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Abstract

Graph neural networks and fuzzy models offer effective and practical methods for solving various tasks at the large-
scale graph level. Large-scale graph embedding based on deep methods and fuzzy models is categorized into fusion
and integration. Feature extraction and graph structure at the local and global levels are based on augmented graph
fusion. In fusion-based graph embedding, the fuzzy model is used as an activation function based on an aggregated
process. In some cases, the fusion of graph neural network methods with fuzzy systems has been successful. However, no
effective methods have been developed for integrating fuzzy models with deep methods. Two main issues are associated
with this integration: (1) computational complexity due to the exponential increase in fuzzy rules with the number of
features, and (2) the complexity of the solution space due to the combination of fuzzy regression rules between inputs
and outputs. Additionally, modeling at the large-scale graph level using linear regression and graph neural networks
is not sufficient. Therefore, this paper proposes a feature and structure combination method at the local and global
levels using a combination of fuzzy modeling and graph transformers, an integrated deep learning technique called
Fuzzy Graph Transformer (FuzzyGT). We conducted experiments on deep learning graph datasets to compare with the
proposed model. Our method achieved the best results compared to other advanced models.

Keywords: Graph transformers, fuzzy systems, deep learning, social network analysis.

1 Introduction

Deep learning is a suitable method for addressing downstream tasks in large-scale graphs. These models learn a
substantial number of features and node structures [3], discovering appropriate representations [4] in hidden space and
distributing information at the local level of the graph [35]. Nevertheless, most real-world raw data connections are
defined locally between distinct levels of the graph. Therefore, analyzing data at the global graph level is useful for
utilizing all possible information. Graph Neural Networks (GNNs) are deep learning models designed to solve end-to-end
downstream graph tasks and explicitly extract high-level representations. Hence, GNNs address the graph embedding
problem through an autoencoder framework. These methods are presented to tackle machine learning issues in graph
embedding modeling [46].

Despite significant advancements in graph neural networks, these networks are notably susceptible to over-smoothing
and are sensitive to training data. Noisy or incomplete data can adversely impact the performance of graph neural
networks, leading to unreliable models [29]. Generally, fuzzy systems combine data or features and enhance prediction
based on this combination [26]. To enhance the robustness of deep graph-based models against noisy and incomplete
data, deep methods are combined with fuzzy systems [12] at the node or feature level. Hybrid models extract the
structure and features of nodes at both local and global levels of the graph [10]. By leveraging the computational
capacity of deep graph techniques and the stability of fuzzy methods, integrating these approaches offers a potential
enhancement in model responsiveness when addressing issues with noisy and incomplete data [14].
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This improvement in graph neural network systems can be attributed in part to the adaptability of fuzzy systems
[25] to deep learning architectures. Consequently, GNNs can leverage the approximation capabilities of convolutional
networks, along with the interpretability offered by fuzzy (if-then) rules. The combination of adaptive fuzzy systems
and graph neural networks has attracted researchers’ attention. However, the hybrid approach based on GNN models
and fuzzy logic systems [16] has not been implemented at the graph-wide level; in other words, the applications of
efficient graph transformer models with fuzzy logic systems have not been fully explored in the domain of big data.
In some cases, the combination of the two models mentioned above is not implemented. However, the methods that
do combine these models focus solely on transforming membership value representations using a fuzzy system, which
is considered a form of set-based inference. Examples of such methods include: Dalibor et al. [20] presented a model
examining pattern recognition in graphs, providing the ability to execute noise-resistant fuzzy graph queries; and Tham
et al. [44] introduced a noise-reduced attention-based graph autoencoder mechanism integrated with a noise-reducing
fuzzy neural network.

Most research in the domain of combining graph neural networks (GNNs) and fuzzy systems follows a local graph-
level combination pattern. In this pattern, adaptive methods and fuzzy inference [33] are used as activation functions,
and data are extracted from various neighborhood layers [30]. However, the results of these techniques are not integrated
into the global graph-level learning process. In the proposed model, we directly combine the fuzzy system with graph
transformers, unlike previous methods, which only utilized membership functions and node neighborhood information
[9], as shown in (See Figure 1) As mentioned, two main challenges exist in integrated combination methods: (1) the
increased computational cost of fuzzy rules, and (2) the challenge of generalizing fuzzy subsets to fit complex models
[1] between inputs and outputs. So far, no method based on global graph-level exploration has succeeded in seamlessly
combining graph transformers [53] and fuzzy systems for deep learning applications in large data sets. In this paper,
we propose a new unified model that leverages fuzzy learning to enhance graph representation learning. This approach
allows the graph transformer to effectively address and overcome the two challenges. The fuzzy learning technique in
the graph transformer improves the expressiveness of node representation at the global graph level. The key aspects of
our contribution are presented below:

� We propose a novel framework that seamlessly combines fuzzy learning and graph transformers. Fuzzy rules are incor-
porated into the node representation mechanism at both local and global levels, enabling the model to effectively capture
both local structures and global patterns within graph data.

� To address the challenge of scaling fuzzy rules to large datasets, we introduce efficient sampling methods that significantly
reduce the model’s parameters while maintaining its performance.

� We enhance the model’s predictive performance by incorporating a fuzzy consequence layer within each domain defined by
the fuzzy system. This layer generalizes a polynomial function, enabling a more accurate representation of the correlation
between the input and output variables.

� We integrate fuzzy information directly into the graph transformer through a fuzzy input layer. This allows the model to
better adapt to real-world data and reduce the discrepancy between predictions and observations.

� We evaluate the effectiveness of the proposed Fuzzy Graph Transformer (FuzzyGT) through a series of comprehensive
experiments on five widely recognized machine learning benchmark datasets: Cora, Pubmed, Citeseer, ogbn-arxiv, and
ogbn-products. The results consistently demonstrate that FuzzyGT outperforms current state-of-the-art methods, estab-
lishing it as a leading approach in the field.

The organization of this paper is as follows: Section 2 presents an overview of the foundational concepts and related
works. Section 3 presents the proposed model. The experimental validation and analysis of the results are discussed in
Section 4. Finally, Section 5 concludes the paper.

2 Background and related works

In this section, we introduce the mechanism of the Graph Transformer (GT) and review recent innovations in combining
fuzzy learning with graph transformers. We will also discuss the potential applications of this combination and the
challenges ahead.

