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Abstract

Portfolio management is a challenging task due to the uncertainty and volatility in financial markets, making precise
asset allocation and return maximization difficult. This paper presents a novel deep reinforcement learning (DRL)
approach enhanced with fuzzy trend indicators to improve portfolio decision-making. The model was developed using a
DRL framework, where a convolutional neural network (CNN)-based policy network learns to optimize asset allocations
through interactions with the market. Fuzzy trend indicators are incorporated as additional input features, enabling
the model to better capture market uncertainties and ambiguous trends. By providing a more flexible representation
of market conditions, fuzzy trend indicators allow the model to dynamically adjust portfolio allocations in response to
changing trends, leading to more precise asset allocation decisions and enhanced portfolio performance. The proposed
model was trained and evaluated on historical stock data from the Brazilian stock market, covering the period from
2011 to 2020. The dataset includes daily high, low, and closing prices, ensuring a strong foundation for model training
and validation. Experimental results show that the fuzzy-enhanced model outperforms some state-of-the-art strategies
in terms of both returns and adaptability to volatile market conditions.
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1 Introduction

Portfolio management refers to the systematic process of continuously constructing and reallocating a portfolio, where
a mixture of assets, including stocks, bonds, and other securities, is invested to achieve special long-term financial goals
[34]. The core objective of portfolio management is to establish the optimal weights of assets by balancing the overall
risk and potential return of the portfolio according to the investor’s risk tolerance and investment horizon [39]. The
weights assigned to each asset in a portfolio determine the proportion of the total investment allocated to it. The
allocation process is recognized as a trading action [3].

Financial markets are highly volatile and uncertain, making portfolio management a challenging task [9]. Tradi-
tional methods often rely on hand-crafted features like technical indicators to extract patterns from price data [24].
These approaches use fixed mathematical rules to balance risk and return, requiring constant manual adjustments to
stay effective [55]. However, their rule-based nature limits adaptability in dynamic environments. Moreover, financial
markets rarely follow strictly bullish or bearish trends—uncertainty and intermediate market states often lead to mis-
classification. As a result, traditional models struggle to adjust to sudden shifts, increasing the risk of poor investment
decisions [12].

Unlike traditional approaches, Deep Neural Networks (DNNs), such as Recurrent Neural Networks (RNN) [41],
Long-Short Term Memory (LSTM) [15], Convolutional Neural Networks (CNN) [22], and Transformers [51], automat-
ically learn hierarchical representations from raw financial data. This process eliminates the need for manual feature
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engineering and improving model adaptability to different market conditions strategies [17, 19, 30, 57, 61, 62]. While
DNNs enhance feature extraction, do not explicitly model uncertainty [9]. To bridge this gap, fuzzy logic [60], provides
a more flexible approach by modeling uncertainty explicitly, allowing the system to handle ambiguous and intermediate
market states more effectively [12]. By integrating DNNs with fuzzy logic, portfolio management models can both
automate feature extraction and enhance decision-making under uncertainty, leading to more robust and adaptable
strategies [9].

There are two general approaches for constructing a portfolio using DNNs: two-step and single-step methods [3].
In the two-step approach, a predictive model is first trained using historical asset data to forecast future prices, either
as a classification task (predicting bullish, bearish, or oscillating trends) [5, 56], or a regression task (predicting exact
prices) [10, 32, 59]. The predictions are then used by a trading agent to construct a portfolio [32]. While simple, this
approach has drawbacks: it does not directly execute trades but requires additional heuristic rules for decision-making
[3, 13], and its effectiveness depends heavily on price prediction accuracy [19]. Moreover, reducing prediction errors
does not always lead to profit maximization, resulting in suboptimal performance [21].

To address these limitations, the single-step approach directly selects portfolio allocations without forecasting asset
prices [37]. Instead, DNNs learn to optimize asset weights from historical prices, often using reinforcement learning
(RL) techniques [40]. RL, introduced by Sutton and Barto [49], enables agents to learn optimal decision-making by
interacting with their environment. It has demonstrated remarkable success, particularly in game-playing, such as
AlphaGo and Atari games, where agents learned strategies through trial and error [36, 45].

Inspired by these successes, RL has been applied to financial markets, where trading agents dynamically adjust
portfolio allocations based on market conditions, similar to how human investors refine their strategies over time
[1, 2, 18, 19, 44]. DRL integrates DNNs with RL, combining deep learning’s feature extraction capabilities with RL’s
sequential decision-making framework [16, 38]. In DRL-based portfolio selection, a trading agent interacts with the
market, receives rewards based on accumulated profits, and updates its decision policy to maximize long-term returns
[1, 2].

To evaluate the impact of fuzzy indicators on DRL-based portfolio selection, this study adopts the Ensemble of
Identical Independent Evaluators (EIIE) framework, a well-established DRL-based model [19]. EIIE was selected
for three key reasons. First, its open-source implementation ensures reproducibility [63], whereas many advanced
DRL models lack publicly available code, making replication difficult. Second, EIIE is computationally efficient and
interpretable, unlike transformer-based models, which require large-scale datasets and extensive computational resources
[46, 48, 61]. Finally, using a simpler, well-validated framework allows us to isolate and analyze the effect of fuzzy
indicators without interference from complex architectures. While this study focuses on validating the role of fuzzy
logic in portfolio management, future research will extend this approach to more advanced models, such as transformers,
to assess its broader applicability.

The proposed fuzzy-enhanced EIIE (F-EIIE) model offers several advantages over existing deep learning-based port-
folio selection approaches. First, unlike conventional DRL models that rely on price-based features, our method explic-
itly models uncertainty through fuzzy logic, improving decision-making in ambiguous market conditions [12]. Second,
while transformer-based models provide strong sequence modeling capabilities, they require extensive computational
resources and large-scale datasets, making them less practical for small-scale financial applications. Our approach, built
on the computationally efficient EIIE framework, maintains strong performance while remaining suitable for resource-
constrained environments [19]. Finally, by combining DRL with fuzzy logic, our model enhances portfolio adaptability,
allowing for more dynamic asset allocation in response to market fluctuations [9]. These improvements demonstrate
that integrating fuzzy indicators into DRL enhances portfolio management by improving robustness, efficiency, and
decision-making under uncertainty. Our contributions include:

� The integration of fuzzy logic indicators with price features in a deep reinforcement learning framework.

