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Abstract

In this paper, a new form of critic-only Reinforcement Learning (RL) algorithm for continuous state space control
problems is proposed. Our approach, called Fuzzy-RBF Least Square Policy Iteration (FRLSPI), dynamically tunes
the weight parameters of a Takagi–Sugeno type neuro-fuzzy network online. FRLSPI is developed by integrating Least
Squares Policy Iteration (LSPI) with the fuzzy-RBF network as a function approximator. Using this approach, we
overcome two difficulties: determining state-action basis functions in LSPI algorithms and learning rate dependency
in most RL algorithms. Additionally, we present positive theoretical results concerning an error bond between the
optimal and the approximated Action Value Function (AVF) for FRLSPI. Our proposed method has suitable features
such as positive mathematical analysis, learning rate independency and, comparatively good convergence properties.
Simulation studies validate the effectiveness and performance of our learning framework, suggesting that our approach
surpasses existing reinforcement learning algorithms.

Keywords: Neuro-fuzzy reinforcement learning, fuzzy-RBF network, generalization, least square policy iteration.

1 Introduction

A self-learning, model-free controller eliminates the need for complex model development and tuning, making it more
efficient and adaptable to changing conditions in industrial processes. By utilizing machine learning algorithms, this
type of controller can continuously learn from data and improve its performance over time without the need for manual
adjustments [26]. This approach would be particularly beneficial for complex nonlinear systems where traditional
controllers struggle to maintain optimal performance. The ability to scale well with multiple inputs and outputs would
make this controller versatile and applicable to a wide range of industrial processes. Overall, a self-learning model-free
controller has the potential to revolutionize control systems in the industry by offering a more flexible, efficient, and
adaptive solution [1, 26]. Reinforcement learning (RL) has emerged as a powerful tool in various fields due to its ability
to learn control strategies directly from data. Model-free RL is particularly popular for adapting to nonlinear processes
without requiring an explicit process model. This is especially advantageous when dealing with complex systems where
accurate models may be difficult to obtain. By eliminating the need for model identification, RL continuously enhances
performance through re-training in response to process shifts or noise. In contrast, traditional model-based control
methods rely on parametric models that may degrade over time when faced with unexpected disturbances or changes
in the process dynamics [22]. Applying RL to control problems with large state and action spaces presents two major
challenges. One of them is well known as “curse of dimensionality”: Since even comparatively simple control problems
can have huge state spaces that have to be explored, the learning process results in time-consuming and low efficient
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Figure 1: The flow of interaction in RL

learning. The other is the “generalization problem”: assuming that limited experience does not provide sufficient data
for each and every state. Hence, it’s crucial to generalize the observed data to unseen states. Both these issues are
addressed by the function approximation approach [3, 8, 11, 17].

Fuzzy systems and neural networks have attracted extensive research interests in the area of function approxima-
tion due to their ability to approximate nonlinear functions. As such, some authors [3, 8, 11, 15, 18, 20, 32] have
offered continues fuzzy/Neural Reinforcement Learning (FRL/NRL), and employed FRL/NRL to tune a fuzzy/neural
controller.

1.1 Related work

Continues algorithms that uses fuzzy systems or neural network as a function approximator can be classified into
three well-known architectures in general, which are actor-only, critic-only, and actor-critic methods [11]. Most of
the research done in this field has an actor-critic architecture, in which a policy function and the expected value are
learned simultaneously [15, 16, 18, 20, 32]. However, even with these significant contributions, the main limitation
of the aforementioned algorithms is the lack of proper exploration [8, 13]. Contrary to the mentioned architecture,
critic-only methods are formed on the idea of first finding the optimal value function and then extracting an optimal
policy from this value function [8, 11]. In a critic-only based FRL/NRL algorithms, the Action Value Function (AVF)
is approximated by a fuzzy system or neural network as a critic part, and the action is produced with probability
proportional to this function.

Such an action selection strategy improves balance between exploration and exploitation [8]. However, despite
learning schemes like Fuzzy Sarsa Learning (FSL), Deep Q-learning [28], Deep deterministic policy gradient algorithm
(DDPG) [25] and others. continues methods usually suffer from two major challenges: 1- In contrast with standard RL
algorithms, the experimental results of combining successful RL algorithms with fuzzy/neural Function Approximators
(FAs) generally lack reliable theoretical analysis. 2- Dependence on learning rate: Tuning the learning rate parameter
for each problem separately in continuous reinforcement learning algorithms is challenging. Considering that most of
the presented methods are an extension of the discrete algorithms dependent on the learning rate, therefore the root of
the problem can be regarded as a way in the basic algorithm used.

Least Square Policy Iteration (LSPI) based approaches are an important family of value-based algorithms that
approximate AVF instead of calculating its exact value [16]. These algorithms work by iteratively evaluating and
improving the control policies, are sample-based, and have suitable features such as learning rate independency and
comparatively good learning speed. The original form of LSPI is a model-free, off-policy algorithm that generates a
sequence of AVF using the least square temporal difference (LSTD) algorithm at the policy evaluation phase. Extensions
to approximation-based LSPI are studied in detail by Bušoniu et al. [6], and its online version (OLSPI) is derived in
Bušoniu et al. that performs policy improvements once every few transitions have been completed, and updates its policy
based on an incomplete evaluation of its current policy [5]. Bayesian least-squares policy iteration (BLSPI) is another
off-policy, model-free, policy iteration algorithm that uses the Bayesian least-squares temporal-difference (BLSTD)
learning algorithm instead of LSTD to evaluate policies [27]. An online variant of BLSPI, called randomized BLSPI
(RBLSPI), that improves its policy based on an incomplete policy evaluation step is also presented in [27]. Although
the presented methods, offering a RL method with better properties in convergence, stability, and sample complexity
than previous RL algorithms, the approximation structure in these methods may lead to degraded performance when
improperly selecting features. In [29], a kernel-based LSPI (KLSPI) algorithm was presented for MDPs with large
or continuous state spaces and in [30] the hierarchical version of KLSPI (HKLSPI) is presented but the final policies
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Table 1: Comparison of FRLSPI with other related works
Approach

On-Line
Continuous

Admiss. System dimensionality Kernel trick Mathematical Analysis Initial Policy required
Ref. Algorithm State Action

Lagoudakis and Parr (2003) LSPI × ✓ × Low × × ×

Xu et al. (2007) KLSPI × ✓ × Mid ✓ × ✓

Thiery and Scherrer (2010) LSλPI × ✓ × Low × ✓ ×

Buşoniu et al. (2010) OLSPI ✓ ✓ × Low × × ×

Buşoniu et al. (2010) OLSPI with cont. action ✓ ✓ ✓ Low × × ×

Jakab and Csato (2015) KRLSTD × ✓ × Low ✓ × ✓

Cui et al. (2017) KDPP × ✓ × High ✓ × ×

Ghorbani, et al. (2017) FLSPI ✓ ✓ ✓ Mid ✓ ✓ ✓

Tziortziotis, et al. (2018) BLSPI × ✓ × Mid ✓ × ×

Friedrich, et al. (2019) OKLSPI ✓ ✓ × Mid ✓ × ×

Our Approach FRLSPI ✓ ✓ × Mid ✓ ✓ ✓

of these algorithms are greatly influenced by the approximation precision of value functions and the choice of basis
functions. An overview on different LSPI algorithms is presented in Table 1 [7, 11, 14, 29, 30, 31].

