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Abstract

The bipolar decomposition integral, recently introduced in [B], is a general framework for handling integrals related
to aggregation on unipolar and bipolar scales. The Mobius representation is related to the notion of k-additivity
of a monotone set function and allows to derive simple expressions of some nonlinear integrals. In this paper, we
propose Mobius representation for the bipolar decomposition integral, which includes the Md&bius representation of
each of the bipolar Choquet integral, bipolar Shilkret integral, and bipolar Pan integral. Then, we introduce the
expressions for computing bipolar decomposition integrals concerning a 2-additive bi-capacity. Lastly, a practical
numerical example is provided to illustrate the applicability of the proposed results in dealing with aggregation on
bipolar scales, and simplicity of calculating the 2-additive bipolar decomposition integrals.

Keywords: 2-additive bi-capacity, aggregation functions, bipolar decomposition integrals, Mobius transform, multi-
criteria decision-making.

1 Introduction

Fuzzy integrals [16] based on non-additive measures have been used as utility aggregation tools for representing
interaction among multiple criteria, and combining a set of values for different criteria into an overall represen-
tative value to rank the alternatives. Fuzzy integrals have been extensively applied in various fields of real-world
applications, including face recognition, decision-making problems, and interactive information fusion (see, e. g.,
[19, 2T, 23, [30]). Bipolar fuzzy integrals are an advanced generalization of fuzzy integrals concerning aggregation
on bipolar scales. These have been introduced in numerous studies (see, e.g., [1], B}, 15} 18] 20]).

The idea of decomposing the integrand function on unipolar scales was used in [I0} 28] for introducing decom-
position integral as a common framework for known integrals, such as the Choquet integral [9], the Shilkret integral
[32], the PAN integral [34], and the concave integral [24]. The bipolar decomposition integral, recently introduced in
[5], is a general framework for handling integrals related to aggregation on unipolar and bipolar scales. The Mébius
representation [31] of a monotone set function is a fundamental concept permitting the derivation of simple expres-
sions of nonlinear integrals, and its generalizations have been discussed by various researchers (see, e.g. [ 1T} [14]).
Recently, based on Lovéasz idea of an extension of pseudo-boolean functions (leading to an alternative representation
of the discrete Choquet integral), the Mobius representation of decomposition integrals has been introduced in [26]
for the decomposition systems to get different types of decomposition integrals on unipolar scales.

In this paper, we propose Mobius representation for the bipolar decomposition integral, which includes the
Mobius representation of each of the bipolar Choquet integral, bipolar Shilkret integral, and bipolar Pan integral.
Furthermore, the computational complexity for bipolar decomposition integral by means of the Md&bius represen-
tation is simpler when applying k-additive measures with small k € {2,3} than that one based on bi-capacities.
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Consequently, we then introduce the expressions for computing bipolar decomposition integrals concerning a 2-
additive bi-capacity, and apply them with a practical example to demonstrate the efficiency and simplicity of
calculating the 2-additive bipolar decomposition integrals.

The rest of the paper is arranged as follows: Section 2 recalls the preliminaries required for this work. According
to the approach used in previous literature [5], Section 3 introduces the Mobius representation and k-additivity of
bi-capacity. Section 4 describes the bipolar decomposition integral as a general way of selection and global utility
analysis. In section 5, we propose the general main results. In Section 6, we perform special cases of bipolar
decomposition integrals based on the 2-additive bi-capacities. Section 7 provides a practical numerical example to
illustrate the applicability of the proposed results. Concluding remarks and future research direction are given in
Section 8.

Throughout the paper, N denotes the universal set of n elements (players, criteria, states of nature, etc. ),
P(N) denotes the power set of N. We consider [0,1] or [0, 00] to be prototypical unipolar scale, while [—1,1] or R
with 0 as a neutral level will be considered as a prototypical bipolar scale. To avoid heavy notations, we will often
omit brackets and commas to denote sets. For example, {i}, {1,2},{1,2,3} are respectively denoted by 7,12, 123.

2 Preliminaries

In this section, we will review some basic concepts and definitions of bi-capacities that have been adopted in the
literature [5l [13], 14}, I7], which are relevant to the results obtained in this paper.
For any s,t € [—1, 1], the symmetric maximum Y has been introduced in [I2] as follows:

sYt=sign(s+t)-(|s|V[t),

where sign is the sign-function. Observe that the symmetric maximum has a neutral element 0 but it is not
associative and thus it opens the doors for several extension into related n-ary operations on [—1,1], n > 2.

Many extensions of the symmetric maximum have been proposed by various researchers [12), 13| [I7, 27]. One
of these extensions is the bipolar maximum, here denoted by Y, which is based on the splitting rule applied to the
supremum and to the infimum, and given by:

SII: ( \/ 8i) Y (/\ 5i), (1)

for any non-empty set (index set) I and a system (s;), ¢ € I of values s; € [—1,1].
In the context of game theory, Bilbao et al. [8] have introduced the bi-cooperative game as an extension of a
cooperative game.