Deep learning, through multi-layer computational models, facilitates automatic [11] feature extraction from raw data
at various levels of abstraction. This capability has made deep learning a cornerstone of complex tasks such as image
classification, natural language processing, and pattern recognition. However, designing optimal deep neural network
(DNN) architectures remains a significant challenge due to the complexity of manually tuning network parameters. The
process often involves extensive experimentation and expert knowledge, making it inefficient and resource-intensive.
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To address these challenges, Neural Architecture Search (NAS) has emerged as a promising solution by automating
the discovery of new architectures, particularly for Convolutional Neural Networks (CNNs). NAS aims to optimize
the structure of neural networks without requiring manual intervention, thereby reducing the dependency on human
expertise. Despite its advantages, NAS faces substantial computational complexity and cost, limiting its applicability
in real-world scenarios where computational resources are constrained [34].

Recent advancements in NAS have focused on enhancing efficiency and effectiveness through state-of-the-art (SOTA)
methodologies. Some notable approaches include the following. Neural Architecture Search with Progressive Evaluation
and Sub-Population Preservation [49] incorporates progressive evaluation techniques to improve stability in architec-
ture selection. By preserving diversity among candidate architectures, this approach enhances robustness and prevents
premature convergence to suboptimal solutions. A Gradient-Guided Evolutionary Neural Architecture Search [50] inte-
grates evolutionary search mechanisms with gradient-based updates, allowing for a more guided and efficient exploration
of the search space. The combination of gradient information and evolutionary strategies accelerates convergence while
maintaining flexibility in architecture optimization. Score Predictor-Assisted Evolutionary Neural Architecture Search
introduces a score predictor that estimates the performance of candidate architectures, reducing the computational
overhead associated with evaluating numerous architectures through direct training. By leveraging predictive models,
this method accelerates the NAS process while maintaining high-quality architecture selection. By integrating these
advanced NAS methodologies, researchers aim to strike a balance between model accuracy, computational efficiency,
and scalability. These improvements pave the way for more accessible and resource-efficient deep learning architectures,
enabling broader adoption of automated neural network design in practical applications [51].

The Wiener model, an important framework for representing nonlinear dynamic systems, has been widely studied in
engineering applications, particularly in the domains of system identification and control. The traditional Wiener model
consists of a static nonlinear block followed by a linear dynamic block, and it is often used to approximate nonlinearities
in various engineering systems. However, in recent years, there has been a growing interest in extending the Wiener
model using fuzzy logic systems to better handle the inherent uncertainties and complexities in real-world applications.
Fuzzy Wiener models combine the Wiener structure with fuzzy inference systems (FIS), such as the Takagi–Sugeno
(TS) fuzzy model, to improve the model’s flexibility in approximating nonlinear systems under uncertainty. These
fuzzy extensions [19] are especially useful in applications where the system’s nonlinear behavior is complex and not
easily captured by conventional methods. Recent advancements in fuzzy Wiener models have demonstrated their utility
in various engineering applications [39]. For example, Tarek et al. [17] introduced an adaptive fuzzy Wiener model
for control of nonlinear systems, where fuzzy rules were used to dynamically adapt to the nonlinear behavior of the
system. This approach outperforms traditional linear models in terms of accuracy and robustness. In a similar vein,
Sun and Hou [38] developed a fuzzy Wiener model for the identification and control of nonlinear mechanical systems,
showcasing the model’s ability to handle the nonlinearities and uncertainties commonly encountered in such systems.
Moreover, Hooi et al. [41] explored fuzzy Wiener models with dynamic fuzzy rule bases, which enhance the flexibility
of the model in capturing time-varying nonlinearities. This adaptation is particularly beneficial in applications such
as robotics, automotive systems, and industrial processes, where the nonlinear dynamics may change over time due to
varying operating conditions. These developments highlight the growing trend of using fuzzy systems to extend the
classical Wiener model, providing a more adaptive and robust solution for nonlinear system identification and control
in engineering fields.

The Hammerstein model, which separates the nonlinearities of a system into a static nonlinear block followed by a
linear dynamic block, has long been a popular approach in system identification and control. Recently, this model has
been extended using fuzzy Takagi–Sugeno–Kang (TSK) systems [54] to better handle uncertainties and nonlinearities,
particularly in the context of networked and distributed systems. The fuzzy TSK-based Hammerstein model has been
extensively explored for nonlinear control in networked systems, where challenges such as communication delays, packet
losses, and bandwidth limitations are prevalent. In these systems, the ability to model and compensate for nonlinearities
while accounting for communication constraints is crucial for maintaining high system performance. Recent studies
have demonstrated the efficacy of fuzzy TSK-based Hammerstein models in such scenarios. Feng et al. [22] proposed a
robust control strategy for networked systems with communication delays and packet losses, using a fuzzy TSK-based
Hammerstein model to address the nonlinearities of the network dynamics. The fuzzy TSK model was found to be an
effective tool in adapting to the uncertainties and nonlinearities in these systems, ensuring stable and robust control
despite the presence of communication issues. Furthermore, Talpur et al. [40] introduced a hybrid approach that
combines fuzzy TSK-based Hammerstein models with deep learning techniques. This approach was applied to control
nonlinearities in smart grid systems, where the model’s flexibility allowed it to adapt to the time-varying dynamics
and uncertainties inherent in power systems. The integration of deep learning with the fuzzy TSK-based Hammerstein
model proved to be highly effective in improving the system’s performance under challenging conditions. In a more
recent study, Tavoosi et al. [42] focused on the application of fuzzy TSK-based Hammerstein models in distributed
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Figure 1: shows four traditional fuzzy learning systems. The combined model (CM) fits into type 1 or type 2; FGNN is categorized
under type 3, while the suggested model is classified as type 4.

network systems. The study addressed communication constraints such as bandwidth limitations and latency, and
demonstrated that the fuzzy TSK-based Hammerstein model could effectively mitigate the impact of these constraints
while ensuring accurate control. This research underscores the utility of fuzzy TSK-based models in nonlinear control
of networked systems, particularly in modern distributed environments.

