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Abstract

The purpose of this paper is to characterize the concept of monotonicity according to a direction related to a set of n
random variables in terms of its associated n-copula. We start establishing relationships in the bivariate and trivariate
cases, which will help to understand the extension to the multivariate case. Several examples are provided.
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1 Introduction

Dependence among random variables is a widely field of research in statistics and probability. Analyzing this dependence
structure is crucial when we want to figure out the behaviour of a complex model components. Therefore, a deep research
of dependence relations could bring us comprehensively information about the model of interest.

Random variables can be related in several ways, presenting different relationships of dependence. One of the most
important in literature is positive dependence, which can be characterize as the inclination of components within a
random vector to assume concordant values. Negative dependence can be defined similarly, but now the variables
values moves in opposite directions. Both concepts may not be enough to express all the dependence that the variables
show. For that reason, in this paper, we will focus on the concept of monotonicity according to a direction o € R™
defined in [T4], whose positive (respectively, negative) dependence concept is denoted by I(«) (respectively, D(«)).

The concept of directional monotonicity presents significant advances in modeling complex dependencies within
fuzzy systems. Traditional copulas generally express standard forms of dependence, such as simple positive or negative
relationships, but may fall short for capturing directional trends in multivariate data. By extending the traditional
copula approach to account for directional monotonicity, this framework provides a refined mechanism for depicting
dependencies with specific directional tendencies among variables. This enhancement is particularly relevant to fields
such as finance, environmental sciences, and risk management, where variables relationships may shift in response to
economic trends or environmental changes. One key application of directional monotonicity is in multivariate risk
analysis, especially for understanding dependencies between variables such as asset returns or environmental factors.
Capturing both the direction and strength of these dependencies improves the accuracy of risk assessments. For instance,
by incorporating directionally monotonic copulas into portfolio risk models, more nuanced evaluations of risk across
economic or stress scenarios can be achieved, enhancing the robustness of portfolio management.

Copulas —multivariate distribution functions with univariate uniform marginals— serve as a valuable tool for examin-
ing the positive dependence characteristics of a random vector. This is because they capture the dependence structure
of the corresponding multivariate distribution function, regardless of the individual marginal distribution functions
[13]. Additionally, they provide scale-free measures of dependence and serve as a foundation for constructing families
of distribution functions [6]. Copulas have attracted an increasing interest by researchers in some topics of fuzzy sets
theory, such as preference modeling, similarities and fuzzy logics (see, for instance, 7} [§]).
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Our objective in this paper, as we have already mentioned, is to explore multivariate copulas associated to random
vectors that exhibit the I(a)) property—we will refer to these as I(«) copulas. However, for simplicity—and for a better
understanding of the general case—, we will start with the bivariate and trivariate cases, and then we will extrapolate
our results to the multivariate case.

This paper is organized as follows: we begin with some preliminary concepts and results concerning multivariate
dependence, specifically monotonicity according to a direction, and copula theory (Section . Straightaway, in Section
we will characterize the concept of I(«) for the bivariate case by using copulas, providing several examples of copulas
that have this kind of dependence for different directions o € R2. Analogously, we will carry out a similar study for
the trivariate case. Once we have used this concepts for lower dimensions, we will extrapolate the characterization by
using copulas in the multivariate case. Then, a general result is stated, which allows us to obtain an inequality, for
every direction o € R™, in terms of the n-copula associated with the random vector, and its two-dimensional marginal
copulas. Finally, Section [4]is devoted to discuss the conclusions derived from our research.

2 Preliminaries

Let n > 2 be a natural number, and X = (X7, Xs,...,X,,) an n-dimensional random vector. In the sequel, the
expression “nonincreasing in x”—and similarly for nondecreasing—will mean that it is nonincreasing—nondecreasing—in
each of the components of x = (1, 22,...,2,), and X < x will mean X; < z; for alli=1,2,...,n.

Regarding multivariate dependence, the following two positive dependence notions, introduced in [9], are widely
known:

i) X is left corner set decreasing, denoted by LCSD(X), if

P[X < x|X < x'] is nonincreasing in x’ for all x.

il) X is right corner set increasing, denoted by RCSI(X), if

P[X > x|X > x'] is nondecreasing in x’ for all x.

The equivalent negative dependence concepts LCSI(X) (left corner set increasing) and RCSD(X) (right corner set
decreasing) are defined exchanging “nondecreasing” and “nonincreasing” in their respective expressions.

These concepts of multivariate positive dependence can be extended to the concept of monotonicity according to a
direction, defined bellow, which allow us to capture new dependence structures among random variables.

Definition 2.1. [I4] Let X be a n-dimensional random vector and oo = (a1, ava, ..., ) € R™ such that |o;| =1 for all
i =1,2,...,n. The random vector X, or its joint distribution function, is said to be increasing (respectively, decreasing)
according to the direction «, denoted by I(«) (respectively, D(«)), if

PlaX > x[aX > x'],

is nondecreasing (respectively, nonincreasing) in x' for all x.