� A computationally efficient method for capturing market uncertainty and ambiguous trends without the high
parameter demands of more complex models.

� Demonstrating that this integration improves decision-making and portfolio allocation in dynamic market envi-
ronments, with EIIE’s simplified structure proving effective in dynamic market conditions, especially for resource-
constrained trading environments.

The structure of the remainder of the paper is as follows: In Section 2, the studies and drawbacks are discussed.
Section 3 presents the background of the study, detailing the formalization of the portfolio selection problem and the
reinforcement learning. In Section 4, the proposed method is introduced. In Section 5, the experimental results on the
stock dataset are presented, and Section 6 summarizes the study in conclusions and some possible future work.
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2 Related works

In the context of portfolio selection, the time horizon represents the period within which the portfolio manager plans
and executes investment strategies [10]. Based on the different time horizons over which investment decisions are made,
portfolio selection approaches can be categorized into single-period and multi-period [24].

In single-period portfolio selection, the portfolio manager allocates assets across various investment options based
on the expected return and risk characteristics for a single period. Markowitz’s mean-variance (MV) model, also known
as Modern Portfolio Theory (MPT), was developed for single-period investment [34]. In the MV model, the process of
selecting a portfolio is guided by balancing expected return (mean) and risk (variance), constructing the portfolio to
align with an investor’s specific risk and return preferences [24].

Alternatively, multi-period portfolio selection approaches consider the performance of a portfolio over multiple
periods, rather than just a single period. This approach is especially relevant for investors aiming to grow their wealth
over the long term [24]. Capital Growth Theory, originally derived from information theory, guides investment decisions
over multiple periods [20]. As market conditions change, the portfolio can be rebalanced to optimize for the highest
possible growth rate, taking into consideration the compounding effect of returns over time. Both MV and Capital
Growth Theory address the challenge of optimal portfolio selection; however, the second is specifically designed for
dynamic situations involving multiple investment periods [62]. This sequential (online) scenario is the focus of this
paper, which inherently involves a series of consecutive periods of investment decision-making. Here, the portfolio
undergoes a process of rebalancing to predetermined allocations at the end of each trading period [7]. The capital
growth theory is implemented through two main approaches: online learning methods and cutting-edge techniques
based on RL [62].

2.1 Online portfolio selection

Online portfolio selection (OLPS) includes four distinct strategies: “Follow-the-Winner”, “Follow-the-Loser”, “Pattern-
Matching”, and “Meta-Learning” [24]. The “Follow-the-Winner” strategy involves investing more in assets that have
performed well in the past, under the assumption that they will continue to perform well. The Universal Portfolio (UP)
algorithm [7], and the Exponential Gradient (EG) [14] are two well-known strategies in which the past performance is
used to allocate more weight to the winning assets.

Contrary to the “Follow-the-Winner” strategy, the “Follow-the-Loser” strategy involves investing more in assets
that have performed poorly in the recent past. This strategy derives from the principle of mean reversion, which refers
to the financial theory that asset prices and returns eventually revert to their long-term mean or average [24]. The
Anti-Correlation (Anticor) algorithm [4], Passive Aggressive Mean Reversion (PAMR) [26], Confidence Weighted Mean
Reversion (CWMR) [25], and Online Moving Average Reversion (OLMAR) [23], are the most famous algorithms in the
”Follow-the-Loser” category.

“Pattern-matching” based strategies utilize non-parametric prediction methods to identify recurring patterns in
historical market data and make investment decisions based on these patterns [11]. The three online portfolio selection
strategies mentioned earlier, utilize a single investment strategy. They are designed to capitalize on specific market
conditions or behaviors. However, they might not perform consistently across different market scenarios. On the
other hand, Meta-Learning methods combine multiple strategies to adapt to different market conditions [62]. They
analyze the performance of various investment strategies over time and combine them to create a more robust strategy.
Aggregating Algorithms (AA) [52], Online Gradient Updates (OGU), and Online Newton Updates (ONU) [8], fall into
this category.

Despite their theoretical appeal, OLPS strategies have notable limitations. The ”Follow-the-Winner” strategy
assumes that past winners will continue to perform well, which often fails in highly volatile markets where trends
reverse unexpectedly. Conversely, the ”Follow-the-Loser” strategy, based on mean reversion, struggles during prolonged
market trends where asset prices do not revert to historical averages as expected. Pattern-matching strategies depend
heavily on historical price patterns, which may not always generalize to future market conditions. Similarly, while Meta-
Learning approaches improve adaptability by combining multiple strategies, they still rely on historical performance,
making them vulnerable to sudden structural shifts in the market [24]. These limitations highlight the need for a
more dynamic, learning-based approach, such as deep reinforcement learning, which can adjust its strategies based on
real-time market feedback rather than fixed historical assumptions.

2.2 Reinforcement learning-based portfolio selection

The use of hand-crafted features, such as technical indicators in online portfolio selection methods, often leads to
unsatisfactory outcomes due to their insufficient ability to model the sequential price features [9]. In addition, many
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of them don’t consider transaction costs, which typically arise from commission fees. Ignoring these costs can create a
discrepancy between the expected and actual performance of a portfolio [61]. As a result, researchers have suggested
employing DRL-based methods for developing portfolio trading strategies and directly optimizing the utility functions
that represent the preferences of investors, often in terms of risk and return [47, 57, 61, 62].