To address these challenges, we employ a hybrid approach that combines LSPI with a fuzzy RBF network. We
introduce Fuzzy-Radial Basis Function Least Squares Policy Iteration (FRLSPI), an on-policy, model-free algorithm
with critic-only architecture for control problems with large or continuous state spaces. We use fuzzy-RBF network as
our general approximator, to approximate AVF in LSPI or from another perspective, LSPI is used to tune the weights
of a fuzzy-RBF network. The main innovation of this work is theoretical and focused on the problem of establishing a
performance bond for FRLSPI over all iterations.

The reminder of this paper is structured as follows: First, we briefly review some basic concepts and terms in RL
that will be used in the rest of the article. FRLSPI algorithm is presented in Section 3, and then we try to provide
some positive analytical results in Section 4. Section 5 demonstrates the performance of our algorithm on two standard
RL testing domains. Finally, conclusions are drawn in Section 6.

2 Background

In this section, some background material, which will be referenced throughout the remainder of the paper, is reviewed.
Table 2 lists the key symbols used in this article.

2.1 Preliminaries and problem statement

Notation Environments are formalized as Markov Decision Processes (MDP) and can be defined as a 5-tuple M :=
(S,A, P, r, γ). The model evolves in discrete time and is specified by state space S =

{
s1, s2, . . . , s|s|

}
and action space

A =
{
a1, a2, . . . , a|A|

}
, the transition probabilities Ps,a (s

′) = (P (s′|s, a) )s,s′∈S, a∈A describing the (stochastic) system
behavior (Ps,a (s

′) ≥ 0,
∑

s′∈S Ps,a (s
′) = 1∀s ∈ S, a ∈ A) and an immediate reward function r (s, a) : S × A → R. In

RL, at each time step, t = 0, 1, 2, . . . the agent (controller) observes the state st ∈ S, containing information about
its current state and generates an action at ∈ A (st). This action causes the environment to move into a new state
st+1 = s′, with probability Ps,a (s

′) the agent then receives a scalar reward signal rt+1 that evaluates the quality of this
transition, and the whole cycle repeats. This flow of interaction is represented in Figure 1. The scalar discount factor
γ ∈ [ 0, 1) determines the importance of immediate rewards compared with future rewards. The agent’s objective is to
find a policy π : S → A mapping states to actions that maximize the return Gt =

∑∞
k=0 γ

k rt+k+1 [8, 26]. The central
idea of value-based methods is to maximize the return for every possible state by taking actions in each step t that are
expected to lead to higher values. The value of state s, V π (s) : S → R is determined as follows [26]:

V π (s) = Eπ

{ ∞∑
k=0

γkrt+k+1 |st = s

}
, (1)

where Eπ{} indicates the expectation over trajectories assuming that the agent follows policy π. We call the function
V π the state-value function for policy π. It can be easily shown that the following consistency condition holds between
the value of state s and the value of its possible successor states [26]:

V π (s) =
∑
a∈A

π (s, a)
∑
s′∈S

pass′ (Ra
ss′ + γV π (s′)) . (2)
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Table 2: List of main symbols and notation.

Symbol Description

t, r Discrete time step, reward

γ, V, Q Discount factor, value function, Action value function

e, λ Eligibility trace and decay parameter

π, Tπ Policy and bellman operator under policy π

Q̂ Approximate action value function

a Action, a ∈ [a1, a2, . . . , am]

si, s ith element of state vector, i = 1, 2, . . . , n and state vector s = [s1, s2, . . . , sn]

xi, x ith dimension input i = 1, 2, . . . , n+ 1 and input vector x = [s, a]
T

ϕ,Φ Basis functions and state-action space matrix

ni Number of gaussian fuzzy sets composes the partition of ith input

h,w Number of fuzzy rules and vector of tunable weights

φij The ith membership function in the jth rule neuron

cij , σij The center and width of the membership function φij

∥.∥ , ∥.∥∞ Generic norm, infinity norm

By defining:

pss′ =
∑
a∈A

π (s, a) pass′ , (3)

Rs =
∑
a∈A

∑
s′ ∈ s

π (s, a) pass′Ra
ss′ =

∑
a∈A

π (s, a)Ra
s . (4)

The relation (2) can be represented in the matrix form as:
V π (s1)
V π (s2)

...
V π (sn)

 =


Rπ (s1)
Rπ (s2)

...
Rπ (sn)

+ γ


p11 p12 · · · p1n
p21 p22 · · · p2n
...

...
. . .

...
pn1 pn2 · · · pnn



V π (s1)
V π (s2)

...
V π (sn)

 . (5)

More compactly:

V π (s) = Rπ + γPπV
π. (6)

An expected Bellman operator T : R|S| −→ R|S| can be defined as T π (V ) = Rπ + γPπV
π for any V ∈ R|S|.

Similarly, for the AVF under policy π, the Bellman equation can be defined as [8, 26]:

Qπ (s, a) = Eπ

{ ∞∑
k=0

γkrt+k+1 |st = s , at = a

}
=
∑
s′∈S

pass′ (Ra
ss′ + γV π (s′))

=
∑
s′∈S

pass′ (Ra
ss′ + γQπ (s′, π (s′))) . (7)

The AVF for policy π can be characterized as a unique fixed point of operator T and can be written in the following
matrix notation:

Qπ = R+ γPΠπQ
π = TπQ, (8)

where Qπ and R are |S| |A| dimensional vectors, P ∈ R|S||A|×|S| is the transition matrix induced by the selection of an
action and policy π right after, and Ππ ∈ R|S|×|S||A| is a stochastic matrix that describes policy π [16]. The goal of RL
is to find the optimal policy π∗ that satisfies Q∗ (s, a) = supπQ

π (s, a) for each (s, a) ∈ S ×A.
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Now, here we state some important properties of the operators T and Tπ that will be of use in the rest of the article.
Tπ is a contraction mapping under supremum norm if for all Q1, Q2 ∈ R|S||A| and every policy π there exists a γ ∈ [0, 1)
such that [4]:

∥T Q1 − T Q2∥∞ ≤ γ ∥Q1 −Q2∥∞, (9)

∥TπQ1 − TπV Q2∥∞ ≤ γ ∥Qπ
1 −Qπ

2∥∞. (10)

Consider the identity matrix e ∈ R|S||A|, the following relations hold [4]

T (Q+ ce) (s, a) = T Q (s, a) + γce, (11)

Tπ (Q+ ce) (s, a) = TπQ (s, a) + γce. (12)

Operators T and Tπ satisfy the monotonicity property, i.e., for every Q1 , Q2 ∈ R|S||A|, we have [4]:

Q1 ≤ Q2 =⇒ T Q1 ≤ T Q2, TπQ1 ≤ TπQ2. (13)