Definition 2.1. [8] Let Q(N) := {(A,B) € P(N) x P(N)| AN B = 0} be the set of all disjoint pairs of sets. A
bi-cooperative game is a function v : Q(N) — R with v(0,0) = 0, where v(A, B) is the worth when players in A are
positive contributors, players in B are negative contributors, and the remaining players do not participate.

In the field of multicriteria decision making, Grabisch and Labreuche have presented the following partial order
C on Q(N) for bi-capacities [14]:

(Al, Bl) E (AQ, Bg) if and only if A1 g A2 and Bl :_) Bg. (2)
The bi-capacity is a monotonic bi-cooperative game, as specified by the following definition.

Definition 2.2. [14] A function v : Q(N) — [—1,1] is a bi-capacity on Q(N) if it satisfies:
(i) v(0,0) =0, v(N,0) =1, v(B,N) = -1,

(ii) v(Ay, B1) < v(Ag, Bs) for any (A1, B1),(As, Ba) € Q(N) such that

(A1, By) C (Ag, Bs).

There are several order relations on the structure Q(N) that have been introduced by Grabisch and Labreuche
[14], and Bilbao et al. [§]. The partially ordered set (Q(N),C) is a lattice which has no center, but only the top
(N, () and the bottom (@, N).

On the other hand, the bipolar fuzzy integral is constructed by a symmetry around the (@,0) point, which
is the central point in Q(N). This leads to consider a more natural structure on Q(N) with replacement each
element (A, B) by (A, B¢), introduced in [14] and denoted by (Q(N)*,C*). The set Q(N)" consists of all pairs
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(A, B) such that A C B, and Q(N)* is a lattice with respect to the product order °* on P(N)?: for each
(A17B1)a (A27B2) € Q( )

(Al,Bl)E*(AQ,BQ) if and only if A1 Q AQ, B1 Q BQ. (3)
Its lattice operations of infimum and supremum are given by formulas
(Al, Bl> |_|*(A2, Bg) = (A NA, BN 31)7

and
(Al,Bl) |_|*(A2,B2) = (AUAl,BUBl)

For each element (A, By) € Q(N)*, the characteristic function (denoted by 1(4, p,)) is defined by

1 iffie Ay,
1a,,B,)(i) = -1 iff¢ € BY,
0 iffi¢ A UBS

fori € N.
According to order relation C* on Q(N)* and the lattice operations of infimum M* and supremum U*, we can
directly have the following definitions.

Definition 2.3. [5] We say that (A1, B1) and (A2, Bs) are nested if either (Ay, By) C* (A2, Ba) or (As, Ba) C*
(A1, By), for any (A1, B1), (A2, Ba) € Q(N)*. A collection C is called a chain if any two different pairs of elements
(A1, B1),(Ag, Ba) € C are nested.

Definition 2.4. [5] For any element (A, B) € Q(N)*, ( B) # (0,0), a collection P = {(A1,B1),...,(An, Byn)}
from Q(N)* is called a partition of (A, B) if for all ( Bj), (A, B) € P, (A;,Bj) M*(Ag, Br) = (0,0), and
{(A“B) i=1 " (A’B)'

3 Mobius representation of bi-capacities

In the sense of our approach, we introduce a Md&bius representation of a bi-capacity v on the partially ordered set
(Q(N)*,C*), which is consistent as generalization of the Mbius representation for capacities.

Definition 3.1. The function M* : Q(N)* — R is said to be Mébius transform of v defined by

M* (Alv Bl) _ Z (_1)card(A1\A2)+card(Bf\Bg) V(AQ,B;)
(A2,B2)CE*(A1,BY)
_ Z (_1)card(A1\Ag)-&—@@rd(Bf\Bg) I/(Az,Bg), (4)

AgCAy
By CB¢

for all (A1,B;) € Q(N)".

Conversely, the following proposition proves a one-to-one correspondence between the bi-capacity v and the
Mobius transform of v.

Proposition 3.2. Consider a bi-capacity v : Q(N)* — R and let M* : Q(N)* — R be the Mdbius transform
of v. Then,

vALB) = 3T M B = 3T M(Ay B, (5)
(A2,B2)C*(A1,BYf) AgCAq
By CBY

for all (A1, B;) € Q(N)".



J. Abbas, R. Mesiar, R. Halas

Proof. By Definition for all (Aa, BS) € Q(N)™ we have

M*(AQ,BE) _ Z (_1)card(Ag\A3)+card(Bz\B3) I/(A37B§)
A3CAg
B3C B,

Then,

S AnBy = 3 S (AR (, 5)

AgCAy AgCA; AzCAg
By CBf ByCBY B3CBj
_ § : (_1)card(A3)+card(Bg) Z/(Ag Bg)( § : (_l)card(A2)+card(BQ))
)
AgCAy Ag:AgCAgCAy
B3C B¢ B3:B3CByC Bf
_ E : (_l)card(A3)+card(Bg) I/(Ag,Bg)( E (_l)card(Ag)Jrcard(BQ))
Ag=A4, Ag:A3CA9CA;
B3=BY By:B3C By CBY
+ E (71)card(A3)+card(Bz) V(Ag Bg)( § (71)card(A2)+card(Bz))
)
A3zCAy Ag:A3CAyCAq
B3CBf By:B3CByCBE

(_l)card(A1)+card(Bl) V(Al,Bl) ((_1)card(A1)+card(B1))

+ Z (_1)card(A3)+card(Bg) Z/(A3,B§) (0)

AzCA,
B3 CBY{

= V(Al,Bl).
0

Mobius representation is related to the concept of k-additivity. The fundamental notion of k-additivity proposed
by Grabisch and Labreuche ([I4]) enables to reduce the number of bi-capacity coefficients. Also, Fujimoto et al.
[11] have proposed the characterization of k-additivity of bi-capacities by using the bipolar Mdbius transform. In
this section, we define the k-additivity of bi-capacities based on the partially ordered set (Q(N)*,C*).