In this paper we will focus on the I(a) dependence concept. Similar results can be obtain for D(«a). Note that the
concept I(«) generalizes the RCSI and LCSD concepts mentioned above; namely, LCSD corresponds to I(—1) and RCSI
corresponds to I(1), where —1 = (—=1,—1,...,—1) and 1 = (1,1,...,1).

Now we recall some notions related to copulas. For n > 2, an n-dimensional copula (n-copula, for short) is the
restriction to [0,1]™ of a continuous n-dimensional distribution function whose univariate marginals are uniform on
[0,1]. The importance of copulas in statistics is described in the following result due to Abe Sklar [I5]: Let X =
(X1,Xs,...,X,) be a random vector with joint distribution function F' and one-dimensional marginal distribution
functions F1, Fs, ..., F},. Then there exists an n-copula C, which is uniquely determined on xj_;RangeF;, such that

F(x) = C(Fi(z1), Fa(za),. .., Fu(zy,)) for all x € [—oo, 400",

(for a complete proof of this result, see [I6]). Thus, copulas link joint distribution functions to their one-dimensional
marginals. For a survey on copulas, see [4] [13]; for some recent applications, see [2, Bl [5]; and for some results about
positive dependence properties by using copulas can be seen, for instance, [10] 1T} 12} T3] [17].

Let II" denote the n-copula for independent random variables (or product n-copula), i.e., II"(u) = []7_, u; for all
u = (ug,uz,...,uy) € [0,1]".
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For any n-copula C' we have

W"(u) = maX{O,Zui -n+ 1} < C(u) < min{uy, ug, ..., up}t = M"™(u),

=1

for all u in [0,1]™. M™ is an n-copula for all n > 2; however, W™ is an n-copula only when n = 2.

The definition of d-marginal of an n-copula C, where 1 < d < n, which will be useful in the study of dependence
in higher dimensions, is as follows. Let X be an n-dimensional random vector with associated n-copula C' and let
o ={i1,-.yim} € {1,...,n} such that 1 < m < n — 1. The o-marginal copula of C, C, : [0,1]™ — [0, 1], is defined
by setting n — m arguments of C equal to 1, i.e.,

Co(uty ... um) =C(v1,...,0,),

where v; = u; if ¢ € {i1,..., i}, and v; = 1 otherwise.
Finally, given a random vector (X7, Xa, ..., X,,) with n-copula C, the survival n-copula associated with C', which we
denote by 6, is given by R
C(u) :P[Xl Zl—ul,Xg Z 1—’LL27...7Xn Zl—un],

for all u € [0,1]™.

3 Monotonicity according to a direction and copulas

In this section, we will characterize the I(«) concept for the bivariate case by using copulas, providing various examples
that exhibit this type of dependence for different directions. Similarly, we will conduct an analogous analysis for the
trivariate case. Once we become familiar with these concepts in lower dimensions, we will extend the description using
n-copulas to the multivariate case, establishing a general result that enables us to derive a characterization for any
direction a € R™ in terms of the n-copula associated with the random vector and its marginal d-copulas.

3.1 The bivariate case

We start our study on the I(«) dependence concept for bivariate copulas.
Theorem 3.1. Let (U, V) be a random pair with associated 2-copula C and uniform marginals on [0,1]. Then C' is:
i. I(—1,-1) if, and only if, C(u,v)C(u',v") > C(u,v")C(u,v) for all u,v,u',v" in [0,1] such that u < u' and v < v';

ii. I(1,-1) 4f, and only if, [v — C(u,v)]v' — C(v/,v")] < [v — C(W,v)][v) — C(u,v")] for all u,v,u’',v" in [0,1] such
that u < u' and v < v';

iii. 1(—1,1) if, and only if, [u — C(u,v)][u’ — C(v',v")] < [u' — C(W/,v)][u — C(u,v")] for all u,v,v',v" in [0,1] such
that u < u' and v <v';

iv. 1(1,1) if, and only if, a(u,v)a(u’,v') > 6(u,v’)6’(u',v) for all u,v,u' ;v in [0,1] such that u < ' and v <.

Proof. The proof of parts i. and iv. can be found in [I3, Theorem 5.2.15 and Corollary 5.2.17]. Now we prove part
ii.—the proof of part iii. is similar, and we omit it.

Let (U,V) be a pair of random variables with associated 2-copula C' and uniform marginals on [0, 1], and assume
that C is I(1,—1). Then we have that P[U > u,—V > w|U > «/,—V > w’] is nondecreasing in (v/,w’) for all (u,w),
i.e.,

PlU > u, =V >w|U >,V > | <PU > u,—V >w|U >u", -V >w"], (1)

for all u,u,u” € [0,1] and w,w’,w” € [—1,0] such that v’ <« and w’ < w”. Condition is equivalent to

PU > u,—-V >w,U >d,-V >uw] PU>u-V>wU>u" -V >uw"]
PU > v/, -V > w'] - PU > u”, -V > w"] ’

i.e.,
PU >u,V < —w,U>d,V<-w] PU>uV<-wU>u"V<—-w
PU > o,V < —u/] = PU > u",V < —w'] :
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therefore,
PlU > max{u,v'},V < min{—w, —w'}] < P[U > max{u,u”},V < min{—w, —w"}]

