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Abstract

Although the scholars studied the distributivity for S-uninorms, at least, the underlying uninorm of one S-uninorm
in the distributivity equations was assumed to be in Ui, except the distributivity for S-uninorms over t-(co)norms.
In this paper, we further characterize the distributivity for S-uninorms, where the conjunctive underlying uninorms of
the S-uninorms in the distributivity equations are not fixed in Uiy, but arbitrary. Firstly, we discuss the distributivity
between S-uninorms. Secondly, we analyze the distributivity for S-uninorms over 7T-uninorms. Thirdly, we investigate
the distributivity for S-uninorms over disjunctive uninorms. Because S-uninorms in those distributivity equations are
arbitrary, our results are extensions of the previous results on the distributivity for S-uninorms.

Keywords: Aggregation operators, distributivity, uninorms, S-uninorms, T-uninorms.

1 Introduction

Aczél [I] firstly discussed the distributivity equations from the perspective of functional equations. The distributivity
equations involving aggregation operators [4] [7, [T8], [24] are successfully applied in fuzzy sets and fuzzy logic, i.e., the
distributivity for t-(co)norms [25] and the distributivity for fuzzy implications [2, 3], 35 37, 41, 55]. Meanwhile, the
distributivity equations play an important role in utility theory [14] [15] (18, [20] and integration theory [43].

Yager and Rybalov [53] introduced uninorms, which are special aggregation operators. Fodor et al. [I7] discussed
the structure of uninorms, which is a generalization of both t-norms and t-conorms. Moreover, uninorms have been
applied in many topics, i.e., data mining, expert systems, fuzzy system modeling, image processing, neutral networks
and so on [B] [6] 10, 50, 51, 52 54]. Due to the great quantity of applications, different classes of uninorms have been
characterized from a theoretical point of view, that is, uninorms in Upayx and Up;, [17], uninorms continuous in the open
unit square [I9, [40], locally internal uninorms [I1}, 12} [13], uninorms locally internal on the boundary [27], idempotent
uninorms [9, B0, [42] and so on [206] [33] [34], [36]. Moreover, many authors studied the distributivity between uninorms
[311, [38], [39], [44], 45], 48] [49]. In particular, the distributivity between uninorms are characterized by two methods to
dates. Firstly, two uninorms in the distributivity equation are fixed, such as uninorms in Upin or Unmax [B1} B8], and
idempotent uninorms [39]. Secondly, one uninorm in the distributivity equation is fixed and the other one is assumed
to be an arbitrary uninorm [44], [45] 48, [49].

S-uninorms and T-uninorms were introduced in [32] as special aggregation operators with annihilators, which
have conjunctive and disjunctive uninorms as special cases, respectively. Due to the great quantity of applications of
uninorms, Joéié¢ and Stajner-Papuga [2T), 22| 23] discussed the distributivity for S-uninorms (resp. T-uninorms) over
uninorms. Meanwhile, Fang and Hu [I6] investigated the distributivity for S-uninorms, which was further studied in
[8, 47]. In particular, Chen et al. [§] analyzed the distributivity between two aggregation operators, where one of them
is given as a t-(co)norm, a uninorm in Upax and an S-uninorm with the underlying uninorm in Uy;,, and the other one
is an arbitrary S-uninorm.
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In this paper, we intend to further discuss the distributivity for S-uninorms, where the conjunctive underlying
uninorms of S-uninorms in the distributivity equations are not required to be any special classes of uninorms but
arbitrary. Our motivation is driven by the following facts.

(1) Although the distributivity for uninorms were analyzed by many scholars, the underlying uninorm of one S-
uninorm in the distributivity equations discussed in [8) [T6] 22} 23] [47] is limited into Ui, except the distributivity
for S-uninorms over t-(co)norms in [8]. Because there are still some other well-known classes of uninorms except
the uninorms in Ui, and Upax, the distributivity for S-uninorms should be studied more thoroughly in this
context to remedy that defect, where the underlying uninorms of S-uninorms are not only in Uy, but also
other types of conjunctive uninorms, such as uninorms continuous in the open unit, idempotent uninorms, locally
internal uninorms, uninorms locally internal on the boundary and so on. That is the direct motivation for our

paper.

(2) Because S-uninorms are partially constructed by conjunctive uninorms [32], there is a strong feeling that the
distributivity between S-uninorms may be related to the distributivity between uninorms. For the similar reason,
we choose to discuss the distributivity for S-uninorms over T-uninorms. As disjunctive uninorms can be viewed
as a special case of T-uninorms, we investigate the distributivity for S-uninorms over disjunctive uninorms to fill
the gap of the distributivity between S-uninorms and special T-uninorms in [g].

(3) As we intend to study the distributivity between S-uninorms, where the conjunctive underlying uninorms of those
S-uninorms are not restricted to Uniy, but can be arbitrary, we cannot fix any S-uninorms in the distributivity
equation to be special. Otherwise, the discussion seems to be tedious and cannot completely solved the distribu-
tivity between S-uninorms. Different from the results in [8, [16, 22, 23] [47], we obtain that the distributivity
between S-uninorms is equivalent to the distributivity between conjunctive uninorms. Although the distributiv-
ity between uninorms is not entirely resolved, the distributivity between S-uninorms is completely figured out to
some extent, which fully depends on the distributivity between conjunctive uninorms. Similarly, we characterize
the distributivity for S-uninorms over T-uninorms (resp. disjunctive uninorms). In particular, we do not fix any
of the underlying uninorms of S-uninorms, T-uninorms or disjunctive uninorms to be special in those discussions
mentioned above. That is our new insight of the distributivity property for S-uninorms.

(4) As the conjunctive underlying uninorms of the S-uninorms in our paper are arbitrary, i.e., uninorms in Up;n,
uninorms continuous in the open unit square, idempotent uninorms, locally internal uninorms and so on, our
results have the results in [8, [16] 22, 23] 47] as special cases, which also can be viewed as a supplement to
[8, 16 22] 23] [47]. Finally, the conclusions in this paper, which show the distributivity for S-uninorms, may be
applied in many topics, such as fuzzy logic, approximate reasoning, image processing, modeling some specific
problems in the utility theory.

The content of this paper is organized as follows. In Section 2, we recall some basic definitions and facts about
different aggregation operators and distributivity equations. Section 3 studies the distributivity between S-uninorms,
where S-uninorms in the distributivity equation are arbitrary. In Section 4, we characterize the distributivity for S-
uninorms over T-uninorms. Section 5 analyzes the distributivity for S-uninorms over disjunctive uninorms. In the final
section, we present some conclusions of our research.

2 Preliminaries

In this paper, the readers are assumed to be familiar with basic definitions and properties of t-(co)norms. Please see
[25] for more details on t-(co)norms. In this section, we only recall some basic definitions and facts applied in this

paper.
Definition 2.1. [4, [7| 18, [24] A binary aggregation operator is a function A :[0,1] x [0,1] — [0, 1], which is increasing
in each variable and satisfies boundary conditions A(0,0) =0 and A(1,1) = 1.

Definition 2.2. [B3]A uninorm U : [0,1] x [0,1] — [0,1] is a binary aggregation operator, which is commutative,
associative and exists a neutral element e € [0,1].

degenerates into a t-conorm, when the neutral element e = 0. A uninorm U always satisfies U(0,1) =0 or U(0,1) =
U is called a conjunctive uninorm, if U(0,1) = 0. Meanwhile, U is called a disjunctive uninorm, if U(0,1) =
Furthermore, the characterizations of uninorms are presented as follows.

