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Abstract

A generalization of bipolar OWA operators, bipolar ordered weighted quasi-averages, based on the bipolar Choquet
g-integrals, so called g-BIOWA operators are introduced and investigated. A generalization of induced OWA operators
considering non-negative inputs and order-inducing variables, induced bipolar ordered weighted averages are introduced
considering real inputs and order-inducing vectors. Their main properties are considered and some illustrative examples
are presented.
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1 Introduction

Ordered weighted averages (OWA) introduced by Yager [30] have shown their usefulness in muticriteria decision-making,
and also in other fields where ranking is important [33]. Later, OWA were generalized to induced OWA (IOWA) by
Yager [31]. Recently, several other generalizations of OWA were introduced and studied [4], [14) [16], 18, 21]. Important
for our purposes will be also bipolar ordered weighted averages (BIOWA), recently introduced by Stupiianovéd and Jin
[27] and later investigated by Mesiar et al. in [20], that are based on the Choquet integral with respect to bi-capacities.
The phenomenon of bipolarity in the context of multi-criteria decision making was studied by Jin et al. in [I3]. Of
course, there are several ways how to handle decision-making process. Important is, e.g., the approach using decision
trees (see [2]). In our paper, we follow the OWA approach.

The non-additive integrals were observed in [5, [6] [, 10, 17, 19, 25, 29]. The Choquet integral appears as the
most used non-additive integral defined with respect to fuzzy measures, with numerous applications in statistics and
probability, engineering and economics. The idea of bipolar Choquet integration with respect to bi-capacities, proposed
in [9], and the bipolar fuzzy integration considered in [I2], was further developed in [II] by introducing the discrete
bipolar universal integral based on bi-capacities, whereas some construction methods and orness measure of bi-capacities
were considered in [I5]. The bipolar pseudo-integrals and bipolar Choquet g-integrals in discrete settings have been
introduced and discussed recently in [23| 24] [26]. Besides many in literature known applications of bi-capacities in game
theory, applications of the last integrals in actuarial science are related to many different types of premium principles,
whereas in decision-making framework they are suitable for mathematical modelling of the preference relation [1I 22].

OWA can well model the preferences under a linearly ordered set, e.g., real line, without differentiating positive
numbers and negative numbers. As usually in decision making it is meaningful and necessary to differentiate them
and OWA cannot work more on this, however BIOWA can well model and differentiate by considering a symmetrical
structure with respect to the real number zero. The main aim of this paper is to introduce and investigate extensions
and further generalizations of BIOWA operators that cover a wider spectrum of means from arithmetic to the general
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root-power and quasi-arithmetic means, which are commonly used in both theory and applications, in particular, bipolar
generalized ordered weighted averages based on the bipolar Choquet g-integral.

In this paper our considerations will be devoted to a generalization of BIOWA operators, as well as induced ag-
gregation in the bipolar context in terms of induced bipolar ordered weighted averages considering real inputs and
order-inducing vectors. In Section [2] a brief overview on the bipolar Choquet integral, BIOWA operators and IOWA
operators is given. In Section |3] we present the bipolar Choquet-like integral, based on symmetric g-operations gen-
erated by an odd, strictly increasing and continuous function and give some of its properties. Based on the bipolar
Choquet g-integrals, in Section [4] the g-BIOWA operators are introduced and investigated and some examples are
given. In Section [5] we present induced BIOWA operators (IBIOWA) and show their main properties. Finally, some
concluding remarks are given.

2 Preliminaries

The definitions of bi-capacities and the bipolar Choquet integral are recalled, according to [8, @) 111 12], whereas the
definitions on BIOWA and IOWA operators are presented following [20] 2T, 31].

2.1 Bipolar Choquet integral
Let X = {x1,29,...,2,} be a non-empty finite set with card(X) = n and the power set denoted by P(X).

Definition 2.1. A function m : P(X) — [0, 00] is called a capacity (or a fuzzy measure) if m(2) =0 and m(A) < m(B)
forall ACBCX.

Denote Q(X) ={(4,B) e P(X) xP(X)| ANB =g}.

Definition 2.2. A function m : Q(X) — R is called a bi-capacity if besides m(&, &) = 0, for all A C B C X, and
(A E), (B,E), (F,A), (F,B) € Q(X), the following holds:

m(A,E) <m(B,E) and m(F, A) > m(F, B).

A bi-capacity m is normalized if it satisfies m(X, @) =1 = —m(o, X).

Consider f : X — R and a bi-capacity m : Q(X) — [-1,1]. We denote f(z;) = fi, i = 1,...,n. The class of
functions f : X — R is denoted by S, whereas the class of functions f : X — [—1, 1] is denoted by S;. The class of all
normalized bi-capacities m : Q(X) — [—1, 1] is denoted by M.

According to [IT], the definition of the bipolar Choquet integral is given as follows (compare [9] 10l [T [12]).