PU > u/,V < —u'] - PlU > u",V < —w"| ’

that is,

min{—w, —w'} — C(max{u, v}, min{—w, —w'}) < min{—w, —w"} — C(max{u, v"}, min{—w, —w"})
7w/ _ C’(ul, 7w/) - 7w// —_ O(u//, 7w//)

Taking v = —w, v = —w’ and v" = —w”, we obtain
[v" — C(u”,v")] - [min{v,v'} — C(max{u, v}, min{v,v'})]

< ' = CW, V)] - [min{v,v"} — C(max{u, v}, min{v,v"})],

for all u,v,u’,v',u”,v" in [0,1] such that v’ < u” and v" < v'. By setting u = v’ < u”, v/ = 0" and v’ = u”, it follows
for every v < v’ and w <’ in [0, 1] that

[v — C(u,v)][v) — C(u',v")] < [v—C,v)][v — C(u,v")].

Conversely, if [v — C(u,v)|[v/ — C(/,v")] < [v — C(W/,v)][v/ — C(u,v")] for all u,v,v',v" € [0,1] such that u < v’
and v < v, then, given u,u’ € [0,1] and w,w’ € [—1,0], in order to prove that the random variables are I(1,—1), we
consider three possible cases:

1. If w > v/, w > w’ we have that

PU > u, -V > w]
PlU >, -V > w']’

PlU > u,—V >wlU >u,-V >u] =

is nondecreasing in ', w’.

2. If u < and w < w’ we have that P[U > u, =V > w|U > v/, =V > w'] = 1, and therefore it is nondecreasing in
u w'.
3. Let us consider, without loss of generality, u < v’ and w > w’. Then we have

PU >, -V > w]
PU >/, -V >w']’

PlU > u, =V >w|U >/, -V >uw'] =

Since P[U > v/, =V > w']| > P[U > o/, —V > w"] for all v/, w’, w” such that w’ < w”, we have that the probability
above is nondecreasing in w’. So, in order to prove that this equation is nondecreasing in u’, considering u” such
that v’ < u”, we need to verify that

Pl-V >wlU >,V > <P[-V >w|U >u", -V > u'],
which, taking v = —w and v’ = —w’, is equivalent to
PV <olU >u',V < | <PV <o|U >ud",V <]
But, this is equivalent to
v—C(u,v) < V= C(u",v)
v —Cu/ ') ~ v = Cu )’

for v’ < u” and v < v/, which is the statement’s condition.

In all the cases we have proved that C is I(1,—1), and the proof is completed. O

Example 3.2. Let {Cs}se[—1,1) be the Ali-Mikhail-Haq one-parameter family of 2-copulas given by

Cs(u,v) = 14+6(1 —u)(1—v)’

for all (u,v) € [0,1]? (see [1]). It is easy to prove that Cs is I(—1,1) and I(1,—1) for § € [0,1], and Cs is I(1,1) and
I(—1,-1) foré € [-1,0].
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3.2 The trivariate case

In this subsection we study the I(«) dependence concept for 3-copulas. Despite the difficulty of working with three
random variables and the complexity of the expressions obtained, drawn results take us to similar conclusions to the
bivariate case.

Theorem 3.3. Let (U,V,W) be three random variables with associated 3-copula C' and uniform marginals on [0, 1].
Then C is:

i. I(1,1,1) if, and only if, a(u,v,w)a(u’,v’,w’) > é(u,v’,w’)a(u’,v,w) for all w,v,w,u';v',w in [0,1] such that
u<u,v<v andw < w'.

ii. I(1,1,-1) if, and only if, [w — Casz(v,w) — C13(u, w) + C(u,v,w)] - [w' — Coz (v, w’) — C13(v/, w') + C(u/, 0", w")] <
[w— Cas(v,w) — C13(v/,w) + C(u',v',w)] - [w' — Caz(v,w") — C13(u, w") + C(u,v,w")] for all u,v,w, v, v, w in
[0,1] such that u < u', v <v" and w < W';

iii. I(1,-1,1) 4f, and only if, [v — Casz(v,w) — Cr2(u,v) + C(u,v,w)] - [/ — Caz(v',w') — Cra(v/,v") + C( w')] <
[v—Cas(v,w") = Cra(vw,v)+ C(u,v,w")] - [/ — Caz (v, w) — Cra(u, v") + C(u, v, w)] for all u,v,w,u',v’, in [0, 1]
such that u < v, v < v and w < w';

iv. I(-1,1,1) if, and only if, [u — C13(u, w) — Cra(u,v) + C(u, v,w)] - [/ — C13(v/, w') — Cr2(v/,v") + C(v/, v, w")] <

[u— Ci3(u,w) — Cra(u,v") + C(u,v',w')] - [u' — Ci3(v/, w) — Cra(u/,v) + C(v,v,w)] for all u,v,w, v, v',w in
[0,1] such that u < u', v < v and w < w';

