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Abstract

With a commutative integral quantale L as the truth value table, this study focuses on the characterizations of the
sobriety of stratified L-convex spaces introduced by Liu and Yue in 2024. It is shown that a stratified sober L-convex
space Y is a sobrification of a stratified L-convex space X if and only if there exists a quasihomeomorphism from X
to Y ; a stratified L-convex space is sober if and only if it is a strictly injective object in the category of stratified S0

L-convex spaces.
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1 Introduction

A convex structure, also known as an algebraic closure system, on a set is a family of subsets closed under arbitrary
intersections and directed unions, including the empty set. A set equipped with a convex structure is called a convex
space, or an algebraic closure space. Convex structures can be viewed as abstractions of traditional convex sets in
Euclidean spaces. Monograph [27] provides a comprehensive overview of the theory of convex structures. Convex
structures have close connections with various mathematical structures, including ordered structures [2, 4, 25, 28],
algebraic structures [10, 11, 14, 16], and topological structures [8, 26, 37].

Sobriety is an interesting property in the realm of non-Hausdorff topology [6] and domain theory [5]. It fosters the
interplay between ordered and topological structures [31]. The theory of convex spaces also addresses the so-called
sobriety as an important concept. The notion of sobriety in convex structures can be traced back to the pioneering
work of Erné [2], where he established a Stone-type duality between sober convex spaces and algebraic lattices. Shen et
al. [22] explored properties of sober convex spaces similar to those of sober topological spaces and shed light on more
connections between convex spaces and domain theory. In [36], Yao and Zhou established a categorical isomorphism
between join-semilattices and sober convex spaces. Sun and Pang [24] proposed an alternative form of sober convex
spaces and demonstrated its equivalence to Erné’s sober convex spaces [2]. Xia in [30] investigated further properties
of sober convex spaces, contributing to the development of pointfree convex geometry research methods [13].

With the development of fuzzy set theory and its applications, fuzzy convex spaces have been extensively studied
(see [12, 17, 18, 19, 21, 23]). Recently, Liu and Yue [10] extended the concept of algebraic irreducible convex set to
the fuzzy setting, leading to a fuzzy type of sobriety of L-convex spaces. In [29], we extended the notion of polytopes
to the fuzzy setting and introduced an alternative type of fuzzy sober convex spaces. In [10], Liu and Yue mainly
studied the reflectivity and their sobriety in the category of L-convex spaces. Different from Liu and Yue’s work, we
primarily investigated L-join-semilattice completions of L-ordered sets via our notion of sobriety in [29], establishing
more connections between fuzzy ordered structures and fuzzy convex structures. In the classical case, since the notions
of polytopes and algebraic irreducible convex sets are equivalent, one can conclude that these two types of sobriety in
classical convex spaces are also equivalent. However, in the fuzzy setting, while Liu and Yue’s notion of sobriety clearly
implies ours, the reverse implication was left as an unresolved problem in [29]. Fortunately, in this paper, we provide a
counterexample showing that the reverse implication does not hold.
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In topology, it is well known that sober topological spaces are precisely the strictly injective objects in the category
of T0 topological spaces [3, 5]. Xia [30] provided a corresponding result for sober convex spaces. In the theory of fuzzy
convex structures, it is natural to ask whether sober L-convex spaces are exactly the strictly injective objects in the
category of S0 L-convex spaces. This paper will give a positive answer. Moreover, Xia in [30] presented a characterization
for the sobrification of convex spaces with help of the notion of quasihomeomorphism. As an application of fuzzy orders,
we also give a characterization for the sobrifications of L-convex spaces and provide an example to demonstrate that
this result is helpful in identifying the sobrifications of L-convex spaces.

In this paper, we select a commutative integral quantale L as the truth value table. The paper is structured as
follows: In Section 2, we review fundamental concepts and results related to L-orders and L-convex spaces. In Section
3, we revisit essential findings on sober L-convex spaces and provide additional propositions concerning sobriety. In
Section 4, we introduce the concepts of quasihomeomorphism and strict embedding within the framework of L-convex
spaces, offering characterizations for the sobrification and sobriety of an L-convex space, respectively.

2 Preliminaries

We refer to [20] for contents of quantales, to [7] for notions of fuzzy sets, and to [32, 35, 39] for contents of fuzzy posets.
Let L be a complete lattice with a bottom element 0 and a top element 1 and let ⊗ be a binary operation on L such

that (L,⊗, 1) forms a commutative monoid. The pair (L,⊗) is called a commutative integral quantale, or a complete
residuated lattice, if the operation ⊗ is distributive over joins, i.e.,

a⊗ (
∨
S) =

∨
s∈S

(a⊗ s).

For a commutative integral quantale (L,⊗), the operation ⊗ has a corresponding operation →: L × L −→ L defined
via the adjoint property:

a⊗ b ≤ c ⇐⇒ a ≤ b→ c (∀a, b, c ∈ L).

In this paper, unless otherwise specified, the truth value table L is always assumed to be a commutative integral
quantale.

Every mapping A : X −→ L is called an L-subset of X, denoted by A ∈ LX . Let Y ⊆ X and A ∈ LX . Define
A|Y ∈ LY by A|Y (y) = A(y) (∀y ∈ Y ). For an element a ∈ L, the notation aX denotes the constant L-subset of X
with the value a, i.e., aX(x) = a (∀x ∈ X). For all a ∈ L and A ∈ LX , we write a ⊗ A for the L-subset given by
(a⊗A)(x) = a⊗A(x).