Jiang et al. developed a framework to address the portfolio selection problem by utilizing deep DRL to understand
market behavior and execute trading decisions. They introduced the Ensemble of Identical Independent Evaluators
(EIIE) architecture to process extensive financial data and extract the price features of each asset separately. The three
types of DNNs, including CNN, RNN, and LSTM have been utilized to build up the policy network. The Deterministic
Policy Gradient (DPG) algorithm has been employed for model optimization [19]. Many studies built upon their
framework for applying DRL to the task of portfolio selection. Liang et al. utilize three commonly used RL algorithms,
DDPG, Proximal Policy Optimization (PPO), and Policy Gradient (PG), in portfolio selection on the Chinese stock
market [27].

Xu et al. developed a novel policy network that is utilized by transformers. They used a self-attention mechanism
to effectively process and model sequential information present in asset prices, leading to more accurate assessments
of future trends or better decision-making in trading strategies [57]. Zhang et al. introduced a new portfolio selection
strategy that is sensitive to costs. This strategy is designed to simultaneously process the price sequential information
and asset correlation information through an innovative dual-stream network architecture [61].

Zhao et al. introduced a new asset investment policy network that is based on the self-attention mechanism. This
mechanism enables the policy network to understand and model the correlations between different assets in a portfolio
by focusing on the most relevant features extracted from the price data of each asset. The training of the policy network
is done using a DPG algorithm [62].

Hao et al. proposed a DRL-based asset allocation approach that integrates fuzzy logic to handle market uncertainty.
Their model uses a three-dimensional fuzzy vector alongside traditional market features, which are processed by five
DRL algorithms: A2C, TRPO, ACKTR, PPO, and DDPG. Each algorithm has unique advantages [12]. A2C improves
stability by estimating policy and value separately [35]. TRPO enhances training reliability through constrained updates
[42], and PPO simplifies optimization with a clipping mechanism that balances exploration and exploitation, making it
widely used in financial decision-making [43]. ACKTR enhances A2C by increasing sample efficiency using second-order
optimization [54], while DDPG, an off-policy method, is particularly effective for continuous asset allocation [28]. By
combining these methods, their approach aims to leverage individual strengths while compensating for weaknesses,
enhancing decision-making in portfolio management [12].

While DRL-based portfolio selection models have demonstrated promising results, they also come with notable
challenges. Many existing approaches rely primarily on historical price and technical indicators, limiting their ability
to interpret market uncertainty. Transformers, while powerful for sequential modeling, require extensive computational
resources and large-scale datasets, making them impractical for small-scale financial applications.

The proposed approach addresses key limitations in existing DRL-based portfolio selection methods which struggle
with uncertainty modeling and adaptability due to their reliance on price-based features and deterministic decision-
making. Prior studies have used DRL architectures for portfolio management, but these models often fail to capture
uncertainty, leading to suboptimal asset allocation in volatile conditions.

This paper introduces a fuzzy logic-enhanced DRL method that explicitly models uncertainty, improving decision-
making in highly volatile financial markets. Unlike standard DRL approaches, which make fixed-rule trading decisions
based only on historical price trends our fuzzy-enhanced model dynamically incorporates market trend indicators,
allowing for greater flexibility. Furthermore, by leveraging the efficiency of EIIE, our approach remains computationally
accessible, making it suitable for resource-constrained conditions. The key innovations of this work are:

� A unique combination of fuzzy logic and DRL, leveraging both to capture not only price trends but also broader
market dynamics, improving adaptability in uncertain conditions.

� Integration of fuzzy trend indicators alongside price features (high, low, close) to enhance market state detection,
addressing limitations of existing DRL models that rely solely on price-based inputs.

� A computationally efficient and scalable solution, ensuring practical applicability for individual traders and smaller
financial institutions, where complex models may be impractical.

3 Background

In this section, two key areas are investigated: firstly, a portfolio selection process, and secondly, reinforcement learning.
This exploration aims to provide a comprehensive understanding of how these advanced computational techniques can
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be leveraged for strategic financial planning and execution.

3.1 Portfolio selection process

The theoretical framework for addressing the portfolio selection problem over a financial market spanning a period of
n timesteps is outlined as follows:

Assume there are m + 1 assets, including one cash asset (usually considered risk-free) and m risk assets (such as
stocks, bonds, etc.). For each timestep t, the matrix xt ∈ Rm×d

+ represents the prices of all m risk assets. Each row
xt,i ∈ Rd

+ indicates the features of asset i, and d is the number of different features considered for each asset. In this
work, the problem feature space is constructed from three price-related features consisting of high (vht ), low (vlt), and

closing (vct ) prices, and three fuzzy degrees (vf1t , vf2t , vf3t ), resulting in a total of six dimensions, denoted as d = 6. The
data series, with the length of k, is denoted by Xt = {xt−k, . . . ,xt−1} ∈ Rk×m×d

+ , which captures the historical prices
leading up to the current timestep. The relative price at time t, yt ∈ Rm, is obtained by performing an element-wise
division of the current price vector vct by the previous price vector vct−1:

yt :=
vct
vct−1

=

(
vct,1

vct−1,1

,
vct,2

vct−1,2

, . . . ,
vct,m

vct−1,m

)T

, t = 1, 2, . . . , n. (1)

We also assume that the cash asset is risk-free and its value remains unchanged. By incorporating the relative cash
asset into the relative price, we obtain an augmented vector where the first element represents the cash asset, set to 1,
indicating no change in value. The augmented vector is represented by:

ŷt =

(
1,

vct,1
vct−1,1

,
vct,2

vct−1,2

, . . . ,
vct,m

vct−1,m

)T

, t = 1, 2, . . . , n. (2)

The portfolio weight vector wt−1 ∈ Rm+1
+ indicates the allocation of the total capital among the m risk assets and

the cash asset in the portfolio at the start of the t-th timestep. Each component of this vector is a number in the
range [−1,+1] and the sum of components equals one (

