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Abstract

Euler-Lagrange systems describe a wide range of mechanical and robotic systems. Uncertainties and dynamic parameter
changes pose significant challenges to control the Euler-Lagrange systems using traditional methods. In such cases,
intelligent methods can cover the limits of the classical techniques. In this research, we intend to present a fuzzy
logic-based controller trained by the proposed incremental learning algorithm to face the challenges of Euler-Lagrange
systems. Incremental learning aims to accumulate experiences over time to train the models. We have performed
several simulations to test the capabilities of the proposed method and compared the results with well-known machine
learning-based methods using various criteria. Considering the integral of absolute error, the results show that the
proposed method has improved by 40.89%, 38.32%, 34.12%, and 34.79% compared to the best other method in nominal
system scenario and three other scenarios considering three different levels of uncertainty. The overshoot of the system
response achieved by the proposed control scheme is approximately 44 — 48% less than the best other method in four
scenarios. Also, we have studied the system response to disturbance and noise.

Keywords: Fuzzy systems, artificial intelligence, incremental learning, Euler-Lagrange systems.

1 Introduction

Fuzzy logic is fundamentally based on the concept of computing with words. Despite facing numerous challenges, fuzzy
logic has gained significant acceptance in both academic and industrial communities due to its ability to handle imprecise
information and model complex systems using linguistic rules. One of its most significant features is the capacity to
approximate any mathematical function through a limited number of fuzzy if-then rules, which allows the transformation
of expert qualitative insights into quantitative models. This capability not only enhances the interpretability of the
resulting mathematical models by expressing them in verbal terms but also supports a gradual improvement in accuracy
with the addition of more rules. Moreover, expert knowledge can be systematically incorporated into these models
and further refined using field data, establishing fuzzy models as a unique machine learning technique despite their
relatively higher computational complexity compared to other methods [42]. Tt is noteworthy that fuzzy logic has been
successfully integrated into various machine learning paradigms, including supervised, unsupervised, semi-supervised,
and reinforcement learning, to extend its applicability and performance [19].

It is worth mentioning that approximation theory plays a significant role in the development and analysis of intel-
ligent systems, particularly in quantifying errors and convergence properties of computational methods. For instance,
advancements in the study of g-Baskakov-Durrmeyer type operators have introduced novel inequalities for error estima-
tion and numerical analysis in multidimensional domains [25]. Similarly, tensor product quantum beta-type operators
have expanded the scope of error approximations using generalized Boolean sum operators and mixed modulus of
continuity [27]. Additionally, the development of Kantorovich-type rational operators has demonstrated improved
approximation rates, offering practical tools for systems requiring precise convergence properties [26]. Finally, fuzzy
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Meyer-Konig and Zeller operators have contributed to the field by exploring fuzzy Korovkin-type approximation results
and related inequalities [28]. While the direct applications of these operators differ from the control strategies presented
in this study, the underlying principles of error estimation and convergence analysis remain conceptually relevant to
the evaluation and refinement of intelligent controllers, such as the fuzzy logic-based approach proposed in this paper.

Fuzzy logic-based methods have been applied across an extensive range of fields [13] 21 B0, B1I]. For example, in
the realm of medical diagnosis, integrating fuzzy logic with deep learning has been shown to address the uncertainties
present in neuroimaging data and expert annotations. Tanveer et al. [37] provide a comprehensive study on fuzzy deep
learning (FDL) for improving both the accuracy and interpretability of automated Alzheimer’s diagnosis. Their work
details how fuzzy logic enhances image preprocessing, segmentation, and classification processes and effectively manages
uncertainty by fusing multimodal data including genomics, proteomics, and metabolomics within a fuzzy framework.

In computer vision, the adaptability of fuzzy logic is evident in its application to face mask recognition. Balovsyak
et al. [3] combine the classical Viola-Jones detection method with fuzzy logic, using Haar cascades to detect facial
features followed by a Mamdani fuzzy inference system to ascertain mask usage. This approach, which evaluates
multiple detection outcomes via fuzzy logic, demonstrates significant improvements in recognition accuracy, especially
under variable conditions where detection confidence may fluctuate.

Industrial automation has similarly benefited from fuzzy logic. Santhosh et al. [32] integrated fuzzy logic with
machine learning and the Taguchi method to optimize the painting process of an IRB1410 industrial robot. Their
detailed analysis involved comparing various painting trajectories, linear, circular, and zigzag, by evaluating surface
smoothness and paint quality using Scanning Electron Microscope (SEM) images. The study employed Taguchi’s L9
orthogonal design and ANOVA to isolate key factors affecting surface roughness, and machine learning algorithms were
used to automate flaw detection with an accuracy of 94%. Fuzzy logic in this context was instrumental in refining the
decision-making process and adapting to the variable demands of the industrial process.

In risk and uncertainty management, fuzzy logic has been pivotal. Siami et al. [34] introduced an Autonomous Fuzzy
Decision Support System (AFDSS) that combines fuzzy logic with artificial intelligence and unsupervised learning to
evaluate risks in big data environments. Their system uses fuzzy clustering to identify patterns from large, unlabeled
datasets and then applies a fuzzy inference system to assess the risk associated with these clusters. This detailed
approach demonstrates how fuzzy logic can extract and evaluate critical risk indicators in complex, data-driven scenarios.

Wind power forecasting is another field where fuzzy logic has shown promise. Shi et al. [33] developed a fuzzy
time series model tailored for wind power prediction, which minimizes the need for extensive data preprocessing and
offers clear interpretability for each prediction step. The model incorporates non-stationary sets to better capture long-
term variations and introduces an improved artificial hummingbird algorithm (SLG-AHA) to enhance both prediction
accuracy and stability. Their work provides detailed insights into how fuzzy logic can be adapted for renewable energy
forecasting, balancing the trade-off between model complexity and interpretability.

Traditional learning paradigms, including deep learning, are not without their drawbacks. Notable challenges include
time-intensive training processes and the phenomenon of catastrophic forgetting, where previously learned information
is lost as new data is acquired [I]. Incremental learning has emerged as a promising strategy to overcome these issues
by enabling models to gradually enhance their knowledge over successive iterations. This approach involves explicitly
storing acquired experiences within a limited capacity and emphasizes transforming raw observations into actionable
experiences. However, incremental learning also faces significant challenges: changing data distributions over time,
balancing the integration of new and old knowledge, dynamically adjusting model complexity, and maintaining a
compact yet informative memory of past data. While incremental learning has been thoroughly explored in image
processing applications [49], its application to dynamic control problems remains relatively underdeveloped.

Within the scope of fuzzy models, early work on incremental learning dates back to the development of Takagi-
Sugeno fuzzy systems, where researchers laid the foundation for data-driven online learning approaches. For instance,
Lughofer et al. [I7] proposed a data-driven online learning method that adapts both the linear parameters in rule
consequents and the premise parameters in membership functions through a modified vector quantization technique.
This approach enabled automatic rule evolution and cluster generation based on incoming data, with evaluations
performed on high-dimensional datasets from engine test benches and rolling mills, as well as on nonlinear system
identification tasks.