For each a ∈ X, define the characteristic function 1a,X : X −→ L by

1a,X(x) =

{
1, x = a;
0, x ̸= a.

We always write 1a instead of 1a,X when there is no confusion. Readers can identify the domain of a given characteristic
function based on the context.

Definition 2.1. [32, 39] A mapping e : P × P −→ L is called an L-order if
(E1) ∀x ∈ P , e(x, x) = 1;
(E2) ∀x, y, z ∈ P , e(x, y)⊗ e(y, z) ≤ e(x, z);
(E3) ∀x, y ∈ P , if e(x, y) ∧ e(y, x) = 1, then x = y.

The pair (P, e) is called an L-ordered set. It is customary to write P for the pair (P, e).

To avoid confusion, we sometimes use eP to emphasize that the background set is P . A mapping f : P −→ Q
between two L-ordered sets is said to be L-order-preserving if for all x, y ∈ P , eP (x, y) ≤ eQ(f(x), f(y)); f is said to
be an L-order-isomorphism if f is a bijection and eP (x, y) = eQ(f(x), f(y)) for all x, y ∈ P , denoted by P ∼= Q.

Example 2.2. [32, 39] Define subX : LX × LX −→ L by

subX(A,B) =
∧
x∈X

A(x) → B(x) (∀A,B ∈ LX).

Then subX is an L-order on LX , which is called the inclusion L-order on LX . If the background set X is clear, we can
delete the subscript X in subX .
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A mapping f : X −→ Y can induce two mappings naturally; those are, f→ : LX −→ LY and f← : LY −→ LX ,
which are respectively defined by

f→(A)(y) =
∨

f(x)=y

A(x) (∀A ∈ LX), f←(B) = B ◦ f (∀B ∈ LY ).

These two mappings are called the Zadeh extensions of f .

Lemma 2.3. [35] For each mapping f : X −→ Y , the Zadeh extensions f→ and f←are L-order-preserving with respect
the inclusion L-order, and f→ is left adjoint to f←, denoted f→ ⊣ f←; this means that

subY (f
→(A), B) = subX(A, f←(B)) (∀A ∈ LX , B ∈ LY ).

Define ↑x and ↓x respectively by ↑x(y) = e(x, y), ↓x(y) = e(y, x) (∀x, y ∈ P ).

Definition 2.4. [32, 39] Let P be an L-ordered set. An element x0 is called a supremum of an L-subset A of P , in
symbols x0 = ⊔A, if

(1) ∀x ∈ P, A(x) ≤ e(x, x0);
(2) ∀y ∈ P,

∧
x∈P

A(x) → e(x, y) ≤ e(x0, y).

An element x0 is called an infimum of an L-subset A of P , in symbols x0 = ⊓A, if
(3) ∀x ∈ P, A(x) ≤ e(x0, x);
(4) ∀y ∈ P,

∧
x∈P

A(x) → e(y, x) ≤ e(y, x0).

It is easy to verify that if the supremum (resp., infimum) of an L-subset in an L-ordered set exists, then it must be
unique. The following provides an equivalent definition of supremum and infimum, respectively.

Lemma 2.5. [32, 39] Let P be an L-ordered set. An element x0 ∈ P is the supremum (resp., infimum) of A ∈ LP ,
i.e., x0 = ⊔A (resp., x0 = ⊓A), iff

e(x0, y) = sub(A, ↓y) (∀y ∈ P ) (resp., e(y, x0) = sub(A, ↑y) (∀y ∈ P ).

An L-ordered set P is said to be complete if its every L-subset has a supremum, or equivalently, has an infimum.

Example 2.6. [32] For every L-subset A in the L-ordered set (LX , sub), the supremum (resp., infimum) of A exists;
that is

⊔A =
∨

B∈LX A(B)⊗B (resp., ⊓A =
∧

B∈LX A(B) → B).

Hence, the L-ordered set (LX , sub) is complete.

Definition 2.7. Let P and Q be two complete L-ordered sets. The mapping f : P −→ Q is said to be supremum-
preserving (resp., infimum-preserving) if for every A ∈ LP , f(⊔A) = ⊔f→(A) (resp., f(⊓A) = ⊓f→(A)).

Example 2.8. [34, Proposition 5.1],[35, Theorem 3.5] Let f : X −→ Y be a mapping between two sets. Then
f→ : (LX , subX) −→ (LY , subY ) is supremum-preserving, and f← : (LY , subY ) −→ (LX , subX) is both supremum-
preserving and infimum-preserving.

In the following, we recall the contents of L-convex spaces/algebraic L-closure spaces.

Definition 2.9. [9, Definitions 2.4, 2.5] Let X be a set and C ⊆ LX . The family C is called an L-convex structure, or
algebraic L-closure structure, on X if it satisfies the following conditions:

(C1) 0X , 1X ∈ C;
(C2)

∨↑
i∈I Ci ∈ C for every directed subset {Ci | i ∈ I} of C;

(C3)
∧

j∈J Cj ∈ C for every subset {Cj | j ∈ J} of C;
The pair (X, C) is called an L-convex space, or algebraic L-closure space; each element of C is called a convex set of
(X, C).

The L-convex space (X, C) is said to be stratified if it furthermore satisfies:
(S) p→ C ∈ C for all p ∈ L and C ∈ C.