2.2 Least-squares policy iteration (LSPI)

Policy iteration (PI) is an iterative algorithm used to learn the optimal policy for a given MDP [4]. It starts with
an arbitrary policy π0, typically randomly chosen, and generates a sequence of improving policies along with their
corresponding AVFs. This sequence can be represented as follows:

π0
eval.−→Qπ0

impr.−→ π1
eval.−→Qπ1

impr.−→ π2
eval.−→. . .

impr.−→ π∗eval.−→Q∗

Each iteration m involves two successive phases: policy evaluation and policy improvement. In policy evaluation,
the AVF of given policy Qπm is computed for the current policy πm:

Qπm (s, a) = R (s, a) + γ
∑
s′∈S

P (s, a, s′)
∑
a′∈A

π (s′, a′)Qπm (s′, a′). (14)

Afterward, in policy improvement, the new policy is made greedy with respect to the new AVF Qπm :

πm+1 (s) = argmax
a∈A

Qπm (s, a). (15)

This iterative procedure continues until there is no further improvement (i.e., πm = πm−1). After the convergence
of policy iteration, the optimal policy may be obtained π∗ = πk, commonly in a finite number of iterations.

Despite its advantages, in classic policy iteration, Value functions and policies are tabular and accurate. But many
real-world control problems have large or continuous state-action spaces, making the explicit representation of AVF
impossible in general. To deal with the trouble, function approximation techniques are commonly used in the policy
evaluation phase to estimate AVF instead of explicitly computing it. This kind of policy iteration is widely known as
approximate policy iteration. It is common to approximate the AVF Q (s, a) by the combination of a set of features or
basis functions Γ = {ϕi (s, a) : S ×A→ R, i = 1, . . . , L} as follows:

Qπ (s, a) ≈ Q̂π (s, a; θ) =

L∑
i=1

ϕi (s, a) θi = ϕT (s, a) θ,

ϕ (s, a) = [ϕ1 (s, a) , . . . , ϕL (s, a)]
T
, (16)

where θ ∈ RL represents a parameter vector and ϕ : S × A → RL is a function that maps state-action pairs to a
feature vector of L components. In this manner, the number of parameters (L≪ |S| |A|) that need to be estimated
is significantly reduced compared to what is required in the case of an exact representation, and therefore this allows
for faster convergence and scalability to larger spaces. In matrix form, the above formula can be written as Q̂π = Φ θ
where Φ is an |S| |A| × L dimensional feature matrix:
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Φ =


ϕT (s, a1)

. . .
ϕT (si, ai)

. . .
ϕT
(
s|s|, a|A|

)

 . (17)

The standard approach to find an approximate AVF is to solve Q̂π = Φ θ such that, Φ θπ = Π T π Φ θπ where Π is
the orthogonal projection onto the subspace spanned by the columns of Φ.

As function approximation used in (16), Q̂π lies in the space spanned by the column space of Φ; it is possible that

T πQ̂π does not lie in the feature space. Let
(
Φ
(
ΦTΦ

)−1
ΦT
)
be the orthogonal projection to the space which minimizes

the L2 norm; the following fix point equation is solved:

Q̂π = Φ
(
ΦTΦ

)−1
ΦT
(
T πQ̂π

)
= Φ

(
ΦTΦ

)−1
ΦT
(
R+ PΠπQ̂

π
)
. (18)

Where Q̂π is parameterized by θ. By manipulation of above formula, we get:

Φ
(
ΦTΦ

)−1
ΦT
(
R+ PΠπQ̂π

)
= Q̂π Q̂π= Φθπ

−−−−−−→ ΦT (R+ PΠπΦ)︸ ︷︷ ︸
k×k

θπ︸︷︷︸
k×1

= ΦTR︸ ︷︷ ︸
k×1

. (19)

Thus, for every Ππ, we have:

θπ =
(
ΦT (R+ PΠπΦ)

)−1
ΦTR. (20)

By defining the notations A =
(
ΦT (R+ PΠπΦ)

)−1
and b = ΦTR, we can express the above formula as θπ = A−1b.

The original version of LSPI is an offline algorithm that relies on a batch of samples gathered from the agent’s
interactions with the environment. However, since most real-world control problems are online, we consider an online
variant of LSPI. This version performs policy improvements after a few transitions and updates its policy based on an
incomplete evaluation of its current policy.

To solve the projected Bellman equation through TD learning, OLSPI constructs a matrix A and vector b from
consecutive interactions according to [25]:

Â←− Â+ ϕ (si, ai) (ϕ (si, ai)− γϕ (s′i, a
′
i))

T
. (21)

b̂←− b̂+ ϕ (si, ai) ri. (22)

In each iteration, LSPI reconstructs these matrices from the beginning, while OLSPI keeps updating A and b as
long as it remains in interaction with the environment.

The process involves approximating the AVF Q
πk−1

θ for policy πk−1 in the policy evaluation phase, followed by
generating an improved greedy policy πk in the policy improvement phase. These two steps are repeated iteratively
until we reach an optimal policy convergence.

3 Fuzzy-RBF least square policy iteration (FRLSPI)

Function approximation plays a crucial role in real-world control problems where precise models are not feasible or
hard to compute, providing a way to estimate and understand complex systems. The fuzzy-RBF network- a hybrid
structure constituted by combining Takagi-Sugeno fuzzy rule inference system with a normalized RBF neural network-
is an efficient, popular function approximator. It has the advantages of excellent universal approximation property and
a quick and robust learning rule. In this paper, we proposed a five-layer fuzzy-RBF network for approximating AVF as
shown in Figure 2. The specific interpretation of each layer is outlined below:
(1) The first layer: Input layer

Each node in input layer corresponds a crisp input variable xi where i is an input variable index. input vector
denotes a system state-action variable x = [s, a]

T
= [x1, x2, . . . , xn+1]

T
which is constructed from s = [s1, s2, . . . , sn], as

well as possible actions a ∈ [a1, a2, . . . , am] at any time step. Input vector x ∈ Rn+1 is fed into the next layer directly.
(2) The second layer: fuzzification layer
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Figure 2: Topology of proposed fuzzy-RBF network model

The linguistic variables are represented by nodes of fuzzification layer, with Gaussian functions used as fuzzy
membership functions to fuzzify the input variables.