Definition 2.3. The bipolar Choquet integral of f € S, with respect to m € M, is defined regarding any permutation
of indeves o = (a(1),...a(n)) related to non-decreasing order of values |f(x;)| = |fi|, i.e., such that 0 < |faq)| <

‘fa(Z)‘ < < |f0((’n)|) |fa(0)| =0, by

BCh(f7m) = Z (‘fa(z)| - |fo¢(i71)|) . m({f > |foc(i)|}’ {f < _|fa(i)‘})7

i=1
with the convention that ({f > 0}, {f < 0}) will be interpreted as ({f > 0},{f < 0}).

Notice that the last convention is necessary in order to ({f > 0}, {f < 0}) € Q(X) be satisfied.
Two functions f,h € S are comonotone if for any z;,z; € X it holds

(f (i) = [ (})) (b (i) = h(z;)) = 0.

Notice that the previous requirement is equivalent to the following: if f (z;) — f (z;) < 0 then h (z;) — h(z;) < 0 for
any x;,xr; € X.

We say that two functions f, h € S are bi-comonotone if the pairs f* and ™, f~ and h™~, | f| and |h| are comonotone,
where fT = max(f,0), f~ = max(—f,0) and |f| = f* + f~.

It has been shown in [20] that the bipolar Choquet integral is bi-comonotone additive, i.e., for any bi-capacity m
and bi-comonotone functions f, h it holds

BCh(f + h,m) = BCh(f, m) + BCh(h,m).
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2.2 Bipolar OWA operators

A BIOWA operator, as a generalization of OWA operator, has been introduced in [20]. The notion of BIOWA operator
is based on symmetry (also called commutativity, neutrality or anonymity) of the bipolar Choquet integral. Namely,
the bipolar Choquet integral with respect to m € M is symmetric if and only if m is symmetric, i.e., if it holds

m(A,B)=m (T"'(4), 7" (B)),
for all (A, B) € Q(X) and any permutation 7: {1,...,n} = {1,...,n}, with T(A) = {z.; |z; € A}.
Definition 2.4. [20] Let m € M be a symmetric bi-capacity. An operator BIOWA : R™ — R, defined by
BIOWA (f) = BCh(f,m),

where f € S, is called a Bipolar Ordered Weighted Average (a BIOWA operator).

Let us recall Proposition 3.1, presented in [20], where
N ={(i,7) | i,j € {0,1,... card(X)},i+j < card(X)}.

Proposition 2.5. A bi-capacity m € M is symmetric if and only if there exists a function t : N — [—1,1] such that
m (A, B) =t (card(A), card(B)),
for all A,B € P(X),AN B =0 and the following conditions are fulfilled
(i) t(n,0)=1,1(0,0) =0, t(0,n) = —1,
(ii) t is increasing in the first coordinate,

(iii) ¢ is decreasing in the second coordinate.

2.3 Induced OWA operators

While in the case of OWA the order of inputs is determined by the vector itself to be aggregated, in the case of IOWA
there is another vector, usually called an order-inducing vector, that is used for the order determination, i.e. the
ranking is induced by that vector, which need not to be the input vector itself. Induced OWA operators, or IOWA was
introduced in [31]. In IOWA we have an order-inducing vector v = (uy, ..., u,), an input vector f = (f1,..., fn) and a
weighting vector w = (wy,...,w,). We choose a permutation 7 ordering the vector u and as it has been remarked in

[3, [31], there may be some ties in w. This means that several permutations yield the same order of w. For this reason,
the definition of IOWA will be as follows.

Definition 2.6. Let u = (uy,...,u,) be an order-inducing vector with u; > 0, w = (wy, ..., w,) a weighting vector such
that 3, w; = 1 and w; > 0, and f; € [0,1] an input function. Let o: {1,...,n} — {1,...,n} be a permutation such
that ugy < Ug(2) <+ < Ug(n). Foreach i€ {1,...,n}, let

Ji={o(j) €{1,...,n} [ o) = us(j}-

We denote w; = m > wj. Then

a(j)EJ;
TOWAL ((u, £)) = Wi fo(s)- (1)
=1

In what follows we will not distinguish between w and W keeping in mind that we must use averages of weights if
ties in the inducing vector u occur.
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3 Bipolar Choquet g-integral

In this section, the definition of the bipolar Choquet g-integrals, introduced in [23], and some of its properties are
presented.

Assume a strictly increasing, continuous and odd function g : [—00, 00] — [—00, 0], with g(1) = 1. We will consider
the symmetric g-addition on [—o0, c0]? given by

z®gy =g "(9(x) +9)),

with oo — 0o = oo, the symmetric g-multiplication on [—o0, cc]? given by

Oy =g "(g9(x)g(y)),

with 0 - 0o = 0, and the symmetric g-difference on [—oc, 00]? \ {(o0, 00), (—00, —00)} given by

0.y =18y (—y) =g '(9(x) — g(v)).

Such a function g will be referred to as a generator for the symmetric g-operations. For z € R, 6,2 = g7 (—g(z)) = —=,
and it holds z @, (—z) = z &, (642) = 0.