Building on this foundation, Yang et al. [45] introduced the Statistical Evolving Fuzzy Inference System (SEFIS),
which is designed to update system parameters continuously and adjust its structure in the presence of non-Gaussian
noise. SEFIS employs an adaptive maximum correntropy extended Kalman filter (AMCEKF) to improve parameter
estimation by incorporating statistical uncertainty measures, alongside dynamic rule evolution to add or remove rules
as needed. This detailed methodology illustrates how structural adaptation, combined with statistical modeling, can
yield faster learning and improved accuracy compared to traditional evolving fuzzy systems.

Another advancement include PANFIS (Parsimonious Network based on Fuzzy Inference System) [29] and evolving



An incremental learning-based fuzzy control scheme for a class of uncertain Euler-Lagrange systems 149

Takagi-Sugeno-Kang (T'SK) models for time series forecasting [2]. PANFIS, for example, starts with an empty rule set
and incrementally constructs and refines fuzzy rules based on the degree of nonlinearity in the system, merging similar
fuzzy sets to improve interpretability while keeping the model compact. The evolving TSK model introduced by Alves
et al. [2] adapts its structure by dynamically adjusting its rule base while maintaining a pre-defined maximum number
of rules. These detailed works illustrate the potential of incremental learning to maintain a balance between accuracy
and interpretability, even in nonstationary environments.

Fuzzy logic has also been widely applied in fuzzy control of Euler-Lagrange systems, which serve as models for
many mechanical systems and robotic arms [20]. The dynamics of these systems are typically modeled using the Euler-
Lagrange method, providing a robust framework for controller design [40]. However, addressing uncertainties within
these systems, particularly when precise modeling is unattainable, remains a significant challenge. Recent studies
have tackled various aspects of this challenge: Zhang et al. [47] proposed a finite-time event-triggered containment
control strategy that utilizes a settling-time performance function and adaptive neural networks with saturated terms
to manage unknown control coefficients; Yang et al. [44] developed a distributed optimal consensus control strategy
using filters and observers to ensure bounded control signals and global consensus; and Xiao et al. [41] introduced
a fixed-time formation-containment control strategy that employs distributed estimators and adaptive integral sliding
mode disturbance observers.

Additional studies have further refined control methodologies for Euler-Lagrange systems. He et al. [9] proposed a
dynamic output feedback control strategy that requires only position and velocity tracking errors, thereby eliminating
the need for full state feedback or explicit system parameter knowledge. Sun et al. [36] employed nonsingular fast
terminal sliding mode control in conjunction with control barrier functions to ensure both finite-time convergence and
constraint satisfaction. Leal et al. [I4] developed a fault-tolerant control scheme using a generalized proportional
integral observer, which efficiently estimates disturbances and faults using only the inertia matrix. Liu et al. [I6]
addressed the nonlinear challenges in Euler-Lagrange systems through an inverse optimal formation control method
that ensures semi-global uniform ultimate boundedness while optimizing performance via a cost function. Su et al.
[35] presented a distributed formation optimal tracking protocol that allows each agent to track an optimal reference
trajectory without exchanging virtual states, and Ober et al. [24] integrated variational principles with backward error
analysis for system identification from discrete position data.

Machine learning-based approaches have also been applied to address uncertainties in Euler-Lagrange systems. Chen
et al. [4] combined reinforcement learning with an echo state network to provide fault-tolerant adaptive tracking control,
while Yao et al. [46] developed a reinforcement learning-based direct signal tracking control strategy that integrates
data-driven learning with backstepping control for enhanced adaptation and stability. Nguyen et al. [23] proposed an
event-triggered robust optimal control method for mobile Euler-Lagrange systems affected by actuator saturation and
dead zones, ensuring closed-loop stability and avoiding Zeno behavior. Gao et al. [6] addressed singularity issues by
dynamically adjusting coefficients in the potential energy function through a fuzzy system, and He et al. [10] utilized
Gaussian processes to construct a nonparametric uncertainty model that supports adaptive robust control with low
gains.

Despite these significant advances, the application of incremental learning specifically to fuzzy controllers for Euler-
Lagrange systems remains relatively underexplored. Preliminary studies in this area include a random forest-based
incremental learning algorithm for robot control by Gijsberts et al. [7] and the Infinite Mixture of Linear Experts
(IMLE) algorithm for multi-valued function approximation in sensor mapping by Jamone et al. [12]. Yang et al. [43]
further demonstrated the benefit of incorporating an incremental learning mechanism into neural-network estimators for
enhancing the control performance of biped robots. However, a comprehensive framework that integrates incremental
learning with fuzzy logic for dynamic control tasks in Euler-Lagrange systems is still needed.

In this paper, we propose an innovative incremental learning algorithm tailored specifically for fuzzy models applied
to control tasks in Euler-Lagrange systems. Our approach introduces an adaptive, experience-driven fuzzy model that
continuously evolves its rule base in response to real-time performance measures such as error, error derivative, and
error integral. The proposed algorithm periodically transforms observations into stored experiences within a limited-size
queue, which are then used to update rule outputs dynamically. This methodology allows the fuzzy model to refine
its control strategy over time without the need for complete retraining. By combining the interpretability of fuzzy
systems with the adaptability of incremental learning, our work provides a detailed and novel solution to the challenges
of controlling nonlinear and uncertain Euler-Lagrange systems.

In addition to its theoretical contributions, the proposed incremental learning-based fuzzy model has significant
practical implications. Real-world dynamic systems-such as autonomous robotics, industrial automation, and renew-
able energy management-demand controllers that can adapt in real time to uncertainties and evolving environmental
conditions. By continuously updating its rule base without the need for complete retraining, our approach offers a
robust solution to the challenges of sensor noise, changing data distributions, and unforeseen disturbances.
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The remainder of this paper is organized as follows. In Section[2] we examine the dynamic model of Euler-Lagrange
systems. Section [3] introduces the proposed incremental learning-based control scheme. Section [ presents simulation
results and their analysis, and Section [5]| concludes the paper.

2 System dynamics

The Euler-Lagrange model serves as a cornerstone for deriving dynamic equations governing mechanical systems,
offering insights applicable across various domains. Typically, a system with n degrees of freedom (DoF) under the
Euler-Lagrange framework is described by the following equations:

M (q)G+H(q, §)G+d(q) =T, (1)

in which, ¢ € R™ is the vector of system variables, M (g) € R™*" is the symmetric and positive definite inertia matrix,
H(q, ¢) € R*™™™ denotes the centrifugal Coriolis turques, d (q¢) € R™ represents the vector of gravitational torque,
7 € R™ demonstrates the vector of control input.