V. I(l 7 ) Zf7 and Only Zfz [023(1}711)) - C(U,’U,w)] : [023("0/,?1)/) - C(ul7vlaw/)] < [023(”0,11)) - C’(u’,v,w)] :
[Cas(v',w") — C(u,v',w")] for all u,v,w,u',v';w" in [0,1] such that u < u', v < v and w < W';

vi. I(=1,1,-1) if, and only if, [Ci3(u,w) — C(u,v,w)] - [C13(v/,w") — C(v',v',w")] < [Ci3(u,w) — C(u,v",w)] -
[Cis(v/,w") — C(W,v,w")] for all u,v,w, v, v, w" in [0,1] such that u < u', v < v and w < w';

vii. I(—1,—-1,1) if, and only if, [Ci2(u,v) — C(u,v,w)] - [Cra(v/,v") — C(w',v',w")] < [Cia(u,v) — C(u,v,w')] -
[Cra(u/,v") = C(u/, 0", w)] for all u,v,w, v, v',w’ in [0,1] such that u < v/, v < v and w < W';

viii. I(—1,-1,-1) if, and only if, C(u,v,w)C (v, v',w") > C(u,v',w")C(u',v,w) for all u,v,w,u v w" in [0,1] such

thatugu,vgv and w < w'.

Proof. We prove part ii. The rest of the parts can be proved in a similar way, so we omit their proofs.
Let (U, V,W) be three random variables with associated 3-copula C. Assume C is I(1, 1, —1), then we have that

PlU > u,V >v,-W > t|{U >u',V >, —W > ],
is nondecreasing in (u’,v’,t") for all (u,v,t), i.e.,
PU > u,V>v,-W>HU >u', V>, -W>V]|<PU>uV >v,-W>tU >u"V>u" —-W>t'l, (2

for all u,v,u’,v",u”,v" € [0,1] and ¢,t',¢" € [-1,0] such that v’ <wu”, v <v” and ¢’ < ¢’. Condition is equivalent
to
PU > u,V >0v,-W >t,U >u,V >v,-W > ]
P[U >,V >/, W > 1]

PU >u,V>v,-W >t,U>u" V>0 W >t

<
= PU > u",V > v, —W > t'] ’

i.e.,

PU > u,V>o, W< =t,U >u,V >0 W< 1]
P[U > ',V > v/, W < —t]

PU > u,V>o, W< =t,U>u"V>u" W< -t
P[U > u",V > 0" W < —t"] ’

IN

hence,

P[U > max{u,v'},V > max{v,v'}, W < min{—t, —t'}]
P[U >,V >, W < —1]

P[U > max{u,u"},V > max{v,v”},W < min{—t, —t"}]
PU > w",V > v" W < —t"]

<
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that is,

min{—t, —t'} — Caz(max{v,v'}, min{—t, —t'}) — C13(max{u, u'}, min{—¢, —t'})

=t — Caz(v', —t') — Cyz(u/, —t") + C(u/, v, —t')
C(max{u, v}, max{v,v'}, min{—t, —t'})

T T Co v/, ) = Craa(d, —) + C(ul, o, 1)

< min{—t, —t"} — Cas(max{v,v”}, min{—t, —t""}) — Cis(max{u, v”}, min{—¢, —t"})

= ¢ — 023(’0”7 —t”) _ CIS(U”, —t”) I C(u”, v, —t”)

C(max{u, v}, max{v,v"}, min{—¢, —t"})

+ —r 023(’0”, —t”) _ 013(?//, —t”) ¥ C(u”, v, —t”) :

Taking w = —t, w’ = —t' and w” = —t"" we obtain

[min{w,w’} — Ciz(max{u, v}, min{w,w'}) — Coz(max{v,v'}, min{w, w'})

+ C(max{u,u'}, max{v,v'}, min{w,w'})] - [w” — Ci3(u”,w") — Coz(v",w") + C(u",v",w")]

< [min{w,w"} — C13(max{u, v}, min{w, w"}) — Coz(max{v, v}, min{w, w"})

+ C(max{u,u”}, max{v,v"}, min{w, w”})] - [w" — C13(v/,w') — Caz(v',w") + C(u',v",w")], (3)
for all w,v,w,u, v, w’,u” v" w” in [0,1] such that v’ < u”, v <" and w” < w'. By setting u =u' <u”’, v =1v" <v”
and w’' = w” in (3)), for every w < w’ in [0, 1] it follows (renaming v’ = v” and v’ = v”

3), yw < : ( g )
[w — Cas(v,w) — C13(u,w) + C(u,v,w)] - [w — Caz(v/,w’) — Cr3(u’,w’) + C(u', v, w")]
< [w = Coz(v',w) — Crz(v/,w) + C(u', 0", w)] - [w' — Cag(v,w') — Ci3(u, w") + C(u,v,w")]. (4)

Conversely, suppose that holds for all u,v,u', v, w,w" € [0,1] such that u < v, v < v and w < w’. Then, given
u,u’,v,0" €10,1] and ¢, ¢ € [—1,0], we consider three possible cases:

1. fu>vu,v>v and t >t we have that

PU > u,V >v,-W > 1]

PU >,V >v,-W >tU >u',V>v,-W >t = ,
U>uwV>w, U>w, V>, A ESTATSST

is nondecreasing in u’, v, t'.