Definition 3.1. Let f € S, m € M and let g : [—00,00] = [—00, 00| be a strictly increasing, continuous and odd
function with g(1) = 1. The bipolar Chogquet g-integral of f with respect to m is defined by:

BCh(f,m) = g~ (BCh(go f,gom)),
where BCh(g o f,gom) is the bipolar Choquet integral of g o f with respect to g o m.

Obviously, if g = id, then BCh'* = BCh.
For f € S, denote
Xf={w; € X|f(z:) >0}, X5 ={x; € X|[f(x;) <0},

X§={oi € X[ f(x:) =0}, XjUX; =X\X].

Further, X?‘O = X;r U XJQ and Xf_o =X; U XJQ. Let m € M be a bi-capacity. For f € S, let set functions pg+, fig+ :
P(X) — [—1,1] be given by

pp+(A) = mANX} AnX;), 2)
fipe(A) = mANX), AnX;0). (3)

For each A C XJJ{UXJT7 it holds s+ (A) = fig+ (A). If f > 0, then for each A € P(X) we have AﬂX;{O =ANX=A
and AN X, = AN@ = @, therefore, up+ : P(X) — [0,1] is a normalized capacity. Similarly, if f < 0, then
—fip+ : P(X) — [0,1] is a normalized capacity, where —fi;+(A) = —m(3, A), for all A € P(X).

For given symmetric g-operations, & = @4, © = ®4 and g-difference © = &4, each function f € S, has the following
representations:

fo= @(|fa<i>|9\fa<z>1>|)®(xmxf+0—XAmx;)
=1

= @(|fa(i)| © \fa(i_1)|) © (XAimx;r - XAian_O)v
i=1

where « is any permutation of indexes such that 0 < |fo1)| < [fa@)] < - - < fam)ls fa) =0, Ai = {Zag)s - Tam) }
for all ¢, and for each A € P(X), the characteristic function x4 is defined as usual. The formulas for computing the
bipolar Choquet g-integrals are presented in the next proposition. The proof has been given in [23] and it is similar to
the proof of Proposition 1 from [24], for ¢(x) = z, z € R, thus it is omitted.
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Proposition 3.2. Let @ = @4 and © = ©4 be given symmetric g-operations. The bipolar Choquet g-integral of f € S
with respect to m € M can be expressed by:

n

BOW(fm) = @ (Ifaw| © lfation]) @ ys (4) (4)
= @ (Mol © lfaunl) © fir+ (4) (5)
= Dl © (s (A) © gt (Ar) ). (6)

where « is any permutation of indexes such that |foy| < |fa)l < -+ < [fam)|s fa) = 0, Ai = {Zag@), - Tam)}
t=1,...n, and Apy1 = 9.

Notice that ties in | f| do not affect on the bipolar Choquet g-integral of f € S. If g(x) = z, € [—00,00] and f > 0,
we obtain that the Choquet integral of non-negative f € S with respect to m € M equals to the Choquet integral of
[+ X — [0,00) with respect to a capacity u = pug+, i.e. BCh(f,m) = Ch(f, ) [9]. In general, for f > 0, we have
BCRI(f,m) = Ch9(f,u), where Ch9(f, u) denotes the Choquet-like integral (g-Choquet integral) of f : X — [0,00)
with respect to pu = g+, [19].

In the following theorem we present the bi-comonotone @-additivity of the bipolar Choquet g-integral.

Theorem 3.3. If ® = ®, and © = @4 are given symmetric g-operations, m € M and f,h € S are bi-comonotone,
then it holds
BCh(f ® h,m) = BCh(f,m)® BCh?(h,m).

Proof. Since the function g is odd and strictly increasing, it holds ¢g(0) = 0, g(|z|) = |g(z)|, for all # € R. Thus

(gof)Y = (gof)VO=go(fV0)=gofF,
(gof)” = (=(gof))vO=go((-f)VO)=gof~,
lgo fl = golf].

According to the previous equalities, we conclude that if f, h are bi-comonotone then g o f, g o h are bi-comonotone.
Now, from the definition of the bipolar Choquet g-integral and the bi-comonotone additivity of the bipolar Choquet
integral it follows

BCh(f & h, m) 9 (BCh(go (f & h),gom))
g '(BCh(go f+goh,gom))
g " (BCh(go f,gom)+ BCh(goh,gom))

— BCh(f,m) & BCh?(h, m).

4 g-Bipolar OWA operators

In this section, we will introduce a generalization of BIOWA related to a generating function g of symmetric g-operations,
denoted by & and ©.

Definition 4.1. Let m € M be a symmetric bi-capacity and let g : [—00,00] — [—00,00] be a strictly increasing,
continuous and odd function with g(1) = 1. An operator g-BIOWA : R™ — R defined by

¢-BIOWA (f) = BC9(f, m),
is called a Bipolar Ordered Weighted Quasi-Average (a g-BIOWA operator).
As a consequence of Proposition [2.5| and the monotonicity of g we have the following result.