Obviously, a uninorm U degenerates into a t-norm, when the neutral element e = 1. Similarly, a uninorm U
1.
1.



A new insight of the distributivity for S-uninorms 19

Proposition 2.3. [I7] Let U be a uninorm with a neutral element e €]0,1[. Then U is given as

eTy(%,%), if (x,y) €0,e] x [0,¢;
Ulz,y) =S e+ (1 —e)Su (=5, 1=5), i (z,9) € e, 1] x [e,1]; (1)
Cu(z,y), otherwise;

where Ty is a t-norm, Sy is a t-conorm and Cy satisfies min(z,y) < Cy(z,y) < max(z,y) for all (z,y) € [0,e[x]e, 1]U]e, 1]x

[0,¢[.

The t-norm Ty and the t-conorm Sy in Eq. is called the underlying t-norm and the underlying t-conorm of U,
respectively. A uninorm U with a underlying t-norm Ty, a underlying t-conorm Sy and a neutral element e €]0, 1] is
denoted as U = (Ty, e, Sy). There are many classes of uninorms, which are mostly discussed. We recalled them as
follows.

Definition 2.4. [9 11 12| 13| 17, 19, B0, 42] Let a uninorm U = (Ty, e, Sy). Then U is called
(i) a uninorm in Umin, if Cu(x,y) = min(x,y) for all (x,y) € [0, e[x]e, 1]U]e, 1] x [0, e][;
(i) a uninorm in Umax, if Cu(z,y) = max(z,y) for all (x,y) € [0,e[x]e, 1]U]e, 1] x [0, e[;

(iii) a representable uninorm, if there exists h : [0,1] — [0, +o0], which is continuous strictly increasing with h(0) = 0,
h(e) =1 and h(1) = +oo such that

_ 0 or 1, if (x,y) € {(1,0), (0,1)};
Ulz,y) = { h=t(h(z) - h(y)), otherwise; 2)
(iv) a uninorm continuous in the open unit square, if U is continuous in the open unit square;
(v) a locally internal uninorm, if U(x,y) € {z,y} for all (x,y) € [0,e[x]e, 1]Ule, 1] x [0, ¢e[;
(vi) an idempotent uninorm, if U(z,x) = x for all x € [0,1].

Notice that there are still some other types of uninorms, such as uninorms with (non)continuous underlying operators
[26], B3], B4], uninorms locally internal on the boundary [27] and so on [36]. Meanwhile, a representable uninorm is also
continuous in the open unit square. The structures of uninorms continuous in the open unit square were provided in
[19, 40].

Proposition 2.5. [19, [40] Let a uninorm U = (Ty, e, Sy) be continuous in the open unit square. Then either one of
the following cases is satisfied.

(i) There exist p € [0,¢e[, X € [0, u], two continuous t-norms T and T’ and a representable uninorm R such that U is

given as
XT(2,8). (2,9) € [0, ] x [0, ]
A+(u—A)T'((§:§,f;§)), if (x,y) € [\ pl x [A, pl;
. pt (= pR(=E ), if (vy) €l X))
Uiy) L, (z,y) €A, 1] x {1} U {1} x]A, 1]; ?)
1 or ), if (z,y) € {(A 1), (LA}
min(z, y), otherwise.

(ii) There exist v €le, 1], w € [v,1], two continuous t-conorms S and S" and a representable uninorm R such that U

18 glven as
vR(Z, %), if (z,y) €]0,v[x]0,v[
V+WW%KLK%,U@M€MMXMM
_ w+ (1 -w)s gf::,)a 11/:: o if (zy) € [w, 1] X w, 1];
Ve = 0 i (e.1) € [0, {0} U {0} x 0. W
0 orw, if (z,y) € {(w,0), (0,w)};
max(x,y), otherwise.

The symbol Ucos min is applied to denote the family of all uninorms given by Eq. and the symbol Ueos max 1S
applied to denote the family of all uninorms given by Eq. . Moreover, a uninorm U given by Eq. is denoted as
U= (T,\T, i, (R, e€))cos,min- Similarly, a uninorm given by Eq. is denoted as U = (S, v, 5", w, (R, €))cos,max-
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Remark 2.6. Consider a conjunctive uninorm U be continuous in the open unit square. Then one of the following
items hold.

(i) U=(T,\T", 1, (R, €))cos,min and X > 0.
(i) U= (T, \T', 1, (R, €))cos,min, A =0 and U(1,\) = A.
(iii) U =(S,v, 5, w, (R, €))cos,max, w =1 and U(0,w) = 0.
Similarly, we easily obtain the characterizations of a disjunctive uninorm continuous in the open unit square.

The scholars [30,42] studied the relationship between the values of a uninorm U = (Ty, e, Sy) in the set [0, e[X]e, 1]U]e, 1] x
[0, e[ and the idempotent property of that uninorm.

Proposition 2.7. [30, 42] Let a uninorm U = (Iy,e,Sy) be idempotent. Then U(x,y) € {z,y} for all (z,y) €
[0, e[x]e, 1]U]e, 1] x [0, e].

2 - [0,1] be commutative and associative. Then A is called

Definition 2.8. [32] Let an aggregation operator A : [0,1]
(i) an S-uninorm, if the following hold,

e there exists an annihilator a € [0,1] for A, that is, A(z,a) = a for all x € [0, 1];
e A(0,z) is continuous and A(1l,x) is not;
e there is an IFC element [4T)] ¢ €]0,1[ such that A(c,c) = ¢, A(c,1) =1 and A(c,x) is continuous.

(ii) a T-uninorm, if the following hold,

e there exists an annihilator a €]0,1] for A;
o A(1,z) is continuous and A(0,x) is not;

e there is an IFC element [23, A7) ¢ €]0, 1] such that A(c,c) = ¢, A(c,0) =0 and A(c, x) is continuous.
Mas et al. [32] obtained the equivalent characterizations of S-uninorms and T-uninorms as follows.
Proposition 2.9. [32] Let A be an aggregation operator.

(i) A is an S-uninorm if and only if there is a € [0,1], a t-conorm Sa and a conjunctive uninorm U4 with the neutral
element €' €]0,1[ such that A is given as

aSa(%,4), if (x,y) € [0,a] x [0,a];
Afz,y) = ¢ a+ (1 —a)Ua({22, =), if (z.y) € [a,1] x [a, 1]; ()
a, otherwise.

(ii) A is a T-uninorm if and only if there is a €]0,1], a t-norm T4 and a disjunctive uninorm Ua with the neutral
element €' €]0,1[ such that A is given as

aUg(2,Y), if (z,y) € 0,a] x [0,a];
A, y) ={ a+(1—a)Ta(=2,422), if (z,y) € [a,1] x [a,1]; (6)
a otherwise.

The conjunctive uninorm Uy, and t-conorm S4 in Eq. are called the underlying uninorm and the underlying
t-conorm of the S-uninorm A, respectively. The IFC element of an S-uninorm A is denoted as e and given as e =
a+ (1 —a)e’. Moreover, an S-uninorm given by Eq. is denoted as A = (S4,a,Ua,e). Similarly, the disjunctive
uninorm U4 and t-norm T4 in Eq. @ are called the underlying uninorm and the underlying t-norm of the T-uninorm
A, respectively. The IFC element of a T-uninorm is also denoted as e and given as e = ae¢’. A T-uninorm A given by Eq.
@ is denoted as A = (Ua, e,a,T4). In particular, an S-uninorm (resp. a T-uninorm) degenerates into a conjunctive
(resp. disjunctive) uninorm, if the annihilator is equal to 0 (resp. 1).

