. By applying
formula @) in Theorem the implication Zreg can be obtained as in Table .

Tros 0.0] [0,a] [0,8] [aa] [5,8] [0,1] [a1] [0 [L1]
0.0 L1 L1 LY L1 LI (L1 L1 L1 [LI]
0.a] [0.0] [0,a] (0.8 [aa] [0.5] [0.1] [a1] [0,1] [L1]
0.0 [0.0] [0,a] [0.8] [0.a] [0.5] [0.1] [0,1] [0,1] [L1]
la.al 0.0] [0,a] [0,0] [aa] [0.0] [0.a] [a.a] [0,a] [L1]
5.5 0.0] [0,0] [0,0] [0.0] [0.0] [0.6] [0,6] [0,8] [L1]
0.1 [0.0] [0,a] (0.8 [0.a] [0.5] [0.1] [0,1] [0,1] [L1]
1] [0.0] [0,a] [0,0] [0.a] [0.0] [0.a] [0,a] [0,a] [L1]
5.1 [0.0] 0,00 [0,0] [0.0] [0.0] [0.8] [0, [0,8] [L1]
[1,1] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0] [0,0] [1,1]

Y

Table 13: The implication Z7gs on L.

Remark 3.33. If we consider Example then we know that Irgp([0,1],[0,0]) = [0,0] # [0,1]. This shows that
Trop is an implication operator on LT which is not i-representable.

Example 3.34. Let T = T,(z,y) = zy, is a t-norm on the unit interval [0,1] (see [I7]), the order-reversing function
0(x) = 1 — x and the order-preserving function 3(x) = x. The implication Ir,05 on [0,1] is obtained as follows:

[17 1]? Zf [1‘1,.’132] = [an] or [ylva} = [la 1]a
Y1 — x2y1, Y2 — x1Yy2],  otherwise.

ITPGB (Xa y) = {

We present construction method for implication operators on L’ under some additional conditions by using a t-norm
T : L? — L, an order-reversing function 6 : L — L and an order-preserving function 8 : L — L in Theorem m

Theorem 3.35. Let (L,<,0,1) be a bounded lattice, S be a t-conorm, 0 be an order-reversing function and B be an
order-preserving function on L. Then, the mapping Zsgp : (L1)? — LT defined by, for all x,y € L!,

ISO,B(X, y) — [070]a ’tf [xla‘?Z} [ s ] an [ylva] [0,0]’ (17)
[S(0(x2), B(y1)), S(0(x1), B(y2))],  otherwise,
is an implication on LT if and only S((‘)(l),ﬁ(l)) =1 and S(G(O),ﬂ((})) =1.
Proof. The proof can be done in an analogous way to the proof of Theorem Therefore, we omit it. O

Example 3.36. Consider the lattice L' as given in Figure @ the order-reversing function 6 as given in the formula
(@), the t-conorm S as in Table @ and the order-preserving function function [ as in Example . By applying the
formula n Theorem the implication Lsgg can be obtained as in Table .
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Zsos [0,0] [0,a] [0,0] [a,a] [b,0] [0,1] [a,1] [b,1] [1,1]
[0,0p {1, 1] [,1p (LA [ LA L L 1L 1]
[0,a] la,1] [a,1]  [a,1] o, 1] [L1] [a,1] e, 1] [11] [1,1]
0,6 b,1] [pA] e, 1) [ [LA] e 1] 1) (1] {11
la,a] la,a] [a,a] e, 1] a,a] (1] fa,1] e, 1] [11] 0 [1,1]
b8 b0 1] b1 L1 L1 b1 (L1 L1 [1,1]
0,1 (0,1 [0, [0.1] [a1] [1] [0,1] [a1] [b,1] [1,1]
[, [0,a] [0,a] [0,1] [a,a] [b,1] [0,1] [a,1] [b,1] [1,1]
b1 (0,8 [0,1] [0,1] [a,1] [b,1] [0,1] [a,1] [b,1] [1,1]
L1 [0,0] [0,a] [0,6] [a,a] [b0] [0,1] [a,1] [b,1] [1,1]

Table 14: The implication Zgeg on L.