Proposition 4.2. A bi-capacity m € M is symmetric if and only if g o m is a symmetric bi-capacity.
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Let f € S and let a be a permutation such that |fo1)| < [fa@)| < - < [fam)l| Let Ai = {Zag), .-+ Tam)} and
Apt+1 = @. Assume a function s : X — {(1,0),(0,1)} defined by

(150) y La(i) € X+07
s(x;) = { . (7)
(071) y La(i) € Xf .
Let
wi =t s(x) | ot D s) ]|, (8)
Jj=i j=i+1

where E;l:n 41 5(x;) = (0,0) and ¢ is a generating function of a symmetric bi-capacity m € M. The vector wy =
(w3, ..,ws) is weighting vector and w; are weights. In general, for a fixed ¢ there can be 2™ possible weighting vectors
depending on the function f. Obviously, for f > 0 or f < 0 the weighting vector w, satisfies "~ ; |wf| = 1. Although
we refer to wf, i = 1,...,n as weights, they need not to be non-negative.

Theorem 4.3. Let m € M be symmetric and based on a generating function t. Then for g-BIOWA operator
g-BIOWA, : R” — R it holds

g-BIOWA, (f) = BCh(f,m @w O [ faiiyl,

where weights w] and s are given by (@/ and (@, respectively.

Proof. Using Proposition and the above notation we get

¢-BIOWA, (f) = BCh(f, m)

= Dlfawl® (u+ (4 6uf+(Ai+1))

= Dlfuwl© (mANX}, 4N X])om(A N X ,Ai+1ﬂXf‘)>

(
(e
(
gy

f’ ) ot (Ammx

s [ A me“))

n
= Plfuwlo t\A nx;0,
=1

n

= Dlfacl© (1 ot > s@))
=1

j=i+1
= @|f&(z)| Q’wfv
=1

where we use the notation |A| = card(A4). O

Notice that a choice of a permutation a of indexes of inputs obtained by | f|, such that | fo ()| < [fa2)] < - < | fam)l
does not affect on g-BIOWA operator. However, this additional condition for a can be required (see [20]): if for some
i < j it holds | fo(i)| = |fa(j)|, then either sign f,(;y = —1 and sign f,(;) = 1, or sign fu;)= sign fa(j) and a(i) < a(j).

Example 4.4. Let X = {1,2,3,4} and function f € S; be given by f (1) =0.2, f(2) =—-0.3, f(3) =0, f(4) = —-0.4.
Therefore X]TO ={1,3}, X; ={2,4}. For a = (3,1,2,4), we have 0 = [f3] < [f1| < |f2| < [fa]. Then

s(1) =(1,0), s(2) =(1,0), s(3)=(0,1), s(4) =(0,1).
Let t(z,y) = g~ ' (23%) . Then

I
)

L
/N
o
|
—~
|
=
N~—
N
I
Q

L
7N
= =
N~
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I

Q

L
/I\
e~ =

|
/T\
[N
~
~
I

Q

L

~_ o~ ——

e~ =
~

3 £(0,2) 5t (0,1) = g <
(- (9) = ()
wi = t(0,1)0¢(0,0)=g"" (_1>@g—1(0)

4
1
_ -1(_=

and by Theorem the bipolar Choquet g-integral of a function f with respect to m is

S
w
I

g-BIOWA, (f) = w} O |fa)| @ w5 O |fa@)| @ ws O [fai)| ® wi O [faw)]

= (L ©02@®g7! 1 ©03dg ! 1 ©0.4
= 9 (3 2@y 1 3Dy 1 :

gt (ig (0.2) — %g (0.3) — 19(0.4)> .

If g () =z, x € [—00, 0], is a generator for & = G4, ® = ©4 then

1 1 1
= —0.125,
and it is the arithmetic mean.
If g (z) = (sign z)|z|*, z € [—00,00], for k > 0 is a generator for & = &,, ® = ©g, then
1

&

1
g-BIOWA, (f) = (signm) 1 (0.2F —0.3F —0.4%)| |
where 4m = 0.2 — 0.3F — 0.4%, and for odd k € N, it is the root-power mean.

A function of n variables F' : [—1,1]" — [—1, 1] that is non-decreasing in each variable and that fulfills the boundary
conditions F(1,1,...,1) =1 and F(—1,-1,...,—1) = —1 is said to be an aggregation function on [—1,1]. Moreover, F
is a symmetric aggregation function if

F(f17f2a"'7fn) = F(f’r(l)afr(2)a-~-af'r(n)) )

for all (f1, fa, ..., fn) € [-1,1]™ and any permutation of indexes 7.
Some properties of the g-BIOWA operator are considered in the following theorem.

Theorem 4.5. The g-BIOWA operator is an idempotent, positively ©®-homogeneous and symmetric aggregation function
on [—1,1].
Proof. (i) (Monotonicity) Let f,h € S1, f < h. Then go f < go h. The bipolar Choquet integral is increasing [12].