Definition 3.3. Let k € {1,...,n — 1}. A bi-capacity v is said to be k-additive if and only if it’s Mdébius
transform M*(A, B) = 0 whenever card(A) + card(B¢) > k, and there ezists some (A, B) € Q(N)*, such that
card(A) + card(B°) = k and M*(A, B) # 0.

Proposition 3.4. Let v be a 2-additive bi-capacity based on the partially ordered set (Q(N)*,C*) and M* its
Mébius transform. For all i, j € {1,--- n}, i # j, and any (A, B) € Q(N)* we have:

V(A,B) =Y M*(i,N)+ Y M ({i,j},N)+ Y M*(i,j)

ic A Ve icA
i€ {i,j}CA e

MO, + Y M0, {i,j}°). (6)

JjeB {i,5}CB
Proof. By Proposition 3.2} for all (A;, By) € Q(N)* we have

v(Ay,By) = > M*(Ay, BS).
(A2,B2)E*(A1,BY)

Since v is 2-additive bi-capacity, the equality (6) can be deduced by using the relation between bi-capacity v and
its Mobius transform M*. O

4 Bipolar decomposition integral as a general way of selection and
global utility analysis

Although there are several approaches for representing preferences, multi-attribute utility theory [22] is possibly the
most widely used model in multi-criteria decision making. Consider a decision-making problem that depends on n
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criteria (or attributes) described by the alternatives g1, -+, g, and a set of criteria N = {1,--- ;n}. An alternative
is characterized by a value with respect to each criterion and it is thus identified with a point in the Cartesian
product g of the criteria, i.e., g = g1 X --- X g, is the set of potential alternatives. The preference relation of the
Decision Maker (DM) over alternatives is denoted by >. For any z,y € g, “x > y” means that the DM prefers
alternative = before y. To conduct a qualitative analysis of preferences, decision makers will attempt to model >
by means of an utility function u : ¢ — R such that

Vaz,yeyg, z=ysu(x)>uy).

Clearly u is a n-dimensional function. Probably the easiest manner to construct « is to consider one-dimensional
utility function u; on each criterion and then to aggregate them by a suitable operator: for all z € g, we put

w(x) :=u(xy,...,22) = F(ui(z1), ..., un(xn)),

where, F is called an aggregation function.

The choice of utility function is subjective and related to the behavior of the decision maker behavior toward
risk and uncertainty. Hence, each decision maker is asked to choose a utility function to express his preferences
among criteria of g. Typically, utility function is constructed first, and then an appropriate aggregation function is
choosed to model the decision-making process.

Recently, the bipolar decomposition integral has been introduced in [5] as an aggregation function to address
aggregation-related integrals on unipolar and bipolar scales. Therefore, we can use the bipolar decomposition
integral as a general way for aggregating criteria and analyzing optimal utility under specific constraints in decision-
making.

We recall below the basic foundations of the bipolar decomposition integral, and present a new integral in
terms of decomposition of the integrand function to be suitable for bipolar scales, which covers families of the
decomposition systems for the bipolar Choquet, bipolar Shilkret, and the bipolar PAN Integrals.

For the real-valued function g = (z1,...,%i,..., %), ¥; € R with i € N, we denote by (A}, B;¢) with A} = {i €
Nlz; > 0} and B; = {i € N|z; < 0} an element of Q(N)* corresponding to the real-valued function g on N.

A sub- decomposition of the real-valued function g is a finite summation Zle a;1(4, B,) such that:
(i) s > 0and 327 ailia,m,) <0,
(ii) (AZ,B ) C* (A, B;©) for every i = 1,..., k.

If Zle a;1(4, B;) = g, then Zle a;1(4, B,) is a decomposition of the real-valued function g, and the value of
a decomposition with respect to bi-capacity v is Zle a; v(A;, By).

Hereafter, a non-empty subfamily D* of (Ay, B;¢)\{(0,0)} is called a bipolar collection. The class of all bipolar
collections will be denoted by D*. A non-empty family #* of bipolar collections on (A}, B;°)\{(0,0)} is called a
bipolar decomposition system, and the class of all bipolar decomposition systems will be denoted by H*. Also, we
shall denote the class of all bi-capacities on Q(N)* by M*, and the class of all real-valued functions will be denoted
by X*.

The following definition gives the decomposition integral in terms of decompositions of the integrand function
when underlying scales are bipolar.