φij = exp

(
−
∥xi − cij∥22

2σij
2

)
, i = 1, 2, . . . , n+ 1, j = 1, 2, . . . , h. (23)

(3) The third layer: regularization layer
Each node corresponds to a specific fuzzy rule, and at time step t, its activation level can be determined through

the process of product reasoning:

φj (xt) =

n+1∏
i=1

φij (xi) = exp

(
−

n+1∑
i=1

∥xit − cij∥22
2σij

2

)
∈ [0, 1] , j = 1, 2, . . . , h. (24)

h =

n+1∏
i=1

ni. (25)

where, xit is the ith input variable within the input vector xt at time step t. ni is the number of gaussian fuzzy sets
that composes the partition of ith input and h represents the number of fuzzy rules of the model. The two layers of
fuzzification and regularization can be considered as a hidden layer together.
(4) The fourth layer: normalization layer

The output ϕj (xt) = ϕj (st, at) of the jthnode in this layer represents the degree of membership to the fuzzy rule:

ϕj (xt)
def
=

φj (xt)∑h
k=1 φk (xt)

,

〈
∀x,

h∑
j=1

ϕj (x) = 1

〉
. (26)

(5) The fifth layer: Output layer

The output of the layer Q̂ : Rn+1 → R implements a weighted sum of hidden-unit outputs and can be presented by
the following parametric model:

Q̂t (st, at;w) =

h∑
j=1

ϕj (xt)wj (t), (27)
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where w = (w1, w2, . . . , wh), is the vector of tunable weights and ϕ1, . . . , ϕh correspond to the fixed state-action basis
functions on the state-action space [8].
With this notation, the approximation can also be stated in the vector form as follows:

Q̂t (st, at;w) = ϕT (s, a)wt, for all a ∈ A, (28)

where ϕT (s, a) = [ϕ1 (s, a) , ϕ2 (s, a) , . . . ϕh (s, a)]. Defining the state-action space matrix Φ ∈ R|S|.|A|×h as:

Φ =



ϕ1 (s1, a1) . . . ϕh (s1, a1)
ϕ1 (s1, a2) . . . ϕh (s1, a2)

...
ϕ1

(
s1, a|A|

)
. . . ϕh

(
s1, a|A|

)
...
...

ϕ1

(
s|S|, a1

)
. . . ϕh

(
s|S|, a1

)
ϕ1

(
s|S|, a2

)
. . . ϕh

(
s|S|, a2

)
...

ϕ1

(
s|S|, a|A|

)
. . . ϕh

(
s|S|, a|A|

)



, (29)

=

 |
ϕ1 (s, a)
|

. . .
|

ϕh (s, a)
|

 =

 ϕT (s1, a1)
...

ϕT
(
s|S|, a|A|

)
 , (30)

where ϕj (si, ak) is the normalized output of jth node of fuzzy-RBF network. The entire approximate AVF Q̂t with
weights w can be stated in the following compact form:

Q̂t = Φwt. (31)

A significant challenge in developing an effective fuzzy-RBF network is selecting optimal values for the network’s
centers and widths. In this paper, these parameters are determined in advance rather than by training. The center
vector ci = [ci1, ci2, . . . , cini ] of gaussian membership functions defined for input xi are set as follows within the interval
[ximin, ximax]:

ci1 = ximin
, i = 1, 2, . . . , n+ 1, (32)

cir = ci(r−1) +∆ci , r = 2, 3, . . . , ni, (33)

where ∆ci is the distance between two adjacent centers and is determined as follows:

∆ci =
ximax

− ximin

ni − 1
, i = 1, 2, . . . , n+ 1, (34)

with this description, in every problem h = n1 × n2 × . . .× nn+1 basis functions on the n+1 -dimensional state-action
space is used to approximate the AVF. We also utilize a scalar standard deviation parameter σi for each input xi

calculated as:

σi =
ximax − ximin√

ni
, i = 1, 2, . . . , n+ 1. (35)

The training objective is to update the weight values of the fuzzy-RBF network w to achieve the best approximation of
the Action Value Function (AVF). The weight parameters of fuzzy-RBF network are updated by the following relation:

1

l − 1
wl =

1

l − 1
A−1

t bt. (36)

Where l is a positive integer [11], matrix A and vector b updated as follows:

At+1 = At + e⃗t+1(ϕ (st, at)− γϕ (st+1, π (st+1)))
T
, (37)

bt+1 = bt + e⃗t+1rt. (38)



Fuzzy radial basis function least square policy iteration: A novel critic-only reinforcement learning framework 67

Figure 3: Fuzzy-RBF least square policy iteration

In this formula, e⃗t is the eligibility trace and calculated for FRLSPI according to:

e⃗t =

t∑
k=1

(λγ)
t−k ∂Q (st, at, wt)

∂w (k)

=

t−1∑
k=1

(λγ)
t−k ∂Q (st, at, wt)

∂w (k)
+

∂Q (st, at, wt)

∂w (t)

= γλe⃗t−1 +
∂Q (st, at, wt)

∂w (t)
= γλe⃗t−1 + ϕj (xt) . (39)

The following relation can be directly concluded from the above formula:

e⃗t+1 = γλe⃗t + ϕj (xt+1) . (40)

Where λ is a trace decay parameter.
By utilizing the Sherman-Morrison equation, the FRLSPI algorithm can efficiently update the inverse of the matrix

A in one step, thereby reducing the volume of calculations required.

Definition 3.1. Suppose M ∈ Rn×n is an invertible square matrix and u, v ∈ Rn are column vectors such that
1 + vTM−1u ̸= 0, then then Sherman-Morrison formula states that [23]:

(
M + uvT

)−1
= M−1 − M−1uvTM−1

1 + vTM−1u
. (41)

Let us denote:
u = ϕ (st, at) , (42)

v = e⃗t+1

(
ϕT (st, at)− γϕT (st+1, at+1)

)
. (43)

Consequently, the inverse update formula for matrix A can be expressed as follows [19]:

A−1
t+1 = A−1

t −
A−1

t uvTA−1
t

1 + vTA−1
t u

. (44)

The block diagram of FRLSPI is depicted in Figure 3, and the general farmwork of on-line FRLSPI algorithm is
summarized in Algorithm 1.

It should also be noted that updating the weight vector of fuzzy-RBF corresponds to the update of approximated
AVF in FRLSPI.
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Algorithm 1 Online fuzzy-RBF Least Square Policy Iteration

1: Input:
R : Reward function, γ : Discount factor, π0 : Initial policy, k = a fix number. Tmax = maximum episode

2: Initialization:
A0 ← δIn×n; b0 ← 0n; e0 ← 0n;w0 = 0n; t = 1, l = 1

3: Observe initial state s0
4: Loop
5: Choose a suitable action considering approximate AVFs using decayed ε-greedy policy.
6: Take action at, observe next state st+1 and receive reward rt+1

7: At+1 = At + e⃗t+1 (ϕ (st, at)− γϕ (st+1, π (st+1)))
T

8: bt+1 = bt + e⃗t+1rt
9: e⃗t+1 = γλe⃗t + ϕj (xt+1)

10: if l = kt, k ∈ N then
11: Solve
12: 1

l−1Wl =
1

l−1A
−1
t bt

13: t← t+ 1
14: end if
15: t← t+ 1
16: until the end of episode
17: t← 1
18: until the termination criterion is satisfied.
19: Output:

policy π (w: weight vector)

4 Theoretical results

In this section, we first prove that a linear combination of the Gaussian basis functions employed in FRLSPI has the
ability to uniformly approximate any real continuous function with arbitrary degree of accuracy on a compact space
by Stone-Weierstrass theorem [19]. Although it has been proven that fuzzy systems and RBF networks are general
approximators, our network model is different from theirs. Then we drive an error bond between the optimal and the
approximated AVF over all iterations for FRLSPI.