Remark 3.37. Consider L' as given in Figure@ and the order reserving function 6 as given in the formula (@ and
the order-preserving B function as follows:

1, otherwise,

Bx) = {a7 if x € {0, a},

By applying the formula m Theorem it can be obtained:
Zsop([0,1],[0,1]) = [S(6(1), 5(0)), S(6(1), 8(0))] = [S(0,a), S(0,a)] = [a,a] # [0,1].
Then, Zseg does not need to be i-representable on L.

In the following example, we compare the construction methods that we present and the internal implication (see
[20] for more detail information about the Brouwer lattice and the internal implication).

Example 3.38. Consider the lattice L' as given in Figure @ One can easily check that the lattice L' is a Brouwer
lattice and the internal implication L, is obtained as in Table @

T [0,0] [0,a] [0.0] [aa] .5 0.0 [l B (L1
[0,0] [1,1] [L,1] [1,1] [L,1] [L,1] [1,1] [1,1] [L,1] [1,1]
0.0 B8 (LY B (LY B L1 L1 LY (LY
0.0 [acal faal (LY [aa (L1 L1 L1 L1 (L1
wal B8 B3] B8 (L1 B B L1 B (L]
5.8 [ fed [0l [ed L1 [@1] (@1 [L1 (L1
0.1 [0.0] [awa] [B,8 [aa] B (L1 (L1 L1 (L]
@1 [0.0] [0.a] [B.8 [aa] BB B (L1 B (L]
5.1 0.0 [aal 0.8 [aa] B [al] (w1 [L1 (L]
L1 [0.0] [0.a] (0.8 [acal (b8 [0,1] [a1] [b1] [11]

Table 15: The implication Zyy on LE.

It can be easily seen that the implication Z;, is different from the construction methods that we present by means
of above examples.

The following theorem provides construction method to generate implication operators on L! by means of the
negation N : L — L, the order-reversing function 6 : L — L, the order-preserving function 8 : L — L, and arbitrary fix
element [c,d] of LL.

Theorem 3.39. Let (L,<,0,1) be a bounded chain, N be a negation on L, 8 be an order-preserving function with
B(1) # B(0), 6 be an order-reversing function with 6(1) # 6(0) on L and [c,d] € L*. Then, the mapping Inogea :



Some construction methods of interval-valued implications on bounded lattices 49

(L2 — L defined by, for all x,y € L,

[17 1}7 if [y17y2] = [171]a
[N(z2) Vyr Ve, N(z1) Vya Vd], if B(x1) < B(y1) and 0(x2) > 0(y2),
INoped(x,Y) = { [c, d], if B(w1) < B(y1) and 0(z2) < 0(y2), (18)
[0, d], if B(w1) > B(y1) and 0(z2) > 0(y2),
[0, 0], otherwise,

is an implication on L'.

Proof. Observe that the function Zyggcq satisfies I3, Iy and I5.

(I1) We need to show that Znggeq is a decreasing function on the first variable. Then it should be Znggcd(y,z)<p:
Inopea(X,2) for x,y,z € LT and x<pry. If z = 1, the proof is clear.

Then, we assume z # 1 and review the following cases:

1. Let B(y1) < B(z1) and 6(y2) > 0(22).

Inopea(y,z) = [N(y2) V21 Ve, N(y1) V 22 Vd|<pr[N(xz2) V21 Ve, N(x1) V 22 V d] = Inogea(X, 2).

2. Let B(y1) < B(z1) and 0(y2) < 0(z2).
2.1. If 9(1}2) > 9(2’2), then

INoped(y,2) = [¢,d|<pi[N(z2) V 21 Ve, N(x1) V 22 Vd] = Inogea(X, Z).
2.2. If 0(372) < 9(22), then

Inoped(y,z) = [c,d|<pi[c,d] = INoped(x, z).
3. Let B(y1) > B(#1) and 0(y2) > 0(z2).
3.1. If B(z1) < B(z1), then
INgﬁcd(y, z) = [0, d]SLI [N($2) Vz1Ve,N(zp) VvV d] = INggcd(X, z).
3.2. If B(x1) > B(z1), then

Inoea(y,z) = [0,d]<p:[0,d] = Inoea(x,2).
4. Let B(y1) > B(z1) and 0(y2) < 0(z2).

Inoged(y.z) = [0,0]<p1Tnoged(X, 2).

(I12) We need to show that Zyggaeq is an increasing function on the second variable. Then it should be Zygged(x,y)<p:
Inoped(x,2) for x,y,z € LT and y<;rz. If z € {1}, the proof is immediate. Then, we assume z ¢ {1} and check the
following cases.