Definition 2.10. [I]Let F,G : [0,1] x [0,1] — [0, 1] be two binary operators. Then F is distributive over G if and only
if the following equations hold for all x,y,z € [0, 1],

F(x, G(y, z)) = G(F(J:, y), F(x, z)) and F(G(x,y), z) = G(F(x, z), F(y, z))
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1 1
a UA b UB
a(b) b(a)
Sa a max b
0 a®) 1 0 bla) 1

Figure 1: Structure of A (left) and B (right) in Proposition

3 Distributivity between S-uninorms

Although the distributivity between S-uninorms had been studied in [8] [I6], [47], at least, one of the S-uninorms in
the distributivity equation was always assumed to be the S-uninorm with the underlying uninorm in Up;,. In fact,
the uninorms in the distributivity equation between uninorms [44] (45| [48] [49] are not only in Umin or Umax but also
other types of uninorms, i.e., uninorms continuous in the open unit square, idempotent uninorms and locally internal
uninorms. Inspired by the results on the distributivity between uninorms mentioned above, we discuss the distributivity
between S-uninorms regardless of their detail forms of underlying uninorms in this section.

Lemma 3.1. [8] Let an S-uninorm A = (Sa,a,Uy,e1) be distributive over an S-uninorm B = (Sp,b,Up,ea). Then
the following hold,

(i) a<ey and b < ey.
(i) A(z,b) = B(z,a) for all x € [0,1].

Lemma 3.2. Let an S-uninorm A = (Sa,a,Ua,e1) be distributive over an S-uninorm B = (Sg,b,Up,es). Then
B(z,z) =z for all z € [0, q].

Proof. We obtain B(z,z) = B(A(z,0), A(z,0)) = A(z, B(0,0)) = A(z,0) = z for all z € [0,a] by Proposition i)
and the distributivity equation. Thus B(z,x) = z holds for all = € [0, a]. O

Firstly, we study the distributivity between S-uninorms with identical annihilators as follows.

Proposition 3.3. Let A= (S4,a,Ua,e1) and B = {(Sp,b,Ug, es) be two S-uninorms. If a = b, then A is distributive
over B if and only if A is given by Eq. and B is given as

max(z,y ) if (z,y) €[0,4] x [0,0];
B(z,y) =14 b+ (1-b)U ( = ) if (x,y) € [b,1] x [b,1]; (7)
otherwise;

where the conjunctive uninorm U4 is distributive over the conjunctive uninorm Up.

Proof. Necessity. By Lemma[3.2/and a = b, we have B(z,y) = max(z,y) for all z,y € [0,b]. Due to the distributivity
equation and a = b, the restriction of A to the set [a,1] X [a,1] is distributive over the restriction of B to the set
[b, 1] x [b, 1], that is, the conjunctive uninorm U, is distributive over the conjunctive uninorm Ug.

Sufficiency. It can be proven by a simple computation. O

Example 3.4. Consider an S-uninorm A be given as

x +y — dzy, if (x,y) € 10,0.2] x [0,0.2];

max(z +y — 0.4,0.2), if (x,y) € [0.2,0.4] x [0.2,0.4];

10zy — 4o — 4y + 2, if (x,y) € [0.4,0.5] x [0.4,0.5];

Az, y) = 10zy — bz — 5y + 3, if (x,y) € [0.5,0.6] x [0.5,0.6];

DY) TN 0.6+04R(2.52 — 15,25y — 1.5), if (z,y) €)0.6,1[x]0.6,1[;
0.2, if (z,y) € [0,0.2] x [0.2,1] U[0.2,1] x [0,0.2];
1, if (z,y) € [0.4,1] x {1} U {1} x [0.4, 1];
min(z, y), otherwise;
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Sp,0.2,U4,0.8) and

where R is a representable uninorm with the neutral element ¢ = 0.5. Then we have A = (
=1, where Sp, Tp and

Ua = (T, 0.25,T",0.5, (R, 0.75))cosmin with T' = ((0,0.5, Tp), (0.5,1,Tp)) and U(0.25,1)
Tri are given as for all x,y € [0,1], respectively,

Sp(z,y) =x+y—zy, Tp(z,y) =2y and Trx(z,y) = max(z +y — 1,0).

Consider an S-uninorm B be given as

max(z,y), if (z,y) € [0,0.2] x [0,0.2] U [0.5, 1[x[0.5,1];
B B 0.2, if (x,y) €[0,0.2] x [0.2,1] U[0.2,1] x [0,0.2];
(@,y) = 1, if (z,y) € [0.4,1] x {1} U{1} x [0.4,1];

min(x,y), otherwise.
Then B = (max,0.2,Ug,0.5) holds and Ug is given as

max(z,y), if (z,y) € [0.375,1[x[0.375,1[;
Up(z,y) = 1, if (z,y) € [0.25,1] x {1} U {1} x [0.25,1];
min(z,y), otherwise.

By Pmposition and Theorem 9(ii) in [45], we have that A is distributive over B. However, the underlying uninorms
of S-uninorms A and B are not in Upin.

Remark 3.5. In contrast to Proposition the distributivity between S-uninorms in [8] was only discussed the
sttuation that the underlying uninorm of one S-uninorm in the distributivity equation was assumed to be in Umin (see
Section 3 in [§]). In fact, when the annihilators of S-uninorms are identical with each others, Proposition does
not only have the underlying uninorm of one S-uninorm in Unin as a special case, but also discusses the underlying
uninorm of one S-uninorm in other types of uninorms, i.e., uninorms continuous in the open unit square, idempotent
uninorms and so on. Proposition[3.3 and Ezample show that the distributivity between S-uninorms with identical
annthilators turns out to be the distributivity between conjunctive uninorms. Thus the conclusions on the distributivity
between S-uninorms with identical annihilators and special conjunctive underlying uninorms of S-uninorms are easily
obtained based on the distributivity between conjunctive uninorms in [44l 45 48, [49]. We do not list them here.

Secondly, we characterize the distributivity between S-uninorms with different annihilators.

Lemma 3.6. Let an S-uninorm A = (Sa,a,Ua,e1) be distributive over an S-uninorm B = (Sp,b,Up, e2) with a < b.
Then the following hold,

(i) A(z,b) = B(z,a) =z for all x € [a,b].
(ii) B(z,z) =2z for all x € [0,b].
(iii) A(x,y) =min(x,y) for all (z,y) € [a,b] x [b,1] U [b,1] X [a,b].

Proof. (i) By Proposition [2.9)i) and Lemma we obtain x = max(z,a) < B(z,a) = A(z,b) < min(z,b) = z for all
x € [a,b]. Thus A(x,b) = B(x,a) = x holds for all = € [a, b)].

(ii) Due to item (i) and the distributivity equation, we have B(z,z) = B(A(x,b), A(z,b)) = A(z, B(b,b)) = A(z,b) =«
for all x € [a,b]. Associating with Lemma we get B(xz,z) =« for all x € [0, b].