Generally, a Graph Transformer architecture, with its self-attention mechanism, has a high capability to understand
complex relationships between features and graph structures in a parallel and efficient manner. This capability makes
the Transformer a powerful tool for extracting global graph structures. The Graph Transformer (GT), with its self-
attention mechanism [36], allows for the modeling of complex relationships between graph elements and transforms the
orginal graph into a target graph with a different structure while preserving semantic and structural information. The
graph G is represented as an ordered pair (V,E), where V is the set of nodes and E is the set of edges. Each node vi
is represented in a d-dimensional space and indicates the features of that node. The edges eij have features that show
the relationship between two nodes. This feature is a scalar value indicating the strength of the connection and can be
generalized to more complex states where edges are vectors with higher dimensions [13].

The Graph Transformer (GTR) takes an input graph G = (V,E) and transforms it into an output graph G′ =
(V ′, E′). It is noteworthy that the input and output graphs do not necessarily have the same structure and can
exhibit different features and relationships between their nodes and edges. Useful information is extracted from the
graph structure. To achieve this, the features of each node are modified and transferred to other nodes. The amount
of information transferred between nodes depends on the strength of the connection between them. This process is
formulated as follows:

X ′
j = σ

(
X ′

j +

n∑
i=1

αijW
V xi

)
, (1)

where σ is a nonlinear activation function, and WV ∈ Rdx×dz is the matrix of parameters. In many cases, complete
information about the connections between nodes in the source and target graphs is not available. To address this
challenge, an attention mechanism can be used to automatically learn the relative importance of each node in the
source graph with respect to the nodes in the target graph. In this method, the connection weights between the nodes
of the two graphs are treated as model parameters and are optimized during the training process. Specifically, the
attention weight αij of each element xj is calculated using a softmax function:

αij =
exp

(
(xiW

Q)(xjW
K)T√

dz

)
∑n

k=1 exp
(

(xiWQ)(xkWK)T√
dz

) , (2)

where αij is the attention weight of the edge connecting original node i to target node j. Here, dz refers to the
dimension of Q, and WQ, WK , and WV are parameters to be learned. We then calculate the node representation to
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transfer structural information to the sublayer output in the following manner:

zi =

n∑
j=1

αij

(
WV xj +WRxr

)
, (3)

Note that xj represents the feature vector of node j in the input graph, xr represents the vector for the element
pair (xi, xj), and WR is a parameter matrix.

Fuzzy learning plays a crucial role in deep neural networks. For instance, it can enhance the performance of
deep learning models, particularly when dealing with data that is uncertain or ambiguous. Moreover, fuzzy learning
techniques can be used to fine-tune parameter values within the layers of neural networks, thereby improving the
model’s overall effectiveness. Fuzzy systems are valuable in various applications, including pattern recognition, time
series forecasting, and natural language processing, especially when the data is noisy or unclear. This integration
enables deep networks to function more efficiently in complex environments [40].

In Section 1, we examined the key challenges of using Graph Neural Networks (GNNs), Graph Transformers (GTs),
and fuzzy systems separately. We emphasized the importance of exploring alternative approaches to overcome the
limitations of GNNs and improve their effectiveness and resilience. These alternative approaches include hybrid models
that combine Graph Transformers with appropriate fuzzy systems.

In recent years, deep learning models have been employed to implement various fuzzy learning applications based
on big data in graph networks. The use of fuzzy learning systems enables the handling of uncertainties and ambiguities
present in real-world data [21]. A fuzzy learning approach is based on the implementation of an integrated model
in which the weights in the network are updated using fuzzy logic [48]. A fuzzy model has been designed to train
specific tunable parameters in a deep neural network. In addition to these instances, researchers have sought to apply
fuzzy learning to tackle educational challenges associated with big data [2]. Liu [24] introduced an innovative neural
learning approach that combines a transformer with a fuzzy system in the context of few-shot learning. In this study,
deep learning acts as a parallel feature extractor, and fuzzy blocks are used as evaluation criteria for the learner in
representing node features. This learner is designed using Gaussian-shaped fuzzy sets [32].

The use of the Transformer model, recognized in current studies as one of the leading neural network frameworks,
has introduced a novel approach in this area for examining large ordered data sequences, like text in natural language
processing [23]. Graph Transformers, by utilizing the self-attention mechanism, evaluate the relevance of each input
component in relation to the others, thereby capturing complex relationships within the data [45]. This feature, along
with the ability of Graph Transformers to extract structure and node features across the entire graph, has significantly
improved the performance of models across a wide range of natural language processing tasks. Additionally, Graph
Transformers have substantial potential for use in other domains, such as social network analysis, time series forecasting,
and drug discovery. The high flexibility of these models in handling both structured and unstructured data makes them
a powerful tool for addressing various challenges in machine learning.

Despite extensive research, fuzzy learning has not been thoroughly studied or exploited in the adaptive frameworks of
Graph Transformers (GT). The challenges include the potential increase in training parameters, leading to substantial
computational costs, as well as the difficulty of designing nonlinear systems that establish key relationships among
predictor and outcome variables. This paper introduces a hybrid model that combines Graph Transformers (GT) with
fuzzy models to process extensive datasets. The proposed model enables weight learning at the global graph level,
utilizes representation sampling to minimize the number of training parameters, and uses logistic regression functions
to model the relationships between inputs and outputs.

3 Methodology

3.1 Unified integration of fuzzy systems and graph transformer

This section introduces the integration of features from our proposed fuzzy model and graph transformer at both the
global and local graph levels, referred to as the Fuzzy Logic-Based Graph Transformer (FuzzyGT). This integration
facilitates learning feature weights by considering both the attributes and structures of nodes within FuzzyGT. It
employs a mapping framework based on fuzzy logic and attention weights, consisting of two components: fuzzy logic-
based representation sampling and input-output mapping. In this approach, the feature weights learned by the fuzzy
model are combined with the graph transformer architecture to generate the final node representation in the graph.
The proposed structure of FuzzyGT is shown in (See Figure 2). The input to FuzzyGT consists of the feature vectors of
graph nodes, which are transferred to the next layer through positional encoding. The primary representation of each
node is an D̂-dimensional vector, denoted as X = (x1, x2, . . . , xD̂). The global and local information of the node in



134 S. Bastami, R. P. Mohammadiani, M. B. Dowlatshahi, M. Abdollahpouri

Figure 2: The proposed FuzzyGT framework, featuring its primary component and fuzzy set module. The vector hT
1 , . . . , h