∑
i wt,i = 1) [19]. During the t-th timestep, the price changes

result in a transition of the portfolio weight vector from wt−1 at the start to w′
t at the end. w′

t is calculated using the
element-wise multiplication of ŷt and wt−1, normalized by the dot product of them.

w′
t =

ŷt ⊙wt−1

ŷt ·wt−1
. (3)

In the next timestep, the portfolio weight vector wt is adjusted following the strategy set by the trading policy for
buying and selling assets. Transitioning from w′

t to wt requires transaction costs. Let ct represent the proportional
transaction cost; then, the portfolio value is reduced by a factor of µt = 1 − ct. Consequently, the logarithmic rate of
return of the portfolio for the t-th timestep can be established as follows:

rt = ln (µt ŷt ·wt−1) . (4)

The final portfolio value over n timesteps is achieved by:

p = p0 exp

(
n∑

t=1

rt

)
= p0

n∏
t=1

(µt ŷt ·wt−1) . (5)

where p0 is the initial capital [19]. Full liquidity and no market impact are two necessary assumptions for backtesting
the strategy, ensuring that the transactions can be executed immediately without influencing future market prices [62].

3.2 Markov decision process

Markov Decision Process (MDP) provides a mathematical framework representing the sequential decision-making prob-
lem in an environment with uncertainty, in which an agent has to make a series of decisions for which the outcomes
are not known a priori. An MDP is described by a 4-tuple (S,A, Pa, ra). S and A are finite sets of possible states and
actions, respectively. Pa(s, s

′) is the transition probability, which is the probability that choosing action a in state s at
a given time, will result in a state s′ at the subsequent time step. The transition probability is defined as:

Pa(s, s
′) = Pr(st+1 = s′ | st = s, at = a). (6)
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Figure 1: Transition diagram of a Markov Decision Process.

The immediate reward or the expected immediate reward, denoted by ra(s, s
′), is received after action a, transitions

the system from state s to state s′. It is defined as:

ra(s, s
′) = E(rt+1 | st = s, at = a, st+1 = s′). (7)

The reward is a numerical value that reflects the performance of the action taken. The total discounted reward
accumulated at the end of an episode is called the return. The return at time t is calculated as:

Rt =

T∑
i=t

γi−t rai(si, si+1), (8)

where γ ∈ [0, 1] is the discount factor and is often set close to 0.99 [33]. The policy is determined by a function
π(a | s) that represents the probability that action a is taken in a specific state s. The ultimate goal is to identify the
optimal policy, denoted as π∗, that results in maximizing the cumulative reward [49]. The transition diagram of the
MDP is shown in Figure 1.

3.3 Reinforcement learning

Reinforcement learning can solve MDPs to find the optimal policy π∗. The agent interacts with the MDP environment
by following a policy, monitoring the outcomes, and modifying the policy based on the rewards obtained. This is
equivalent to finding the policy that leads to the maximum state value or action value for all states. The state-value
function, Vπ(s), gives the expected cumulative reward starting from state s and following policy π, and the action-value
function or Q-function, denoted as Qπ(s, a), represents the expected cumulative reward starting from state s and taking
action a based on policy π [49].

The process of RL utilizes the Bellman equation to calculate the state-value and action-value functions. Following
the Bellman equation’s logic, the current value or action value of a state is formulated as the sum of the immediate
reward and the subsequent state value or action value. The action-value function can be expressed as:

Qπ(s, a) = E [rt + γE(Qπ(s
′, a))] . (9)

Various RL algorithms are employed to find the optimal policy, such as Q-learning [53] and Policy Gradient (PG)
methods [50].

4 Methodology

In this section, we present our portfolio selection method, driven by DRL. We begin by introducing the notation for
the DRL-based portfolio selection problem, followed by a description of the appropriate RL algorithm to solve it. Next,
we detail the data preparation process and the integration of fuzzy logic for assessing market trends. The following
subsections provide a detailed explanation of these components.
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4.1 Deep reinforcement learning-based portfolio selection

In this section, we provide notation and clarification for solving the portfolio selection problem, using a reinforcement
learning framework. This problem can be modeled as an MDP that involves making decisions on buying and selling
assets at periodic time intervals within the market dynamic environment [3]. The state space of the environment at
time t is composed of two distinct components: variables unaffected by the trading agent decisions and those directly
influenced by the agent actions. Xt, as defined in section 3.1, represents the first category. These external factors
cannot be controlled by the agent; however, they can be observed and utilized to make informed decisions. The second
component of the environment’s state at time t is determined by the portfolio weight vector at the previous period,
denoted by wt−1. Thus, the overall state space st is a concatenation of two parts, represented as:

st = (Xt,wt−1). (10)

The trading agent’s action is defined as the portfolio weight vector where each element corresponds to a specific
stock in the portfolio. A positive value means the trading agent intends to buy, while a negative value indicates a
decision to sell the corresponding stock. In our trading strategy, short selling is not allowed. The trading agent aims to
maximize the final portfolio value at the end of n periods, as defined by Equation 5. Since n and p0 can not be affected
by trading agent, the reward function can be expressed as the average logarithmic cumulated return [19]:

R :=
1

n
ln

(
p

p0

)
=

1

n

n∑
t=1

ln (µt ŷt ·wt−1) . (11)

4.2 Deterministic policy gradient

Deterministic Policy Gradient (DPG) employed in financial portfolio management framework [19], is inspired by the
Deep Deterministic Policy Gradient (DDPG), a popular method in reinforcement learning [28]. In this section, we first
provide an overview of DDPG, followed by an introduction to its variant, DPG.

DDPG merges the Q-learning and PG concepts to leverage the strengths of both approaches to learn policy and
value functions in high-dimensional, continuous action spaces. As an actor-critic method, DDPG includes two models,
the actor for selecting actions and the critic for evaluating them. The actor network learns the policy that determines
the best action to take in a given state, and the critic network estimates the value of the action output by the actor
network. Throughout the training phase, the actor refines its action selection, while the critic enhances its ability to
accurately estimate the value function [58].