(iii) By item (i), Proposition [2.9|i) and Lemma [3.](ii), we have

- oz, ifxela,b);
A(z,b) = B(z,a) = { b, ifxe[b1].

Because of Lemma [3.1i), b < e; holds, so we obtain z = A(z,b) < A(z,y) < A(z,e1) = « for all z € [a,b] and
y € [b,e1]. Hence, we get A(z,y) = x = min(z, y) for all (z,y) € [a,b] x [b,e1].

Assume that there is a point (x,y0) € [a, b]x]ey, 1] such that A(zg,yo) > o, then A(a:o, B(yo, zo)) = A(x9,b) = xo
holds for all zg € [xo, b]. Meanwhile, by Lemma we obtain for all zg € [xg, b],

a < zo < A(zo,y0) < A(b,1) = B(a,1) =b and a = A(a,a) < A(zg, 20) < min(xo, 29) = xo < b,

so we have B(A(xg,yo),A(xmzo)) = max (A(xo,yo),A(xo,zo)) = A(zo,y0) > o by item (ii) and the increasing
property of A. Thus we obtain a contradiction to the distributivity equation. By Proposition Alz,y) =z =
min(z,y) holds for all (x,y) € [a,b]x]e1, 1].

Associating with the commutativity of the S-uninorm A, we directly get the conclusion. O
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1 1
min | U b Ug
b a b
T; | min
a a max b
Sa a
0 a b 1 0 a b 1

Figure 2: Structure of A (left) and B (right) in Proposition

Proposition 3.7. Let A= (Sa,a,Ua,e1) and B = (Sp,b,Up, e2) be two S-uninorms. If a < b, then A is distributive
over B if and only if A is given as

aSa(%,4), (z,9) € [0,a] x [0,a];
a+ (b—a)Ty (2, 4=2), (z,y) € |a,b] x [a,b];
Alz,y) = b+ (1 =bUL (3=, 4=), if (x,y) € [b, 1] x [b, 1]; (8)
min(z,y), zf}(Lx,y) € [a,b] x [b,1]U[b,1] X [a,b];
a, otherwise;

and B is given by Eq. , where the conjunctive uninorm Uy is distributive over the conjunctive uninorm Ug.

Proof. Necessity. Due to A(1,b) = B(1,a) = b, we obtain that U/, is conjunctive. The distributivity for U’y over Ug
follows immediately from the distributivity equation. Moreover, by Lemma [3.6] the S-uninorms A and B satisfy Egs.
and , respectively.

Sufficiency. It can be proven by a simple computation. O

Remark 3.8. Consider the conjunctive uninorm Uy in Eq. be continuous in the open unit square. Then we easily
obtain the conclusions on the distributivity between S-uninorms by Remark and the results on the distributivity
between conjunctive uninorms in [44], [45], 48] [49]. If the underlying uninorm Ua of the S-uninorm A is continuous in
the open unit square, then we have the following results.

Lemma 3.9. Let an S-uninorm A = (Sa,a,Uy,e1) be distributive over an S-uninorm B = (Sp,b,Up, ea) with a < b.
If Uy is continuous in the open unit square, then Ua = (T, N\, T, p, (R, €))cos,min With X > ll’i—g

Proof. Because Uy is continuous in the open unit square, we have Ug = (T, A, T", i1, (R, €))cos,min Dy Proposition
Remark and Lemma iii). Meanwhile, associating with A(x,1) = z for all € [a,a + (1 — a)A[ and A(z,1) =1
for all x €]a + (1 — a)A, 1], we obtain a + (1 — a)A > b. Thus the conclusion holds. O

Corollary 3.10. Let A = (Sa,a,Ua,e1) and B = (Sp,b,Up, e3) be two S-uninorms. If a < b and Uy is continuous
in the open unit square, then A is distributive over B if and only if either of the following item holds,

(i) If Ua = (T, NT', 1, (R, €))cos,min With X > Z{:‘i, then A and B are given by FEgs. and , respectively,

where T is given as T = (<O, Xica) a), > <)\(1 ay ,T2>) and the conjunctive uninorm U is given as Uy =

<T2,)\(1 10,):11 b T/ n(l— a)+a b (R, e(l 1(12:0, b)>COS7miI1

distributive over the conjunctive uninorm Up.

(i) IfUs = (T, \T, p, (R, €))cosmin With X\ = 2=2, then A and B are given by Egs. and , respectively, where

1 a’
(1—a)+a—b e(l—a)+a—>b
i (R

, 5 )> cos,min 1§ distributive over the conjunctive

the conjunctive uninorm U’y = <T7 0,7, £
uninorm Ug.

Proof. Tt follows immediately from Proposition and Lemma O

Notice that the detail form of Ug in Corollary can be easily obtained on the basis of the conclusions in [45], 48] [49]
related to uninorms continuous in the open unit square. We do not list them here.

Lemma 3.11. Let an S-uninorm A = (Sa,a,Ua,e1) be distributive over an S-uninorm B = (Sp,b,Ug, e2) with a > b.
Then the following hold.
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Figure 3: Structure of A (left) and B (right) in Proposition

(1) A(z,y) = max(z,y) for all (x,y) € [0,b] x [b,a] U[b,a] x [0,d].
(ii) S4 is an ordinal sum t-conorm, i.e., Sy = (<0, 3,5” >, <b 1,5% )

(ii) B(z,y) = min(z,y) for all (z,y) € [b,a] x [b,1] U [b,1] X [b,a].
Proof. (i) By Lemma we directly have B(x,y) = min(z,y) for all z,y € [b,a]. Associating with Lemma i), we

obtain 0. 0.
b, ifxe0,0; [ b ifxel0,b];
Al@,b) = B(z,a) = { min(z,a), ifze€[bal; { z, ifx € b,al.
Hence we have x = A(z,0) < A(z,y) < A(z,b) = z for all (z,y) € [b,a] x [0,b]. Thus A(x,y) = x = max(z,y) holds for
all (z,y) € [b,a] x [0,b]. Associating with the commutativity of A, we get the conclusion.
(ii) Tt follows immediately from item (i).
(iii) Firstly, due to item (i), we have x = A(z,b) = B(z,a) < B(x,y) < B(z,e2) = z for all (z,y) € [b,a] X [a, es].
Hence, B(z,y) = « = min(z, y) holds for all (x,y) € [b,a] x [a, e3].
Secondly, assume that there are z¢ € [b,a] and yo €]eq, 1] such that B(zg, yo) > xo, then we obtain b = B(b, e3) <
B(xo,y0) < B(a,1) = A(b,1) = a by Lemma [3.1fii). Associating with item (i) and Lemma we obtain for all
20 € [0, b],

A(z0, B(wo,y0)) = max (20, B(zo,0)) = B(zo, o)
B(A(20,0), A(20,90)) = B(xo,a) = A(xo,b) = o,
which imply a contradiction to the distributivity equation. By Proposition we have B(z,y) = ¢ = min(z, y) for all

(z,y) € [b,a]x]es, 1].