2. Ifu <w,v <o and t <t we have that P[U > u,V > v, =W > ¢t|U > u/,V >/, =W > t/] =1, and therefore it
is nondecreasing in u’, v, t'.

3. Let us consider, without loss of generality, v < u/,v < v’ and t > t. Then we have

PU >u,V>v,-W>t,U>u,V>v,-W >t
PlU >,V > v, —W > t/]
CPlU>W, V>, —W >t
CPU >,V >, W >t
Since P[U > u/',V > v, =W > ¢/] > P[U > o',V > o', =W > t"] for all «/,v',¢',t"” such that ¢ < ¢, we have that
the expression above is nondecreasing in ¢’. In order to prove that this expression is nondecreasing in v’ and v’,
considering v and v” such that v’ <« and v < v”, we need to verify that

PlU > u,V >v,-W > t|lU >u',V >v —W > ]| =

P[-W > tlU >,V >0, -W >t <P[-W > t|U > ",V > 0", -W > t],
which is equivalent to
PW <w|lU >u, V>0 W <] <PW <w|lU>u"V>u" W<,
taking w = —t and w’ = —t'. But, this is equivalent to

w — Coz (v, w) — Cyz3(u/,w) + C(u/, v, w) c W Cas (v, w) — Crz(u’,w) + C(u”,v",w)
w' — Coz (v, w') — Crz(w/,w') + C(u/, v, w') — w' — Coz(v”,w') — Crz(uw’,w') + C(u”, 0", w'")’

for v’ < u” v <" and w < w’, which is the statement’s condition.

Hence, we obtain that C' is I(1,1,—1) in all the cases, and the proof is complete. O



Modeling directional monotonicity with copulas 141

3.3 The multivariate case

Now, we will explore the n-dimensional case. To achieve our goals, we need the following preliminary lemma, which
will allow us to relate the probability of the event (), (a;X; > x;) to the associated n-copula of the random vector
(X1,Xs,...,X,) and its margins. In the sequel, |A| will denote the cardinality of a set A.

Lemma 3.4. Let X = (X1, Xs,...,X,) be an n-dimensional random vector and let o € R™ such that |o;| = 1 for
all i = 1,2,..,n. Let I C {1,...,n}, such that ar = —1, if k € I, and let J = {1,...,n}\ I (I,J # 0). For all
x € R" = [—00,00]", we have

ﬂ(aiXi>xi)]:P[H(Xi<xi)1—2]}” (| X<z)|+>. > P| [ Xi<zm)|—-

i=1 iel jeJ i€Tu{j} J1€J ja€d i€TU{j1,j2}
J2>71

P

DY Y P N (Xi<m)| +(-pllp [ﬁ(xiqi)],

J1€J ja€J ) j‘J‘,llEJ 1€TU{j1,d) 01} i=1
J2>J1 J1a|—1>717) -2

where
_ Zi, ZfZ € ‘]7
T; = .
—x;,  ifi el
Proof. We will apply the induction method over the number of components of « that are equal to 1; i.e., over the
cardinal of J. We will consider the following change of variable throughout this proof: if —X; > x;, then X; < —z; so

we consider T; = —x; if ¢ € I and T; = x; if ¢ € J. Let us start proving the case |J| = 1: If we suppose that o; = 1 and
the remaining coordinates are all equal to —1, then

P [ﬂ(ale >$1)] =P |z <Xlan(Xi <Ti)
i=1 i=1
L il

=P ﬁ(Xz <fi) —P [ﬁ(X, <$i)] .

i=1 =1
Li£l

Now we consider the statement true for |J| = m and our goal is claiming the same for |J| = m + 1. So, if l,,11 € J we
have

i=1 LicJ i€l

=P Tlppy < le+1, ﬂ (Xi > Ii), m(Xl < fl)
e i€l
7;7£lrn+1

=P ﬂ (Xi > ), ﬂ(Xz‘ <z)| - P ﬂ (X > 1), ﬂ (X <73)
icJ icl icJ €Tl 1}
LiFlm+1 #lm 41

Applying the induction hypothesis we obtain that the first expression is equal to

P m (Xi>$i)7ﬂ(Xz‘<fi) Zplﬂ(Xi<$i)]— Z P ﬂ (Xi <)

i?’g;lewr:]+1 i€l iel j;ZlemJﬂ ieTulj}
n
+ Y > P () X<m)| -+ DR () Xi<T)
i€ gaed i€1U{j1,42) =1
J1Flm41 J2Flm 1 i#lmt1

J2>J1
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Whereas the second one is equal to the following expression

Pl () Xi>z), () (Xi<m)|=P | Xi<z)|- D> P N Xi<m)

ied i€TU{lyy1} 1€IU{lm41} jeJ 1€IU{lmy1,5}
iF 1 JFlm+1
n
D S I e s R
J1€J Jo€J iEIU{lm,+1,j1,j2} =1
J1#lm+1 J2Flm+1
J2>71

Now, we subtract both expressions. Note that we can add the first term of the second expression to the second term of
the first one; ie.,

- Z P m (Xi<fi) —P ﬂ (Xi<fi) :—ZP ﬂ (X1<§l>
JjeJ i€ITU{j} t€TU{ly1} jeJ i€elU{j}
JFlm+1