In this paper, every L-convex space is assumed to be stratified, so we omit the the word “stratified”. As usual, we
often write X instead of (X, C) for an L-convex space and write C(X) for the L-convex structure on X.
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Definition 2.10. [9] Let X be an L-convex space. Define a mapping coX : LX −→ LX by

coX(A) =
∧

{C ∈ C(X) | A ≤ C} (∀A ∈ LX),

called the hull operator of X and coX(A) is called the hull of A. We write co instead of coX when no ambiguity can
arise.

Definition 2.11. [17] Let f : X −→ Y be a mapping between two L-convex spaces. Then f is said to be

� convexity-preserving if for every D ∈ C(Y ), f←(D) ∈ C(X);

� convex-to-convex if for every C ∈ C(X), f→(C) ∈ C(Y );

� homeomorphic if it is bijective, convexity-preserving and convex-to-convex.

One easily verifies that a bijection f : X −→ Y is a homeomorphism if and only if f : X −→ Y and its inverse
mapping f−1 : Y −→ X are both convexity-preserving.

Given a convexity-preserving mapping f : X −→ Y , we obtain an assignment from C(Y ) to C(X), which sends
D ∈ C(Y ) to f←(D) ∈ C(X). When no confusion can arise, we also use

f← : C(Y ) −→ C(X),

to denote this mapping. For each L-convex space X, (C(X), subX) is a complete L-ordered set. Specifically, for
every L-subset A of (C(X), subX), the infimum of A exists; that is ⊓A =

∧
C∈C(X) A(C) → C. If f : X −→ Y is

convexity-preserving, then
f← : (C(Y ), subY ) −→ (C(X), subX),

is infimum-preserving.

Lemma 2.12. [38, Proposition 2.8] Let f : X −→ Y be a mapping between two L-convex spaces. Then f is convexity-
preserving iff f→(coX(A)) ⊆ coY (f

→(A)) iff coY (f
→(coX(A))) = coY (f

→(A)) (∀A ∈ LX).

Lemma 2.13. [9, Proposition 2.10] Let X be an L-convex space. Then ∀A ∈ LX and B ∈ C(X), we have sub(A,B) =
sub(co(A), B).

3 Sober L-convex spaces

In [9], Liu and Yue introduced a notion of sober L-convex spaces, extending the study of sober convex spaces to the
fuzzy setting. Making use of the inclusion L-order between convex sets in L-convex spaces, they defined algebraic
irreducible convex sets in L-convex spaces and subsequently introduced a notion of sober L-convex spaces. In this
section, we first recall the concept of sober L-convex spaces defined by Liu and Yue and explore additional properties
concerning this type of sobriety of L-convex spaces.

Definition 3.1. [9, Definition 2.12] Let X be an L-convex space. A convex set F ∈ C(X) is said to be algebraic
irreducible if

(1)
∨

x∈X F (x) = 1;

(2) sub(F,
∨↑

i∈I Ci) =
∨↑

i∈I sub(F,Ci) for every directed family {Ci | i ∈ I} ⊆ C(X).

Let irr(X) denote the collection of all algebraic irreducible convex sets in X. An algebraic irreducible convex set is
called a compact convex set in [29].

Definition 3.2. [9, Definition 2.13] An L-convex space X is said to be sober if for each algebraic irreducible convex
set F ∈ irr(X), F is the hull of 1a for a unique a ∈ X, i.e., F = co(1a).

Since we introduced another type of sobriety for L-convex spaces in [29], we provide the following standing assump-
tion to prevent confusion.

Standing Assumption. In this paper, the terminology “sober” mentioned in this paper always refers to the definition
above which was given by Liu and Yue, unless otherwise specified.
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Recall that an L-convex space X is said to be S0 if for every x, y ∈ X, C(x) = C(y) (∀C ∈ C) implies x = y. Using
hull operator, Liu and Yue ([9, Proposition 2.8]) showed that an L-convex space X is S0 if and only if for all x, y ∈ X,
co(1x) = co(1y) implies x = y. Clearly, for every x ∈ X, co(1x) is an algebraic irreducible convex set. Thus, every sober
L-convex space is S0.

The following example is the same as Example 3.4 in [29]. We now provied a detailed proof that the L-convex
structure defined below is indeed a sober L-convex spaces in the sense of Definition 3.1.

Example 3.3. Let L = ([0, 1],⊗) be a commutative integral quantale with ⊗ being the meet operation ∧. That is to
say, L is a frame. Define a stratified L-convex structure

C = {a ∧ ϕ | a ∈ [0, 1], ϕ : [0, 1] −→ [0, 1] is increasing, ϕ ≥ id},

on [0, 1], where id sends each x ∈ [0, 1] to x ∈ [0, 1]. Specifically, a function µ : [0, 1] → [0, 1] is a member of C if and
only if µ is an increasing function; and there exists some a ∈ [0, 1] such that µ(x) ≥ x if x ∈ [0, a) and µ(x) = a if
x ∈ [a, 1].

We next show that in ([0, 1], C), every algebraic irreducible convex set is the hull of 1x for a unique x ∈ [0, 1]. Let
F ∈ irr([0, 1]). Since

∨
x∈[0,1] F (x) = 1, we have F (1) = 1. Write b = inf{x ∈ [0, 1] | F (x) = 1} and A = {x ∈ [0, 1] |

F (x) < 1}. Clearly, A = [0, b) or A = [0, b]. We claim that for every x ∈ A, F (x) = x. Suppose, for the sake of
contradiction, that there exists x0 ∈ A such that F (x0) ∈ (x0, 1). For every n ∈ N, define Fn : [0, 1] −→ [0, 1] by

Fn(x) =

{
(n−1)F (x)+x

n , x ∈ A;
1, otherwise.