Theorem 4.1 (Stone-Weierstrass theorem). Let Ω be a set of real continuous functions on a convex set T satisfying
the following criteria:

1. The set Ω is algebra; that is, the set Ω is closed under multiplication, addition, and scalar multiplication;

2. The set Ω separates points of T, i.e.

∀ t1, t2 ∈ T, t1 ̸= t2∃ δ (t) ∈ Ω : δ (t1) ̸= δ (t2) .

3. The set Ω vanishes at no point of T, that is,

∀ t ∈ T;∃ δ (t) ∈ Ω : δ (t) ̸= 0.

Then, for any real continuous function δ (t) on T and arbitrary ε ≥ 0, there exists a function f ∈ Ω such that:

sup
tϵT
|f (t)− δ (t)| < ε.

Where ε > 0 is a small arbitrary number representing the desired approximation error.

Lemma 4.2 (Universal approximation theorem). lets Q be a continuous real function on the convex set T in ℜ, then
for each arbitrary ε > 0, there exists a function in the form of Q̂t (s, a;w) =

∑h
j=1 ϕj (x)wj (t) such that:

sup
(s,a)

∣∣∣Q̂ (s, a;w)−Q (s, a;w)
∣∣∣ < ε.
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Proof. Consider Ω as the space of all functions Q̂ = Φw, where w is a parameter vector, and Φ is determined by relation
[9].

Q̂ : T→ Y, y = Q̂ (s, a;w) , T ⊆ Rn+m, Y ⊆ R.

Now, consider a fuzzy-RBF network in the form defined in section (3) and also consider y as follows:

y = Q̂ (s, a;w) =

h∑
j=1

ϕj (x)wj (t).

Where w, is the vector of tunable weights and ϕj (x) =
φj(x)∑h

k=1 φk(x)
is the normalized output of jth hidden node where

φj (x) =
∏n+1

i=1 φij(x) and φij(x) is the ith membership function in the jth rule neuron. So, we can rewrite Eq. (26)
and Eq. (27) as:

ϕj (x) =

∏n+1
i=1 φij(x)∑h

k=1

∏n+1
i=1 φik(x)

, (45)

Q̂ (s, a;w) =

h∑
j=1

∏n+1
i=1 φij(x)∑h

k=1

∏n+1
i=1 φik(x)

wj (t)

=

∑h
j=1 wj (t)

∏n+1
i=1 φij(x)∑h

j=1

∏n+1
i=1 φij(x)

. (46)

Consider two arbitrary functions, Q̂1 and Q̂2, approximated by the fuzzy-RBF network with h1 and h2 hidden
nodes, respectively:

Q̂1 (s, a;w) =

∑h1

j1=1 wj1 (t)
∏n+1

i=1 φij1(x)∑h1

j1=1

∏n+1
i=1 φij1(x)

=

∑h1

j1=1 wj1 (t)
∏n+1

i=1 exp

(
−∥x−cij1∥2

2σij1
2

)
∑h1

j1=1

∏n+1
i=1 exp

(
−∥x−cij1∥2

2σij1
2

) ,

Q̂2 (s, a;w) =

∑h2

j2=1 wj2 (t)
∏n+1

i=1 φij2(x)∑h2

j2=1

∏n+1
i=1 φij2(x)

=

∑h1

j2=1 wj2 (t)
∏n+1

i=1 exp

(
−∥x−cij2∥2

2σij2
2

)
∑h1

j2=1

∏n+1
i=1 exp

(
−∥x−cij2∥2

2σij2
2

) ,

thus,

Q̂1 (s, a;w) + Q̂2 (s, a;w) =

∑h1

j1=1 wj1 (t)
∏n+1

i=1 φij1(x)∑h1

j1=1

∏n+1
i=1 φij1(x)

+

∑h2

j2=1 wj2 (t)
∏n+1

i=1 φij2(x)∑h2

j2=1

∏n+1
i=1 φij2(x)

=

∑h1

j1=1

∑h2

j2=1 (wj1 + wj2)
(∏n+1

i=1

(
φij1 (x) + φij2(x)

))
∑h1

j1=1

∑h2

j2=1

∏n+1
i=1

(
φij1 (x) + φij2(x)

)
=

∑h1+h2

j=1 wj (t)
∏n+1

i=1 φij(x)∑h1+h2

j=1

∏n+1
i=1 φij(x)

=

h1+h2∑
j=1

wj (t)ϕj (x) = ϕT (s, a)wt. (47)
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Where,

ϕT (s, a) =
[
ϕ1
1 (s, a) , . . . , ϕ

1
h1

(s, a) , ϕ2
1 (s, a) , . . . , ϕ

2
h2

(s, a)
]
,

w =
[
w1

1, w
1
2, . . . , w

1
h1
, w2

1, w
2
2, . . . , w

2
h2

]
.

Hence, Q̂1 (s, a;w) + Q̂2 (s, a;w) ∈ Ω and Ω is closed under summation. Similarly:

Q̂1 (s, a;w) .Q̂2 (s, a;w) =

∑h1

j1=1 wj1 (t)
∏n+1

i=1 φij1(x)∑h1

j1=1

∏n+1
i=1 φij1(x)

.

∑h2

j2=1 wj1 (t)
∏n+1

i=1 φij2(x)∑h2

j2=1

∏n+1
i=1 φij2(x)

=

∑h1

j1=1

∑h2

j2=1 (wj1 .wj2)
∏n+1

i=1

(
φij1 (x)φij2(x)

)∑h1

j1=1

∑h2

j2=1

∏n+1
i=1

(
φij1 (x)φij2(x)

) . (48)

Since φij1 (x) and φij2 (x) are Gaussian in form, their product φij1 (x)φij2 (x) is also Gaussian in form; hence, (48)

is in the same form as (46). so Q̂1 (s, a;w) .Q̂2 (s, a;w) ∈ Ω that indicates that Ω is closed under multiplication. Finally,
for an arbitrary ρ ∈ R, we have:

ρ.Q̂ (s, a;w) = ρ.

∑h
j=1 wj (t)

∏n+1
i=1 φij(x)∑h

j=1

∏n+1
i=1 φij(x)

= ρ.

∑h
j=1 wj (t)

∏n+1
i=1 exp

(
−∥x−cij∥2

2σij
2

)
∑h

j=1

∏n+1
i=1 exp

(
−∥x−cij∥2

2σij
2

) . (49)

It is clear that ρ.Q̂ (s, a;w) ∈ Ω that signifies that Ω is closed with respect to scalar multiplication. So, according
to Eqs. (47) - (49), it can be concluded that Ω is an algebra, and the first condition of theorem is satisfied for Ω.

In order to verifying the second condition, let t1, t2 ∈ T be two arbitrary vectors such that t1 ̸= t2; consider a
fuzzy-RBF network with two nodes in hidden layer, then Q̂ can be expressed as,

Q̂ (s, a;w) =

∑2
j=1 wj (t)

∏n+1
i=1 φij(x)∑2

j=1

∏n+1
i=1 φij(x)

= w1 (t)

∏n+1
i=1 φij(x)∑2

j=1

∏n+1
i=1 φij(x)

+ w2 (t)

∏n+1
i=1 φij(x)∑2

j=1

∏n+1
i=1 φij(x)

.