Definition 4.1. Let v € M* be a bi-capacity and H* be a decomposition system. The functional Fy« : M* x X* —
R given by

k k
Fyu-(r9)=_ Y {Z a; V(A By) | Y cil(a,p) <9 @ > 0}, (7)

i=1 i=1
where D* = {(A1, B1), ..., (A, Bg)}, is called a bipolar decomposition integral with respect to the bipolar decompo-
sition system H*.

Based on the choice of H* in Eq. , we get several specific bipolar decomposition integrals based on some
common decomposition systems. Here, we introduce some distinguished systems from H* and the related integrals:

o Let Hi = {D*|D* is a maximal chain with respect to the order relation C* on (Aj, B;¢)}. Then the bipolar
decomposition integral F: (v, g) is the bipolar Choquet integral, i.e., for any v € M* and g € X'™*:

1

k
BCh(v,g) = Y {Z v(A;, By) Zaz (A8 < 9, ai>0}. (8)

D*eH* ‘
i=1
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o Let H3 = {{(A, B)}| (A, B) E*(A4;, B;°), (A, B) # (0,0)}. Then the bipolar decomposition integral Fy; (v, g)
is the bipolar Shilkret integral BSh(v, g) ([0 18]), i.e., for any v € M* and g € X™*:

F’H;(Vmg) :BSh(Vag) = (A,BY)G’H; {O{ V(A?B) | « 1(A7B) ggaa P O} (9)

o Let H3 = {{(A:, Bi)}ies| {(Ai, Bi) }ics be a partition of (A7, B;¢)}. Then the bipolar decomposition integral
Fy; (v, g) is the bipolar PAN integral (BPan(v,g)) (based on the standard arithmetic operations + and -),
ie.,

BPan(v,g) D*e?—t* {Z a; v(A;, By) Z@zl(A,,B ) < O} . (10)

i€J ieJ

e For the decomposition system Hj = {D*|V (A;, B;), (A;, B;) € D*,
(A;, B))*(A;, B)) € {(Ai, B;), (A, Bj), (0,0)}, we can define a new corresponding decomposition integral in
terms of decomposition of the integrand function to be suitable for bipolar scales, which is a generalization
of the PC-integral introduced by Stupnanové [33]. We call this integral a bipolar PC-integral (BPC(v,g)),
and define it by

BPC(v,g) = *E?—L* {Zal (A;, B;) \Zall(A B < } (11)

icJ

Notice that the formula of bipolar PC-integral (BPC(v, g)) covers families of the decomposition systems for
the bipolar Choquet, bipolar Shilkret, and the bipolar PAN Integrals.

5 Mobius representation of the bipolar decomposition integrals

In [26] we have established a formula for unifying a family of aggregation functions in terms of the M&bius transform
of capacity and minimum operator in a way similar to the Lovész extension of pseudo-Boolean function.

In this section, we provide a general formula to deal with aggregation functions concerning aggregation on
unipolar and bipolar scales, which encompasses the Mobius representation of each of the bipolar Choquet integral,
bipolar Shilkret integral, and bipolar Pan integral.

The following theorem is the main general result of this paper, which satisfies several families of the bipolar
decomposition systems for bipolar concave integral in terms of the Mdbius transform of bi-capacities.

Theorem 5.1. Let H* be a bipolar decomposition system and H* € {H}, H;5, H5, Hi}. The bipolar decomposition-
integral Fy(M*, g) in terms of Mobius transform M* of bi-capacity v is given by Fy«(M*, g) =

ol 2 > M, 0| A eIy, (12)
(4;,B;)eD* (C.DYEP* (A; BONU*P* (A}, BS) wEA;UBS
V(A B ED* i (A, BM* (A5, BS) (A}, BS),(0,0))

where P*(A;, Bf) is a set of all sub-coalitions in (A, Bf) and P*(A;, Bf) is a set of all sub-coalitions in (A, BY).

Notice that, for any element (A, B¢) € Q(N)*, (4, B¢) # (0,0), the set of all sub-coalitions in (A, B) is denoted
by P*(A, B°) and expressed as: P*(A, B®) = {(C, D)| (C,D)C*(A, B°)}.

Proof. The proof is based on the choice of H* in the bipolar decomposition system, and the internal summation of

the formula (12), i.e.,
> M*(C, D°).

(C.D)EP*(A;, BE\LU*P*(A;,B)
V(A;,Bj)ED* j#i (A, BE)N* (A;,BS)E{(A;,BS),(0,0)}

e Case 1 (Bipolar Choquet integral).
Let us first consider the case H* = Hj := {D*|D* is a maximal chain with respect to the order relation
C* on (A}, B;¢)}. Without loss of generality, we assume that for any two elements (A;, B;), (4, B;) €
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D*, (Ai, B;)J"(Aj, Bj) are nested (that is, (A;, B;)1T*(A;,B;) = (A;, Bj). Then the internal summation
reduces to
(e, A le@,
(C.D)EP* (A, BE)\P*(A;,BS) z€A;UBS

and the right-hand side of (12) becomes

o) 2 > M0 N le@)l ) b (13)

(A,,B7)€D* (C,D)E'P*(A“Blc)\'])*(AJ,BJC) T€A7UB:‘
By Definition we know that
M*(C, Dc) — Z (_l)card(C\E)-i-card(D\F) V(E, Fc)