Associating with Lemma [3.2| and the commutativity of the S-uninorm A, we obtain the conclusion. O

Proposition 3.12. Let A= (Sa,a,Ua,e1) and B = (Sp,b,Up, es) be two S-uninorms. If a > b, then A is distributive
B if and only if A is given as

beA(%?%)v (:Cay) € [ ab] X [Ovb}’
b—l—(a—b)S’ﬁ(Z:Z,z:Z), if (x,y) € [bya] x [b,a];
Az, y) a+(1—a)Ua($=2,4=2), if (x,9) € [a,1] x [a,1]; 9)
max(z,y), zf (z,y) € [0,b] x [b,a] U [b,a] x [0,b];
a, otherwise;
and B is given as
" mix(x,(y), ) if Ex,yg € {O,b]} X [[O,b]},
) oa+ Up($=2,%=2), if (z,y) € [a,1] x [a,1];
Blz,y) = mlnggi Y), if}(Lx,y) € [bya]l x [b,1] U [b,1] x [b,a] (10)
, otherwise;

where the conjunctive uninorm Uga is distributive over the conjunctive uninorm Ul.

Proof. Necessity. It follows immediately from Proposition (i)7 Lemmas and
Sufficiency. It can be proven by a simple computation. O
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Remark 3.13. According to Propositions and[3.13, the distributivity between S-uninorms is equivalent to the
distributivity between conjunctive uninorms regardless of the detail forms of the underlying uninorms of S-uninorms.
Thus the results in Section 3 of the reference [8] turn out to be the special case of Propositions and .
Moreover, the distributivity between T-uninorms can be easily obtained by duality. We do not list them here.

4 Distributivity for S-uninorms over T-uninorms

The scholars [16], 47] only analyzed the distributivity between S-uninorms and 7T-uninorms, where the underlying uni-
norms of S-uninorms are in Uy,;, and the underlying uninorms of T-uninorms are in Upax. Meanwhile, the distributivity
between S-uninorms and 7T-uninorms was not investigated in [8, [22]. In this section, we further study the distributivity
for S-uninorms over T-uninorms neglecting their detail forms of underlying uninorms. By duality, we easily characterize
the distributivity for T-uninorms over S-uninorms. Thus we do not list them here.

Lemma 4.1. Let an S-uninorm A = (Sa,a,Ua,e1) be distributive over a T-uninorm B = (Up, e, b, Tg) with a,b €
10,1[. Then the following hold,

(i) a>ex and b < e;.
(ii) A(z,b) = B(x,a) for all x € [0,1].
(ii) B(z,z) = for all z € [0, a].

Proof. (i) By Proposition and the distributivity equation, we have A(0,b) = A(0,B(0,1)) = B(A(0, 0,1)) =
B(0,a). Assume that a < e3 holds, then we obtain B(0,a) < B(0, e3) = 0, which contradlct to A(0,b) = a > O because
of a < ey < b. Thus a > ey holds.
Similarly, we get A(1,b) = A(1,B(0,1)) = B(A(1,0),A(1,1)) = B(a,1). Assume that b > e; holds, then due to
a < e; < b, we obtain A(1,b) > (1 e1)=1a B(a 1) = b < 1, which imply a contradiction. Thus b < e; holds.
(ii) According to item (i), we obtain B(ey,0) = b, so the followmg holds for all x € [0, 1],

B(a,z), if x €][0,a];

B(xva); ifx e [a’ ]_]’ = B(x,a).

A(z,b) = A(x, B(e1,0)) = B(A(z, 1), A(x,0)) = {

(iii) Due to the distributivity equation, we have B(z,z) = B(A(x,0), A(z,0)) = A(z, B(0,0)) = A(x,0) = z for all
x € |0,a]. Thus B(z,z) = z holds for all z € [0, a. O

Remark 4.2. The condition a,b €]0, 1] is indispensable in Lemma , Otherwise, either a = 0 or b = 1 may hold.
Meanwhile, according to the proof of Lemma (z), Lemma (2) may not hold.

Lemma 4.3. Let an S-uninorm A = (Sa,a,Ua,e1) be distributive over a T-uninorm B = (Up,es,b, Tg) with a = b.
Then the following hold,

(i) B(z,y) = min(z,y) for all (z,y) € [0,e2] X [0, e2] and B(x,y) = max(x,y) for all (x,y) € [e2,b] X [ez,b].
(ii) S4 is an ordinal sum t-conorm, i.e., Sy = (< , & 7SA> <ea2,1,Sx>).
(iil) B(z,y) = max(x,y) for all (x,y) € [0, ea[x]ea, b]U]es, b] X [0, e2].

Proof. (i) It follows immediately from Lemma [£.1(iii).
(ii) Consider = € [e2,a]. Then we have ez < z = max(z,es) < A(x,ez3) < A(a,a) = a. By item (i), we obtain for all
x € [e2,al,

A(z,B(e2,0)) = A(z,0) ==

B(A(z,e2), A(z,0)) = B(A(x, e2),x) = max (A(z, e2), ) = A(w, e2).
Hence, A(x,e2) = z holds for all © € [e2,a]. Moreover, we have ea = A(0,e2) < A(z,e2) < A(ez,ea) = ey for all
x € [0, ez2]. Thus we obtain the conclusion.
(iii) Due to item (i) and Proposition[2.7] we obtain B(y, z) € {y,z} for ally € [0, e2[ and 2 €]ez, b]. Assume that there is a
point (yo, z0) € [0, ea[X]ea, b] such that B(yo, z0) = yo, then we get ea < x¢ < 29 < A(zg, 20) < A(b,b) = A(a,a) =a =10
for all 2y €eq, zo[. By item (ii), we have for all zg €]es, 2],

A(LL'(), B(y()a ZO)) = A(x()?y()) = max(m(hyo) = Xo,

B(A(mo, Yo), Ao, zo)) = B(xO,A(xO, zo)) = max (mo, A(zxo, ZO)) = A(xg,20) > 0.
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Figure 4: Structure of A (left) and B (right) in Proposition

Hence, we obtain a contradiction to the distributivity equation. Thus B(y, z) = z holds for all (y, z) € [0, e2[x]ez, b].

Associating with the commutativity of A, we have the conclusion.

O

Notice that the auxiliary condition a = b directly implies a, b €]0, 1], because of a € [0, 1] and b €]0, 1].

Proposition 4.4. Let A= (Sa,a,Ua,e1) be an S-uninorm and B = (Ug, ea,b,T) be a T-uninorm. If a = b, then A

is distributive over B if and only if A is given as
254 (5. 2),
ex + (a —e2) 8% (5222, 4=22),
a+ (1 - a)UA(T:Za Z{:Z)a
max(z,y),
a7

A(xvy) =

and B is given as

where the conjunctive uninorm Uy is distributive over the t-norm Tp.

Proof. Necessity. It follows immediately from Proposition 2.9 and Lemma [1.3]

Sufficiency. It can be proven by a simple computation.

if (z,y) € 10,e2] X [0, e2];
Zf ('Tay) € [6230‘] X [62,0,],‘
if (:L',y) € [CL, 1] X [CL, 1]7' (11)
if (x,y) € [0,e2] X [ea,a] U [ea, a] X [0, es];
otherwise;
if (x,y) € [0,ea] x [0, es];
if (z,y) € [b,1] x [b,1]; (12)
if (z,y) € [0, b]x]ea, b)U]ea, b] x [0, b];
otherwise;
O]

Example 4.5. Consider an S-uninorm A and a T-uninorm B be given as, respectively,

x +y — 2.5xy, if (z,y) € [0,0.4] x [0,0.4];
min(z +y — 0.4,0.5), if (z,y) € [0.4,0.5] x [0.4,0.5];
A(z,y) = 0.5, if (,) € [0,0.5] x [0.5,1] U [0.5,1] x [0, 0.5];
min(z, y), if0.5<ax<1.5—y andy € [0.5,1];
max(z,y), otherwise;
and

min(z,y), if (z,y) € [0,0.4] x [0,0.4] U [0.5, 1] x [0.5, 1];

B(z,y) = 0.5, if (x,y) € [0,0.5] x [0.5,1] U [0.5,1] x [0,0.5];
max(x,y), otherwise.