Therefore, we have

g-BIOWA (f) g '(BCh(go f,gom))
g_l(BCh(g oh,gom))

= g¢-BIOWA (h),

IN

i.e., g-BIOWA operator is monotonic.
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(ii) (Idempotency) Let f € 81 be such that it holds f1 = fo = ... = f,,. By Propositionwe have

g-BIOWA (f)

D (Ifa]© atnl) @ g+ (4)

i=1
|[fa@)| © pp+ (A1)
= |falomX N X}, XNX7).

If fo) >0 then m(X N X}, X N X;) = m(X, @), if foq) <0 then m(X N X} XN X;)=m(z,X) and
bi-capacity m is normalized, therefore g-BIOWA (f) = f, i.e., g-BIOWA operator is idempotent.

(i) (Positively ®-homogeneity) Let f € Sy and ¢ € (0, 1] . Since the bipolar Choquet integral is positively homogeneous
and g(c) > 0, we have

g-BIOWA (c® f) = ¢ "(BCh(go(c® f),gom))

g
g~ (BCh(g(c)-go f,gom))
= g '(g(c)- BCh(QOﬁgom))
g

“H9(e) -9 (97! (BCh(g o f,gom))))
® g-BIOWA (f).

(iv) (Symmetry) Let 7: {1,2,...,n} = {1,2...,n} be arbitrary permutation and « be any permutation such that
l[fa)] < 1fa@)| < - < fam)ls fa = 0, and A; = {243, Ta(m)} for all i, where f € S;. Let 3 be a
permutation such that (70 8)(i) = 7(8(i)) = (i) and B; = {Zr-1(a(i)), - - - » Tr—1(a(n))} for all i. Then T-(A4;) =
B; for all ¢ and according to Proposition for fr = (fray, - frn))s fr(@i) = f(274)) = fr@) we have

n

¢BIOWA () = D (I Uron®) 181 Feropmia-n) ) @ pps (B

i=1
- & <|fa(¢)\ S |fa(i71)‘) © ppr (Bi).
i=1
Due to symmetry of m it holds
ppe (B) = m(BinX;% BiNX;)

= m(T! (Ai N X;O) 7! (Ai N X]:))
m(4;N X}, AinXy)
= g+ (Ai),
which implies g-BIOWA (f,) = g-BIOWA (f).
O

Remark 4.6. Let m € M be symmetric and based on a generating function t and let w; be given by (@) Let f € S,
let a be a permutation such that |fo1)] < [fa@) < - < | fam)ls Ai = {Ta@), -+ Tam)}, 1= 1,...1, Apy1 = D and let

v be a permutation such that fyq) < fye) <+ < fym)- Let ‘Ai N XJJ[O‘ =aq;, [A; N X;’ =b;, for alli.

(i) Lett(z,y) = g7 (52) . If fa@) =0, then

s
w; )

t(‘AmX*O , f—‘)@t(‘AiJrl nxfo
= t(azab)et(a1+labz+l)
g (g (t(ai, b)) — g (t(a; — 1,b;)))

-1 (ai ai_1>
= g —_—
n n
()
n

Air me—’)




If fa(i) < 0, then

Further,
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= t(‘AiﬁX;[O 7 Aime_‘)et(‘Ai-HﬂX;_o
= t(ai, b)) ©t(ait1,biv1)
= g7 (g(t(ai b)) — g (t(ai,b; — 1))

1( b bi—1>
n n

1
()

n

1
)

n

s T - 1
g-BIOWA, (f) = @ | fa@)| ©wj = @fa(i) ©g! (n)

i=1

g (gg (fati)) -9 (9_1 (i)))
g ! <iig (fw)))
g1 (Tll éﬂﬁ)) ;

Ai me—’)

)

i.e., ¢-BIOWA, reduces to a quasi-arithmetic mean [10], while E:cample (i) is its special case.

If fa(i) <0, then

:P(X

+1

—~

n—1y)), wherel:{0,1,...,n} — [0,1] is an increasing function satisfying 1 (0) =
[0,1] be symmetric capacities such that for each A € P(X) it holds u(A)
(X N\ A). If fa@y >0, then

0

1

= #|ain x|, |40 X7 |yt as 0 xFO
t(ai,b;) ©t(aiy1,biv1)

97" (g (t(ai, b)) — g (t(a;i —1,b;)))

= g (@) = 1+1(n—b) —l(a; — 1) +1—1(n—0b))
9" (lag) = U(a; — 1)).

Ai+1 ﬂXJ:’)

)

t(ai,bi) @t(aiﬂ,biﬂ)

97" (g (t(ai,b:)) — g (t (ai, b; — 1)))

= g ((ai) = 14+1(n—"0b) —l(a;)) +1—1(n—b;+1))
g (=ln—b+1)+1(n—1b)).