In practice, the nominal model of Euler-Lagrange systems is typically established via standard test procedures
and measurements. However, the exact model of Euler-Lagrange systems remains elusive due to factors such as
wear, friction, and modeling simplifications. A viable approach to address these challenges is to decompose the model
into a nominal component and an uncertain component [40].

M (Q) =M, q) +AM (q)v (2)
H(q, ¢) = H,(q, ¢ +AH (q, q), (3)
d(q) = do (q) +Ad(q). (4)

—~

In which, M, indicates nominal inertia matrix, H, denotes the nominal centrifugal Coriolis turques, and d, represents
the nominal vector of gravitational torque. Note that the terms containing the A prefix demonstrate the uncertain
components of the system dynamics.
Now, by assuming the state variables as z1 = ¢, 9 = ¢, and x = [qT, qv, ('jT]T, let’s put the system equations in
the standard state-space form. Using equation , o would be as following;:
.’tz = ]\4'_1 (xl) T

o

— M(;l (z1) [Ho (21, 22) 22 + dp (71)]

—]\40_1 (.’L‘l)[AM (.Tl)ajg-i-AH(l’h .Q?Q).%'Q—I—Ad(a?l)] (5)
So by assuming g (x) and f (x) as:
9(x) =l (%), -, g (¥
= _2\40_1 (xl)(Ho (331, $2)$2+d0 (1‘1)), (6)
FE)=1A), -, fax)]
= 7M071 (xl)(AM (1’1)$2+AH (3’]1,1172) X2 +Ad($1)), (7)
we will have:
@y = My (1) T+ g(x) + f(%). (8)

According to their respective definitions, g (x) represents a known dynamic function, whereas f (x) embodies an un-
known entity, encompassing unstructured dynamics and external disturbances. Referring to [40], it is assumed that the
inertia matrix M is symmetric and positive definite. As can be seen, we have also considered the additive uncertainties
in addition to multiplicative uncertainties, which makes the control problem harder.

3 Incremental learning

Classical machine learning paradigms operate under the assumption that all training data is available at once, allowing
the algorithm to learn a single, comprehensive model. The main problem of such paradigms is catastrophic forgetting.
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Catastrophic forgetting, also known as catastrophic interference, refers to the phenomenon that an artificial neural
network forgets previously learned information when it is trained on new information [I§]. Such ”forgetting” can be
significant and abrupt, leading to a drastic drop in performance on previously learned tasks. Continual learning, in
contrast, presents a scenario where data arrives sequentially, often with changes in the underlying data distribution over
time. This scheme demands adaptation from the learning algorithm, requiring integrating new information continuously
while preserving previously acquired knowledge. Thus, one of the principal and open problems in the machine learning
context is enabling the models to incrementally learn from evolving data [5].

We can categorize the incremental learning into three scenarios: Task-Incremental Learning (TIL), Domain—
Incremental Learning (DIL), and Class—Incremental Learning (CIL) [38]. TIL addresses problems where the model
sequentially learns to solve distinct tasks. DIL focuses on training a model to solve a single problem in different con-
texts. Finally, CIL aims to discriminate between incrementally observed classes. Considering these definitions, we can
deduce that the control problem of dynamic systems is a CIL because we deal with a fixed (albeit uncertain) system, so
any changes and learning should occur based on the different initial conditions of the system. In the following sections,
we will introduce the proposed fuzzy incremental learning control scheme and explore some theoretical aspects of its
application to a class of uncertain Euler-Lagrange systems.

3.1 Preliminaries

In this subsection, we introduce the preliminaries of the proposed control scheme: Formulation of the TSK fuzzy
systems, formulation of the Mamdani fuzzy systems, and Human Evolutionary Optimization Algorithm.

3.1.1 TSK fuzzy systems
The rule base of a TSK system is defined as a number of IF-THEN rules as follows:

R':IF y is Fiy AND --- AND x, is Fp,
THEN vi =v{; AND --- AND vy =v},. (9)

In which y; represents the i*" input of the system, F;; is the fuzzy set describing the i*" input in the [* rule, v; is the
7" output of the system, the value of the j** output in the I'* rule is v,. Finally, p and ¢ are the number of inputs
and outputs of the fuzzy TSK subsystem, respectively. Considering the product operator as the t-norm of the fuzzy
system, the 7% output of a TSK system consisting of L rules can be calculated as follows:

L *
PO Vil H€:1 HE; (x4) .
I/j: L D ’ J:]'v,q (10)
Zl:l Hi:l HE; (xi)

3.1.2 Mamdani fuzzy systems

The rule base of a Mamdani fuzzy system can be illustrated as the following set of rules [22]:

R':IF x,is Giy AND --- AND ¥, is G,y THEN v is By, (11)

th th

In which x; represents the :*" input of the system, G;; is the fuzzy set describing the ¢*" input in the 1P rule, v is the
output of the system, B; is the fuzzy set describing the output of the I** rule, and p is the number of system inputs.
Considering the product as the t-norm, maximum as the s-norm, and singleton fuzzification, the fuzzy output of a
Mamdani system consisting of L rules can be calculated as follows:

py (V) = _max [H HGw () i, <u>] . (12)

e e

These choices are commonly used in fuzzy logic systems due to their mathematical simplicity and intuitive interpretation.
The product t-norm is selected as it provides a smooth and multiplicative combination of fuzzy membership values,
which helps in achieving a finer degree of intersection between fuzzy sets. Also, the maximum s-norm is employed
because it effectively represents the union of fuzzy sets by selecting the highest degree of membership. These norms
are standard practices in fuzzy systems and are particularly suitable for the proposed method’s requirements.
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Now, to achieve the crisp output of the system, we must defuzzify the output set, B'. In this paper, the center of
gravity method has been chosen for the defuzzification of the final output fuzzy set, which can be calculated using the
formula below:

o Jyvup (v) du.
f v g (V) dv

In which v* is the crisp output of the system, and V is the universe of discourse of the output.