Thus, Q̂ (t1) ̸= Q̂ (t2) if t1 ̸= t2. So, Ω separates various points of T, and the second condition of theorem is also
verified.
To demonstrate that Ω does not vanish at any point of T, we can easily see that any function in the form of Eq. (46)
with wj = l ̸= 0 possesses the property of:

∀ t ∈ T, Q̂ (x) = l ̸= 0.

Therefore, since Ω does not vanish at any point of T, it can be concluded that the three conditions of theorem are
met. So, the result follows by Stone-Weierstrass theorem.

Lemma 4.3. Let {πm} be the sequence generated by FRLSPI algorithm and δm > 0 be a positive scalar such that:

sup
(s,a)

∣∣∣(Qπm (s, a;w)− Q̂πm (s, a;w)
)∣∣∣ ≥ δm.

Then,

Qπm+1 (s, a;w) < Qπm (s, a;w) +
2γ

1− γ
δm,∀ (s, a) .

Proof. Let εm be defined according to:

εm = sup
(s,a)

|(Qπm+1 (s, a;w)−Qπm (s, a;w))| .

From the above equation, we can conclude that:

|(Qπm+1 (s, a;w)−Qπm (s, a;w))| ≤ εm,∀ s, a.

Due to the fact that if |a− b| < c then b < a+ c and a < b+ c, we obtain:



Fuzzy radial basis function least square policy iteration: A novel critic-only reinforcement learning framework 71

Qπm+1 (s, a;w) ≤ Qπm (s, a;w) + εm,∀ s, a.

By applying Tπm+1
to both sides of inequality, and considering that operator Tπ is monotone (relation 13), we get:

Tπm+1
Qπm+1 (s, a;w) ≤ Tπm+1

(Qπm (s, a;w) + εm)

= Tπm+1
Qπm (s, a;w) + γεm,

since Tπm+1
Qπm+1 (s, a;w) = Qπm+1 (s, a;w) then we have:

Qπm+1 (s, a;w) ≤ Tπm+1
Qπm (s, a;w) + γεm.

Given that, in FRLSPI, we don’t need to represent policy approximation, and all errors of actor are considered to be
zero. So, for every m, we have: Tπm+1Q

πm = TπmQπm . By subtracting Qπm (s, a;w) from both sides of above inequality

and then subtracting and adding Tπm+1
Q̂πm (s, a;w) to the result, we will have:

Qπm+1 (s, a;w)−Qπm (s, a;w) ≤ Tπm+1
Qπm (s, a;w) + γεm −Qπm (s, a;w)

= Tπm+1Q
πm (s, a;w)− Tπm+1Q̂

πm (s, a;w)

+ Tπm+1
Q̂πm (s, a;w)−Qπm (s, a;w) + γεm,

thus,

∥Qπm+1 (s, a;w)−Qπm (s, a;w)∥∞ ≤∥∥∥Tπm+1Q
πm (s, a;w)− Tπm+1Q̂

πm (s, a;w)
∥∥∥
∞

+
∥∥∥Tπm+1

Q̂πm (s, a;w)−Qπm (s, a;w) + γεm

∥∥∥
∞
. (50)

Now, we quantify the two terms on the right-hand side of (50) respectively. First, catch on to the fact that in
FRLSPI Tπm+1

Qπm = Tπm
Qπm . hence,∥∥∥Tπm+1
Qπm − Tπm+1

Q̂πm

∥∥∥
∞

=
∥∥∥Tπm

Qπm − Tπm
Q̂πm

∥∥∥
∞
≤ γ

∥∥∥Qπm − Q̂πm

∥∥∥
∞
. (51)

Meanwhile, by the definition of the operator Tπm
(Tπm

Qπm = Qπm), we have:∥∥∥Tπm+1
Q̂πm −Qπm + γεm

∥∥∥
∞

=
∥∥∥Tπm

Qπm − Tπm
Q̂πm

∥∥∥
∞

+ γεm ≤ γ
∥∥∥Qπm − Q̂πm

∥∥∥
∞

+ γεm, (52)

plugging (51) and (52) into (50), we obtain,

∥Qπm+1 (s, a;w)−Qπm (s, a;w)∥∞ ≤ γ
∥∥∥Qπm (s, a;w)− Q̂πm (s, a;w)

∥∥∥
∞

+ γ
∥∥∥Qπm (s, a;w)− Q̂πm (s, a;w)

∥∥∥
∞

+ γεm

= 2γ
∥∥∥Qπm (s, a;w)− Q̂πm (s, a;w)

∥∥∥
∞

+ γεm. (53)

Since ∥Qπm+1 −Qπm∥∞ = sup(s,a) |Qπm+1 −Qπm | we can rewrite (53) as:

sup
(s,a)

|Qπm+1 (s, a;w)−Qπm (s, a;w)| ≤ 2γ sup
(s,a)

∣∣∣(Qπm (s, a;w)− Q̂πm (s, a;w)
)∣∣∣+ γεm. (54)

By assumption, sup(s,a)

∣∣∣(Qπm (s, a;w)− Q̂πm (s, a;w)
)∣∣∣ ≤ δm thus, it can be concluded that,

sup
(s,a)

|Qπm+1 (s, a;w)−Qπm (s, a;w)| ≤ 2γδm + γεm.

And consequently,

εm ≤ 2γδm + γεm ⇒ εm ≤
2γ

1− γ
δm.

Since Qπm+1 (s, a;w) ≤ Qπm (s, a;w) + εm and εm ≤ 2γ
1−γ δm then can conclude Qπm+1 (s, a;w) ≤ Qπm (s, a;w) + 2γ

1−γ δm
and we get the desired result. Now we are ready to present the main theorem.
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Theorem 4.4 (Performance bond for FRLSPI). Let π1, π2, . . . , πm and Q̂π1 , Q̂π2 , . . . , Q̂πm be the sequence of policies
and corresponding approximate AVFs produced by FRLSPI algorithm, respectively. Let δ ∈ (0,∞), be an arbitrary real
number that limits the errors between the approximate and the true AVFs throughout all iterations. if

∀ m = 0, 1, 2, . . .
∥∥∥Q̂πm −Qπm

∥∥∥
∞
≤ δm.

Then, the sequence of policies generated by FRLSPI is guaranteed to be lied within a bounded distance from the
optimal performance eventually.

lim
m→∞

sup
∥∥∥Q̂πm −Q∗

∥∥∥
∞

<
1 + γ2

(1− γ)
2 δ.

Where δ = limm→∞ sup δm and Q∗ corresponds the optimal AVF.

Proof. Consider:
gm = sup

(s,a)

|Qπm (s, a;w)−Q∗ (s, a;w)| .

Thus,
Qπm (s, a;w) ≤ Q∗ (s, a;w) + gm , ∀ (s, a) .