T
D

represents the node encoding in a hidden layer, where {Ẑ} indicates the modeled node features (a subset of the node encoding).
The output vector Z = (Z1, . . . , Zm) is generated through the fuzzy output layer for an individual model.

the graph is updated using positional and structural encoding, ultimately leveraging all features and structures of the
graph. This results in more efficient expressiveness and improved node representation. The representation of the d-th
node in the initial phase is given by Z0

V = (x0
1, x

0
2, . . . , v

0), where v = 1, 2, . . . , V , and V refers to the number of nodes
in the input graph. The Graph Transformer updates the node representations based on attention to other nodes and

local information h
(t)
v and global information h

(t+1)
v in the graph. The output of the GT layers is denoted by h

(t+1)
v ,

representing the v-th node in the self-attention layer. Then, this node representation is updated using the multi-head
self-attention layer based on a fuzzy forest, which will be explained thoroughly in the following subsection. Finally, the
feed-forward layer processes the final node representation to produce the output.

The core idea behind the Graph Transformer (GT) is to learn node representations using an attention mechanism,
ensuring the preservation of both local and global information from the graph’s structure and features [7]. This process
is referred to as representation learning, where the node embedding is considered the key feature of the node. There are
two main challenges in integrating fuzzy systems with GT: (1) The issue of feature space, resulting in an exponential
growth in fuzzy conditions. (2) The possible inaccuracies in modeling the relationships between inputs and outputs.
To address the first challenge, long representations are divided into smaller sub-vectors, which significantly reduces the
quantity of fuzzy rules required. To address the second challenge, various regression functions are used to improve
the modeling of the relationship between inputs and outputs. This approach of integrating fuzzy systems is applied to
both node and edge embedding learning. The following sections will delve into the integrated learning approach, the
proposed strategies to resolve these challenges, and the detailed process.
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Figure 3: Modeled data (right) and the corresponding divisions of fuzzy subsets (left), represented by linear, nonlinear, quadratic,
or exponential functions.

3.2 Fuzzy learning rule

Learning fuzzy systems simplifies the output function by linearly dividing the input space into subspaces. For example, in
(See Figure 3) (left), establishing a function between variables R and D is challenging due to varying relationships across
regions. The data exhibit linear, quadratic, and exponential trends, making a single function impractical. Overlapping
fuzzy subsets further complicate direct modeling. In contrast, Figure 3 (right) shows how fuzzy logic learning transforms
the input space, applying appropriate functions to different regions. The fuzzy logic learning function works similarly
to a transformation function, mapping the output variables into a different feature space for further analysis. This
approach simplifies complexity and makes the data more interpretable. The key component of this transformation is
the relationship X = F (L) for the dataset (Xt, lt), which represents features and labels. To train the fuzzy learning
system, the least squares estimation rule is used to optimize or minimize the membership degree error µ, which is
defined as follows:

µ(A,B,Xt, lt) =

√√√√ 1

n

n∑
k=1

(AXt +B − lt)2, (4)

Here, Xt denotes the location at time t in the target space, and f(Xt) is the approximated computed result. The
value lt represents the data that has been actually observed. Parameters A and B serve as weights or optimized values
for better fitting the data. The goal of curve fitting aims to reduce µ by taking into account the characteristics of A
and B.

min µ(A,B,Xt, lt) = min

n∑
k=1

[
2(Xt +B)T lt + lTt lt − (AXt +B)T (AXt +B)

]
, (5)

We rewrite the above formula as follows: { ∑
Xtlt = BA2

∑
Xt∑

lt = nB +A
∑

Xt

This is a common challenge in solving systems of linear equations, where A and B are two unknowns which define
the optimal weights for curve fitting and accurately solve the equations. The goal is to minimize the value of µ in
Equation (4).

3.3 Fuzzy representation modeling

The goal of introducing the representation modeling approach is to reduce the quantity of fuzzy rules, thereby decreasing
the amount of adjustable parameters. This model operates after the Graph Transformer layers on the GT final node

embedding, denoted as h
(t+1)
v . Next, h

(t+1)
v is fed as the input into the embedding sampling model. The representation

modeling process consists of two steps, specifically beginning with representation sampling. First, consider a scenario
where the node representation is updated as a whole, without partitioning into different subsets. For simplicity, consider
a two-dimensional representation vector, with each axis (dimension) defined by two fuzzy sets. In this case, four fuzzy
rules are generated, partitioning the two-dimensional input space into four regions with flexible (fuzzy) boundaries
[28]. In general, assuming the input is a d-dimensional graph represented as Z0

V = (x0
1, x

0
2, . . . , v

0), and the quantity
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of fuzzy sets in all dimensions is defined as N (manually specified), then Nd fuzzy rules are required to partition
the d-dimensional feature space into Nd subregions. Since each fuzzy rule covers only one subregion, the “curse of
dimensionality” arises, which is a major factor contributing to computational complexity. Current research specifically
addresses this challenge, as noted in studies like [15]. However, the proposed method relies on adapting fuzzy rules by
adjusting weight parameters, but implementing this approach is highly challenging. The inference process in a fuzzy
rule can be described as a weighted sum of the activation function and the fuzzy logic associated with the outcome,
which is often a linear function. Therefore, for each fuzzy rule, d + 1 parameters are typically required. If the output
is a multidimensional vector, the final output is represented as Z = (Z1, . . . , Zm), where m is a fixed parameter that
defines the dimensionality of the output vector based on the complexity of the problem (See Figure 2 for more details).
Consequently, the total number of parameters in the output layer is calculated as Nd×(d+1)×m. This value determines
the computational cost of the FuzzyGT model. To address the issue of parameter growth in fuzzy learning models,
a multi-head attention layer based on a fuzzy forest is utilized, where the representation of each node in the graph is
derived from the set of attention heads. Suppose the representation of a node is given as Z0

V = (x0
1, x

0
2, . . . , v

0). In the
multi-head attention layer, this representation is divided as follows:

Section 1 = {hT
1 , h

T
2 , . . . , h

T
D/R},

Section 2 = {hT
D/R+1, h

T
D/R+2, . . . , h

T
2D/R},

...

Section R = {hT
D−D/R+1, . . . , h

T
D−1, h

T
D}.

Here, R is chosen such that D
R ∈ Z is an integer.