(13)

3.1.3 Human evolutionary optimization algorithm

The Human Evolutionary Optimization (HEO) Algorithm is a recent metaheuristic algorithm inspired by evolution in
human societies. In this algorithm, the initial population experiences two stages. The first stage is human exploration,
and the second is human development. In the human development stage, we divide the population into Leaders,
Explorers, and Losers, and each sub-population evolves with a different rule. The reported results for this algorithm
suggest a significant capability of being used in various scientific and engineering applications. The pseudo-code below
describes the HEO algorithm [I5]:

1: Logistic chaotic mapping initialization

2: Compute initial fitness values

3: fori=1to M do > Starting the search
4: bestFitness < fitness(1)

5: worstFitness « fitness(N)

6: r < random/()

7 for j =1to N do

8: if 1 <= M /4 then > Human exploration stage
9: X5 = Xgp x (1= ) + (mean (X;) = Xgp) x |“F220 | 5 Fjony +b x Levy (P)

10: else > Human development stage
11: for j =1to Ny do > Leaders update
12: if r < A then i mormall

13: X; = wX; x eMxrandom()

14: else

15: X7 =wX; +normal()

16: end if

17: end for

18: for j = Ny to Np + NEXdoX > Explorers update
19: X;‘ +— normal() X e%

20: end for

21: for j = N, + Ng to Ni, + Ng + N do > Followers update
22: X7« Xj +w xnormal() x (X1 — Xj)

23: end for

24: for j = N, + Ng + N to N do > Losers update
25: X5 Xgp + (Xgp — Xj) x normal()

26: end for

27: end if

28: Update and boundary control

29: end for

30: Store best solution

31: end for

The main parameters of this algorithm are population size, number of leaders, number of explorers, number of losers,
A, and number of iterations. In this paper, we use the values 50, 20, 20, 10, 0.6, and 100, respectively. Notice that
Levy is a random number generator with Levy probability distribution, and the input of the Levy function is the size of
the randomly generated vector. Also, random and normal functions are random generators with uniform and normal
distributions, respectively. More details about the HEO algorithms are available in the original study [15].
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Figure 1: Block diagram of the proposed incremental fuzzy learning scheme, illustrating its structural components and
learning process.
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Figure 2: Block diagram of the proposed incremental algorithm, outlining its key components and operational flow.

3.2 Proposed fuzzy incremental learning control scheme

Figure[I]represents an overall view of the proposed fuzzy model and the incremental learning scheme corresponding with
it. Also, Figure[2] demonstrates the structure of the proposed incremental learning algorithm for converting observations
to experiences. In these block-diagrams, the dashed line shows procedures that occur at discrete time instances. The
fuzzy model consists of two fuzzy subsystems: a Multi-Input Multi-Output (MIMO) Takagi-Sugeno-Kang (TSK) fuzzy
system and a Single-Input Single-Output (SISO) Mamdani fuzzy system. The inputs of the MIMO TSK fuzzy subsystem
are the components of the error vector, and its outputs are applied to the aggregator SISO Mamdani subsystem after
passing through the summation block. The main use of the Mamdani subsystem is to ensure the control signal lies
within a specific bound.

Our selection of the Takagi-Sugeno-Kang (TSK) fuzzy model is primarily driven by its ability to capture nonlinear
dynamics in a mathematically concise and interpretable manner. The TSK framework is particularly well-suited for
dynamic control tasks in Euler-Lagrange systems, where a precise quantitative approximation of the system behavior
is essential. In contrast, the Mamdani fuzzy subsystem was chosen for its strength in handling qualitative, linguistic
rule-based reasoning, which facilitates robust uncertainty modeling in scenarios where crisp boundaries are difficult to
define. Together, these subsystems provide a complementary balance-leveraging the quantitative strengths of TSK and
the qualitative robustness of Mamdani-to address the complex challenges of our control problem.

In the proposed scheme, we adjust the outputs of the fuzzy rules in the rule base of the TSK fuzzy subsystem using
a specific algorithm, both periodically and event-based. We assume the adjustment period of the TSK fuzzy subsystem
as T,. Also, the event that triggers an adjustment process is a change in the rule with the highest firing strength in
the rule base. Before starting to describe the rule-adjustment process, we should define some terms. An experience
is a set of outputs of the TSK fuzzy rules. A successful experience is an experience in a T, period in which the cost
function is reduced. The cost function is a function of input variables and time, which has an inverse relation with the
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performance of the system. That is, reducing the cost improves the performance. The active rule is the rule with the
highest firing strength. We will introduce the exact relation of the cost function in the following. Each rule-adjustment
process has three steps:

1. Updating the experiences list by storing the outputs of the rules in the rule base and the change of cost function
till the last update process.

2. Determining the output of the active rule based on previous successful experiences by performing a weighted
averaging.

3. Updating the output of the active rule based on the 2nd step and the HEO-based algorithm.

The mentioned cost function can be a time-invariant function as the norm, or a time-variant function, which can force
a specific convergence rate in the training process. Let’s assume the experience FIFO queue as follows:

g:[...’gi ] (14)
In which, we define the i*" experience as:
=i, Ci). (15)
In this definition,
Vi={Vij, l=1 ,Lrsk, j=1,--,q}, (16)

is the set of outputs, Lyrgk is the number of rules in the fuzzy TSK subsystem rule base, and C; is the cost function,
which we evaluate it as below:

Ci = sat (v (ti—1 [|€i—1l| =t lleil]) , o) - (17)

In this formula, v is a constant. sat is the saturation function defined as:

o B> o,
sat(B, o) =< —o B < —o,
I5) Otherwise.

with the input S and the saturation level o. Furthermore, t; is the storing time of the i** experience. In Figure
the “Converting observations into experiences” block is responsible for the first step described above. After adding
the experience to the list, the experience-based decision maker summates the achieved experiences in the experience
list and proposes a set of output values for the rules of the TSK fuzzy subsystem rule base. The updated outputs are
achieved using a weighted average as below:

>ieze, Ciditi
ZiEIgS C'L

In which, Y is the set of outputs of the TSK fuzzy subsystem achieved by previous experiences, and &, is the set of
successful experiences. If C; is positive, the experience is considered successful, and if negative or zero, it is considered
unsuccessful. Zg, represents the indices set of successful experiences. The mentioned procedure, described as the second
step of the updating rules process, is done in the “Experience-based Decision Maker” block.

Note that the system error is large at the begining of the simulation and gradually converges over time. As mentioned,
based on the equation (18), the updated output is obtained using an averaging procedure with C;s as weights. Having
large weights for experiences occurring while the error is high is inevitable, and this affects the contribution of more
successful experiences obtained when the error is lower. Therefore, using only the error difference as the cost function
does not yield proper results. To mitigate this issue, we introduced a time coefficient to the error value. Further more,
the coefficients v and ¢ are used for a similar purpose: to prevent the weights from growing beyond a specific value,
thereby avoiding premature convergence of the rule outputs.

After introducing Equation (18), we now delve deeper into periodic and event-based rule updates. These two types
of rule adjustments are designed to prevent experiences from leaving unwanted impact when applied in Equation (18).
We will illustrate the significance of these rule update strategies using two examples.

371,3' = (18)

1. First, consider a scenario where the rule with the highest firing strength has not been updated for a considerable
period. Based on the defined fuzzy sets, this indicates that the system states are either changing at a very low
rate or have converged to a specific value. Regardless of which case applies, this results in lost learning time
without acquiring new experience. If this process continues, it delays the acquisition of new experience, slows the
convergence of fuzzy rule outputs, and prolongs the training process. To address this issue, periodic rule updates
are introduced at fixed intervals.
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2. Next, suppose the rule outputs are updated periodically, but due to improper initialization or other issues, the
system error fails to converge. In this case, waiting until the next scheduled update can cause errors to rise
unexpectedly. If the system starts from a high error value at an advanced time step and then experiences a
successful learning instance, this would assign an undesirably large weight in Equation (18) to an experience that
should not have such a high C;. This can also lead to delayed convergence of the rule outputs. To prevent this
issue, event-based rule updates are introduced. By triggering updates when necessary, system errors are prevented
from diverging unexpectedly.