There are significant distinctions between the DDPG and the variant used in [19], DPG, which is designed to suit the
financial domain’s requirements. In traditional DDPG, there is an actor-critic architecture, where the actor network
selects actions and the critic network estimates the value function. In contrast, the DPG algorithm eliminates the
critic network. Instead, the portfolio value is directly employed as the value function. This modification simplifies the
learning process while maintaining robustness for this domain.

Also, DDPG incorporates randomness in actions through a noise parameter to promote exploration during training,
helping to avoid local optima. In contrast, the DPG algorithm for portfolio management adopts a full-exploit approach,
focusing exclusively on maximizing the portfolio value based on observed data without exploratory noise. In addition,
while DDPG uses random sampling with a replay buffer to stabilize learning, sequential sampling is more effective in
portfolio management as it captures time-dependent price variations. This approach helps the policy learn from market
trends, improving decision-making by considering how past trends influence future outcomes. Figure 2 illustrates the
block diagram of the DPG algorithm.

The core steps of the implemented DPG algorithm for portfolio management can be described as follows:

1. Initialize a policy network to process financial market data and generate portfolio weights, and set up a replay
buffer to store experiences from each episode.

2. For each episode, proceed as follows:

(a) Over a specified period of n = batch size timesteps:

i. For every timestep, define an action, which corresponds to the portfolio weights for each asset in the
portfolio and store the state, action, reward, and the next state in the replay buffer.

ii. Once a batch of timesteps is completed, sample the replay buffer sequentially.

iii. Calculate the value function of the policy based on Equation 11.
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Figure 2: The block Diagram of the DPG Algorithm.

iv. Apply the gradient of the value function with respect to the policy network’s parameters and update it
through gradient ascent.

(b) At the end of each episode, if any remaining experiences in the replay buffer do not fit into a full batch,
process these experiences similarly, ensuring that no valuable data is discarded (Jiang et al., 2017).

4.3 Fuzzy trend indicators

Financial market data is inherently uncertain due to numerous factors, such as fluctuating economic indicators, investor
sentiment, and unpredictable events. While DNNs used as policy networks are highly effective for feature learning, they
do not fully address the inherent uncertainties associated with financial signals. This uncertainty impacts both short-
term and long-term price movements, making precise decision-making far more challenging compared to other types of
sequential data, such as text or speech [9].

One possible way to address uncertainty in financial data is by incorporating fuzzy logic, which allows for modeling
data with degrees of truth rather than fixed, binary categories. Fuzzy logic, introduced by Lotfi Zadeh in the 1960s,
extends classical Boolean logic by allowing values to range between 0 and 1, representing partial truths. This flexibility
makes it especially useful for handling complex, uncertain, or ambiguous data, as it supports more nuanced reasoning
in fields like artificial intelligence, control systems, and decision-making, effectively modeling real-world scenarios with
inherent vagueness [60].

For capturing the inherent ambiguity of market conditions, fuzzy rough sets are defined to capture the primary
movements of stock prices: bullish, bearish, and oscillating. These fuzzy sets help classify market trends, with parame-
ters in the fuzzy membership function either predefined based on the problem’s context or learned in a fully data-driven
manner. Given the complexity of financial markets, manually setting these membership functions is challenging and
often suboptimal. Thus, in [9, 12, 29] data-driven methods have been proposed to directly learn the membership
functions, allowing the model to adaptively capture nuanced market behaviors.

Each trading day is assigned a degree of membership to each market condition, with values ranging from 0 to 1.
First, the rate of return for each stock on the j-th trading day is computed using the closing price as follows:

rj =
vcj − vcj−1

vcj−1

. (12)

Then, k = 3 fuzzy degrees are obtained as follows:

1. Select the length of the moving window T . In this case, we use T = 60.

2. Apply k-means clustering on the rates of returns rj , rj−1, . . . , rj−T+1 to group them into k = 3 clusters.

3. For each cluster c = 1, 2, 3, compute the mean Mc and standard deviation Sc of the rates of return within the
cluster.

4. Compute the three fuzzy degrees f c
j , c = 1, 2, 3, using the Gaussian membership function:

f c
j = exp

(
− (rj −Mc)

2

S2
c

)
. (13)
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5. The computed fuzzy degrees f1
j , f

2
j , f

3
j for the trading day are added as fuzzy extensions to the dataset.

Figure 3 illustrates the fuzzy features connected to each trading day. In this figure, three membership functions describe
the bullish, bearish, and oscillating market trends. For example, suppose we want to calculate the fuzzy degrees for a
specific stock over a given trading window. We have daily returns for this stock over a 60-day period. After applying
k-means clustering on these returns, we identify three clusters:

� Cluster 1 (Bullish): M1 = 0.02, S1 = 0.01,

� Cluster 2 (Bearish): M2 = −0.015, S2 = 0.008,

� Cluster 3 (Oscillating): M3 = 0.005, S3 = 0.012.

Now, on a particular day with rj = 0.01, we can compute the fuzzy degrees f1
j , f

2
j , f

3
j using the Gaussian membership

function:

� Bullish: f1
j = exp

(
− (0.01−0.02)2

0.012

)
= 0.3679,

� Bearish: f2
j = exp

(
− (0.01+0.015)2

0.0082

)
= 5.73× 10−5,

� Oscillating: f3
j = exp

(
− (0.01−0.005)2

0.0122

)
= 0.8405.

This result suggests that on this day, the stock has a higher membership degree to the oscillating trend, followed by
a moderate membership to the bullish trend, and almost no membership to the bearish trend. This aligns with fuzzy
logic’s capacity to capture partial truths, as the market condition isn’t strictly categorized into a single trend but rather
shows varying degrees of membership to each trend. Such a nuanced approach is particularly valuable for handling the
inherent ambiguity of financial data, enabling more flexible and realistic modeling of market behavior.

Figure 3: Overview of the calculation process for fuzzy indicators corresponding to n trading days.