It is clear that Fn ∈ C and
∨

n∈N Fn = F . Hence, sub(F,
∨

n∈N Fn) = 1. For every n, we have sub(F, Fn) ≤ F (x0) →
Fn(x0) = Fn(x0). Thus, ∨

n∈N
sub(F, Fn) ≤

∨
n∈N

Fn(x0) = F (x0) < 1;

this is a contradiction. Thus, for every x ∈ A, F (x) = x.
We now claim that b /∈ A, i.e., F (b) = 1. Assume, for the sake of contradiction, that b ∈ A, i.e., F (b) = b. For every

n ∈ N, define Gn : [0, 1] −→ [0, 1] by

Gn(x) =


x, x ∈ [0, b];

n
2 (x− b) + b+1

2 , (b, 1+(n−1)b
n ];

1, otherwise.

It is clear that Gn ∈ C and
∨

n∈NGn = F . For every n, sub(F,Gn) =
b+1
2 . Therefore,∨

n∈N
sub(F,Gn) =

b+ 1

2
.

This contradicts the fact that sub(F,
∨

n∈NGn) = 1. Thus, b /∈ A. This shows that F (x) = x for all x ∈ [0, b) and
F (x) = 1 otherwise. It is clear that F = co(1b). The uniqueness of b is clear. Thus, ([0, 1], C) is a sober L-convex space.

□

Given an L-convex space X, for every C ∈ C(X), define an L-subset ϕ(C) of irr(X) by ϕ(C)(F ) = sub(F,C) (∀F ∈
irr(X)). Liu and Yue ([9, Proposition 4.1]) showed that {ϕ(C) | C ∈ C(X)} forms an L-convex structure on irr(X). In
this paper, we denote the resulting convex structure by C(irr(X)) and the resulting L-convex space (irr(X), C(irr(X)))
by S(X). [9, Proposition 4.2] states that the L-convex space S(X) is sober. Liu and Yue referred to S(X) as the
sobrification of X. Here we provide the standard definition of sobrifications corresponding to L-convex spaces.

Definition 3.4. Let X be an L-convex space, let Z be a sober L-convex space and let η : X −→ Z be a convexity-
preserving mapping. Then Z with the convexity-preserving mapping η, or Z for short, is called a sobrification of
X if for every sober L-convex space Y and every convexity-preserving mapping f : X −→ Y , there exists a unique
convexity-preserving mapping f : Z −→ Y such that f = f ◦ η (see the following figure).

X
η //

f

  

Z

f

��
Y
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By the universal property of sobrification, it is easy to see that the sobrification of an L-convex space is unique up
to homeomorphism.

Let X be an L-convex space. Define ηX : X −→ S(X) by ηX(x) = co(1x). By [9, Lemma 4.3], X is sober if and
only if the corresponding mapping ηX is a homeomorphism. In this paper, we use L-CS (resp., L-CS0, L-SobCS) to
denote the category of L-convex spaces (resp., S0 L-convex spaces, sober L-convex spaces) with convexity-preserving
mappings as morphisms.

Liu and Yue have shown that L-SobCS is reflective in L-CS (see Theorem 5.1 in [9]). It follows that S(X), equipped
with the mapping ηX , is a sobrificaion of X in the sense of Definition 3.4. Therefore, it is reasonable for Liu and Yue
to directly call S(X) the sobrificaion of X.

For an L-convex space X and Y ⊆ X, define C(X)|Y := {C|Y | C ∈ C(X)}. The family C(X)|Y forms an L-convex
structure on the background set Y . The convex space (Y, C(X)|Y ) is referred to as a subspace of (X, C(X)).

For f : X −→ Y , denote f◦ : X −→ f(X) as the mapping defined by f◦(x) = f(x) for all x ∈ X. The mapping f is
called a subspace embedding if f◦ is a homeomorphism from X to f(X), where f(X) is considered as a subspace of Y .

We present some properties of sober L-convex spaces.

Proposition 3.5. Let f and g be two convexity-preserving mappings from a sober L-convex space X to an S0 L-convex
space Y . When Z = {x ∈ X | f(x) = g(x)} is considered as a subspace of X, it is a sober L-convex space.

Proof. Let F be an algebraic irreducible convex set of Z. Define F ∗ ∈ LX by F ∗(x) = F (x) for x ∈ Z and F ∗(x) = 0
for x ∈ X − Z. We claim that coX(F ∗) ∈ irr(X). Indeed, for every directed family {Si | i ∈ I} ⊆ C(X), by F ∈ irr(Z)
and Lemma 2.13,

subX(coX(F ∗),
∨↑

i∈I
Si) = subX(F ∗,

∨↑
i∈I

Si)

= subZ(F,
∨↑

i∈I
Si|Z)

=
∨↑

i∈I
subZ(F, Si|Z)

=
∨↑

i∈I
subX(F ∗, Si)

=
∨↑

i∈I
subX(coX(F ∗), Si).

Since X is sober, we can let x0 ∈ X be the unique element satisfying coX(F ∗) = coX(1x0,X). We claim that x0 ∈ Z;
that is, f(x0) = g(x0). Since Y is S0, we only need to show that coY (1f(x0)) = coY (1g(x0)). For every E ∈ C(Y ), by
f→ ⊣ f←,

1f(x0) ≤ E ⇔ f→(1x0,X) ≤ E

⇔ 1x0,X ≤ f←(E)

⇔ coX(F ∗) = coX(1x0,X) ≤ f←(E)

⇔ F ∗ ≤ f←(E)

⇔ f→(F ∗) ≤ E.