The rationale behind these two types of rule updates has been described above. However, further research can be
conducted to improve the convergence speed of this learning method.

The last step for updating the rule base of the TSK fuzzy subsystem is to deviate the outputs of the rules from
the values achieved by the experiences using the HEO-based method, which ensures the possibility of generating better
3717 j over the training process. In other words, pure use of the results achieved by the experiences yields an unmatured
convergence, ensembling a situation in which we are not looking for new and different conditions and corresponding
new experiences. Utilizing the HEO-based method, we can experience new conditions and improve the system using
successful experiences. The final output of the active rule of the TSK fuzzy subsystem is calculated as follows:

571,‘7‘ = <1 — ?) (371,,7' - J>;’7> Levy () + (1 — I;) 575]» —+ ( Al"; — j}lb]) {MJ Fiump- (19)

FEljumyp

In which, k is the rule-adjustment process index, I' is the maximum number of rule-adjustments, jilb ; indicates the best

achieved :)A)l’j, and 5)1”3 shows the mean value of achieved JA)MS. Levy () and random() indicate randomly generated
numbers considering Levy and uniform probability distributions. Fj,m,, is an algorithm parameter defined as one-
thousandth of the length of the definition interval of the JA)I’ e

For further clarification, we summarize the ”Converting Observations into Experiences” block as Algorithm .
Additionally, a more structured, step-by-step explanation of the ”Experience-Based Decision Maker” block is provided
in Algorithm . The final outputs of the fuzzy TSK subsystem used in the training process are denoted as )A)M, and
the output of the fuzzy TSK subsystem is computed using Equation .

Algorithm 1 Convert Observations into Experiences

: Let C; « Cost function using equation (17);

: Let Y; < Outputs of the fuzzy TSK subsystem rules;

: PUSH &; = (V;, C;) into experience FIFO buf fer with fized size (£);
: Return &;

W N =

Algorithm 2 Experience-based Decision Maker

1: Let Y, ; «+ Weighted average of the Y, ; using equation (18);
2: Let ), ; < HEO — based update of the outputs for new experiences using equation (19);

3: Return Y ;

As can be seen in Figure[l] the input of the TSK fuzzy subsystem is the error vector defined below:

t
€0, = |:691'7é9m/ €y, (T) d7:| ) (20)

And the input of the Mamdani fuzzy subsystem is the summation of the outputs of the TSK fuzzy subsystem. We
assume three fuzzy sets, Negative, Zero, and Positive, for describing each input variable of the TSK fuzzy subsystem.
Figure [3| represents the input sets that are used similarly for all inputs of the TSK fuzzy subsystem. All possible rules
using these sets for all inputs are used for building up the rule base of the system. The Mamdani fuzzy subsystem maps
the result to a control signal inside the operation range of the actuator.

Considering the structure of the fuzzy controller and the mathematical formulation of its components, the final
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Figure 3: Fuzzy sets representing the input variables of the TSK fuzzy subsystem, illustrating their linguistic categories

and membership functions.

input-output relation of the controller model can be summarized as:

. Jyypg (y)dy

— , (21)
[y pp () dy
q
pp (y) = max pe [ D i | e )|, (22)
=1, s L Mamdani ]:1
Lrsk ~ P
— ill= v 6 .
yj — Zl—l ylv] Hl—l IuFL,l ( ) , ] — 17 .. ,q. (23)

L
2" 12’3:1 HF; (e:)

In which, e; is the i** component of the error vector, and Y, ; is the j** output of the I"* rule during the learning
process. The membership functions used in this formula have been defined above. As we know, fuzzy systems are
universal approximators, and the defined fuzzy controller also has this feature, meaning that, considering the inputs
of the TSK subsystem as error, error derivative, and error integral, the control scheme provided in this article is a
general nonlinear PID controller. From this point of view, we can initialize the controller parameters in such a way
that the system is stable. Since the successful experiences are only those in which the system performance is enhanced,
considering the definition of cost function, the system will maintain stability. Improving system performance, in this
case, is guaranteed by successful experiences, achieved by equation ‘

Note that, in our proposed fuzzy system, we continuously monitor performance measures throughout the simulation.
When an experiment is deemed unsuccessful, indicated by a decrease in the performance measure, we update the
output of the fuzzy rule with the highest firing strength. This targeted adjustment is designed to correct the observed
deficiency. If the updated rule subsequently results in improved performance, the experiment is classified as successful,
and the updated output is stored for use in future intervals. This adaptive, experience-driven updating process directly
contributes to the overall performance gains observed in our simulations, as it enables the system to learn from its
shortcomings and reinforce effective control strategies.

Regarding parameter selection, system parameters and initializations are determined through an empirical tuning.
They are adjusted based on cross-validation experiments across diverse operating conditions to ensure stable and efficient
adaptation during incremental learning. This systematic approach to parameter tuning not only optimizes the control
performance but also enhances the transparency and reproducibility of our methodology.

3.3 Stability analysis

Assuming the general formulation of the Euler-Lagrange systems as:

M(q)i+H(q, ¢)q+d(q) =7(t)+7a(t), (24)

and defining the system error using the desired trajectory gq (t) as:
€ = {q—(Yd, (25)
¢ = {—dqa, (26)

¢ = [9 e (9) dv, (27)

=0
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we define the computed-torque controller with PID structure as following;:
7 (t) = M (q) (Ga — Kaé — Kpe — Kr€) + H (¢,4) da +d (q) , (28)

where Kp, Kp, and K are positive definite gain matrices. By substituting this control law into the Euler-Lagrange
system dynamics, the closed loop error dynamics become:

M (q)é+ H (q,d)é + Kpe + Kpé + Kr€ =14(t). (20)

To study the stability of the closed-loop system error dynamics let’s assume the Lyapunov candidate function as:
1 1 1
V(e é,&) = 5éTM (@) ¢+ 5eTKPe + 5gTKIg. (30)

which is positive definite provided that M (¢), Kp, and K; are positive definite. Taking the derivative of V' with
respect to time and following similar steps as before (including the cancellation due to the skew-symmetry property of

M (¢) — 2H (q,q), we obtain: .
V=—e"Kpé+é'ri(t). (31)

In the absence of 74 (1), V = —¢TKpé, which guarantees asymptotic stability when the linearized characteristic poly-
nomial of the closed-loop system (in a scalar or decoupled diagonal case) is Hurwitz.