ECC
FCD

Hence, we get

> card(C card c
e > > ST (mpyeerd @B teardND (g pe) N g(@)] | g
v | (AiBi)ED* | (C.D)EP*(A;,B)\P*(A;,BS) BECC €A ;UBS

FCD

Since (A;, Bi)3"(4;, B;j), and by taking |9(xx())| = Ase(cupycia,upey 19(2)], where 7 is a permutation on
(g(x1),- -+, g(zn)) making |g(z)| non-decreasing, i.e., [g(zr1))| < - < [9(Trn))|, we obtain

(J?ﬂ— 1))| Z Z (_1)card(C\E)+card(D\E) V(E, Fc)

DG'H { |g ‘
z.1)€{CUD}C{A;UBS} ?%S

Ho(@n@)] > Y (Rl OB reerdVE) (B, F€)
T(2)€{CUD}C{A1UB{ N\ (o)} EES
+Hg(@r(n1))| > Y (m1)eerd @B keardDVE) (B, Fe)
Tr(n—1)E{CUD}C{Zr(n_1)s Tx(n)} I-b:gg
Hg (@ ()| ) Y (m)eerd @B ReardVE) (7, )
xw(n){CUD}C{I”(”)} ?gg

= b { 9@zl [(Ar1), Brr)) — v(Ax(2), Br2))]
+9(@r2))| [V(Ar2), Br2)) — V(Ax(s), Brgs))l +- -
H9(@r(n-1) V(Arn-1), Brn-1y) = V(Ax(n), Brn))l

+9(@rm)| V(Arn)s Brgny) = V(Ax(nt1)s Brgnyn)]
(with the convention (Ar(ny1), By, y1y) = (@,0)).

= Jw{ Z l9(2(i))| W(An(i), Bagiy) — v(Arisr), Biyn)l} = BCh(v,g),

which is a bipolar Choquet integral of g with respect to bi-capacity v given in [5].



J. Abbas, R. Mesiar, R. Halas

e Case 2 (Bipolar Shilkret integral).
If we consider H* = Hj := {{(A, B)}| (A, B) C*(A4}, B;¢), (A, B) # (,0)} is the set of all singleton element
systems covered by (Aj, B;¢), then {(A;, B;)} = D* and there is no element (A;, B;). Hence, the internal

summation reduces to
> M, D) N\ lg(=)],
(C,D)eP*(A,B*°) r€AUB®

and the right-hand side of (12) becomes

Y > M (C,D%) N\ g(w)l - (14)

{(A,B)}eH; (C,D)eP*(A,Be) re AUB®

Therefore, the proof of this case can be completed in a similar way as the proof of the bipolar Choquet integral
(Case 1).

e Case 3 (Bipolar Pan integral).
If we consider H* = Hj3 := {{(As, Bi) }ies| {(Ai, Bi)}ies is a partition of (A}, B;¢)} to be a finite measurable
partition of (Ay, B;¢), then the elements (A;, B;), (4;, B;j) € D* are disjoint whenever i differs from j (i.e.,
(A;, B;)1*(A;, B;) = (0,0)). Hence, the internal summation precisely equals to

S m@eny) N g,

(C,D)eP*(A;,Bf) r€A;UBY

and the right-hand side of (12) becomes

P > > M0 N\ @) | ¢ (15)

3 | (A4,B;)eD* \(C,D)eP*(A;,BS) TEA;UBS

Therefore, the proof of this case can be completed in a similar way as the proof of the bipolar Choquet integral

(Case 1).

e Case 4 (Bipolar PC- integral).
Finaly, consider H* = H} := {D* | V (4;, B;), (4;, B;) € D*,
(A;, B))*(A;j, By) € {(4;, By), (Aj,B;), (0,0)}. Without loss of generality, we assume that for any two ele-
ments (A;, B;), (A;, B;) € D*,j # i,(A;, B;)1*(A;, B;) € {(Ai, B:), (A}, Bj),(0,0)}. So, we have a bipolar
collection D* which contains nested elements, disjoint pairs of elements, or both.
Therefore, when the elements (A;, B;)J*(A;, B;) are nested (that is, (A4;, B;)*(4,,B;) = (A;, B;), this
leads to Case 1. Further, if the elements (A;, B;), (A;, Bj) € D* are disjoint whenever ¢ differs from j (i.e.,
(A;, B;)*(Aj, Bj) = (0,0)), this leads to Case 3. Consequently, the formula (12) satisfies the application
of the bipolar decomposition system H* = Hj when constructing a bipolar decomposition integral, which
completes the proof of the theorem.

O

As a particular case of the above theorem, the following corollary shows that the bipolar decomposition integral
in terms of Mobius transform encompasses the decomposition integral in terms of Mobius transform with respect
to a capacity.