)

— . +0
= #|ainx]

A; N XJ:‘) 6t(‘Ai+1 N X;O

Ai+1 ﬂXJ:’)
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Thus,
FBIOWA, (1) = Dl
= E_.Efau)@wal
g (ig (faei)) ~g(wf|)>
. (Zg (£30) -9 0wih — 3 (£)) - (ut >>

i=1

= g7 (Chllge fy*n) = Ch((go f).7))
g (Zg () - (U =i +1) = 1n = i))) .

In this case g-BIOWA, is an ordered weighted quasi-arithmetic mean [10,[18]B82] and for g (x) = x it is a standard
OWA operator [31].

Notice that g¢-BIOWA, from Example (i) is its special case.

Also, it should be stressed that the main properties of these special g-BIOWA are herited from ordered weighted
arithmetic means.

(iii) Using the previous consideration, as an application of statistical methods in insurance, we will present some
actuarial premium principles defined for discrete insurance risk f € S, also investigated and studied in [22], here
in terms of bipolar bipolar Choquet g-integrals.

Net premium principle: If g(x) = x, and m(A, B) = u(A) — a(B), for all (A,B) € Q(X), and u =1 = P is a
probability measure then

BCHY(f,m) =TIx(f),
i.e. it coincides with the mathematical expectation E(f) of a random variable f.
Mean premium principle: If m(A, B) = g~ (u(A) —1(B)), for all (A,B) € Q(X), and p =i = P is a probability
measure then

BCR(f, m) =Ty (f),
i.e. it coincides with the mean premium principle of a random variable f, since g is odd and strictly increasing.
CPT-like premium principle: If m(4, B) = g~ (u(A) — @(B)), for all (A, B) € Q(X), where p, 71 : P(X) — [0,1]
are capacities, i(A) =1 — u(X \ A), for all A € P(X), then

BCW (f,m) =Tlopr, (f) = g7 (Ch ((g o £, 1) = Ch (g f)".7) ).

5 Induced bipolar ordered weighted averages: IBIOWA operators

Following the notion of the induced Choquet (I-COA) aggregation [10) 18, 28] we will define the induced BIOWA
operator. This operator is based on the order-inducing variables u;, i.e. the order-inducing function u : X — R. These
variables determine the position of inputs f;, i.e., the position of the absolute values of components of the input function
f: X—=R

For u € S, let 0 be a permutation such that |us1)| < |ug2)| < -+ < |ugm)| Additionally, let o be such that,
besides the previous one, the next condition is satisfied: if |uy(;)| = |ug(;)| for some 7 < j, then either sign u,;) = —1
and sign uq(;) = 1, or sign u,(;)= sign u,(;) and o(i) < o(j). Let A; = {25(3), ..., Zs(n)} and for u € S denote

X0 ={2; € X|u; >0}, X, ={x; € X|u; <0}
Assume a function s* : X — {(1,0),(0,1)} defined by

Ul (170)a Lo (i) S X’L—,L‘r()?
5 (xl) B { (0,1), ZTo(i) € XJ (9)
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n n
w; =t ZS" ()| —t Z s (zj) |, (10)
j=i j=it1
where Z;L:n 415" (z;) = (0,0) and t is a generating function of a symmetric bi-capacity m € M. The vector wsu =

s¥
n

n
S jwg"| = 1. For each i € {1,...,n}, let
i=1

(wfu, cew ) is a weighting vector and wfu are weights. Obviously, for « > 0 or v < 0 the weighting vector ws. fulfils

Ki ={z5(j) € X [ [uo)| = [us(yl}-
Denote K;° = K; N X}, K; = K; \ K;°.

As it has been suggested in [3], 21] for IOWA operators, in order to obtain a bipolar weighting vector suitable for
well-defining IBIOWA, for given u € S, if |u,(;)| = |uy(;)| for some i < j, we shell modify the weights on tied positions
in accordance with Definition 2.6l

Now, let f € S. Define a bipolar weighting vector w = (wy,ws, ..., w,) induced by u € S:

L u +0 40
card(K;°NX7T0) > sz ) To(i) € Xf NK;™,
i f z(,meKjOmXJTO
S S— —apS” ) +0 -
card(K;mX;ro) 2 +o( wy )7 To(i) € Xf ﬂKl s
To(y) €K NX;
wi = 1 (1)

s - +0
(7”(1)]. )a To(i) € Xf mKi )

card(K;rDﬂX7 )
7 oy eRionx;

u

To(i) € Xf_ NK, .

S S s
card(K; NX;) Z_ _ wj
T, EK; ﬁXf

It is said that vectors f = (f1, fa,..., fn) and h = (hq, ha, ..., hy) are cosigned (well tied or sign tied) if f; - h; >0
for all ¢ = 1,...,n. The vectors f and h are strictly cosigned if they are cosigned and for all ¢ it holds f; > 0 if and
only if h; > 0.

Definition 5.1. Let m € M be a symmetric bi-capacity generated by a generator t. Let f € S be an input function
and u € 8 be an order inducing function. An operator IBIOWA, : (R x R)" — R is defined by

IBIOWA; ((u, £)) = > | fo(s)] - wi,
=1

=1

where w = (wy,ws, . .., wy) is a weighting vector, S |w;®* | = 1, obtained by (9)), and . The IBIOWA; operator
is called an Induced Bipolar Ordered Weighted Average (an IBIOWA operator).