4.4 Model architecture

In this section, we introduce our proposed method. The present work extends a network topology so-called Ensemble of
Identical Independent Evaluators (EIIE) described in [19], by integrating fuzzy trend indicators as additional features,
enhancing the model’s ability to make informed portfolio decisions. In the EIIE topology, each Identical Independent
Evaluators (IEE) processes the data of a single asset independently. Figure 4 depicts the structure of our proposed
portfolio selection method.

As shown in Figure 4, the input layer combines the price tensor (including historical high, low, and closing data)
with fuzzy degrees into a single input tensor with dimensions 6×m× k. The policy network uses CNN layers (Conv1,
Conv2, Conv3) to process the input features and produce the portfolio weights. For the EIIE structure, the features
are extracted in the convolutional layers through convolutional operations with kernels of height 1.

At the end of this independent processing, each IIE produces a voting score for its respective asset. These scores
represent the relative attractiveness or potential of each asset as determined by the model. The inclusion of the
portfolio weights from the previous period (wt−1), enables the model to account for transaction costs. This ensures
that adjustments to the portfolio are based not only on current market conditions but also on historical allocations.
So, wt−1 is added to the last hidden layer of the network before producing the voting scores. Then, the actor network
passes the scores from all IIEs through a softmax layer to produce the final portfolio weights.

To illustrate the model’s real-world application, consider an investment scenario where the trading agent manages
a portfolio of five stocks over a 60-day period. The model receives historical high, low, and close prices alongside fuzzy
trend indicators (bullish, bearish, oscillating) computed using a rolling window.
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Figure 4: The block diagram of the proposed method. A price tensor with a shape of 6×m×k, representing the high,
low, and close prices and three fuzzy indicators of m non-cash assets across the last k timesteps is fed into the actor
network. The outputs of the network represent the updated portfolio weights. To help the agent minimize transaction
costs, the previous portfolio weights are incorporated as an additional feature map before the scoring layer.

Step 1: Observing Market Conditions
On day 60, the agent analyzes the past 60 days of stock prices. Fuzzy logic assigns the following trend probabilities for
a particular stock:

� Bullish: 0.65,

� Bearish: 0.10,

� Oscillating: 0.25.

Step 2: Portfolio Decision-Making
A high bullish membership suggests momentum continuation, prompting the model to increase allocation to this
stock. If the oscillating membership were higher, the model would allocate conservatively, reducing exposure to market
fluctuations. If bearish membership dominated, the agent would reduce allocation or exit the position to minimize
losses.

Step 3: Executing the Trade
The EIIE network processes this data, adjusting portfolio weights based on predicted market conditions. Suppose that
the previous weight for this stock was 20%. Based on fuzzy-enhanced predictions, the model increases allocation to
30%, anticipating an upward trend. After executing the new allocation, the agent monitors performance and updates
its strategy in the next period, continuously adapting to evolving market trends.

5 Experiments

The open-source FinRL library was selected to conduct the experiments and obtain the results. FinRL is an open-source
Python library designed for developing stock trading strategies in quantitative finance using DRL algorithms [31].

5.1 Data collection

The original EIIE implementation in [19] was developed for cryptocurrency portfolio selection. They constructed a
cryptocurrency portfolio based on the top 11 cryptocurrencies by 30-day trading volume. However, since the specific
time for this classification is not provided, replicating their method poses challenges. The FinRL framework provides
an accessible implementation of EIIE using Brazilian stock market data, which we adopt in this study [63]. Using this
version ensures consistency with an easily reproducible and well-documented implementation, allowing us to focus on



Integrating fuzzy logic with deep reinforcement learning to enhance financial portfolio management 197

evaluating the impact of fuzzy indicators rather than reconfiguring the model for a different market. To adopt a similar
strategy in the Brazilian stock market, we applied the following approach:

� We selected the top 10 stocks from the Brazilian stock market, ranked by their average trading volume over the
past 30 days. This ensures that the most liquid and actively traded stocks are included in the portfolio.

� To maintain data consistency and accuracy, we excluded any stocks with missing data during the selected period
from January 1, 2011, to December 31, 2020, which spans ten years. This filtering step ensures that the final
dataset is complete, allowing for more reliable analysis without gaps that could distort results.

By focusing on liquid stocks with comprehensive data coverage, we aim to create a robust dataset for further modeling
and portfolio optimization. The Brazilian stock market’s high liquidity and volatility make it a suitable testbed for
evaluating adaptive AI-driven investment strategies in dynamic market conditions.

Historical stock market data was gathered through the Yahoo Finance API, which provides free access to a broad
array of financial information without specific usage restrictions. The API supplied daily price data for the top 10
stocks from the Brazilian stock market. We utilized the YahooDownloader class from the FinRL open-source library
[31], to retrieve daily stock data. This implementation allows efficient and accurate extraction of daily stock information
such as opening price, closing price, highest and lowest prices directly from the Yahoo Finance API. The final dataset
includes price-based features (High, Low, Close prices) and fuzzy trend indicators (Bullish, Bearish, Oscillating) derived
from fuzzy logic-based market trend analysis, providing a comprehensive representation of market conditions.

The data was preprocessed to remove missing values, standardize formats, and ensure compatibility with the DRL
framework. Using real historical data provides a strong foundation for testing how well the portfolio optimization
strategies work in this study. The stock market data is divided into training and trading sets. The policy network is
trained using data from the training set covering the period from January 1, 2011, to December 31, 2019. Additionally,
the trading set from January 1, 2020, to December 31, 2020, is used to evaluate the performance of this model.

5.2 Environment setup

As stated earlier, to effectively apply RL, it’s essential to model the dynamic interactions between the agent and a task-
specific environment. In the context of financial markets, the agent’s objective is to trade assets over time to maximize
profit. Therefore, the task-specific environment must be capable of simulating market behavior across different periods,
executing the agent’s buy and sell actions, and calculating the resulting gains or losses.