Similarly, 1g(x0) ≤ E if and only if g→(F ∗) ≤ E for every E ∈ C(Y ). Notice that due to the definition of Z and the
fact that F ∗ only takes non-zero values on Z, we have f→(F ∗) = g→(F ∗). Altogether, we have 1f(x0) ≤ E if and
only if 1g(x0) ≤ E, which shows that coY (1f(x0)) = coY (1g(x0)). Thus f(x0) = g(x0), i.e., x0 ∈ Z. We claim that
coZ(F ) = coZ(1x0,Z). In fact, for all C ∈ C(X),

F ≤ C|Z ⇔ F ∗ ≤ C

⇔ coX(F ∗) ≤ C

⇔ coX(1x0,X) ≤ C

⇔ 1x0,X ≤ C

⇔ 1x0,Z ≤ C|Z .

This shows that coZ(F ) = coZ(1x0,Z). Thus Z is a sober L-convex space.

The preceding discussion shows that the equalizer of two convexity-preserving mappings from a sober L-convex
space to an S0 L-convex spaces is sober in categorical terms. For the notion of equalizer, please refer to [1]. Proposition
3.5 is a counterpart of L-topological setting (see [33, Proposition 5.9]).
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Let X and Y be two L-convex spaces. The space Y is called a retraction kernel of X in L-CS if there exist two
convexity-preserving mappings r : X −→ Y and d : Y −→ X such that r ◦ d = idY . It is clear that d is an injection
and r is a surjection.

Proposition 3.6. Each retraction kernel of a sober L-convex space is a sober L-convex space.

Proof. Let Y be a retraction kernel of X in L-CS. Then there exist two convexity-preserving mappings r : X −→ Y
and d : Y −→ X such that r◦d = idY . We prove that Y is a sober L-convex space. Let G ∈ irr(Y ). Then by [9, Lemma
4.4], coX(d→(G)) ∈ irr(X). By the sobriety of X, there exists a unique x ∈ X such that coX(d→(G)) = coX(1x). We
claim that G = coY (1r(x)). On one hand, by Lemma 2.12,

G = (r ◦ d)→(G)

≤ r→(coX(d→(G)))

= r→(coX(1x))

≤ coY (1r(x)).

On the other hand, since coX(d→(G)) = coX(1x), we have

r→(coX(d→(G)))(r(x)) ≥ coX(d→(G))(x) = 1.

Thus, r→(coX(d→(G)))(r(x)) = 1. Since

r→(coX(d→(G)))(r(x) ≤ coY ((r ◦ d)→(G))(r(x))

= coY (G)(r(x))

= G(r(x)),

we have G(r(x)) = 1, which shows that coY (1r(x)) ≤ G. Thus G = coY (1r(x)). To verify the uniqueness of r(x), we need
to show that Y is S0. Let y1, y2 ∈ Y and y1 ̸= y2. Since d is an injection, we have d(y1) ̸= d(y2). Since X is S0, there
exists C ∈ C(X) such that C(d(y1)) ̸= C(d(y2)). Therefore, d←(C)(y1) ̸= d←(C)(y2). Since d is convexity-preserving,
we have d←(C) ∈ C(Y ). This shows that Y is S0.

4 The characterization of sobriety

Xia in [30] introduced the notions of quasihomeomorphisms and strict embeddings in the framework of convex spaces.
He showed that sober convex spaces are precisely injective S0 convex spaces related to strict embeddings. Following
Xia’s step, we aim to extend the notions of quasihomeomorphisms and strict embeddings to those in the category of
L-convex spaces. Making use of these notions, we shall provide the characterizations for sobrification and sobriety,
respectively.

Definition 4.1. Let f : X −→ Y be a mapping between two L-convex spaces.

� The map f is called a quasihomeomorphism if f← : C(Y ) −→ C(X) is a bijection.

� The map f is called a strict embedding if it is both a quasihomeomorphism and a subspace embedding.

Example 4.2. Given an L-convex space X, ηX : X −→ S(X) is a quasihomeomorphism. It is routine to check that
for every C ∈ C(X), η←X (ϕ(C)) = C and ϕ ◦ η←X (ϕ(C)) = ϕ(C). Thus, η←X ◦ ϕ = idC(X) and ϕ ◦ η←X = idC(irr(X)).

The following shows that in the category of S0 L-convex spaces, quasihomeomorphisms coincide with strict embed-
dings.

Proposition 4.3. Let f : X −→ Y be a mapping between two S0 L-convex spaces. Then f is a subspace embedding if
and only if f← : C(Y ) −→ C(X) is a surjection.

Proof. Necessity. For every C ∈ C(X), since f is a subspace embedding, we have (f◦)→(C) ∈ C(Y )|f(X)(:= {D|f(X) |
D ∈ C(Y )}). So, there exists D ∈ C(Y ) such that (f◦)→(C) = D|f(X). We prove that f←(D) = C. For every x ∈ X,
since f is an injection, we have

f←(D)(x) = D(f(x))

= D|f(X)(f(x))

= (f◦)→(C)(f(x))

= C(x).
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Thus f←(D) = C. By the arbitrariness of C ∈ C(X), we have that f← : C(Y ) −→ C(X) is a surjection.
Sufficiency. First, we show that f is an injection. Let x, y ∈ X and x ̸= y. Since X is S0, there exists C ∈ C(X)

such that C(x) ̸= C(y). As f← is a surjection, there exists E ∈ C(Y ) such that f←(E) = C. Therefore

E(f(x)) = f←(E)(x) ̸= f←(E)(y) = E(f(y)).