Then A = (S4,0.5,U4,0.75) and U4 is an idempotent uninorm. Because an arbitrary uninorm is distributive over min,

we obtain that A is distributive over B by Proposition [{.4

Remark 4.6. Different from the results in [16], [47], Proposition and Example show that the distributivity for
S-uninorms over T-uninorms with identical annihilators is equivalent to the distributivity for conjunctive uninorms over
t-norms, where the underlying uninorms of S-uninorms are not limited in Upin but arbitrary conjunctive uninorms. In
particular, Chen et al. [8] did not discussed the distributivity for S-uninorms over T-uninorms.
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Figure 5: Structure of A (left) and B (right) in Proposition

Lemma 4.7. Let an S-uninorm A = (Sa,a,Uga,e1) be distributive over a T-uninorm B = (Up, e2,b, Tg) with 0 < a <
b < 1. Then the following hold,

(i) A(z,b) = B(z,a) =z for all z € [a,b)].
(i) B(z,z) = for all x € [0,b)].
(ifi) S is an ordinal sum t-conorm, ie., Sa = ({0, %, 87),(%,1,8%)).
(iv) B(z,y) = min(z,y) for all (z,y) € [0, e2] [0, es] and B(z, y) = max(z,y) for all (z,y) € [0,b]x]es, b|U]es, b x [0, b].
(v) A(z,y) = min(z,y) for all (z,y) € [a,b] x [b,1] U [b,1] x [a, b].

Proof. (i) By Lemma[£.1]i), (ii) and 0 < a < b < 1, we have z = max(z,a) < B(z,a) = A(z,b) < min(z,b) = z for all
x € [a,b]. Thus A(z,b) = B(z,a) = z holds for all = € [a, b].

(ii) According to item (i) and the distributivity equation, we obtain B(z,z) = B(A(x,b), A(z,b)) = A(z, B(b,b)) =
A(z,b) = x for all x € [a,b]. Associating with Lemma [4.1|(iii), B(x,x) = « holds for all x € [0, b].

(iii) It can be proven in a similar way as for Lemma )

(iv) Firstly, by item (ii), we directly have B(z,y) = min(x,y) for all z,y € [0,e2] and B(z,y) = max(x,y) for all
x,y € [ea, b].

Secondly, according to item (ii) and Proposition[2.7] we obtain B(y, z) € {y, z} for all (y,z) € [0, e2[x]es, a]. Assume
that there are yo € [0,e2] and zy €]eq,a] such that B(yo,20) = yo, then by item (iii), we have A(xo,B(yo,zo)) =
A(zo,y0) = max(xg,yo) = o for all zg €]eq, z9[. Meanwhile, we obtain es < zy < zp = max(zg, z0) < A(xo,20) <
A(a,a) = a for all g €les, 20[, so B(A(a:o,yo),A(xo,zo)) = B(xo,A(xo,zo)) = max (J:O,A(xo,zo)) = A(zo,20) > xo-
Hence we get a contradiction to the distributivity equation. Thus B(y,z) = z = max(y, z) holds for all (y,z) €
[0, e2[Xx]e2, al.

Thirdly, due to item (ii) and Proposition B(y,z2) € {y,z} holds for all (y,z) € [0,ez2[x]a,b]. Meanwhile, by
Lemma ii) and the increasing property of A, we get B(y, z) > B(0,a) = A(0,b) = a for all (y,z) € [0,ez2[x]a,b].
Thus we obtain B(y, z) = z for all (y, z) € [0, e2[x]a, b].

Associating with the commutativity of B, we have the conclusion.

(v) Assume that there is a point (z¢,y0) € [a,b] x [b,1] such that A(zo,y0) > o, then we have A(zo, B(yo,z0)) =
A(xo,b) = z0 for all z¢ € [0,a] by item (i). Due to Lemma [4.1{(ii), we get A(1,b) = B(1,a) =b, so a < z¢ < A(zg, yo) <
A(b,1) = b. By item (i), we obtain B(A(mo,yo),A(x07z5<— B(A(zo,y0),a) = A(wo,y0) > zo. Thus we have a
contradiction to the distributivity equation. According to Proposition we directly have = min(z,y) < A(z,y) <
max(z,y) = y for all (z,y) € [a,b] x [b,1]. Thus A(x,y) = x holds for all (z,y) € [a,b] x [b,1]. Associating with the
commutativity of A, we obtain the conclusion. O

By Lemma we directly obtain the following result.

Proposition 4.8. Let A= (Sa,a,Ua,e1) be an S-uninorm and B = (Ug,e2,b,Tg) be a T-uninorm. If0 < a <b< 1,
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then A is distributive over B if and only if A is given as

GQSA(627 PZ/?) Zf (x,y) S [0,62] X [0,62],
ez + (a—e2)5 (2= 2, Z_Z)’ if (x,y) € [e2,a] X [ez, al;
a—i—(b—a)Tl(I Z,%:Z), if (z,y) € [a,b] X [a,b];
A(z,y) = b+ (1—b)U, (222, 520),  if (z,y) € [b,1] x [b,1]; (13)
max(z,y), if (z,y) € [0,e2] X [ea,a] U [es, a] X [0, es]
min(z,y), zf}(;v,y) € [a,b] x [b,1] U [b,1] % [a, b];
a, otherwise;

and B is given by FEq. , where the conjunctive uninorm Ul is distributive over the t-norm Tg.

Consider the underlying uninorm of the S-uninorm A be continuous in the open unit square. Then we have the
following conclusion.

Corollary 4.9. Let A = (Sa,a,Ua,e1) be an S-uninorm and B = (Sp,b,Up, e3) be a T-uninorms. If 0 <a <b <1
and Uy is continuous in the open unit square, then A is distributive over B if and only if either of the following item

holds,

() If Ua = (T,\ T, 11, (R, €))cos,min With XA > Zl’_fa then A and B are given by FEgs. and , respectively,
where T is given as T = (<O, )\(bli“a),T1> <)\(1 ay ,T2>) and the conjunctive uninorm Uy is given as Uy =
<T A(1—a)+a—b T/ n(l—a)+a—>b (R e(l—a)+a—b

)> . distributive over t-norm Tg.
cos,min

2, 1—b 1-b 1-b
(i) IfUa = (T, \T, 1, (R, €))cos,min With A = ﬁ, then A and B are given by Eqgs. and ([12)), respectively, where
the conjunctive uninorm U’y = <T,O,T’, u 1“_)Za b, (R, et fl:a b)> cos,min %5 distributive over t-norm Tg.
Proof. Similarly to Lemma we have Uy = (T, \, T, p, (R, €))cos,min and A > l{:—i. Associating with Propositions
and we obtain the conclusion. O

Lemma 4.10. Let an S-uninorm A = (Sa,a,Ua,e1) be distributive over a T-uninorm B = (Up, e2,b,Tg) with a > b.
Then the following hold,