By applying operator T to both sides of inequality, we have:

T Qπm (s, a;w) ≤ T (Q∗ (s, a;w) + gm) = T Q∗ (s, a;w) + γgm,

considering the point that TQ∗ = Q∗ we get:

T Qπm (s, a;w) ≤ Q∗ (s, a;w) + γgm. (55)

Using the assumption, we have:
Qπm (s, a;w) ≤ Q̂πm (s, a;w) + δm,

applying Tπm+1
to both sides of the above inequality result in:

Tπm+1
Qπm (s, a;w) ≤ Tπm+1

(
Q̂πm (s, a;w) + δm

)
= Tπm+1

Q̂πm (s, a;w) + γδm

= TπmQ̂πm (s, a;w) + γδm

≤ Tπm (Qπm (s, a;w) + δm) + γδm

= TπmQπm (s, a;w) + γδm + γδm. (56)

By combining (55) and (56) we can conclude:

Tπm+1
Qπm (s, a;w) ≤ Q∗ (s, a;w) + γgm + 2γδm. (57)

Moreover,

Qπm+1 (s, a;w) = Tπm+1
Qπm+1 (s, a;w)

≤ Tπm+1
(Qπm (s, a;w) + εm)

= Tπm+1
Qπm (s, a;w) + γεm, (58)

using (57),
Tπm+1

Qπm (s, a;w) + γεm ≤ Q∗ (s, a;w) + γgm + 2γδm + γεm.

Thus,
Qπm+1 (s, a;w) ≤ Q∗ (s, a;w) + γgm + 2γδm + γεm.

By subtracting Q∗ (s, a;w) from both sides of above inequality, we get:

Qπm+1 (s, a;w)−Q∗ (s, a;w) ≤ γgm + 2γδm + γεm , ∀ (s, a) .
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By taking supremum on both sides, we can conclude:

gm+1 ≤ γgm + γεm + 2γδm.

Taking the limit as m→∞ on both sides, we have the following:

lim
m→∞

sup gm+1 ≤ γ lim
m→∞

sup gm + γ lim
m→∞

supεm + 2γδ.

Since limm→∞ sup gm+1 = limm→∞ sup gm and also according to Lemma 2, limm→∞ sup εm ≤ 2γ
1−γ δ then we can

rewrite the above inequality as:

lim
m→∞

sup gm ≤ γ lim
m→∞

sup gm + γ
2γ

1− γ
δ + 2γδ.

Simplifying yields,

(1− γ) lim
m→∞

sup gm ≤ γ
2γ

1− γ
δ + 2γδ =

2γ

1− γ
δ =⇒ lim

m→∞
sup gm ≤

2γ

(1− γ)
2 δ,

or equivalently,

lim
m→∞

sup ∥Qπm −Q∗∥∞ <
2γ

(1− γ)
2 δ,

in the following we establish an upper bond for Q̂πm −Q∗.∥∥∥Q̂πm −Q∗
∥∥∥
∞

=
∥∥∥Q̂πm −Qπm +Qπm −Q∗

∥∥∥
∞
.

Thus,

lim
m→∞

sup
∥∥∥Q̂πm −Q∗

∥∥∥
∞

= lim
m→∞

sup
∥∥∥Q̂πm −Qπm +Qπm −Q∗

∥∥∥
∞
.

By using the triangle inequality:

lim
m→∞

sup
∥∥∥Q̂πm −Q∗

∥∥∥
∞
≤ lim

m→∞
sup

∥∥∥Q̂πm −Qπm

∥∥∥
∞

+ lim
m→∞

sup ∥Qπm −Q∗∥∞ .

Since limm→∞ sup
∥∥∥Q̂πm −Qπm

∥∥∥
∞

= limm→∞ δm = δ therefore,

lim
m→∞

sup
∥∥∥Q̂πm −Q∗

∥∥∥
∞
≤ δ +

2γ

(1− γ)
2 δ. (59)

Then, our bound in the inequality in (59) can be rewritten as the following:

lim
m→∞

sup
∥∥∥Q̂πm −Q∗

∥∥∥
∞

<
1 + γ2

(1− γ)
2 δ, (60)

and the proof is complete.

5 Simulation

In order to evaluate and compare the performance and properties of described algorithm, two experiments on mountain-
car problem and acrobot swing-up task are performed.

5.1 Mountain-car problem:

Mountain-car is a standard typical benchmark in the reinforcement control literature that has been widely studied by
researchers and used in RL competitions to evaluate new algorithms [19, 21, 23]. The goal is to control the acceleration
of an underpowered car from the lowest point of a valley to drive up a steep mountain road, as suggested by Figure
4. Since the car’s engine is too weak to overcome the gravitational force and traverse the steep slope in one attempt.
Thus, it needs to reverse up the left-hand side of the valley to build sufficient potential energy. This means that the
agent must choose a counterintuitive, backward trajectory, receiving additional punishment, to find the solution. The
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Figure 4: Schematic of the mountain car environment Figure 5: The value function of mountain car

Table 3: Performance comparisons in terms of average return in the mountain-car domain

Method FRLSPI LSPI KLSPI RPI HKLSPI RBLSPI REPS DDPG DDQN

Mean Return −99.8 −202.3 −179.1 −173.8 −131.8 −110 −275.6 −288.4 −135.7

movement of the car is described by its’s position x ∈ [−1.2, 0.5] and velocity v ∈ [−0.07, 0.07], and there are three
possible actions a ∈ {+1, 0,−1} - throttle forward, throttle backward, and no throttle. The topology of the mountain
road where the car moves is governed by H = sin(3x). The state transition is defined by the following Eqs. [21]:

vt+1 = min {0.07,max (−0.07, vt + 0.001× at + 0.0025× cos ( 3xt))} ,

xt+1 = min {0.5,max (−1.2, xt + vt+1)} , (61)

with the extra condition that the position xt= −1.2, is an inelastic wall: if the car reaches this point, its speed is set to
zero.

5.1.1 Learning details

For this problem, the inputs of fuzzy-RBF network x = [s, a]
T
constructed from the car’s current position and velocity

s = [x, v], as well as a ∈ A = [−1, 0,+1]. The experimental results are obtained by averaging over ten independent
runs. Each run includes 300 episodes. Each episode starts from the lowest point of the valley (x = −0.5) and terminates
when either the car reaches the goal (x ≥ 0.5) or 300 movements are performed. The reward is always r (s, a) = −1.0
until the car reaches the goal position.

In our work, for all experiments, a discount factor of γ = 0.99 is used, and also, decayed ε-greedy action selection
policy is used to balance between exploration and exploitation. The algorithm initially starts with ε = 0.01 in every
iteration and decreases the exploration rate in a controlled way throughout the execution by ε = ε× 0.98.