3.4 Proposed fuzzy learning module (FuzzyGT framework)

This module enhances the feature learning process by combining the learned features in the input graph through the
fuzzy model with components present in the graph transformer. The fuzzy graph transformer module transforms each
of the input features into a vector X = (x1, x2, . . . , xD̂). inally, all output embedding vectors are concatenated into a

single vector represented as h
(t+1)
v (See Figure 4). First, the input vector X = (x1, x2, . . . , xD̂) from the sampling stage

is passed to the attention layer through positional encoding and structural encoding. In this layer, each element xD̂ is
mapped to a membership degree using the fuzzy set µ̃d

m. Here, m represents the count of fuzzy sets for each axis, while
d denotes the dimensionality of the input data for the graph transformer, with both specified as defined parameters.
The fuzzy set µ̃d

m is defined as follows:

µ̃d
m(x̃d) = exp

(
1√

2π(ρ̃dn)
2

)
, (6)

Where d = 1, 2, . . . , D and n = 1, . . . , N , µ̃d
m(x̃d) represents the fuzzy membership function associated with the

m-th fuzzy set in the d-th dimension. x̃d is the transformed input variable in the d-th dimension, and ρ̃dn denotes a
parameter that influences the spread of the fuzzy set.

Secondly, the rule aggregation layer of the fuzzy system is responsible for determining the relationship between the
input and output within each ”subregion”. This subregion is defined based on a specific d-dimensional integration of
fuzzy sets, derived from their max-product combination. The task of the fuzzy rule integration layer is to estimate the
relationship between the input variables X = (x1, x2, . . . , xD̂) and the integration function f l

c = F (Q̃l
c, X, hl

c). Here, f
l
c

represents a fuzzy rule, where Q̃l
c = (Q̃l

1,c, . . . , Q̃
l
d,c) is defined. The function F is expressed as follows:

F =

n∑
i=1

Zi · (GiXi), (7)

Z = (Q̃l
1,cX1, . . . , Q̃

l
d̃,c

Xd̃, . . . , Q̃
l
D̃,c

XD̃, hl
c), (8)

where Zi represents the components of Z, Xi denotes the components of the vector X, and Gi represents the
components of the vector G. Note that a simple linear function, defined as F = ZI, is not suitable for capturing
complex nonlinear relationships between inputs and outputs. Linear and logistic regressions hold true within very small
subsets of fuzzy rules, and the overall output exhibits nonlinear behavior. However, this process requires excessive
subdivision of subsets and an increase in the number of rules, which contradicts the goal of reducing complexity. It
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Figure 4: Graph Transformer-Fuzzy Convergence. This module employs a Transformer-Fuzzy model that incorporates a tunable
polynomial function to capture and model the connection between input and output variables in the final output layer.

is important to highlight that when using a graph transformer to process an input graph, the dimensionality of the
problem is significantly higher than that of standard regression tasks. Therefore, integration and sampling methods
are employed prior to processing. Therefore, integration and sampling methods are employed prior to processing. In
general, the result of the c-th rule is represented as f l

c = F (Q̃l
c, X, hl

c), and the overall count of trainable parameters is
given by c̃d× (d̃+1). Controlling the number of fuzzy rules plays a crucial role in reducing the complexity of the graph
transformer, and the trainable parameters also help balance the fuzzy rules.

4 Experiments and results

In this section, four diverse datasets from the field of machine learning are tested to evaluate the performance of the
proposed FuzzyGT model and compare it with state-of-the-art (SOTA) methods.

4.1 Implementation details

We utilized three well-known graph datasets: Cora [27], Citeseer [5], and Pubmed [8], which are categorized as citation
networks. In these datasets, each node represents a document, and each edge indicates a citation link between two
documents. Each node is assigned a class label corresponding to the main topic of the respective document. Table 1
presents the statistical details of these datasets. For data splitting, standard methods were employed to allocate data
into training, validation, and testing sets. The experiments were conducted 10 times using fixed parameter settings and
the same random seed. The overall performance was assessed by calculating the average (Avg.) and standard deviation
(Sd.) across these 10 runs. The parameter size limit for the Cora, Citeseer , and Pubmed datasets was set to 500,000.
The Adamic Adar optimizer [31] was used in all experiments for learning rate adjustment with default settings. The
values of β1, β2, and ε were set to 0.89, 0.899, and 1×10−9, respectively. The learning rate was initialized at 0.002, with
the weight decay configured at 1 × 10−8. The learning rate was kept constant in the early stages and then gradually
decayed following a cosine schedule.

The maximum number of epochs was set to 1000 for Citeseer and 90 for the other datasets. The batch size was
configured to 32 for Cora and Citeseer and 16 for Pubmed. All experiments were executed on the Google Colab platform,
utilizing one NVIDIA GeForce GPU with 6 GB of memory and two V100-PCIE GPUs with 16 GB of memory each.
FuzzyGT also includes two sampling methods: Gaussian and Stratified. For each dataset, we evaluate three types
of F consequent functions-first-order, mixed-order, and second-order-resulting in six distinct combinations: Gaussian-
first-order (G(0)), Gaussian-second-order (G(1)), Gaussian-mixed-order (G(0.5)), Stratified-first-order (S(0)), Stratified-
second-order (S(1)), and Stratified-mixed-order (S(0.5)). Table 1 presents the statistics for these three datasets. Avg.W
represents the average number of words per node. The parameters related to the training of GT are listed in Table 2.
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Table 1: Overview of the dataset statistics.

Dataset nodes edges features classes Avg.W

Cora 2,708 5,069 1,433 7 18
Citeseer 3,327 3,668 3,703 6 31
Pubmed 19,717 44,338 500 3 50

Table 2: FuzzyGT hyperparameters for three machine learning datasets.

Hyper-parameters Cora Citeseer Pubmed

Embed. dim. 64 64 32
Self-attn. heads 4 4 4
Weight decay 1e-8 1e-8 1e-8
Learning rate 0.002 0.002 0.002
Gradient clip norm 1.0 1.0 5
LR scheduler cosine,warm-up cosine,warm-up constant
Batch size 32 32 16
# Sample (R) 10 12 16
L 2 2 2
C 3 3 3

Table 3: Results on test data across five datasets is presented as the average and standard deviation from 10 runs. The best
results are highlighted in bold, and the second-best results are marked in italics. FuzzyGT delivers the best performance by
utilizing different continuous functions F .