(i) A(z,b) = B(z,a) =z for all x € [b,al.
(i)
(iil) B(z,y) = min(z,y) for all (x,y) € [0,e2] x [0,e2] U[b,a] x [b,1] U[b,1] x [b,a].
(iv)

Proof. (i) By Lemma ii), we have x = max(z,b) < A(z,b) = B(x,a) < min(z,a) = z for all € [b,a]. Thus
A(z,b) = B(z,a) = z holds for all z € [b,a).
(ii) Similarly to Lemma i), we get

S4 is an ordinal sum t-conorm, i.e., Sp = (<0 2 Sf4>, (%,g,S”>,(b 1 S”'>).

a0 a’

B(z,y) = max(z,y) for all (x,y) € [0,b]x]ez, b]U]es, b] x [0,b].

ey, ifze0el;
A($,€2) - { xz, ifxe [6270‘}'

According to item (i) and Lemma ii), we obtain

| B(z,a), ifzel0,b; [ b ifxel0d];
Alz,b) = { x, ifxelba; | z ifzelbal

Thus the points es and b are the points of division of A. Therefore, we obtain the conclusion.

(iii) By Lemma [4.1](iii), we directly have B(z,y) = min(z,y) for all (z,y) € [0, 2] x [0, 2] U [b,a] x [b,a]. Assume that
there is a point (xg,y0) € [b, a]X]a, 1] such that B(xg,yo) < xo, then due to the increasing property of A, we have
b= B(b,b) < B(xg,yo) < zo < a. Hence, according to items (i) and (ii), we get for all zy € [0, b],

A(z0, B(zo,y0)) = max (20, B(z0,%0)) = B(zo,y0) < o,
B(A(20,0), A(20,90)) = B(max(z0,20),a) = B(zo,a) = zo,
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Figure 6: Structure of A (left) and B (right) in Proposition

which imply a contradiction to the distributivity equation. Because the restriction of the T-uninorm B to the set
[b,1] x [b,1] is isomorphism to a t-norm Tp, we have B(x,y) = z for all (z,y) € [b,a]x]a,1]. Associating with the
commutativity of B, we obtain the conclusion.

(iv) According to Lemma [4.1{(iii), we obtain B(z,y) = max(z,y) for all (z,y) € [e2,b] X [e2,b]. By Proposition [2.7| and
Lemma [4.1{iii), we have B(x,y) € {z,y} for all (z,y) € [0, ez[x]ea,b]. Assume that there are xo € [0, ea] and yy €]ez, b]
such that B(zg,y0) = xo, then we have es < z9 < yo = max(zo,yo0) < A(z0,y0) < A(b,b) = b from item (ii) for all
20 €]ea, yo[. Applying item (ii) again, we obtain

A(207 B(an Z/O)) = A(Z07x0) = ma’X(ZOa'rO) = 20,
B(A(ZO7JC0)7A(ZO,Z/0)) = B(ZovA(Zo,yo)) = max (ZoyA(Zoayo)) = A(20,%0) > 20,

which imply a contradiction to the distributivity equation. Thus B(z,y) = y = max(x,y) holds for all (z,y) €
[0, e2[x]ea, b]. Associating with the commutativity of B, we obtain the conclusion. O

Notice that we directly obtain a,b €]0,1[ in the case a > b, due to a < e; and b > es. Moreover, by Proposition
and Lemma [1.10] we easily obtain the following conclusion.

Proposition 4.11. Let A = (Sa,a,Ua,e1) be an S-uninorm and B = (Ug,e2,b,Tg) be a T-uninorm. If a > b, then
A is distributive over B if and only if A is given as

eQSA(PQa pr) Zf (CL’,y) € [anQ] X [0762]7
e2 + (b—e2)S% (5= fj, %_Ej) if (z,y) € [e2,b] x [e2,b];
_ b+ (a—0)SY (222, 4=2),  if (x,y) € [b,a] x [b,al;
ACY=Y o - U (ER ), () € 1) x 1) .
a, if (z,y) €10,a] x [a,1] U [a, 1] x [0, a];
max(x,y), otherwise;
and B is given as
mln( z,Y), if (x,y) € [0,e2] x [0, e2];
a+ Tp(2=2,4=2), if (z,y) € [a,1] x [a,1];
B(I,Z/) = max( z,Y), Zf (Z,y) € [Oab]x eQ,b]U}e%b] X [O,b], (15)
min(z, y), if (z,y) € [b,a] X [b,1]U[b,1] x [b, a];
b, otherwise;

where the conjunctive uninorm Uga is distributive over the t-norm Tf.

Remark 4.12. Due to Propositions [[.4}, [{-8 and [[.11], the distributivity for S-uninorms over T-uninorms with their
annihilators in the open unit is identical with the distributivity for conjunctive uninorms over t-norms [26] 28] 29] [0,
46, [56]. Thus we easily obtain them by discussing the forms of either conjunctive uninorms or t-norms. Here we do
not list them. Meanwhile, we easily obtain that the distributivity for T-uninorms over S-uninorms is equivalent to the
distributivity for disjunctive uninorms over t-conorms [26], 28, 29 40, 46, [56] by duality.



30 C. Y. Wang, W. Y. Duan, B. Zhang

5 Distributivity for S-uninorms over disjunctive uninorms

In this section, we further study the distributivity between an S-uninorm A = (Sa,a,Ua,e1) and a T-uninorm B =
(Up, e2,b,Tg). Consider a = 0 or b = 1 by Remark Then we have the following cases.

Firstly, if @ = 0 and b = 1, then that distributivity equation degenerates into the distributivity between uninorms,
which had been discussed in [44] [45] [48] [49].

Secondly, if a €]0,1[ and b = 1, then we need study the distributivity between an S-uninorm A and a disjunctive
uninorm U.

Thirdly, if « = 0 and b €]0, 1], then that distributivity equation degenerates into the distributivity between conjunc-
tive uninorms and T-uninorms, which can be easily characterized by duality.

Because Chen et al. [8] discussed the distributivity between S-uninorms and uninorms in Unax, this section further
analyzes the distributivity for S-uninorms over disjunctive uninorms with the annihilators of the S-uninorms in the
open unit.

Lemma 5.1. Let an S-uninorm A = (Sa,a,Ua,e1) be distributive over a disjunctive uninorm U = (Ty, ea, Sy) with
a €]0,1[. Then the following hold,

(i) a > es.

(ii) U(x,z) =z for all x € [0, a).

(iv) U(z,y) = max(z,y) for all (z,y) € [ez2, a] X [e2,1] U [e2, 1] X [e2, al.
Ulz,y
(vi) U(z,y) = max(x,y) for all (z,y) € [0, ea[x]a, 1]U]a, 1] x [0, ea].

Proof. (i) Because U is disjunctive, we have U(0,a) = U(A(0,0), A(0,1)) = A(0,U(0,1)) = A(0,1) = a. If a < ez,
then U(0,a) < U(0, e5) = 0 holds, which implies a contradiction to a €]0, 1[. Thus a > es holds.

(ii) By Proposition [2.9(i), we obtain U(z,z) = U (A(z,0), A(z,0)) = A(z,U(0,0)) = A(z,0) =  for all z € [0,a]. Thus
U(x,x) = z holds for all z € [0, a).