The properties of an IBIOWA operator are observed in the following theorem.

n
Theorem 5.2. For a fized order-inducing function u € Sy such that \wf =1, the IBIOWA operator is an idempo-

i=1
tent and positively homogeneous operator on [—1,1]. Moreover, if we denoteUd = {f € S1; f is strictly cosigned with u €
81}, then for all f,h € U it holds

f<h = IBIOWA((u, f)) < IBIOWA((u, h)).

Proof. Let t be a generating function of a symmetric bi-capacity. For a fixed function u € 81, let o be a permutation such

that |u0(1)| < |ug(2)’ < < |u0(n)| and if |u,(;)| = |ug (| for some i < j then either sign u, ;) = —1 and sign u,(;) = 1,
or sign Uy (;)= sign uq(;) and o(i) < o(j) and ) lws"| = 1, obtained by (H), and .
i=1
(i) (Idempotency) Let f € S; be such that it holds f; = fo = ... = f,,. We have

IBIOWA ((u, /) = Y |fow| - wi
=1

n
= fi- Z |w;®
=1

)
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where Y [wg"| = 1, therefore IBIOWA ((u, f)) = f1, i.e., IBIOWA operator is idempotent.
i=1

(i) (Positively homogeneity) Let f € S; and ¢ € (0, 1] . Since
Xf={wi € X[ f(z:) > 0} = {mi € X[(c- f)lwi) > 0} = X[,
Xp ={z; € X[ f(z;) <0} ={z; € X|(c- f)(z;) <O} =X,

Xp={zi € X|f(z;) =0} = {zi € X |(c- f)(z:) =0} = X2,

we have

IBIOWA ((u,c- f)) = Y l(c o] -wi
i=1

= ¢-IBIOWA ((u, f)).

(iii) (Monotonicity on U) Assume f,h € U, f < h. Let i € {1,...,n}. It holds f,;) > 0 or fy@;y < 0. Let us remark
that, since both, f and h are strictly cosigned with w, also f and h are strictly cosigned.
(%) First, assume that hoy = foy = 0, then z,(;) € Kjo. For all z,(;) € Kjo it holds wju > 0, where wju are
given by . Therefore, since f and h are strictly cosigned, we obtain

1 Su
wp = 0 0 E : w;
card(K;F°n X F
( A f )xc,(ﬂEK;rOﬂX;ro

1 u
= 2 >0.
card(K;70 N X;0) z Y=

xa(”GKjOﬂX;ro
(+%) If foi) < hog) <0, then 2,y € K; . For all x,(;) € K; it holds sz-u < 0. Therefore, in this case, since f

and h are strictly cosigned, we have

1 L
w,; = _— w -
! card(K; N X;) Z Y
:E,,u)EKi ﬁXf

1 u
= — wi <0,
card(K; NX,) 2 T
To(j) €K NX,

By (*) and () for strictly cosigned f,h € U, such that f < h, clearly, for each i, it holds |fy;)| - ws < |ho@] - wi.
Finally, taking the sum over i, we obtain IBIOWA ((u, f)) < IBIOWA ((u, h)).

O

Proposition 5.3. For an arbitrary permutation 7 : {1,...,n} = {1,...,n} and for all f,u € S it holds
IBIOWA ((u,, fr)) = IBIOWA ((u, f)) .

Proof. Let u = (uq,...,up) and u, = (uT(l), e uT(n)) be the vectors of order-inducing values for an arbitrary permuta-

tion 7: {1,...,n} — {1,...,n}. For the permutation o such that [u,1)| < [ugy2)| < -+ < |ugn)| and if [uy ()| = [Uuq(s]
for some 7 < j then either sign u,(;) = —1 and sign u,(;) = 1, or sign u, ;)= sign u,(;) and o (i) < o(j), with lws"| =1
i=1

and A; = {Z,(;), .-+, To(n)}» Any1 = I, there exists a permutation § such that |u- ()| < [urge)l < - < |urgmy)l
and B; = {2g(:),---,Tg(n) }» Bn41 = @, such that it holds o (i) = 7 (8(7)), and T~ (4;) = B;, for all i. Therefore, due
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to the symmetry of m, for each f € S, if K; is a singleton set for each i, we have

=1

= > Frsay - Itr (Bi) = s (Biga) |
=1

= S fotr - It (Ad) = s (Aisr) |
=1

= > ol -wi
i=1
= IBIOWA ((u, f}).
In the other cases, when there are ties in u, the proof is similar, by using . O
We conclude with the following facts.
o Let t(z,y) =1l(x) —14+1(n—y), where l:{0,1,...,n} — [0,1] is an increasing function satisfying 1(0) = 0 and
I(n)=1.
If w > 0, with no ties, then for all 4
w; = t(n—i+1,0)—t(n—1,0)
= ln—i+1)—1l(n—1),

therefore, for f >0

IBIOWA; ((u, f))

Z foti) - wi
=1

= Yoy U =i+ 1) = ln—1).

n

In this case, IBIOWA; is IOWA, operator acting on [0, 1] with the weights v; = w$ > 0 such that > v; = 1, and

i=1

for u = f it is a standard OWA operator [21].