Corollary 5.2. Let v € M be a capacity, M the Mobius transform of v, and H a decomposition system. Then, for
a positive real-valued function g = (x1,...,%;, ..., &y,), z; € [0,00], the bipolar decomposition integral Fy« (M*,g) in
terms of the Mébius transform M* reduces to the decomposition integral Fy (M, g) in terms of the Mdobius transform
M:

Py-(M*,g) = Fy(M,g) = \/ { Y > MB) [ N g@) . (16)
DeH A;eD BeP(AN\UP(A;) TEA;
VA;ED j#i,A;NA;E{A;,0}

where P(A;) is a set of all sub-coalitions in A; and P(A;) is a set of all sub-coalitions in A;.
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Proof. For any capacity v € M, where M the class of all capacities on N, decomposition system #H with respect to
a capacity, and any [0, oo]-valued function g € X, the bipolar maximum Y coincides with \/ on [0, cc]. Hence, it is
easy to verify from this fact that the bipolar decomposition integral Fy-(M*, g) in terms of the Mobius transform
M* with respect to the decomposition system H* = {D*\D € H}, where, for D = {A4;}/_,, we denote by D* a
related bipolar collection given by {(A;, N)}/_;, reduces to the decomposition integral Fy (M, g) in terms of the
Mobius transform M with respect to the decomposition system H. O

Applying Theorem in the following result we propose a simple equivalent formula of the bipolar Choquet
integral in terms of the Mobius transform M™* of the bi-capacity v.

Corollary 5.3. Let Hi = {D*|D* is a maximal chain w. r. t. the order relation &% on (A;, B;¢)} be a bipolar
decomposition system. The bipolar Choquet integral (BCh(M*,g)) in terms of the Mébius transform M* is given

by

BCh(M™, g) = > M, 0% N\ g@)l. (17)
(C,D)C*(Az,B) 2ECUD

Proof. The bipolar decomposition system of a bipolar Choquet integral has a maximal chain in (AZ77 B;‘C)7 which
is a bipolar collection {(A;, B;)}¥_; such that (A;, B;)2*(Aiy1, Biy1) for every i = 1,...,k — 1, , where k =
card(Ajy) + card(B;°). Hence, we can rewrite equivalently the bipolar Choquet integral (formula (13)) in terms of
the Mobius transform as follows: BCh(M™*, g) =

AR > M C, D% N le@)l] (18)

(Ai,B;)€D* \(C,D)eP*(A;,BO\P*(Ait1,B5, ) z€AUB{

where P*(A;, BY) is a set of all sub-coalitions in (4;, Bf), and P*(A;;1,Bf,,) is a set of all sub-coalitions in
(Aiy1, B ;) with the convention P*(A,11, B 1) = (0,0).
Then for any D* € HT, D* = {(Ai,Bi)}k with (sz Bi)j*(Ai+1a Bi+1), it holds

=1
*

L {(C, D)} = (Ag, By).

(C,D)GP* (A,,,B:‘)\’P*(A1+1B:+1)

Thus, the right-hand side of the formula (18) becomes

BCh(M™, g) = > M (D% N\ ().
(C,D)C*(A;,B;) z€CUD

6 The 2-additive bipolar decomposition integrals

In multicriteria decision making problems, the bipolar Choquet integral with respect to a bi-capacity typically
requires the decision maker to set 3" — 3 values. However, when the number of parameters n is not small, this
significantly complicates the problem and requires simplification to reduce the number of parameters. The use of
bipolar Choquet integral with respect to a 2-additive bi-capacity has revealed to be useful in order to reduce the
number of parameters from 3" — 3 to 2n? (this is effective when n > 2). The bipolar Choquet integral with respect
to a 2-additive bi-capacity was used in several applications, and it has been taken much attention in the literature,
e. g. [2, 7, 25].

In this section, we propose special types of recognized bipolar decomposition integrals with respect to a 2-
additive bi-capacity, to obtain more simple expressions those given by general formulas that deal with the general
bipolar decomposition integrals.

Considering the case H* = H] is a maximal chain with respect to the order relation C* on (A%, B;¢) (i.e., using
Corollary 2), the bipolar Choquet integral with respect to a 2-additive bi-capacity, we will call it for short the
2-additive bipolar Choquet integral. It is given by

BCW(M*,g) = Y M*(k,N) |g(k)|+ Y M ({k1},N) (lg(k)| Alg(D)])
keA; {k1}CA;
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+ > Mk ALY (gR) A lg@)) + Y M7 (0,{1°) |9(1)]

*
kEAf leB;
leB

g

+ > MEOAR G (gk) A gD (19)

{k,1}CB;

In the case (H* = H3) of the bipolar Shilkret integral (BSh(M™*,g)) with respect to a 2-additive bi-capacity,
we will call it for short the 2-additive bipolar Shilkret integral, and it is given by

BSh(M*,g) = {(A’BY)}GH’;{(I;:C M*(0,{1°}) + ZA M*(k, {I°})+

Yo MOARD) I Mk N)+ Y M{kILN) N le@)]) (20)

{k,1}CBe® k€A {k,1}CA z€AUB®

For the Pan integral (H* = H}) with respect to a 2-additive bi-capacity, we will call it for short the 2-additive
bipolar Pan integral, and it is given by

BPan(M*,g)= ¥ { > (D M @D+ Y Mk {ID+
€7 (Ai,B;)eD* IEBY ke

Y MO ARG+ Y MU (kN + Y MUEDLN) A gl (21)

{k,1}CBe keA; {k,1}CA; TE€A;UBY

7 Practical example

In this section, we provide a practical numerical example to illustrate the applicability of the suggested results
when dealing with aggregation on bipolar scales, and present relative simplicity of calculating the 2-additive bipolar
decomposition integrals. The first part of this example addresses how to evaluate and select the best medical
treatment among treatment protocols for a patient with a chronic medical case. In the second part of this example,
to achieve maximum recovery under specific constraints, we will extend the idea inspired by the literature [29] to
include bipolar scales for organizing a treatment plan according to the preferred protocol.