One of the most well-defined environments is the Portfolio Optimization Environment (POE), introduced in [6].
This environment is designed to be compatible with state-of-the-art approaches and agents, and it is integrated into the
FinRL framework. POE follows the OpenAI Gym standards, making it compatible with popular RL repositories such
as Stable Baselines 3 and Ray RLlib. Additionally, POE can compute various performance metrics, allowing researchers
to compare different portfolio optimization methods more effectively.

5.3 Compared methods

We compare our fuzzy-enhanced EIIE (F-EIIE) methodology against a diverse range of models, including the original
EIIE model using only historical price data [19], Uniformly buy and hold (UBAH) strategy, and some OLPS methods
such as UP [7], EG [14], Anticor [4], PAMR [26], CWMR [25], and OLMAR [23]. This comprehensive comparison allows
us to evaluate the F-EIIE model’s performance across different portfolio management paradigms. Table 1 summarizes
the main characteristics, advantages, and disadvantages of each model.

We selected these models based on their diversity in methodology, ranging from baseline approaches like UBAH to
advanced deep reinforcement learning models. The original EIIE model serves as a baseline for evaluating the impact of
fuzzy indicators, while OLPS methods represent traditional online learning strategies widely used in financial portfolio
management. This selection aligns with prior research methodologies [19, 61, 62], ensuring a comprehensive and fair
performance comparison.

5.4 Performance metrics

In portfolio management, several key metrics are used to evaluate the performance and risk of an investment strategy.
Following [19, 57, 61, 62], we assess the effectiveness of each method using three standard performance metrics, including
Accumulated Portfolio Value (APV), Sharpe Ratio (SR), and Maximum Drawdown (MDD). The APV reflects the total
value of a portfolio over multiple time steps, indicating how much the portfolio has increased or decreased since its
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Table 1: comparison model characteristics.
Model Description Advantages Disadvantages

EIIE [19] Original Ensemble of Identi-
cal Independent Evaluators
framework using CNNs for
feature extraction.

Computationally efficient,
interpretable structure,
proven in financial environ-
ments.

Struggles with modeling am-
biguous market states and
handling uncertainty.

UBAH Uniform Buy-and-Hold
strategy where assets are
equally weighted and held
throughout the investment
period.

Simple, low transaction
costs, baseline for passive
investment.

Cannot adapt to changing
market conditions, static al-
location.

UP [7] Universal Portfolio learns
portfolio weights by track-
ing the best historical per-
former.

Theoretically optimal under
certain conditions, adaptive
to market trends.

Computationally intensive,
sensitive to noise, slow con-
vergence.

EG [14] Exponential Gradient
strategy adjusts portfolio
weights using multiplicative
updates.

Fast updates, effective in
stable environments.

Limited adaptability in
volatile markets.

Anticor [4] Anti-correlation strategy
based on mean reversion.

Exploits mean-reverting as-
sets effectively.

Fails during prolonged mar-
ket trends without mean re-
version.

PAMR [26] Passive Aggressive Mean
Reversion strategy updates
weights when portfolio devi-
ation exceeds a threshold.

Adaptability to changes in
market conditions, fast exe-
cution.

Sensitive to parameter set-
tings, vulnerable to absence
of mean reversion.

CWMR [25] Confidence Weighted Mean
Reversion adjusts based on
confidence in mean rever-
sion.

Better risk management
through confidence estima-
tion.

Complexity in parameter
tuning, underperforms in
trending markets.

OLMAR [23] Online Moving Average Re-
version strategy tracks mov-
ing averages to exploit mean
reversion.

Enhances forecasting in
volatile markets, adaptabil-
ity to changes in market
dynamics.

Complexity in parameter
tuning, lag in rapidly shift-
ing markets.

initial investment. APV considers both the changes in asset prices and the impact of trading costs. It is computed
using Equation 5.

APV emphasizes growth without considering the associated risks. On the other hand, the SR evaluates both return
and risk, adjusting returns by the portfolio’s volatility. It compares the excess return over the risk-free rate to the risk
taken. SR is calculated as follows:

SR =
Average(rt − rf )

Standard Deviation(rt)
, (13)

where rt represents the logarithmic rate of return as defined in Equation 4, and rf denotes the risk-free rate. A
higher Sharpe Ratio indicates that the portfolio is delivering greater returns per unit of risk, making it an effective tool
for comparing the efficiency of various investment strategies.

While the SR accounts for overall volatility, it treats upward and downward movements in portfolio value equally.
However, downward movements are often more critical, as they represent losses and reflect the portfolio’s vulnerability
during market downturns. MDD specifically focuses on the worst-case loss, measuring the largest drop in a portfolio
value from its peak to its lowest point over a specific period. The MDD is calculated as:

MDD =
Trough Value− Peak Value

Peak Value
. (14)

In summary, Accumulated Portfolio Value measures overall growth, the Sharpe Ratio evaluates performance adjusted
for risk, and Maximum Drawdown assesses the worst-case loss, making these metrics essential for comprehensive portfolio
evaluation.
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5.5 Parameter setting

Figure 4 illustrates the general structure of the policy network according to the guidelines in [19]. Additionally, the
specific details of the F-EIIE are thoroughly outlined in Table 2 for greater clarity. We select a window length of 50
days. The initial investment amount is assumed to be $100,000. The learning rate is set to 0.001, with a transaction
cost of 0.25%. The model is trained over 40 episodes using the Adam optimizer. The cash bias term is fixed at 0, and
the initial investment weights are set as wt = [1, 0, . . . , 0]. Also, the results for EIIE and F-EIIE are averaged over
twenty-five runs.