§* + Kps®> + Kps + K = 0. (32)

Which means that KpKp > K; and Kp,K;,Kp > 0. The additional term é774 (t) represents the effect of the
disturbance. Suppose that the disturbance is bounded in norm:

| 7a(t) I<6, Vt>0. (33)
Then we have
efr@)<llelr@)y<alel. (34)
Thus, the derivative of V' can be bounded as
V< =X {Ep} | €[IP +6 [ €], (35)

where A\in {Kp} denotes the smallest eigenvalue of Kp. To make the dissipation term more transparent, one may
complete the square. For any ¢ > 0, by Young’s inequality we have

. 52 0 .12
< — = .
Slel< g +2lel (36)
Choosing 0 = Apin {Kp} yields
. 52 A7rnn {KD} )
< .
11 1€ gy + R e (37
Substitute back into the expression for V:
. . )\min {KD} .2 62
|4 < _)‘min K e 2 +—F——7— | € 4+
e e R ey
Amin {KD} .12 52
= -mm o) _— 38

This inequality shows that when || é || is large, the negative term dominates; however, when || é || is small, the
disturbance term prevents V from being strictly negative. In other words, the system is input-to-state stable (ISS): the
errors will converge to a bounded set whose size depends on §.

The candidate function V is still positive definite, and its derivative satisfies

2
V< _Amin {Kp} | &2 +577
2 >\min {KD}
which implies that V() is bounded for all ¢.
By standard ISS arguments, the tracking error e, its derivative é, and the integral error £ are ultimately bounded
by a function of the disturbance magnitude . More specifically, there exists a residual set around the origin (i.e., e, é,
¢ converge to a neighborhood of zero) whose size can be made small if § is small and if the gain Kp is sufficiently large.
As before (74(t) = 0), the gains must satisfy:

(39)
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e Kp, K;, and Kp are positive definite.
e In the scalar (or decoupled) case, the condition KpKp > K (or its matrix analogue) remains important.

These conditions, combined with the choice of Kp to ensure sufficient damping, guarantee that the disturbance’s effect
is attenuated.

Now, starting from a set of PID parameters that satisfy these conditions, we will demonstrate that the system
remains stable while the rule outputs evolve over time. Based on equation (23), while the system is under test, the
output of the TSK fuzzy subsystem is given by:

L
y,]:zwl:)_}l,g7 j:17>q (40)
=1

In which,

l_ [T, pr,, (€:)
22:1 1= 1 (e2) '

Additionally, e; represents the i*" element of the introduced error vector. By temporarily disregarding the Mamdani

subsystem and considering the stability analysis provided for the PID controller along with the inputs of the TSK fuzzy
subsystem, the stability condition of the closed-loop system is given by:

w

(41)

Y1,Y2,Y3 > 07 (42)
yiy2 < Y3. (43)

‘Which can be written as:
(ZlL:l le]l,l) (ZlL:I le}l,z) < ZIL:I wljjl,& (44)
— S S WV Ve < SE W s (45)

A sufficient condition is that each pair satisfies:

37[’1)7]@)2 < \/m, l,k=1,---,L. (46)
L L L L
Z Zwlwka,137k,2 < Z Zwlwk\/ 371,337k,3- (47)

1=1 k=1 1=1 k=1

This ensures that:

By applying Jensen’s inequality to the convex function f(x) = 22, we obtain y;y2 < y3. As mentioned earlier, the

Mamdani fuzzy subsystem acts as a saturation function, preventing the control signal from growing beyond the capacity
of the actuators. In the stability analysis, this manifests as a condition that renders stability local. Up to this point, we
have demonstrated that the system remains stable by initializing the outputs of the TSK fuzzy subsystem using stable
PID controller coefficients.

Now, we show that, starting from a stable controller, the closed-loop system remains stable at the end of the training
process. Since only successful experiences are used, and based on the time term in the cost function formula (equation
(17)), an experience is considered successful only when the error converges at a rate higher than linear, with a specific
active rule, until a new rule update is triggered. If the update is triggered by a change in the active rule, it indicates
that one of the error states have passed through zero. Consequently, the update process searches for a better output
for the active rule. Using the previous stability analysis and the output initialization method, we ensure convergence
for all active rules. As a result, the system error remains bounded during the training process, and by optimizing the
parameter set with the HEO algorithm, this bound will converge to zero or reach exactly zero when asymptotically
stable outputs for the fuzzy TSK subsystem are obtained for every rule.

3.4 Scalability and computational complexity

Scalability is a critical consideration in our proposed control scheme, particularly when extending its application to
systems with higher degrees of freedom or more complex dynamics. The incremental learning framework is designed
to adapt its rule base continuously, allowing the controller to adjust to new information without the need for complete
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retraining. As the system scales, the computational complexity associated with rule evolution and updating can increase;
however, our approach mitigates this by employing strategies such as dynamic rule pruning. This techniques help to
manage the number of active rules, ensuring that the computational load grows sub-linearly relative to the system’s
complexity.

Furthermore, a trade-off exists between the accuracy of the control performance and the efficiency of computation.
To balance this, learning rates and weighting factors are carefully tuned, allowing for effective incremental updates
while minimizing computational overhead. Preliminary analyses suggest that, even as the system size increases, our
method maintains a robust performance without incurring prohibitive computational costs. In addition, future enhance-
ments such as parallel processing and hardware acceleration are envisioned to further improve scalability in large-scale
applications.

4 Simulation results

In this section, we will evaluate the proposed fuzzy incremental learning-based control scheme in contrast with reinforce-
ment learning models. For this purpose, we will use a robotic manipulator dynamic model. This model is widely used
in studies concerning the Euler-Lagrange systems and is a well-known benchmark system. The comparison criteria for
different models, in addition to convergence characteristics, are the minimum number of required runs in the simulation
horizon for achieving a certain convergence performance, settling time of joint angles’ error, and overshoot of joint
angles’ norm. We assume the simulation horizon as the interval [0, 5] seconds for simulating nominal and uncertainty
scenarios.