7.1 Selecting the best treatment protocol

Suppose there are two treatment protocols (treatment pathways), Protocol P; and Protocol P, , and the treating
physician selects between them (Protocol P; and Protocol P) based on three criteria: side effects (SE) as a negative
criterion, treatment effectiveness (TE) as a positive criterion, and treatment cost (TC) as a negative criterion, with
values ranging from -1 (very bad) to 1 (very good), i.e., on the bipolar scale [-1,1]. Let us assign values to the
evaluation of both treatment protocols based on the criteria (SE, TE, and TC) as shown in Table 1.

Treatment Protocol | SE | TE | TC
Protocol P, -05 | 07| 04
Protocol P, -03 1] 04 | 06

Table 1: Treatment protocols with their respective TE, SE, and TC values

For the treatment protocol Pp, i.e., g = (—0.5,0.7,0.4), the bipolar decomposition system is related to the
g-based element (Ay, B;¢) = (23,23). That is, {(23,23),(2,23),(3,23),(2,123), (3,123), (23,123), (0, 23), (0, 123)}.

We express the effects (negative and positive) between individual and combined treatments as bi-capacity values,
with values ranging from -1 (very bad) to 1 (very good), i.e., on the bipolar scale [-1,1]. Assume bi-capacity values
and the Md&bius transform M* of a bi-capacity v are given in Table 2.
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A, B) (23,23) | (2,23) | (3,23) | (2,123) | (3,123) | (23,123) | (9,23) | (0,123)
v(A, B) 0.3 0.1 0 0.2 0.2 0.6 0.2 0
M (A, B) 0 0.1 0 0.2 0.2 0.2 0.2 0

Table 2: Bi-capacity values and the Mobius transform M* of bi-capacity v.

The bipolar Choquet integral in terms of decompositions (formula (8)) of the treatment protocol P; (i.e., the
integrated function g = (—0.5,0.7,0.4)) is obtained at the chain of D* = {(23,23),(2,23),(2,123)}, and g has a
D*—decomposition:

(—0.5,0.7,04) =04 (-1,1,1) + 0.1 (—1,1,0) + 0.2 (0,1,0)
== 04 1(23723) + 01 1(2723) + 02 1(27123)
= 0.4 (23,23) + 0.1 (2,23) + 0.2 v(2,123).
Thus,
BCh(v,g) = 0.15.
Using the 2-additive bipolar Choquet integral (formula ) of the treatment protocol P;, we obtain
BCh(M*,g) = 0.4 [M*(3,23) + M*(3,123) + M*(23,123)]
+ 0.5 [M*(2,23) + M*(0,23)] + 0.7 M*(2,123) = 0.15.
The bipolar Shilkret integral in terms of decompositions (formula (9)) of the treatment protocol P; is obtained at
D* ={(2,23)}. That is,
(—=0.5,0.7,0.4) = 0.5 (—=1,1,0) = 0.5 1(323) = 0.5 (2, 23).

Thus,
BSh(v,g) = —0.05.

Using the 2-additive bipolar Shilkret integral (formula ) of the treatment protocol P;, we obtain
BSh(M*,g) = 0.5 [M*(2,23) + M*(2,123) + M*(0, 23)] = —0.05.

For the bipolar Pan integral in terms of decompositions (formula (10)) of the treatment protocol P; is obtained
at D* = {(23,123), (0,23)}. That is,
(-0.5,0.7,0.4) =04 (0,1,1) + 0.5 (—1,0,0)
=04 1(237123) + 0.5 1(@723)
= 0.4 1v(23,123) + 0.5 v(0, 23).
Thus,
BPan(v,g) = 0.14.
Using the 2-additive bipolar Pan integral (formula ) of the treatment protocol P;, we obtain

BPan(M*,g) = 0.4 [M*(23,123) + M*(2,123) + M*(3,123)] + 0.5 M* (0, 23)] = 0.14.

Similarly, we can evaluate the treatment protocol P (i.e., the integrated function g = (—0.3,0.4,0.6)) using
the above bipolar decomposition integrals. The calculation of bipolar decomposition integrals for both treatment
protocols is shown in Table 3,

Treatment Protocol | BCh | BSh | BPan
Protocol P; 0.15 | -0.05 0.14
Protocol P, 0.19 0.09 0.18

Table 3: Bipolar decomposition integrals for each treatment protocol

Under the assumption of the preference relationship > mentioned in Section 3 for the values in Table 3, the
treating physician concludes that treatment protocol P, has the greater potential to cure the patient and would be
a better choice than treatment protocol P;.
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7.2 Optimal medical plan for preferred treatment protocol

The preferred treatment protocol is evaluated after a period of treatment administration using clinical indicators
(such as blood sugar measurements), functional indicators (such as walking ability), and other measurable indicators.