5.1.2 Simulation results

Figure 5 illustrates, the approximated AVF of FRLSPI on mountain-car domain. As it is seen, the approximated AVF
effectively generates a good policy and satisfactorily captures the main topology of the true AVF. Table 3 reports
the results of online FRLSPI in terms of average return over all training iterations in comparison with LSPI, RPI,
KLSPI, HKLSPI and DDPG reported by refs. [9, 16, 29, 30], based on 300 iterations training trials. As the results
show, FRLSPI could outperform other methods in terms of average return. Also, in Figure 6, the performance of four
algorithms from the LSPI family is compared with the FRLSPI algorithm. As it is demonstrated, FRLSPI performed
considerably better than other methods in terms of convergence speed and learning quality. In Figure 7, the weight
value changes corresponding to the first four normalized weights of FRLSPI are depicted. As it is seen, weight values
completely converge after a few iterations, which correspond to finding the optimal solution.
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Figure 6: Performance comparisons between LSPI, KL-
SPI, RPI, HKLSPI and FRLSPI
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Figure 7: The changes of the first four normalized weights
of FRLSPI (w1, w2, w3, w4) for ε0 = 0.01 and γ = 0.99

5.2 The swing-up acrobot

In the following, FRLSPI as an on-line learning control approach is examined on acrobot swing-up task. The acrobot,
a two-link planar robot, consists of un-actuated systems is quite challenging to control because it is nonlinear, non-
differentially flat, not feedback linearizable, and continuous system [24]. It has been roughly compared to a gymnast
swinging on a horizontal bar (Figure 8). The first link is suspended from a point and the second is able to exert torque.
The control objective is to swing up the free end from its hanging position until it reaches a designated target height in
as few steps as possible (we used a height of 1). Since the acrobot is under-actuated, it cannot do this directly; instead,
the successful strategy consists in swing back and forth to gain momentum. The system is described by four continuous
observation variables, which comprise two joint positions and two joint velocities. There are no limitations on the joint
positions, but the angular velocities are restricted to θ̇1 ∈ [−4π, 4π] and θ̇2 ∈ [−9π, 9π]. The equations of motion of the
system used in the current study are the same as the one in [24]:

θ̈1 = −d1−1
(
d2 θ̈2 + ϕ1

)
,

θ̈2 =

(
m2lc2

2 + I2 −
d2

2

d1

)−1(
τ +

d2
d1

ϕ̇1 − ϕ̇2

)
. (62)

Where

d1 = m1lc1
2 +m2

(
l1

2lc2
2 + 2l1l2 cos θ2

)
+ I1 + I2,

d2 = m2

(
lc2

2 + l1lc2 cos θ2
)
+ I2,

ϕ̇1 = −m2l1lc2θ̇
2
2 sin θ2 − 2m2l1lc2θ̇2θ̇1 sin θ2 + (m1lc1 +m2l1) g cos (θ1 − π/2) + ϕ̇2,

ϕ̇2 = m2lc2g cos (θ1 + θ2 − π/2) . (63)

It is noteworthy that the above equations are used solely for simulation purposes, and from the perspective of the
agent (the control component), the dynamics of the system remain unknown.

5.2.1 Learning details

Each training episode begins with (θ1,θ2,θ̇2,θ̇2) = (0,0,0,0), which corresponds to vertically downward position and
motionless and terminates either when the goal is reached, or when 500 movements are performed. In order to encourage
the learning agent to reach the goal in minimum time steps, the reward function is defined as follows:

rt =

{
0 if s = sT
−1 otherwise

(64)
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where sT specifies the goal state.
The learning procedure, discount factor, and exploration rate are set similarly to those of the previous example. The

inputs into the fuzzy-RBF network x = [s, a]
T
= [x1, x2, x3, x4, x5]

T
are the angles θ1, θ2 and the angular velocities θ̇1,

θ̇2 where the subscripts correspond to upper (1) and lower (2) links as well as x5 = a ∈ [−1, 0,+1]. In the simulation a
time step of ti = 0.05 seconds was used, and actions were selected after every four-time steps (tc = 0.2). Table 4 defines
the parameters used in obtaining the results.

Table 4: Parameters of Simulated Acrobot

Model Parameter Symbol Value Unit

Link lengths l1, l2 1.0 m

Joint to mass center lc1, lc2 0.5 m

Link masses m1,m2 1.0 kg

Link inertias I1, I2 1.0 kg.m2

Torque range τ {−1, 0, 1} N.m

Gravitational force g 9. m\s2

Integration time step ti 0.05 s

Control time step tc 0.2 s

Figure 8: Acrobot Schematic

5.2.2 Simulation results

Figs. 9-12 show the angular changes of θ1 and θ2 for the acrobot controlled by the policies of FRLSPI and KLSPI,
respectively. As it is seen, FRLSPI converges and stabilizes to near-optimal policy very soon, and also, the learned
policy in FRLSPI exhibits significantly higher quality compared to KLSPI, enabling the acrobot to be swung up in just
37-time steps, surpassing KLSPI’s 52 steps and outperforming the near-optimal policies (around 70 steps) obtained by
previous RL algorithms [9], [10]. And also, it is so much better than DDQN, H2, H∞, and H∞,f with 98, 146, 111 and
99 time steps, respectively [28], as well as LSPI with 315 time steps reported by [2].

The changes of the first three weight values of FRLSPI are depicted in Figure 13. As it is demonstrated, the weight
values in FRLSPI have been converged to stationary points surprisingly fast in the acrobot problem.
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Figure 9: Angular changes of first link (θ1) for the acrobot controlled by FRLSPI

0 50 100

-2

0

2

Iteration (1)

0 50 100

-2

0

2

Iteration (2)

0 50 100

-2

0

2

Iteration (3)

0 50 100

-2

0

2

Iteration (4)

Figure 10: Angular changes of first link (θ1) for the acrobot controlled by KLSPI

0 50 100

-2

0

2

Iteration (1)

0 50 100

-2

0

2

Iteration (2)

0 50 100

-2

0

2

Iteration (3)

0 50 100

-2

0

2

Iteration (4)

Figure 11: Angular changes of second link (θ2) for the acrobot controlled by FRLSPI
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Figure 12: Angular changes of second link (θ2) for the acrobot controlled by KLSPI
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Figure 13: The changes of the first three weight values of FRLSPI (w1, w2, w3) for ε0 = 0.01 and γ = 0.99

6 Conclusion

In the present work, we introduced a novel critic-only Takagi-Sugeno type neuro-fuzzy Reinforcement Learning algo-
rithm, called FRLSPI. It is achieved by combining LSPI with a fuzzy-RBF network as a function approximator. The
most notable accomplishment of this paper is the positive theoretical analysis concerning an error bond between the
optimal and the approximated AVF over all iterations. Moreover, we proved that linear combination of the Gaussian
basis functions used in FRLSPI are able to uniformly approximate any continuous complex function as closely as de-
sired over a compact interval. These results are important from different points of view. First, to our knowledge, the
theoretical analysis presented for FRLSPI is the first reliable guarantee of near-optimality for policies generated by
critic-only neuro-fuzzy algorithms in solving optimal control problems, where policies are adjusted after a few state
transitions. Second, FRLSPI is an implementation of LSPI with fuzzy-RBF network. With this implementation, we
addressed the two obstacles outlined in the introduction: determining state-action basis functions while satisfy the
conditions specified by LSPI theorem and learning rate dependency. Third, proving that the proposed algorithm finally
generates policies that are within a limited distance from the optimal performance guarantees to return a near-optimal
policy as it was demonstrated experimentally in two continuous state-space environments. Fourth, due to employing
LSPI to tune the weight values of fuzzy-RBF network, the proposed method has comparatively fast convergence speed.
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