1. Let B(x1) < B(y1) and O(x2) > 6(y2).

INoged(X,y) = [N(z2) Vin Ve, N(z1) Vya VA<pr[N(xz2) Vz1 Ve, N(z1) V 22 V d] = Inoged(X,2).

2. Let f(z1) < B(y1) and 6(x2) < 0(y2).

2.1. If O(z2) > 0(z2), then

Inoped(x,y) = [¢, d|<p1[N(z2) V21 Ve, N(x1) V 22 Vd] = Inogea(X, z).
2.2. If O(z2) < 6(z2), then

Inoged(x,y) = [c,d]<p1[c,d] = Inoged(X, 2).

3. Let B(xz1) > B(y1) and O(x2) > 0(y2).
3.1. If B(z1) < B(#1), then

INnoged(%,y) = [0,d]<pr[N(z2) V21 Ve, N(x1) V22 Vd] = Inogea(X, z).
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3.2. If B(z1) > B(#1), then

ING,Bcd<Xa Y> = [07 d]SLI [07 d] = IN@BCd(X7 Z)'
4. Let B(z1) > B(y1) and 0(z2) < 0(y2).

Inogea(x,y) = [0,01<11TNnogca(X, 2).
O

Example 3.40. Consider the bounded chain (L = {0,¢,d,1},<,0,1) characterized by the Hasse diagram in Figure @
1
d
c
0
Figure 3: The lattice L.

It is easy to obtain the lattice L' as in Figure |Z|

[1,1]

(e, 1]

\
[0,1]
] /

[0,d

/NN
VAW

[0,0]
Figure 4: The lattice L'.

Take the order-preserving function, the order-reversing function 6 and the negation N as follows respectively,

Blx) =xa

1, ifzx=0,
0(z)=<d, ifze{cd},
0, ifz=1,

and



ol

1 ifxt =0,

Some construction methods of interval-valued implications on bounded lattices
By applying the formula (18) in Theorem the implication Inogeq is obtained as in Table

S
=
NEREEESEE

[c, 1] # [0, 1], then the implication Ingaca given by the

does not have to be i-representable on L.

Table 16: The implication Znggeq on L.

le we have Inopeq([0, 1], [0, 1])

Example 3.42. Consider the lattice L' as given in Figure |Z| One can easily check that the lattice L' is a Brouwer
lattice and the internal tmplication Ly, is obtained as in Table .

Remark 3.41. In Examp
formula (@ in Theorem

and the internal

) characterized by the Hasse diagram in Figure

<,0,1

{07 a’ C? d7 1}7

Table 17: The implication Zi,; on L.

Remark 3.43. It is worth nothing that the construction method Inggcqa given in Theorem (3.39

implication iy, are different from each other by means of Tables[1¢ and [I7

Example 3.44. Consider the bounded lattice (L

2
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/\
\/

Figure 5: The lattice L.

It is easy to obtain the lattice bounded lattice (L' = {[0,0],[0,al, [0, c], [0, d],[a,a],[c, ], [d,d], [c,d], [a,d],

[07 1]) [aa 1]v [C,

Consider the order-reversing function 6, the order-preserving function 8 and the negation N as follows respectively,

and

1],[d, 1], [1,1]}, <11,[0,0],[1,1]) as in Fig. [6

[1,1]

[d, 1]

/\

[e,1 [d, d] [a,1]

[@ﬂ>x< >Kihﬂ
N
o
N,

Figure 6: The lattice L’.

2 al

1 ifx =0,
0(z)=<d, ifze{a,cd},
0, ifz=1,

fla) ==

) Z:.faj\:07
ifr=a

N(z) =

ifx=c,

1
a
c
0, ifze{d1}.

In this example, one can easily show that the Inggcqd given in Theorem is not an implication operator.
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4 Conclusions

In this study, construction methods for implications on the interval valued lattices L’ have been investigated via impli-
cation operators, t-norms, t-conorms, negations, order-preserving and order-reversing functions, fix arbitrary elements
of L, where also some constraints on the bounded lattice L have been put if they are nececessary. Also, the given
construction methods are clarified by examples. For the future works, we aim to introduce novel construction methods
for interval-valued t-norms, t-conorms, uninorms, etc.
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