It follows similarly with the third term of the first expression and the second term of the second one

J1€d  j2€d i€TU{j1,j2} jed i€TU{lm+1,5}
J17lmt1 J2Flmt1 J#m+1
J2>71

=3 > P| [ Xi<m)|,
J1€J j2€J i€TU{j1,j2}
J2>J1

and so on with the remaining terms. Finally, our first and last terms are, respectively,

P[ﬂ(xi@i)l and  (=1)"F'P lﬁ(ximi)].

i€l i=1
Thus, grouping all these terms together we reach the desired result. O

Remark 3.5. Note that if the n-dimensional random vector X has associated n-copula C, then the expression of Lemma
can be written in terms of the copula and its margins via Sklar’s theorem. Thus, let Fy, Fs, ..., F,, be the marginal
distribution functions of X, and a € R™ such that |a;;| =1 for alli =1,2,...,n. Let I C{1,2,....,n}, such that o; = —1
ifiel, anda; =14fie J={1,2,...,n}\ 1. For every x € R", denote T; = x; if i € J, and T; = —x; if i € I, and let
u = (F1(T1), Fo(T2), ..., Fr(Tn)) € 0,1]". Given any subset K = {i1,i2,....5p} C {1,2,...,n}, with i1 < iz < - < ip,
denote by Crc the p-marginal of C for the random vector (X, , Xy, , ..., X;,), as defined before. Obviously, Cy 5. ny = C.

Similarly, denote ug = (Ui, Uiy, ..., u;,). Then, the right-hand side of the expression in Lemma can be written as
follows

Cr(un)= " Crogy(wopy) + > Y Crogi sy (Wrog ) =+

jeJ €T j2€J
J2>J1
_1)lJI-1 . . . . .
+(-1) CIU{]la~-7]|J\—1}(uIU{J17~--»]|J\—1})
J1€J j2€J Jlrj-1€J
J22J1 g1 g—1>d)g) -2
+ (=DMl (u).

Moreover, given any subset K = {i1,12,...,1} C {1,2,...,n}, with iy <is < --- <ip, we denote by (ug,1) the point
in [0,1]", such that u; = F;(Z;) ifi € K and u; = 1 if i € {1,2,...,n} \ K. Then, the above expression can be written
as follows
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C(ur,1 ZC urugy, 1) + Z Z Clurogy joy: 1) =

jeJ J1€J j2€J
J2>J1
J|—-1
DLEED DI DD DI (VTN
leJ ]2€J j‘J|71€J
J2>J1 J1r-1>715) -2
+ (=)llC(u).

Now, on the basis of Remark [3.5, we are able to state and prove the following characterization of the multivariate
I(«) dependence concept.

Theorem 3.6. Let U = (Uy,Us,...,U,) be an n-dimensional random vector with associated n-copula C, and uniform
marginals on [0,1]. Let a € R™ such that |a;| =1 for alli=1,2,....n. Let I C {1,2,...,n}, such that a; = —1 ifi € I,
and o, =1 4fie J={1,2,..on}\ I, with I,J # 0. Then C is I(« ) if, and only if,

ciV 1) - ZJEJC(uIU{J}, )+ 2 es 2 ppes Clu IU{M},1) o (Do)

J2>J1

C(ﬁllal)*ZjeJC(ﬁIu{j}a )+Z]1€JZ]2EJ C( UrUg1,523 ) "'+(*1)|J|C(ﬁ/>
J2>71
C'(u(12),1) ZJEJC’(uIU{]}, )+ZJIEJZJ2>€J C’(ulu{]hh}’ 1) — -+ (=D)VICcu®)
S — J2>J1 — ) (5)
Cay,1) - 3, O, 1 )+Zjlejzgz>@ Cmy 1) — 4 (CDVICE)
J2~>J1

for all u,w’,u”, such that u, < u! for all i =1,2,...,n, where the components of u™ u® @ and @’ are given by

1) max{u;, u}}, ified (2) max{u;, ul'}, ified
u; - = , u; - = o )
! —max{ug,ujy, ifiel —max{u;,u)}, ifiel
_, ul, ifieJ . ul, ified
U = c and u; = oo .
—uh, ifiel —u, ifiel
Proof. Let U = (Uy,Us,...,U,) be an n-dimensional random vector with associated n-copula C. Since C' is I(«), we

have that
P

(Ui > w), (Ui > w)| (Ui > ), [((~U; > ué)] :
ieJ i€l ieJ i€l
is nondecreasing in u’ for all u, i.e.,

P [((Ui > w), (\(=Ui > u)| (U > ui), [(~Us > Ué)]
i€J el ieJ i€l
SIP ﬂ(Ul > ui), m(_U’ > Ul)| ﬂ(Uz > u;/), (](—Uz > u;/)‘| N
i€J el ieJ el

for all u;, ui, uf € [0,1] such that i € J, and wu;, u, u; € [—1,0] such that ¢ € I, verifying that u} < u} for all 1 <7 < n.
The inequality above is equivalent to the following expression
P [mieJ(Ui > ui)? ﬂie[(_Ui > ui)ﬂ ﬂz‘e.](Ui > u;)v niel(_Ui > ’U/Lﬂ
P [Nies Ui > ), Nie (Ui > uf)]
P [ﬂieJ(Ui > ui)? ﬂie[(_Ui > ui)ﬂ ﬂieJ(Ui > u;/)ﬂ ﬂie[(_Ui > u;/)]
P [Mies (Ui > uf),Nigr (=Ui > uff)] ’