Thus f(x) ̸= f(y), showing that f is an injection.
Next, we show that f◦ : (X, C(X)) −→ (f(X), C(Y )|f(X)) is a convex-to-convex mapping. Let C ∈ C(X). Since f←

is a surjection, there exists E ∈ C(Y ) such that f←(E) = C. We claim that (f◦)→(C) = E|f(X). In fact, for every
y ∈ f(X), assume y = f(x) for some x ∈ X,

(f◦)→(C)(y) = (f◦)→(f←(E))(y)

= (f◦)→(f←(E))(f(x)) = f←(E)(x)

= E(f(x)) = E(y).

Thus, (f◦)→(C) = E|f(X), showing that f◦ : (X, C(X)) −→ C(Y )|f(X)) is convex-to-convex. In conclusion, f is a
subspace embedding.

Now we obtain the characterization for sobrification. The L-ordered structure on the family of convex sets plays a
crucial role in this characterization. We first see a lemma.

Lemma 4.4. Let f : P −→ Q be a bijection between two complete L-ordered sets. Then f is supremum-preserving (or,
infimum-preserving) if and only if f is an L-order-isomorphism.

Proof. We assume that f is supremum-preserving. The proof of the case that f is infimum-preserving is similar.
Necessity. For every x, y ∈ P , we have f(y) = f(⊔↓y) = ⊔f→(↓y). By Condition (1) in Definition 2.4,

eP (x, y) = f→(↓y)(f(x)) ≤ eQ(f(x), f(y)).

On the other hand,
f(⊔f←(↓f(y))) = ⊔f→(f←(↓f(y))) = ⊔↓f(y) = f(y).

Since f is a bijection, ⊔f←(↓f(y)) = y. By Condition (1) in Definition 2.4,

f←(↓f(y))(x) = eQ(f(x), f(y)) ≤ eP (x, y).

Thus eP (x, y) = eQ(f(x), f(y)), which shows that f is an L-order-isomorphism.
Sufficiency. Let g be the inverse mapping of f . For every A ∈ LP and x ∈ Q,

sub(f→(A), ↓x) =
∧
y∈Q

f→(A)(y) → e(y, x)

=
∧
t∈P

A(t) → e(f(t), x)

=
∧
t∈P

A(t) → e(t, g(x))

= sub(A, ↓g(x))
= eP (⊔A, g(x))
= eQ(f(⊔A), x).

Thus f(⊔A) = ⊔f→(A). This shows that f is a supremum-preserving mapping.

Theorem 4.5. (Characterization Theorem I: for sobrification) Let X and Y be two L-convex spaces. If Y is sober,
then the following are equivalent:

(1) Y is a sobrification of X;
(2) there exists a quasihomeomorphism from X to Y ;
(3) (C(X), subX) and (C(Y ), subY ) are L-order-isomorphic.
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Proof. (1) ⇒ (2): Since Y and S(X) are sobrifications ofX, there exists a homeomorphism f : S(X) −→ Y . By Example
4.2, ηX : X −→ S(X) is a quasihomeomorphism. Since a composition of quasihomeomorphism and homeomorphism is
a quasihomeomorphism, it follows that f ◦ ηX is a quasihomeomorphism from X to Y .

(2) ⇒ (3): It is clear that j← : (C(Y ), subY ) → (C(X), subX) is an infimum-preserving bijection. By Lemma 4.4, we
have j← is an L-order-isomorphism.

(3) ⇒ (1): For an L-convex space X, it is easy to see that irr(X) and C(irr(X)) are defined by the corresponding
L-ordered structure on (C(X), subX). Therefore,

(irr(Y ), C(irr(Y ))) ∼= (irr(X), C(irr(X))).

Since Y is sober, it follows that (Y, C(Y )) ∼= (irr(Y ), C(irr(Y ))). Thus

(Y, C(Y )) ∼= (irr(X), C(irr(X))).

Note that irr(X) is a sobrification of X. Hence, Y is also a sobrification of X.

The following example shows that Theorem 4.5(3) can be effectively used to identify the sobrification of an L-convex
space.

Example 4.6. Let L = ([0, 1],⊗) be a commutative integral quantale with ⊗ being ∧. Define an L-convex structure
on [0, 1) as follows:

C′ = {a ∧ ψ | a ∈ [0, 1], ψ : [0, 1) −→ [0, 1] is increasing, ψ ≥ id},
where id sends each x ∈ [0, 1) to x ∈ [0, 1]. Clearly, ([0, 1), C′) is a subspace of ([0, 1], C) defined in Example 3.3. We now
show that id : [0, 1) −→ [0, 1] is an algebraic irreducible convex set. Obviously, we have id ∈ C and

∨
x∈[0,1) id(x) = 1.

For every µ ∈ C, there exists some a ∈ [0, 1] such that µ(x) ≥ x if x ∈ [0, a) and µ(x) = a if x ∈ [a, 1). Thus, we have

sub(id, µ) =
∨

x∈[0,1)

µ(x) = a.

For a directed subset {µi | i ∈ I} ⊆ C, we have

sub(id,
∨↑

i∈I
µi) =

∨
x∈[0,1)

∨↑
i∈I

µi(x) =
∨↑

i∈I

∨
x∈[0,1)

µi(x) =
∨↑

i∈I
sub(id, µi).