According to equation , the dynamics of the robotic manipulator is given by following definitions:

M Mo
M (q) = , 48
@ [ My M } (48)

where the elements of matrix M (¢q) are achieved using the formulas:

Lo 2 1o
M11 = IZl + IZ2 + mlzll + mo ll + 1l2 + lllQCOS (QQ) 5 (49)
1, 1
Mis = My = 122 + ma ZZQ + 5111200S (q2) ) (50)
1

M22 = IZ2 + *mglg. (51)

4

In the above relations, Iz,, m;, and [; indicate the inertial momentum, mass, and length of the i'" link, respectively.
Also,

*

. —cgo+¢f —c(d1+4
H(q, ) = [ chql ' (q;Q @) } : (52)

in which, ¢ is the friction coefficient of the ' link, and

1
c= imglllgsin (¢g2) - (53)

The coefficient c¢ is often referred to as a centrifugal and Coriolis coupling coefficient or simply as a dynamic coupling
coefficient. It typically arises from the terms that model the interaction between the velocities and/or accelerations
of the links and quantifies how the motion of one joint affects the dynamic forces on another joint through Coriolis
and centrifugal effects. ¢ can also be broadly referred to as a dynamic coupling coefficient because it appears in the
off-diagonal elements of the Coriolis matrix and represents coupling between joint motions. Finally,

Lmiglycos + mag (l1cos + 1l5c0s +
d(q) = | zmagheos (@) 1 29 (licos (q1) + 3lacos (@1 + q2)) | (54)
5Maglacos (q1 + q2)

The actuator for each joint in this robot is a DC motor with a peak torque of 8.5 N - m, and Table [I] represents the
joint parameters [40]. All the system parameters are assumed to be uncertain with errors of the order 10% [48], 25%,
and 50% in three scenarios. Therefore, using the equation introduced in section [2] the system uncertainties can be
calculated.
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Table 1: Parameters of the system model, detailing the key variables and coefficients used in the analysis.

Description Value  Unit
Mass of link-i: m; 0.506 kg
Length of link-i: ; 0.305 m

Inertial moment of link-i: Iz,  0.027 kg -m?
Friction coefficient of link-i: ¢f  0.01625 kg -m?/s

Gravity acceeration: g 9.81 m/s

Note that, in simulations, we initialized the robot from ¢ (0) = [0.8, 0.6]" and ¢ (0) = [0.4, 0.3]". We trained the
proposed control scheme over 50 executions with 73, = 0.1, meaning a minimum number of 2500 epochs. Also, we
trained the MLP, RBFN, and TSK controllers using the HEO algorithm with population size of 50 in 100 iterations,
meaning 5000 complete executions and also 5000 epochs. Based on the theoretical analysis of system stability presented
in Section 3.3, the HEO algorithm improves the convergence characteristics of the closed-loop system without affecting
its stability. However, it can influence the quality of the system’s response. In this study, the selected parameters
are those recommended by the authors of the article that introduced the HEO algorithm [I5]. Future research could
investigate the use of alternative optimization algorithms with different parameter settings for a comparative analysis.

Since the robot under study has two joints, we must utilize two controllers for the system. As we mentioned, each
controller has three inputs, and each input is represented using three fuzzy sets. So, the full rule base of the TSK
subsystem consists of 27 rules. Also, since the TSK subsystem has three outputs, each rule similarly needs three output
values. It means that, L, and p in equation are 27 and 3, respectively. We have initialized these 27 x 3 = 81
output values using simple and not optimized PID controller coefficients as follows:

2 05 05

it toin 2 05 05

yimt= [, = : (55)
2 05 05

In this matrix, the columns in the I** row represent the Proportional, Integral, and Derivative coefficients of the PID
controller, which serve as the output of the I*" rule. When starting the training process or when there is still no
successful experience, we should use the initial coefficients y;j;” in Equation .

Figure 4: 3D illustration of the control surface for the first joint’s controller, showing how the control law responds to
variations in input variables of the controller while éy, = 0.

Along with the reinforcement-learning-based MLP, RBFN, and TSK controllers, we have mentioned the results
achieved by the PID controller to show that the proposed scheme can achieve significant results despite starting from
a poor initialization. Of course, we can select the PID controller parameters to achieve better results, but it may
suffer from a lack of adaptability. The MLP model, used as the controller, has three layers with 3, 9, and 1 neurons,
respectively. The RBFN model used in simulations has a 3-dimensional feature vector and 12 kernels. The TSK
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method has 3 inputs and 12 rules with all fuzzy sets as Gaussian. The t-norm and s-norm of the TSK system have
been selected as product and maximum, respectively. These assumptions have been made to have approximately the
same total parameter number for all four learning-based models. We have demonstrated the achieved control surfaces
for the first joint controller after the learning process in Figure[d In the first scenario, considering the nominal system,
Figure [5] shows the system state variables achieved by five different control methods. Figure [6] depicts the convergence
diagram of the joint angles error. Also, Figure [7] demonstrates the norm of the control input vector over the simulation
horizon. Figures EL and [L0| represents the system response achieved by different methods considering the 10%, 25%,
and 50% uncertainty scenarios, respectively. Due to the poor results in uncertainty scenarios by the RBFN and TSK
controllers, which are reflected in the comparison table, we avoided illustrating their results to save space. Table
compares the performance measures achieved by different methods for the control task of nominal system and three
uncertainty scenarios.

To evaluate the effectiveness of our proposed control scheme, we consider a comprehensive set of performance
metrics that capture both transient and steady-state behaviors under nominal and uncertain conditions. First, the
settling time-defined as the time required for the system response to remain within a 4% error band of the desired
value-is measured for both the nominal and uncertain systems. A shorter settling time indicates a faster response,
which is critical for applications requiring rapid adaptation. Next, the Integral of Absolute Error (IAE) is computed
over the entire response period for both the nominal and uncertain systems. The IAE provides a cumulative measure
of tracking accuracy, reflecting the controller’s overall precision in minimizing deviations from the target trajectory.
Finally, overshoot is evaluated for both system conditions, offering insight into the stability and robustness of the control
scheme; excessive overshoot can be indicative of an unstable or overly aggressive response. Together, these metrics-
settling time, TAE, and overshoot-provide a detailed and balanced assessment of the control performance. Minimizing
settling time and IAE, along with controlling overshoot, aligns with our study’s goals of achieving rapid, accurate, and
stable performance in both nominal and uncertain environments. As can be seen, in all cases, the proposed incremental
learning-based control scheme has achieved significantly better results. The proposed method shows an improvement of
40.89% compared with the best other method in nominal system scenario. The major improvement can also be tracked
in uncertainty scenarios with 38.32%, 34.12%, and 34.79% less IAEs. In the case of settling time, while the RBFN,
TSK, and PID controllers have not settled down in the tough most simulation scenario, the proposed method achieved
the 4.6054s compared with 4.8303s for the MLP method. In all other scenarios, the proposed method overcomes
the results achieved by the MLP method. Finally, in four scenarios, the proposed control scheme reduces the system
response overshoot by approximately 44 —48% compared to the best-performing alternative method. The commendable
outcomes of the proposed control method are contingent upon the structure of the controller, which effectively fosters
and facilitates incremental learning.
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Figure 5: System response obtained using the proposed control scheme, PID controller, and three reinforcement-based
control schemes, highlighting their performance in trajectory tracking and stability.
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Control Effort by Different Methods

Convergence Diagram of the Robot Joints
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Figure 6: Comparison of joint angle error conver-
gence achieved by different methods, illustrating
the rate and stability of error reduction over time.
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Figure 8: System response obtained using different methods under uncertainty scenario 1, highlighting their robustness
and adaptability to uncertainties.
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Figure 10: System response obtained using different methods under uncertainty scenario 3, highlighting their robustness
and adaptability to uncertainties.