Let’s assume that the preferred treatment protocol includes three treatments: 77,75, and 73. Suppose the
preferred treatment protocol is evaluated based on measuring the effectiveness of the three treatments over a 20-
day period (i.e., on [0,20]), such that the effectiveness of the first treatment is evident in a maximum of 16 days
[or we can say that the maximum time period for administering the first treatment is 16 days] (i.e., g(71) = 16),
the effectiveness of the second treatment is evident in a maximum of 5 days (i.e., g(T2) = 5), and the effectiveness
of the third treatment is evident in a maximum of 18 days (i.e., g(T3) = 18). For a ratio scale, we can convert the
regular values given in the interval [0, 20] to bipolar scale on [-10, 10], and this gives ¢g(T1) = 6, g(T2) = —5, and
g(T3) = 8. Hence, the bipolar decomposition system is related to the g-based element (A}, B;¢) = (13,13). That
is, {(13,13),(1,13),(3,13), (13,123), (1,123), (3, 123), (0, 13), (#,123) }.

We express the effects (negative and positive) between individual and combined treatments as bi-capacity values,
with values ranging from -1 (very bad) to 1 (very good), i.e., on the bipolar scale [-1,1]. Assume bi-capacity values
and the Mdbius transform M* of bi-capacity v are given in Table 4.

A, B) (i3,13) | (1,13) | (3,13)) | (13,123) | 1,123) | (3,123) | (8,13) | (0,123)
v(A, B) 0.2 0 0 0.4 0.2 0.2 0.2 0
M (A, B) 0 0 0 0 0.2 0.2 0.2 0

Table 4: Bi-capacity values and the Mobius transform M* of bi-capacity v.

We aim to develop an optimal medical plan for a preferred treatment protocol to maximize a patient’s recovery
under the following condition:

A single treatment combination (includes three treatments) is administered to a patient, and then the treatment
cannot be resumed after its administration period has ended.

In this case, since the treatment cannot be resumed after its administration period has ended, a combination
of treatments must be developed that maximizes the patient’s recovery before any treatment is discontinued. To
ensure this plan is achieved, we consider a single combination that includes administering all treatments {77, T, 75}
simultaneously until the minimum available treatment reaches its maximum administration period. Here, the
minimum available treatment is T5, where |g(T%)| = 5 days. Then the treatment 75 is stopped and the combination
of treatments {17, T5} is kept together for |g(T1)| — |g(T2)| = 1 day. Finally, treatment 7 is stopped and T5 alone
is kept |¢(T5)| — |g(T1)| = 2 days. Then the maximum recovery of the patient under this plan is consistent with the
result of the bipolar Choquet integral calculation.

The bipolar Choquet integral in terms of decompositions (formula (8)) of the preferred treatment protocol (i.e.,
the integrated function g = (6,—5,8)) is obtained at the chain of D* = {(13,13), (13,123),(3,123)}, and g has a
D*—decomposition:

(6,-5,8) =5 (1,~1,1) + (1,0,1) +2 (0,0,1)
=5 13,13+ Lasi23) +2 13,123
—5(13,13) + v(13,123) + 2 1(3,123).
Thus,
BCh(v,g) = 1.8.

Using the 2-additive bipolar Choquet integral (formula ) of the preferred treatment protocol (i.e., the
integrated function g = (6, —5,8)), we obtain

BCh(M*,g) = 6 [M*(1,13) + M*(1,123) + M*(13,123)]
+ 8 [M*(3,13) + M*(3,123)] + 5 M*(0,13)) = 1.8.

By following this medical plan for the preferred treatment protocol, maximum recovery can be achieved for the
patient within the constraint specified above.

8 Conclusions

In this work, we have presented a general framework for dealing with the Mobius representation for the bipolar
decomposition integrals, which includes the Mobius representation of each of the bipolar Choquet integral, bipolar
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Shilkret integral, and bipolar Pan integral. Then, we have introduced the expressions of computing bipolar decom-
position integrals with respect to a 2-additive bi-capacity. Furthermore, we have provided a practical example to
demonstrate the efficiency of the proposed results and their applicability in the medical sector. In the second part
of the practical example (subsection 7.2), we aimed to describe how to implement the optimal medical plan for the
preferred treatment protocol. As with the case of bipolar Choquet integral, we can also discuss other treatment
plans consistent with the calculations of other bipolar decomposition integrals (such as the bipolar Shilkret, bipolar
Pan, and bipolar concave integral).

Similarly to the discussion of the M&bius representation for the bipolar decomposition integrals, we can obtain
the corresponding results via a dual way of bipolar decomposition integrals based on the Mobius representation
(i.e., an extension of the Theorem 5 in the literature [26] to be suitable for bipolar scales). The study of the dual
way for bipolar decomposition integrals based on the Mobius representation and its applications is an interesting
area for the future research. In addition, this approach can also address optimization problems in other sectors.
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