Thus, id is an algebraic irreducible convex set. However, id is not the hull of 1x for a unique x ∈ [0, 1). Therefore,
([0, 1), C′) is not sober. It is straightforward to check that (C, sub[0,1]) ∼= (C′, sub[0,1)). By Theorem 4.5 (3), the sober
L-convex space ([0, 1], C) is a sobrification of ([0, 1), C′). □

Remark 4.7. In Example 4.6, similar to Example 3.4 in [29], we can deduce that A is nonempty finite L-subset of
[0, 1) if and only if there exists a nonempty finite subset K ⊆fin [0, 1) such that A = χK . For the definition of finite
L-subset, please refer to [29, Definition 3.1]. For K ⊆fin [0, 1), write min(K) = b0. It is clear that co(χK) = co(1b0).
Thus, C is sober in the sense of Wu and Yao (see Definition 3.1 in [29]). However, Example 4.6 shows that C is not sober
in the sense of Liu and Yue (see Definition 3.2). Thus, we here have provided an answer to the unresolved problem
propopsed in [29]. To prevent confusion, we can rename the sobriety defined in [29] as “weak sobriety”.

For every convexity-preserving mapping f : X −→ Y , by [9, Lemma 4.4], we can define a mapping

S(f) : S(X) −→ S(Y )

by S(f)(F ) = coY (f
→(F )) for every F ∈ irr(X).

Lemma 4.8. (1) The mapping S(f) : S(X) −→ S(Y ) is convexity-preserving;
(2) The equality S(f) ◦ ηX = ηY ◦ f holds.

Proof. (1) For every E in C(Y ) and G ∈ irr(Y ), it holds that

S(f)←(ϕ(E))(G) = ϕ(E)(coY (f
→(G))

= subY (coY (f
→(G)), E)

= subY (f
→(G), E)

= subX(G, f←(E))

= ϕ(f←(E))(G).

Thus, S(f)←(ϕ(E)) = ϕ(f←(E)) ∈ C(irr(X)), which shows that S(f) is convexity-preserving.
(2) The equality S(f) ◦ ηX = ηY ◦ f holds by Lemma 2.12.
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Let f : X −→ Y be a mapping, with X ′ ⊆ X and Y ′ ⊆ Y . If f(X ′) ⊆ Y ′, we denote f |Y ′X′ : X
′ −→ Y ′ as the

mapping defined by f |Y ′X′(x) = f(x) for all x ∈ X ′.

Proposition 4.9. Let X and Y be two L-convex spaces, and let f : X −→ Y be a convexity-preserving mapping. Then
following are equivalent:

(1) f is a quasihomeomorphism;
(2) S(f) : S(X) −→ S(Y ) is a homeomorphism.

Proof. (1) ⇒ (2): Let f∗ : C(X) −→ C(Y ) be the inverse mapping of f← : C(Y ) −→ C(X). Clearly, f∗ is an L-order-
isomorphism. Notice that the notion of algebraic irreducible convex sets is given by means of the inclusion L-order

between convex sets. So, f∗|irr(Y )
irr(X) : irr(X) −→ irr(Y ) is an L-order-isomorphism, whose inverse mapping is f←|irr(X)

irr(Y ) :

irr(Y ) −→ irr(X). We claim that f∗|irr(Y )
irr(X) = S(f); that is, for all F ∈ irr(X), f∗(F ) = S(f)(F )(= coY (f

→(F ))). In

fact, for every D ∈ C(Y ), we have

f→(F ) ≤ D ⇐⇒ F ≤ f←(D) ⇐⇒ f∗(F ) ≤ D.

Notice that f∗(F ) ∈ C(Y ). We have coY (f
→(F )) = f∗(F ). By Lemma 4.8, S(f) = f∗|irr(Y )

irr(X) : irr(X) −→ irr(Y ) is

convexity-preserving. We now only need to show that S(f) is convex to convex. For every C ∈ C(X) and G ∈ irr(Y ),

(S(f))→(ϕ(C))(G) = ϕ(C)((S(f))−1(G))
= ϕ(C)(f←(G))

= subX(f←(G), C)

= subY (G, f∗(C))

= ϕ(f∗(C))(G).

Thus, (S(f))→(ϕ(C)) = ϕ(f∗(C)). This shows that S(f) : irr(X) −→ irr(Y ) is convex to convex, hence a homeomor-
phism.

(2) ⇒ (1): Let S(f)∗ denote the inverse mapping of S(f). Define f∗ : C(X) −→ C(Y ) as the composition (ηY )
← ◦

((S(f)∗)← ◦ ϕ (see figure below).

C(irr(X))
(S(f)∗)← // C(irr(Y ))

(ηY )←

��
C(X)

f∗ //

ϕ

OO

C(Y )

For every C ∈ C(X), by Lemma 4.8(2), we have

f← ◦ f∗(C) = f← ◦ (ηY )← ◦ ((S(f)∗)← ◦ ϕ(C)
= (ηY ◦ f)← ◦ ((S(f)∗)←(ϕ(C))

= (S(f) ◦ ηX)← ◦ ((S(f)∗)←(ϕ(C))

= η←X ◦ S(f)← ◦ ((S(f)∗)←(ϕ(C))

= η←X ◦ ((S(f)∗ ◦ S(f))←(ϕ(C))

= η←X (ϕ(C))

= C.

Therefore, f← ◦ f∗ = idC(X).