Model Cora Citeseer Pubmed
Accuracy^ MAE_ Accuracy^ MAE_ Accuracy^ MAE_

GCN 79.68 ± 0.15 75.31 ± 0.06 65.24 ± 0.36 0.36 ± 0.10 0.39 ± 0.16 0.41 ± 0.041
GAT 83.40 ± 0.03 83.50 ± 0.01 84.53 ± 0.27 0.38 ± 0.25 0.31 ± 0.20 0.30 ± 0.031
M-Graphormer 86.72 ± 0.27 85.80 ± 0.06 86.61 ± 0.33 0.10 ± 0.031 0.11 ± 0.008 0.13 ± 0.040
GTN 89.60 ± 0.39 89.92 ± 0.04 90.70 ± 0.14 0.09 ± 0.005 0.08 ± 0.003 0.08 ± 0.052
FuzzyGNN 90.10 ± 0.23 90.12 ± 0.03 90.15 ± 0.23 0.06 ± 0.004 0.06 ± 0.021 0.06 ± 0.060
GRAPH-BERT 91.85 ± 0.05 91.74 ± 0.05 90.80 ± 0.44 0.13 ± 0.001 0.14 ± 0.032 0.15 ± 0.030
GRAPHSAGE 80.46 ± 0.04 78.41 ± 0.24 75.55 ± 0.55 0.29 ± 0.005 0.30 ± 0.002 0.31 ± 0.008
FuzzyGT 97.79 ± 0.22 98.56 ± 0.02 99.01 ± 0.22 0.04 ± 0.002 0.04 ± 0.001 0.03 ± 0.004

The embedding dimensions, global attention heads in the graph transformer [18], and other parameters are specified.
The sample size (R) varies across datasets, while the output vector dimension (L) is fixed at 2. Additionally, the count
of fuzzy sets applied at each stage is consistently 3 across all datasets.

To better understand the influence of hyperparameters on the performance of the Graph Transformer (GT) model,
we conduct a parameter sensitivity analysis. This analysis evaluates the impact of several key parameters, including
embedding dimension, the number of attention heads, sample size (R), learning rate, and others, on model performance
across different datasets. As outlined in Table 2, the hyperparameters for training the GT model vary across the
Cora, Citeseer, and Pubmed datasets. By systematically varying one parameter at a time while keeping others fixed,
we assess how these changes affect accuracy, training time, and overall model efficiency. Specifically, we explore how
different embedding dimensions and attention heads influence the model’s ability to capture graph structure and the
trade-off between model complexity and computational cost. We also examine the effect of sample size (R), which
differs across datasets, on the model’s generalization ability, particularly in terms of how well it performs on unseen
data. In addition, we investigate the role of the learning rate and gradient clipping norm in stabilizing training and
speeding up convergence. Other factors, such as weight decay, batch size, and learning rate scheduling, are also tested
to understand their impact on training dynamics and final model performance. This sensitivity analysis will provide
valuable insights into how each hyperparameter contributes to the overall success of the model, offering guidance for
future hyperparameter tuning and optimization across various graph-based tasks.

4.2 Comprehensive results and analysis of the large dataset

In this study, we compare FuzzyGT with several well-known GNN models and advanced methods, including GCN [55],
GAT [43], M-Graphormer [6], GTN [52], FuzzyGNN [37], GRAPH-BERT [56], and GRAPHSAGE [47]. The results of
the optimal performance of FuzzyGT across six different settings (G(0), G(0.5), G(1), S(0), S(0.5), S(1)) are presented
in Table 3. Each of these experiments was run independently ten times, and the mean and standard deviation of the
results are also provided.

In Table 3, we compare the performance of various models on five datasets, reporting both accuracy (higher is
better) and mean absolute error (MAE, lower is better). Each result is averaged over 10 independent runs, with the
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Table 4: Performance on test data across three datasets using FuzzyGT.
Method Cora Citeseer Pubmed

Accuracy^ MAE_ Accuracy^ MAE_ Accuracy^ MAE_
FuzzyGT (G(0)) 97.59 ± 0.19 0.07 ± 0.006 98.56 ± 0.03 0.09 ± 0.023 89.99 ± 0.01 0.11 ± 0.008
FuzzyGT (G(0.5)) 97.79 ± 0.22 0.05 ± 0.10 98.53 ± 0.04 0.05 ± 0.014 99.00 ± 0.07 0.10 ± 0.001
FuzzyGT (G(1)) 97.60 ± 0.63 0.04 ± 0.002 98.50 ± 0.06 0.04 ± 0.002 99.01 ± 0.20 0.08 ± 0.005
FuzzyGT (S(0)) 97.64 ± 0.28 0.08 ± 0.012 98.49 ± 0.05 0.07 ± 0.001 89.97 ± 0.27 0.03 ± 0.002
FuzzyGT (S(0.5)) 97.70 ± 0.08 0.09 ± 0.020 98.45 ± 0.08 0.10 ± 0.008 89.95 ± 0.08 0.05 ± 0.001
FuzzyGT (S(1)) 97.69 ± 0.54 0.10 ± 0.007 98.41 ± 0.07 0.12 ± 0.007 89.92 ± 0.30 0.03 ± 0.004

Table 5: Performance on test data across three datasets using FuzzyGT. The values indicate average runtime per period and
total overall time.