<

ie.,

P [Mics (Ui > i), Nier Ui < =), Nyes Ui > 1)), Mg (Us < —ul)]
P [ﬂiG.](Ui > up), Nier (Ui < —Ué)]

)5

P

Nicr(Ui < =), Mic s (Ui > u), Vi, (Ui < —uf)]
Nics (Ui > uf), Mg, (Ui < —ufl)] ’
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and therefore,
P [ﬂieJ(Ui > max{ug, u;}), (Ve (Ui < min{—u;, fu;}),]
P [Nies (Ui > 1)), Nigs (Ui < —uj)]
- P [mieJ(Ui > max{ug, u) }), ;e;(Us < min{—u;, fu;’})]
- P [Nies (Ui > uf), Mg, (Ui < —uf)] '
Using Lemma [3.4] and Remark it is possible to express this inequality in terms of the copula C as it follows

Cu, 1) =3, Cufl D)+ Y,y e Cuily, D) =+ (~DPIC®)
Cp1) =X e, C@L 1)+ Xjies 2ognes C, ) — o+ (1)

J2>J1
(2) (2) (2)
C(ul ,1) - Zjej C(uju{j}a 1) + ZjleJ Z]J;f]J; C(ulu{jl,p}’ 1) -t (_1)‘J‘C(u(2))
S—= = - —n
C(u7,1) - Eje.] C(ulI/U{j}v 1)+ Zjle.] Zj2€J C(u/I/U{j17j2}7 1) -+ (-nVic@’)

J2>71

where the components of u, u® @ and @’ are given by

(1) max{u;, u}}, ifiedJ (2) max{u;, u'}, ifieJ
Uu . = s U = . . s
! —max{u;,ul}, ifiel ! —max{u;,u}, ifiel

, e I e

u ified u; ifield
=9 ", and  wl=< " .

—u;, ifiel —uy, ifiel

Thus, we obtain inequality .
Conversely, it is obvious that from inequality , and following back the equivalences used before, we get that C' is
I(«).
O

Next, we will provide several examples to illustrate the I(a) concept within the context of the multivariate case.
Example 3.7. For all n > 2, the n-copula M™ is I(1) and I(—1).
Example 3.8. For all n > 2, the n-copula II" is I(«) for any direction «.

Example 3.9. Let C be the n-copula given by the convex linear combination of the n-copulas II" and M™, i.e.,
C(u) =01 (u) + (1 — )M ™ (u),
for allu € [0,1]", and § € [0,1]. Then, C is I(1) and I(—1) for all § € [0,1].

Example 3.10. Let {Cx}xe[—1,1) be a generalization of the Farlie-Gumbel-Morgenstern one-parameter family of 2-

copulas, given by
Ca(u) =JJuw [1+A]] - ui)] ,
i=1 i=1

for all u € [0,1]" (see [13]). Let a = (a1, z,...,ap,) € R™ such that |a;| = 1 for alli = 1,2,..,n, and J = {i €
{1,2,..,n} : a; = 1}. It can be proved, after some tedious computations, that Cy is I(a) for A\ € [0,1] if |J| is even,
and Cy is I(a) for A € [=1,0] if |J| is odd.

4 Conclusions

In this paper we have characterized the monotonicity according to a direction of a random vector, a new concept of pos-
itive dependence, —particularly the I(«) notion— by using copulas. We started with the bivariate and trivariate cases,
due to their simplicity and straightforwardness, aiming to illustrate the procedure to be followed in the multivariate
case. Initially, we obtained in both cases a characterization in terms of an inequality involving the associated copula
and its margins evaluated at maximum and minimum values, in order to subsequently simplify this characterization to
be applied to specific cases. Throughout this paper, examples of copulas with I(«) dependence have been provided for
different vectors a.



Modeling directional monotonicity with copulas 145

Acknowledgements

The authors thank the comments of an anonymous referee. The first, third, and fourth authors acknowledge the support
of the research project PID2021-1226570B-100 by the Ministry of Science and Innovation (Spain). The first author
thanks to P.FORT_GRUPOS_2023/76, PPIT-UAL, Junta de Andalucia-ERDF 2021-2027. Programme: 54.A, and is
also partially supported by the CDTIME of the University of Almerfa (Spain). The fourth author also acknowledges
the support of P_.FORT_GRUPOS_2023/104, PPIT-UAL, Junta de Andalucia-ERDF 2021-2027, Objective RS01.1,
Programme 54.A.