Table 2: Detailed Policy Network Architecture.
Architecture Input-Output Shape Layer Information

Conv1 (m, k, 6) → (m, k−2, 2) Activation Function: ReLU
Input Channels: 6
Output Channels: 2
Kernel Size: (1, 3)

Conv2 (m, k−2, 2) → (m, 1, 20) Activation Function: ReLU
Input Channels: 2
Output Channels: 20
Kernel Size: (1, 48)

Concatenation (m, 1, 20)⊕ (m, 1, 1) → (m, 1, 21) Concatenate previous weights as an additional
feature map

Conv3 (m, 1, 21) → (m, 1, 1) Activation Function: ReLU
Input Channels: 21
Output Channels: 1
Kernel Size: (1, 1)

Concatenation (m, 1)⊕ (1, 1) → (m+1, 1) Concatenate cash bias and computed weights

Softmax (m+1, 1) → (m+1, 1) Generate portfolio weights

5.6 Results

This section presents the outcomes of various performance metrics, which are visualized through graphs and charts
to provide a clear understanding of the model’s performance. Table 3 presents the results of the three performance
measures discussed in Section 5.4 during the testing period. Bold font is used to highlight the best results achieved.

The results in Table 3 demonstrate the effectiveness of the F-EIIE. A clear improvement is evident across multiple
performance metrics when compared to the baseline EIIE and other benchmark models, such as UBAH, UP, EG,
Anticor, PAMR, CWMR, and OLMAR. The F-EIIE model achieves an APV of 3.72, outperforming the original
EIIE model (3.04) and the other benchmark algorithms, which demonstrate significantly lower values. This substantial
improvement in APV highlights the F-EIIE model’s ability to generate higher returns over the testing period, illustrating
the advantage of incorporating fuzzy logic to capture nuanced market trends. The fuzzy extensions allow the model to
better adapt to varying market conditions, leading to superior asset allocation and higher profitability.

The F-EIIE also excels in risk-adjusted returns, as evidenced by its SR of 2.49, which surpasses the EIIE (2.27)
and other methods. This suggests that the fuzzy-enhanced model not only delivers higher returns but also manages
risk more effectively. By integrating fuzzy trend indicators, F-EIIE demonstrates a greater ability to reduce portfolio
volatility, resulting in a more stable performance with fewer extreme fluctuations. In addition, The F-EIIE model shows
a reduction in maximum drawdown (0.31) compared to EIIE (0.32), but some benchmark models like UBAH and UP
exhibit lower drawdown values (0.25).

The higher MDD observed in both F-EIIE and EIIE models compared to UBAH and OLPS methods can be
explained by their inherent dynamic nature and the complexity of the market conditions they are designed to handle.

Table 3: Performance comparisons on the test dataset.

2020-01-01 to 2020-12-31 F-EIIE EIIE [19] UBAH UP [7] EG [14] Anticor [4] PAMR [26] CWMR [25] OLMAR [23]

APV 3.72 3.04 1.71 1.73 1.73 1.68 1.61 1.61 2.84

Sharpe Ratio 2.49 2.27 1.71 1.74 1.74 1.36 1.20 1.21 2.33

Maximum Drawdown 0.31 0.32 0.25 0.25 0.25 0.25 0.46 0.45 0.29
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Unlike UBAH and OLPS methods, which follow static, predetermined rules, the F-EIIE and EIIE models employ deep
reinforcement learning to adapt to constantly changing market trends. This flexibility allows the models to capture
more opportunities, but it also involves a higher level of risk, particularly during periods of high volatility. As a result,
the models may experience deeper drawdowns but are equipped to recover and outperform UBAH and OLPS methods
in the long run, as reflected in their superior SR and overall APV.

The results of the back-testing of trading strategies based on the F-EIIE and EIIE models are shown in Figure 5,
alongside comparisons with UBAH and OLPS methods. This comparison highlights the cumulative returns generated
by each strategy during the testing period from January 1, 2020, to December 31, 2020. Each method’s performance is
evaluated against the backdrop of market fluctuations, allowing for a comprehensive assessment of how dynamic models
like F-EIIE perform relative to UBAH and OLPS methods.

From the graph in Figure 5, it is evident that the F-EIIE model consistently outperforms the other methods across
the entire testing period. The model demonstrates a steady upward trajectory, indicating its ability to capture market
trends effectively, especially during volatile periods. In contrast, UBAH and OLPS methods fail to generate comparable
returns.

Figure 5: Back-test: 2020-01-01 to 2020-12-31. Cumulative return of the portfolio for F-EIIE, EIIE, UBAH, UP, EG,
Anticor, PAMR, CWMR and OLMAR.

6 Conclusions

In conclusion, this paper presents a novel contribution to portfolio management by integrating fuzzy logic into the
EIIE topology, resulting in the F-EIIE model. By incorporating fuzzy trend indicators, such as bullish, bearish, and
oscillating alongside traditional price features, the model can better capture and respond to nuanced market conditions.
The results demonstrate that the F-EIIE model achieves a significant improvement in cumulative returns compared
to state-of-the-art methods, highlighting its ability to make more adaptive and informed investment decisions. This
improvement underscores the robustness of fuzzy logic-based enhancements in deep reinforcement learning for financial
markets, offering a more responsive and effective approach to portfolio management. The integration of fuzzy trends
provides a middle ground between traditional and modern methods, offering a computationally efficient and adaptive
framework that outperforms conventional techniques in dynamic market environments.

For future work, several directions can be explored to enhance the performance and adaptability of the F-EIIE
model. Incorporating additional market features, such as macroeconomic indicators and sentiment analysis from news
and social media, could improve market trend detection. Exploring advanced reinforcement learning techniques, such
as multi-agent reinforcement learning, may enhance the model’s generalization across different asset classes. Further
research on optimizing fuzzy membership functions can refine market trend classification and improve decision-making
accuracy. Additionally, extending the model to multi-objective optimization, where risk and return are balanced
dynamically, could provide a more robust portfolio management approach. Another promising direction is applying
fuzzy logic enhancements to more complex architectures like transformers, assessing whether these structures further
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improve performance. Finally, validating the model across different financial markets, including major indices like DJIA
and S&P 500, would help assess its adaptability to varying market conditions.
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