For every D ∈ C(Y ), by Lemma 4.8(1), we have

f∗ ◦ f←(D) = (ηY )
← ◦ ((S(f)∗)← ◦ ϕ(f←(D))

= (ηY )
← ◦ ((S(f)∗)←(S(f))←(ϕ(D))

= (ηY )
←(S(f) ◦ S(f)∗)←(ϕ(D))

= (ηY )
←(ϕ(D))

= D.
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Therefore, f∗ ◦ f← = idC(Y ). Thus, f
← : C(Y ) −→ C(X) is a bijection; hence f is a quasihomeomorphism.

For a category C, we use the symbol Mor(C) to denote the class of morphisms of C. Readers can refer to [5, Section
II-3] for the notion of a J-injective object in the terminology of category. For convenience, we list it below.

Definition 4.10. [5] Let M ⊆ Mor(C) be a class of monomorphisms which is closed under multiplication with
isomorphisms, i.e., for every j ∈ M and every isomorphism i, ones has j ◦ i ∈ M and i ◦ j ∈ M. Then an object X
is said to be M-injective if for every mapping j : Y −→ Z in M and every morphism f : Y −→ X, there exists a
morphism g : Z −→ X with f = g ◦ j; that is the following diagram commutes.

Y
j //

f

��

Z

g

��
X

In L-CS0, let M1 and M2 be the classes of all subspace embeddings and all strict embeddings, respectively. An S0

L-topological space X is said to be injective (resp., strictly injective) if X is M1-injective (resp., M2-injective) in the
category L-CS0.

We now provide the characterization of sober L-convex space in L-CS0.

Theorem 4.11. (Characterization Theorem II: for sober L-convex space) The L-convex space X is a strictly injective
S0 L-convex space if and only if X is a sober L-convex space.

Proof. Necessity. It follows from Example 4.2 that ηX is a strict embedding. As X is strictly injective, we obtain a
convexity-preserving mapping rX : S(X) −→ X such that rX ◦ ηX = idX . It follows from Proposition 3.6 that X is also
a sober L-convex space.

Sufficiency. Let X be a sober L-convex space, and let j : Y −→ Z be a strict embedding between two S0 L-convex
spaces. Then ηX : X −→ S(X) is a bijection. By Proposition 4.9, S(j) : S(Y ) −→ S(Z) is a homeomorphism. For every
convexity-preserving mapping f : Y −→ X, define f : Z −→ X as the composition (ηX)−1 ◦ S(f) ◦ (S(j))−1 ◦ ηZ (see
figure below).

S(Z)
(S(j))−1

// S(Y )
S(f) // S(X)

(ηX)−1

��
Z

f //

ηZ

OO

X

By Lemma 4.8(2), we have

f ◦ j = (ηX)−1 ◦ S(f) ◦ (S(j))−1 ◦ ηZ ◦ j
= (ηX)−1 ◦ S(f) ◦ (S(j))−1 ◦ S(j) ◦ ηY
= (ηX)−1 ◦ S(f) ◦ ηY
= (ηX)−1 ◦ ηX ◦ f = f.

Thus, f ◦ j = f . Therefore, X is a strictly injective S0 L-convex space.

Remark 4.12. It is straightforward to verify that the mapping f constructed in the above proof is unique. In fact, if
g : Z −→ X satisfies f = g ◦ j, then by Lemma 4.8(2), we have

f = (ηX)−1 ◦ S(f) ◦ (S(j))−1 ◦ ηZ
= (ηX)−1 ◦ S(g ◦ j) ◦ (S(j))−1 ◦ ηZ
= (ηX)−1 ◦ S(g) ◦ S(j) ◦ (S(j))−1 ◦ ηZ
= (ηX)−1 ◦ S(g) ◦ ηZ
= (ηX)−1 ◦ ηX ◦ g
= idX ◦ g = g.
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5 Conclusion remarks

The primary focus of this paper is to characterize sober L-convex spaces with a commutative integral quantale L as the
truth value table. By means of the fuzzy ordered methods, we have derived a characterization theorem for sobrification
(see Theorem 4.5). From a categorical perspective, we have proved that an L-convex space X is sober if and only if it is
a strictly injective S0 L-convex space. Moreover, we have solved a problem left in [29] by presenting a counterexample;
specifically, the sobriety defined by Wu and Yao [29] does not imply the sobriety defined by Liu and Yue [9] (see Remark
4.7). Consequently, the fuzzy ordered methods and categorical methods can be effectively combined in the study of
fuzzy convex theory.

The methods of studying the sobriety of (fuzzy) topological spaces in [5, 15, 40] can also be applied in studying the
sobriety of (fuzzy) convex spaces. We have found that many results in [5, 15, 40] also hold in the framework of (fuzzy)
convex spaces. This raises a natural question: why does this phenomenon occur? In the future, we will investigate
the fundamental principles behind this phenomenon, abstract out a unified method, and further explore the categorical
properties of sobriety in more general closure spaces as presented in [2] and [38].
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[3] M. H. Escardó, R. C. Flagg, Semantic domains, injective spaces and monad: Extended abstract, Electronic Notes in
Theoretical Computer Science, 20 (1999), 229-244. https://doi.org/10.1016/S1571-0661(04)80077-X

[4] S. P. Franklin, Some results on order convexity, The American Mathematical Monthly, 69 (1962), 357-359. https:
//doi.org/10.1080/00029890.1962.11989897

[5] G. Gierz, K. H. Hofmann, K. Keimel, J. D. Lawson, M. Mislove, D. S. Scott, Continuous lattices and domains,
Cambridge University Press, Cambridge, 2003.

[6] J. Goubault-Larrecq, Non-Hausdorff topology and domain theory, Cambridge University Press, Cambridge, 2013.
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