Example 5.4. Let X = {1,2,3,4,5}, t(z,y) = l(x) =14+ 1(5—y), where [ (z) = (%)37 for x € {0,1,2,3,4,5},
and the vector of order-inducing values u = (0.3, —0.2,0.2,0.2, —0.1) . Therefore X,;° = {1,3,4}, X, = {2,5}. For
o=(5,2,3,4,1), it holds |us| < |ua| < |ug| < |ug| < |uy|. We have

as = [{1,3,4}| =3, as=|{L,4}| =2, a5 =|{1}| =1,
b= 12,5} =2, b =[{2}| =1,

5-b\° (5-bi+1\" 37
5 5 o125

3 3
wg" 5-by\" [(5-by+1 :_ﬂ7
5 125

and
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Notice that it holds i:l ’wfu| = % + % + %95 + é + % =1
(i) Let f be given by
f(1)=02, f(2)=-06, f(3)=0.8, f(4) =0.1, f(5) =—-04,
f and u are strictly cosigned. We observe five pairs:
(0.3,0.2),(—0.2,-0.6) ,(0.2,0.8), (0.2,0.1) , (—0.1, —0.4) ,
where the first component is the order-inducing variable. Let we observe the following reordering
(—0.1,-0.4),(-0.2,-0.6),(0.2,0.8),(0.2,0.1) , (0.3,0.2) ,
induced by the vector of order-inducing values u. There exists the ties between (—0.2,—0.6), (0.2,0.8) and (0.2,0.1).

By (|11)) we have
& 37 61 13 13 1

T ey T 125 BT 12s T 128 0T 125
Using the definition of IBIOWA operator we obtain the following result:

IBIOWA, (1, f)) = —0.4. %75 —06- %5 108 %35 +0.1- %35 102 515
= —0.316.
(ii) Let h be given by
h(1)=0.2, h(2)=-0.8, h(3)=0.4, h(4) =0.1, h(5) = —0.7,
h and w are strictly cosigned. We observe the following pairs:
(0.3,0.2),(—0.2,—0.8),(0.2,0.4),(0.2,0.1) , (0.1, -0.7) ,

where the first component is the order-inducing variable. Let us observe the following reordering

(—0.1,-0.7) , (=0.2, —0.8), (0.2,0.4) , (0.2,0.1) , (0.3,0.2) ,
induced by vector u. Due to the ties between (—0.2,—0.8), (0.2,0.4) and (0.2,0.1), we have

w8 B
YT1es P 125t % 125t YT 1250 0 1257
We obtain the following result:
37 61 13 13 1
IBIOWA = —07-——-08- — 4 — d-— 2 —
OWA ({u, 1)) 0.7 125 08 125 +0 125 +0 125 0 125
= —0.544.

(iii) Let p be given by
p(1)=1,p2)=-01,p3)=1, p(4) =03, p(5) =04,
we observe the following pairs:
(0.3,1),(-0.2,-0.1),(0.2,1),(0.2,0.3) , (—0.1,—0.4) ,
where the first component is the order-inducing variable. Let we observe the following reordering
(—0.1,-0.4) , (—0.2,—0.1), (0.2, 1), (0.2,0.3) , (0.3, 1) ,

induced by u. Due to the ties between (—0.2,—0.1), (0.2,1) and (0.2,0.3), we obtain by
37 61 13 13 1

WIS s 2T gy T D5 T 1 T o
We obtain the following result:

37 61 13 13 1
IBIOWA = 04-2L 01 1 2 403
OWA, ({u.p) 0-4- o5 ~0l og + 155 703 5 17155

—0.024.

Hence, we get that for the functions f, A, p satisfying h < f < p it holds
IBIOWA; ((u, h)) < IBIOWA; ((u, f)) < IBIOWA, ((u,p)).
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6 Conclusions

As a generalisation of recently introduced BIOWA operators in [20], we have introduced g-BIOWA operators defined
with respect to an odd, strictly increasing and continuous function g. These operators are also an extension of GOWA
operators defined on [0, 1] with non-negative weights. Secondly, we have introduced IBIOWA operators, as extensions of
IOWA operators defined on [0, 1] with non-negative weights. The both operators extend the OWA operators with non-
negative weights, considering non-negative inputs. The theoretical results regarding the main properties of g-BIOWA
and IBIOWA operators have been obtained. In the future work, further investigations on numerical characteristics
of BIOWA and on generalisations of IBIOWA operators will be provided. Also, we intend to introduce bipolarity on
bounded lattices replacing bipolar Choquet integral by bipolar Sugeno integral.
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