Data FuzzyGT
G(0.5) G(0) G(1) S(0.5) S(0) S(1)

Cora 268.24 s / 5.28 h 268.32 s / 5.12 h 268.30 s / 5.27 h 268.29 s / 5.28 h 268.31 s / 5.69 h 268.30 s / 5.69 h
Citeseer 289.27 s / 6.47 h 289.27 s / 6.40 h 289.27 s / 6.31 h 289.27 s / 6.30 h 289.27 s / 6.29 h 289.27 s / 6.25 h
Pubmed 320.14 s / 7.25 h 320.14 s / 7.10 h 320.14 s / 7.02 h 320.14 s / 7.05 h 320.14 s / 7.01 h 320.14 s / 7.00 h

best outcomes highlighted in bold and the second-best shown in italics. FuzzyGT excels in all metrics, achieving
impressive accuracy values such as 97.79% on Cora, 98.56% on Citeseer, and 99.01% on Pubmed, while also yielding
the lowest MAE in each case. Furthermore, we conducted six detailed experiments using different F functions within
the FuzzyGT model across three different datasets. All experiments were executed independently using the same
experimental settings. Table 4 presents the results for the various configurations G(0), G(0.5), G(1), S(0), S(0.5), and
S(1) of FuzzyGT, where each dataset was tested independently ten times. According to the results in Table 4, for the
Citeseer dataset, the G(0) configuration achieves the highest performance, followed by G(0.5) and G(1) as the second
and third best, respectively. In the Cora dataset, the Gaussian-based configuration G(0.5) yields the highest accuracy,
with the stratified configurations S(0.5) and S(1) ranking next. Finally, for the Pubmed dataset, the G(1) configuration
with a specific parameter achieves the best performance. Overall, regression-based functions tend to perform slightly
better than other configurations in most cases.

Table 5 presents an analysis of the computational complexity associated with the experiments. All experiments were
conducted using the same hardware configuration. The times reported in the table represent the average duration from
ten repeated runs of the experiments. Based on the results in Table 5, it can be concluded that there is no significant
difference in the computational time required for the various F functions.

4.3 Ablation study

In this section, we perform an ablation study to compare the performance of the baseline model with a new fuzzy
transformer-based model. The baseline model is a transformer network, which serves as part of the proposed FuzzyGT
module. In machine learning and classification tasks, accuracy is a key metric used to assess how well the model is
performing. Simply put, accuracy is the proportion of predictions that the model gets right. The formula for calculating
accuracy is as follows:

Accuracy =
Number of correct predictions

Total number of predictions
.

Precision refers to the proportion of true positives among all the positive predictions made by the model. Recall, on
the other hand, indicates how well the model identifies all the actual positives. Overall classification accuracy measures
the fraction of samples that were correctly classified out of the total samples.

Precision =
TP

TP + FP
.

Recall =
TP

TP + FN
.

To calculate the Micro F1 score, we first need to compute Micro-Precision and Micro-Recall. The concept of the
Micro average is to treat all data points equally, without taking into account any potential class differences. As a result,
Micro-Precision is calculated in the following way:

Micro Average Precision =

∑K
k=1 TPk∑K

k=1 Total Columnk
=

∑K
k=1 TPk

Grand Total
.
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Table 6: Attributes of Graph Datasets.
Dataset Number of Graphs Class Labels Avg. Nodes Avg. Edges Evaluation Metric
Amazon 1500 10 25.08 44.58 accuracy
Facebook 5000 5 20.45 53.30 accuracy
PTC-MR 344 2 14.33 34.08 accuracy
IMDB-BINARY 1000 2 19.77 96.53 accuracy

Table 7: The findings from the Ablation Study conducted across five different datasets, using the base AGT model and the AGT
model enhanced with the proposed fuzzy module, AGAT+F.

Name Models Accuracy Precision Recall Micro-F1 AUC Runtime (Seconds per Epoch)

Amazon
AGT 72.12 58.85 49.32 37.26 84.65 -

AGT+F 86.31 69.62 60.36 46.01 87.18 118.34

Facebook
AGT 64.01 48.60 46.87 40.50 70.42 -

AGT+F 71.69 56.14 55.10 54.31 73.41 203.56

PTC-MR
AGT 75.45 60.28 59.43 53.47 85.32 -

AGT+F 88.12 72.31 70.22 67.33 88.20 82.71

IMDB-BINARY
AGT 78.32 50.73 50.30 32.48 79.70 -

AGT+F 89.24 58.50 65.31 42.13 84.15 145.22

When evaluating Micro-Recall, we notice that its value is identical to that of Micro-Precision. This is because the
calculation of both metrics is based on the total number of true positives. As a result, Micro-Recall is calculated in the
following way:

Micro Average Recall =

∑K
k=1 TPk∑K

k=1 Total Rowsk
=

∑K
k=1 TPk

Grand Total
.

So, Micro-F1 is calculated in the following way:

Micro-F1 =

∑K
k=1 TPk

Grand Total
.

The transformer model starts off with an attention layer that leverages Laplace positional encoding. From there, it
moves on to a Multi-Head Attention layer and wraps up with a task-specific Feedforward layer. This basic structure
forms the foundation of a three-layer network, known as the Transformer Ablation Graph (AGT). In the enhanced
version, a fuzzy inference module is inserted just before the task-specific layer, turning the model into a four-layer version
called AblationGT-fuzzy (AGT+F). For both models, the experimental settings are identical. In this configuration, the
positional encoding is configured to 4, the ReLU activation function is applied, and the feature node count for the test
datasets is 32 and 64. The dropout rate for the attention layer is set at 0.2, and the transformer layer uses four heads.
Adam is the chosen optimization algorithm, with a base learning rate of 0.004, and training is limited to a maximum
of 80 epochs. Large datasets collected from social networks and artificial intelligence domains for tasks involving graph
classification and regression are thoroughly described in Table 6. The experiments are independently conducted twice
using AGT, and the results are evaluated for accuracy. Additionally, datasets with two or more classes are selected to
facilitate the measurement of metrics such as micro-F1, precision, and recall.

Table 7 presents the results of an ablation study conducted on four distinct datasets. In this analysis, we compared
the performance of the base model, AGT, with its enhanced version, AGAT+F, which integrates a fuzzy inference
module we proposed. The findings demonstrate that, overall, AGAT+F provides superior performance in terms of
average accuracy across all datasets compared to AGT. The largest accuracy improvement of 14.19% was observed
on the Amazon dataset, while the smallest increase of 7.68% was seen on the IMDB-BINARY dataset. Specifically,
accuracy improvements of 14.19%, 7.68%, and 12.67% were achieved on the Amazon, PTC-MR, and Facebook datasets,
respectively. In addition to this, the recall metric showed notable improvements, with increases of 10.04%, 10.79%, and
8.23% on the Amazon, PTC-MR, and Facebook datasets. Furthermore, the F1 and AUC scores also saw significant
gains across all four datasets. These results highlight the effectiveness of the proposed fuzzy module in enhancing the
model’s overall performance across various evaluation metrics.