Table 2: Comparison of the performance metrics of different control methods, highlighting their effectiveness and
efficiency.

MLP RBFN TSK PID Proposed
Settling time (4%) of the nominal system 3.6340s — - - 2.6893s
Settling time (4%) of the uncertain system (Scenario 1) 4.0480s — - - 3.5810s
Settling time (4%) of the uncertain system (Scenario 2) 4.5567s — - - 4.2715s
Settling time (4%) of the uncertain system (Scenario 3) 4.8303s — — — 4.6054s
TAE of the nominal system 0.5915  1.4349 1.1761  0.7684 0.3496
TAE of the uncertain system (Scenario 1) 0.6612  1.5004 1.3926  1.1328 0.4078
TAE of the uncertain system (Scenario 2) 0.7772  1.8328  1.7641  1.7252 0.5120
TAE of the uncertain system (Scenario 3) 0.9902 2.7643 — 2.5746 0.6457
Overshoot of the nominal system 9.57%  28.12% 28.61% 36.09%  5.52%
Overshoot of the uncertain system (Scenario 1) 12.84% 33.81% 39.256% 55.256%  7.19%
Overshoot of the uncertain system (Scenario 2) 18.16% 47.86%  55.79% 81.81%  9.59%
Overshoot of the uncertain system (Scenario 3) 28.13% 85.07% —% 117.80% 14.90%

To evaluate the disturbance rejection performance of the proposed controller, we assume the disturbance vector
applied to the system as an additive term to the control signal as below [40]:

74 = [ sin(0.5t), cos(0.5t) }T. (56)

In this case, the simulation horizon has been considered as [0, 50] seconds. According to the results, the RBFN and TSK
controllers were not able to properly reject the disturbance. The TAE for these controllers were 20.5683 and 23.6115,
respectively. Figures @, @, and demonstrate the system response achieved by MLP, PID, and the proposed
control methods, respectively. Compared with other controllers, the proposed control scheme has a better disturbance
rejection performance without any additional disturbance observer or predictor. In this case, the IAE achieved by the
MLP method is 9.7823, while the proposed controller yields an TAE equal to 3.1105. Also, the MLP method achieves
an error resonating about the constant value 0.1811, while the proposed control scheme experiences an error of about
0.0588 in the presence of disturbance signals.
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Figure 11: System response obtained using different methods in the presence of disturbance signals, illustrating their
disturbance rejection capabilities.

For going more deep in noise rejection property of the controllers, we have plotted the frequency response of the
closed loop system considering different controllers in Figure As can be seen, while in low frequencies the proposed
controller has just a slight superiority over other methods, in high frequencies its supremacy is more obvious. Note that,
these figures have been plotted after the training phase and achieving the final controller gains. Furthermore, for having
an insight into noise rejection capability of the proposed method compared with other four methods, we have repeated
the simulation for the nominal system in the presence of input noise with 500Hz frequency. Figure [I3] demonstrates
the system response achieved by the proposed control scheme, PID controller, and three reinforcement-based control
schemes in this case. Also, Figures and illustrate the joint angles error and control signal norm achieved by
different methods, respectively. Similarly, the proposed controller was able to handle the noise better compared with
the other methods.
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Figure 12: Frequency response of the system for different controllers, highlighting their impact on stability and dynamic
performance.
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Figure 13: System response obtained using the proposed control scheme, PID controller, and three reinforcement-based
control schemes under high-frequency stimulation.

Convergence Diagram of the Robot Joints Control Effort by Different Methods

I o o
> EY )

2nd Norm of Joint Angles

o
N}

2nd norm of Control Signals

o
o

T T T T T T T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5

Time (s) Time (s)
Figure 14: Joint angle error convergence achieved Figure 15: Control signal norm obtained using dif-
by different control methods under high-frequency ferent methods under high-frequency system stim-
system stimulation, highlighting their tracking ac- ulation, highlighting their efficiency and control ef-
curacy and robustness. fort.

Another important issue in control systems is noise in the state feedback signals. To evaluate the robustness of the
controllers against high-frequency state feedback noise, we introduced a randomly generated noise signal into the state
feedback. Figure[I0|illustrates the system response obtained using the proposed control scheme, the PID controller, and
three reinforcement-based control schemes under this condition. Additionally, Figures [I7] and [I8] depict the joint angle
errors and control signal norms achieved by different methods, respectively. The proposed controller demonstrated
superior noise-handling capability compared to the other methods. The Integral of Absolute Error (IAE) achieved by
the proposed controller in this scenario is 0.4066, whereas the best-performing alternative method (MLP) achieved an
TAE of 0.5933.
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Figure 16: System response obtained using the proposed control scheme, PID controller, and three reinforcement-based

control schemes under high-frequency state feedback noise.
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Figure 17: Joint angle error convergence achieved
by different methods under high-frequency state
feedback noise, highlighting tracking accuracy and
robustness.

While we have trained the MLP, RBFN, and TSK algorithms over 5000 executions and 5000 epochs, the proposed
incremental learning scheme only needs 50 execution and more than 2500 epochs to overcome other methods. Con-
sidering that each execution is a simulation of 5 seconds, the total simulation time for reinforcement learning-based
methods is 2.5e4 seconds of simulation, while for the proposed method, it is just 2.5e¢2 seconds. Figure [I9|represents the
normalized cost function and its moving average over training process. Due to randomized initial condition of system
during the training process, the cost function demonstrates a noisy fluctuating pattern. However, the moving average
of cost function is decreasing over different runs, confirming the efficiency of the mechanism for assigning performance
measure, storing experiences, and updating the outputs of the active fuzzy if-then rule as presented in Section 3. Finally,
it should be noted that we have done the simulations using Numpy [§] and SciPy [39] Python libraries and the data
representation by Matplotlib library [T1].
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Figure 19: Normalized cost function and its moving average over the first 150 runs during the training process of the
proposed incremental learning scheme, which continues for a total of 200 runs.

5 Conclusions

In this paper, we proposed an incremental learning-based fuzzy control scheme for uncertain Euler-Lagrange systems
and initialized the system parameters using simple PID controller coefficients. The incremental learning algorithm
evolved initial parameters to meet the expectations. The proposed model can transform the system performance into
experiences and use the experiences to make decisions about the controller parameters. We have done the simulations on
a well-known and extensively used Euler-Lagrange benchmark system, and the results confirmed the capabilities of the
proposed scheme. The results prove that, with much shorter training, the proposed control scheme can achieve better
performance. Compared with other methods, the IAE, settling time, overshoot, and disturbance rejection performance
of the proposed fuzzy incremental learning-based controller is better. In future work, we will also involve the unsuccessful
experiences in the decision-making process and add more heuristics to the algorithm, updating the outputs of TSK
fuzzy subsystem rules.
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