References

[1] M. M. Ali, N. N. Mikhail, M. S. Haq, A class of bivariate distributions including the bivariate logistic, Journal of
Multivariate Analysis, 8 (1978), 405-412. https://doi.org/10.1016/0047-259X(78)90063-5

[2] A. Dolati, E. Mokhtari, A. Dastbaravarde, Aspects of conditional symmetry and asymmetry of copulas, Iranian
Journal of Fuzzy Systems, 21(6) (2024), 1-13. https://doi.org/10.22111/IJFS.2024.45725.8061

[3] N. Doodman, M. Amini, H. Jabbari, A. Dolati, FGM generated Archimedean copulas with concave multiplicative
generators, Iranian Journal of Fuzzy Systems, 18(2) (2021), 15-29. https://doi.org/10.22111/IJFS.2021.5911

[4] F. Durante, C. Sempi, Principles of copula theory, Chapman and Hall/CRC, Boca Raton, 2016. https://doi.org/
10.1201/p18674

[5] M. Esfahani, M. Amini, G. R. Mohtashami-Borzadaran, A. Dolati, A new copula-based bivariate Gompertz-Makeham
model and its application to COVID-19 mortality data, Iranian Journal of Fuzzy Systems, 20(3) (2023), 159-175.
https://doi.org/10.22111/IJFS.2023.7645

[6] N. I. Fisher, Copulas, in: S. Kotz, C. B. Read, D. L. Banks (Eds.), Encyclopedia of Statistical Sciences, Vol. 1,
Wiley, New York, (1997), 159-163.

[7] J. C. Fodor, M. Roubens, Fuzzy preference modelling and multicriteria decision support, Kluwer, Dordrecht, 1994.
https://doi.org/10.1007/978-94-017-1648-2

[8] P. Hajek, Metamathematics of fuzzy logic, Dordrecht, Kluwer, 1998. https://doi.org/10.1007/
978-94-011-5300-3

[9] R. Harris, A multivariate definition for increasing hazard rate distribution function, The Annals of Mathematical
Statistics, 41 (1970), 713-717. https://doi.org/10.1214/a0ms/1177697121

[10] H. Joe, Multivariate models and dependence concepts, Chapman and Hall, London, 1997. https://doi.org/10.
1201/9780367803896

[11] A. Miiller, M. Scarsini, Archimedean copulae and positive dependence, Journal of Multivariate Analysis, 93 (2006),
434-445. https://doi.org/10.1016/7. jmva.2004.04.003

[12] J. Navarro, F. Pellerey, M. A. Sordo, Weak dependence notions and their mutual relationships, Mathematics, 9
(2021), Article 81. https://doi.org/10.3390/math9010081

[13] R. B. Nelsen, An introduction to copulas, Second Edition, Springer, New York, 2006. https://doi.org/10.1007/
0-387-28678-0

[14] J. J. Quesada-Molina, M. Ijbeda—Flores, Monotonic random variables according to a direction, Axioms, 13 (2024),
Article 275. https://doi.org/10.3390/axioms13040275

[15] A. Sklar, Fonctions de répartition & n dimensions et leurs marges, Publications de I'Institut de Statistique de
I'Université de Paris, 8 (1959), 229-231. http://doi.org/10.2139/ssrn.4198458

[16] M. Ubeda-Flores, J. Fernandez-Sénchez, Sklar’s theorem: The cornerstone of the theory of copulas, in: M. Ubeda-
Flores, E. de Amo Artero, F. Durante, J. Ferndndez Sdnchez (Eds.), Copulas and Dependence Models with Appli-
cations, Springer, Cham, (2017), 241-258. https://doi.org/10.1007/978-3-319-64221-5


https://doi.org/10.1016/0047-259X(78)90063-5
https://doi.org/10.22111/IJFS.2024.45725.8061
https://doi.org/10.22111/IJFS.2021.5911
https://doi.org/10.1201/b18674
https://doi.org/10.1201/b18674
https://doi.org/10.22111/IJFS.2023.7645
https://doi.org/10.1007/978-94-017-1648-2
https://doi.org/10.1007/978-94-011-5300-3
https://doi.org/10.1007/978-94-011-5300-3
https://doi.org/10.1214/aoms/1177697121
https://doi.org/10.1201/9780367803896
https://doi.org/10.1201/9780367803896
https://doi.org/10.1016/j.jmva.2004.04.003
https://doi.org/10.3390/math9010081
https://doi.org/10.1007/0-387-28678-0
https://doi.org/10.1007/0-387-28678-0
https://doi.org/10.3390/axioms13040275
http://doi.org/10.2139/ssrn.4198458
https://doi.org/10.1007/978-3-319-64221-5

146 E. de Amo, D. Garcia-Ferndndez, J. J. Quesada-Molina, M. Ubeda-Flores

[17] Z. Wei, T. Wang, W. Panichkitkosolkul, Dependence and association concepts through copulas, in: V. N. Huynh,
V. Kreinovich, S. Sriboonchitta (Eds.), Modeling Dependence in Econometrics - Advances in Intelligent Systems
and Computing, Vol. 251, Springer, Cham, (2014), 113-126. https://doi.org/10.1007/978-3-319-03395-2


https://doi.org/10.1007/978-3-319-03395-2

	Introduction
	Preliminaries
	Monotonicity according to a direction and copulas
	The bivariate case
	The trivariate case
	The multivariate case

	Conclusions