Our experiments with moderately large datasets (IMDB-BINARY, PTC-MR, Facebook, Amazon, e.g.) indicate
that the FuzzyGT model scales well with an increase in graph size, maintaining performance without a proportional
increase in computational cost. The model leverages optimized sampling techniques that ensure efficient handling
of graph data, allowing for practical training times even as graph complexity increases. However, for applications
involving extremely large graphs, such as those found in social media networks or financial datasets, we acknowledge
that additional strategies may be necessary. Specifically, hierarchical or distributed computing frameworks could be
employed to further enhance scalability. Techniques such as graph partitioning, distributed message passing, and mini-
batch training could allow for efficient processing of large-scale graphs by distributing the computational load across
multiple machines or processing units. These approaches could significantly improve runtime and memory efficiency,
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Figure 5: a) Cora b) Citseer C) Punmed. The fuzzy sets created based on the training data for each dataset in Table 4 refer to
four different attributes for a data point in each subfigure, where x3 represents the number of these fuzzy sets

enabling the application of FuzzyGT to real-world large-scale networks. To validate the scalability of FuzzyGT, we
conducted preliminary runtime analyses across various datasets. Our results show that the model’s performance, in
terms of both accuracy and runtime, remains stable as the number of nodes and edges increases, thanks to the use of
efficient attention mechanisms and sampling strategies. In future work, we plan to explore further optimizations such
as distributed computing frameworks, which could facilitate the model’s application to graphs with billions of nodes
and edges. The accuracy remains stable across different datasets as the graph size increases, demonstrating that the
model’s performance does not degrade as graph complexity grows. Runtime increases moderately with the size of the
graph, which aligns with expectations due to the greater number of nodes and edges. However, the increase is not
exponential, thanks to the efficient attention mechanisms and sampling strategies employed by FuzzyGT. The model’s
scalability indicates its potential applicability to larger real-world graphs in domains such as social media and financial
networks.

Fuzzy logic is chosen over Bayesian methods, attention-based noise filtering, and dropout variants due to its superior
ability to handle uncertainty in graph-based learning. Unlike Bayesian approaches that require predefined probability
distributions, fuzzy logic adapts dynamically to noisy or incomplete data. While dropout and attention-based noise
filtering improve regularization, they do not explicitly model uncertainty. Our ablation study (Table 7) confirms that
integrating fuzzy logic into the Graph Transformer framework (FuzzyGT) significantly improves accuracy and recall
across datasets. This highlights its effectiveness in enhancing robustness and interpretability. Future work will explore
hybrid methods combining fuzzy logic with other regularization techniques.

The processed fuzzy sets are presented in Figure 5. Two key points related to this figure are as follows:

1. Figure 5 illustrates the fuzzy sets that have been trained for all inference modules R across each individual dataset.
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2. For each fuzzy set, we have used an input variable transformed by the output of the transformer layers, and we
have applied the same domain of [−3, 3] for all variables, which results in the similar graphs seen in Figure 5.

5 Conclusion and future work

In this paper, we present a novel approach that combines fuzzy systems with graph transformers, leading to the
creation of the Fuzzy Graph Transformer (FuzzyGT). Our model tackles critical challenges faced by graph neural
networks (GNNs), such as over-smoothing and sensitivity to noisy or incomplete data, by harnessing the strengths of
fuzzy systems within a global graph-level framework. By incorporating fuzzy logic, we enable our model to capture both
local and global graph patterns more effectively, improving node representations and enhancing the overall performance
of the model. We propose a framework where fuzzy learning enhances graph representations at both local and global
levels. By integrating fuzzy rules and using efficient sampling techniques, we reduce the computational complexity while
increasing the scalability of the model. Moreover, the addition of a fuzzy consequence layer within each subspace allows
for more accurate modeling of feature relationships, thus improving the model’s predictive power. Our experimental
results, based on five widely recognized datasets, show that FuzzyGT significantly outperforms existing state-of-the-art
models. The model demonstrates considerable improvements in predictive accuracy and robustness, particularly when
working with noisy or incomplete data. These results validate the effectiveness of our integrated approach and establish
FuzzyGT as a leading method in the field of graph-based deep learning. In conclusion, this work makes a meaningful
contribution to the area of graph representation learning by introducing a hybrid model that seamlessly combines fuzzy
logic with graph transformers. The FuzzyGT model provides a powerful solution for large-scale data analysis, opening
the door to more efficient and reliable applications in graph-based machine learning. While the proposed Fuzzy Graph
Transformer (FuzzyGT) represents a significant step forward in integrating fuzzy systems with graph transformers,
several opportunities for future exploration remain:

� Complex Graph Structures: Expanding FuzzyGT to handle dynamic or temporal graphs, where node and
edge representations evolve over time, would enhance its adaptability to changing graph dynamics.

� Multi-modal Data: Integrating multi-modal data (e.g., images, text, and graphs) into the FuzzyGT framework
could improve its ability to capture complex relationships across different data types.

� Fuzzy Systems Optimization: Optimizing fuzzy rule generation techniques and exploring methods like evo-
lutionary algorithms could help handle large-scale datasets more efficiently and dynamically adapt fuzzy logic
parameters.

� Scalability on Larger Graphs: Testing FuzzyGT on large-scale graphs with millions of nodes and edges will
be crucial for real-world industrial applications, ensuring the model can maintain performance at scale.

� Interpretability: Enhancing the interpretability of fuzzy rules within the graph transformer could make the
model more transparent and accessible, especially for practitioners needing explainable AI.

� While FuzzyGT shows great potential, there are several limitations that need to be addressed in future work:

� Computational Overhead: The integration of fuzzy systems with graph transformers increases computational
complexity, especially with large graphs. Further optimizations are needed for scalability.

� Static Graph Assumption: FuzzyGT currently assumes fixed graph structures, which may not be suitable for
dynamic graphs in applications like social networks. Future work could explore dynamic graph handling.

� Hyperparameter Sensitivity: FuzzyGT is sensitive to hyperparameter selection, requiring further fine-tuning
for optimal performance. Automation of this process could improve efficiency.

� Real-World Application: While FuzzyGT performs well on benchmark datasets, its real-world applicability,
especially in noisy or incomplete data environments, requires further evaluation.

� Rule Generation Complexity: Generating fuzzy rules for large datasets remains computationally expensive.
Streamlining this process could improve scalability and efficiency.
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