(iii) By items (i) and (ii), we get ez = A(ez,0) = A(e2,Ul(e2,0)) = U(A(ez, €2), A(e2,0)) = A(ez, e2). Hence, we have
es = max(x,e2) < A(x,e2) < A(ea, e3) = eg for all z € [0, e2]. According to item (i), we obtain e3 < = max(z,e2) <
A(z,e2) < A(a,ez) = a for all © € [ez,a]. Thus it follows from item (ii) and the distributivity equation that the
following hold for all z € [ez, a],

)

(iii) Sy is an ordinal sum t-conorm, i.e., Sy = (<0, %27Sf4>, <%2, 17Sx>).
)
)

(v ) = max(z,y) for all (x,y) € [0, e2[x]ez, a]Ulea, a] x [0, ez].

A(z,U(e2,0)) = A(z,0) = z,
U(A(z,e2), A(z,0)) = U(A(z, e2),z) = max (A(z,e2),z) = Az, e2).

We have A(z,eq) = x for all © € [ea,a]. Therefore, the conclusion holds.

(iv) According to the distributivity equation, we obtain = A(z,e;) = A(z,U(e1,e2)) = U(A(z,e1), A(z,e2)) =
U(z,a) for all x € [a,1]. Consider z € [a,1] and y € [ea,a]. Then we have x = U(z,e2) < U(x,y) < U(z,a) = . Thus
U(z,y) = x holds for (z,y) € [a,1] X [e2,a]. Associating with item (ii) and the commutativity of U, we obtain the
conclusion.

(v) By item (ii), U(a,a) = a holds. Hence the restriction of the disjunctive uninorm U to the set [0,a] x [0,a] is an
idempotent uninorm. According to Proposition [2.7] we have U(z,y) € {z,y} for all (z,y) € [0, e2[x]e2, a]. Assume that
there are 29 € [0, e2[ and yo €]ea, a] such that U(xg, yo) = xo, then it follows from items (iii) and (iv) that the following
hold for all zy €]ea, yol,

A(Z07 U(m07 ZUO)) = A(ZO,J)()) = maX(Zo,.Io) = 20,
U (A(z0,%0), A(20,90)) = U (20, A(20,y0)) = max (20, A(20,90)) = A(z0,%0) > max(yo, 20) > 2o,

which imply a contradiction to the distributivity equation. Thus U(z,y) = y holds for all (z,y) € [0,e2[x]eq,al.
Associating with the commutativity of U, we obtain the conclusion.

(vi) Assume that there is a point (2o, yo) € [0, e2[x]a, 1] such that U(xo,yo) < yo, then by item (v), we have U(zo, yo) >
U(0,a) = a, so A(e1,U(zo,y0)) = U(zo,90) < yo. According to item (iv), we obtain U(A(e1,z0), A(e1,40)) =
U(a,yo) = max(a,yo) = yo. Thus we get a contradiction to the distributivity equation. Associating with Proposition
and the commutativity of U, the conclusion holds.

O
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Figure 7: Structure of A (left) and U (right) in Proposition [5.2}

Proposition 5.2. Let A = (Sa,a,Ua,e1) be an S-uninorm and U = (Ty, e, Sy) be a disjunctive uninorm with
a €]0,1[. Then A is distributive over U if and only if A is given as

62514(%, %)’ Zf (ZL’,y) € [0762] X [0762]>
62+(G—€2)S%(%,%), Zf(!L',y) € [62,@] X [627a;
Az,y) = a+(1—a)Ua($=2,%2), if (z,y) € [a,1] X [a,1]; (16)
a, if (x,y) €0,a] x [a,1] U [a,1] x [0, al;
max(x,y), otherwise;
and U 1is given as
min(az,y), Zf (.Z‘,y) € [0762] X [0762];
Uz,y) =9 a+(1—a)Sy (=%, 1), i (z,y) € [a,1] x [a,1]; (17)
max(z,y), otherwise;

where the conjunctive uninorm Uga is distributive over the t-conorm Si;.

Proof. Necessity. It follows immediately from Lemma [5.1
Sufficiency. It can be proven by a simple computation. O

Example 5.3. Consider an S-uninorm A be given as

max(x,y), if (x,y) € 10,0.2] x [0,0.2];
max(z +y — 0.4,0.2), if (,y) € [0.2,0.4] x [0.2,0.4];
Sxy — 2x — 2y + 1.2, if (z,y) € 10.4,0.6] x [0.4,0.6];
A(z,y) =< 0.6 +0.4R(2.5z — 1.5,2.5y — 1.5), if (z,y) €]0.6,1[x]0.6, 1[;
0.2, if (z,y) € [0,0.2] x [0.2,1]U[0.2,1] x [0,0.2];
1, if (z,y) € 10.4,1] x {1} U {1} x [0.4,1];
min(z,y), otherwise;

and a disjunctive uninorm U be given as

min(z,y), if (z,y) €[0,0.1] x [0,0.1];
Uz,y) = 1, if (,y) € [0.4,1] x [0.4,1];
max(x,y), otherwise,

where R is a representable uninorm with the neutral element ¢ = 0.5. Then A = (max,0.2,U4,0.8) and Uy =
(Trr,0.25,Tp,0.5, (R,0.75)) cos,min with Ua(0.25,1) = 1. Meanwhile it follows from Propositions 4.3(%i) in [56] and
that A is distributive over U. In particular, Ua is not in Ui, but continuous in the open unit square.

Due to Proposition the distributivity for S-uninorms over disjunctive uninorms with the annihilators in the
open unit turns out to be the distributivity for conjunctive uninorms over t-conorms, which had been studied in
[26] 28, 29, [40, [46, [56). Thus we do not list the details of them here.

Remark 5.4. Because the underlying uninorms of S-uninorms in Proposition[5.9 are not limited in Upi, but arbitrary
conjunctive uninorms, Theorem 5.2 in [8] is a special case of Proposition where the underlying uninorms of S-
uninorms were required to be in Unin. However, there are some problems on the distributivity for disjunctive uninorms
over S-uninorms, that is, we cannot obtain a conclusion different from Theorem 5.1 in [8] until now.
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6 Conclusions

This paper further characterizes the distributivity between S-uninorms, the distributivity for S-uninorms over T-
uninorms, and the distributivity for S-uninorms over disjunctive uninorms as the distributivity between conjunctive
uninorms, the distributivity for conjunctive uninorms over t-norms and the distributivity for conjunctive uninorms
over t-conorms, respetively. Although the distributivity between uninorms was studied in [31), 38| 39} [44] 45} [48], [49]
and the distributivity for uninorms over t-(co)norms was discussed in [26], 28] 29, 40, 46, (6], those distributivity
equations are not fully solved. The reasons are listed as follows. Firstly, we usually fix one uninorm (resp. the
uninorm) in the distributivity between uninorms (resp. the distributivity for uninorms over t-(co)norms) as a special
uninorm. However, there are some special uninorms without the completely clear expressions. For example, some cases
of uninorms locally internal on the boundary were partially characterized in [27]. Meanwhile, a uninorm not locally
internal on the boundary is not discussed in [36], when its boundary functions have infinite points of noncontinuity.
Secondly, in contrast to the continuous t-(co)norms, there does not exist a conclusion representing all noncontinuous
t-(co)norms. Hence, the scholars [56] partially analyzed the distributivity for uninorms over noncontinuous t-(co)norms
with some auxiliary condition(s) to show the noncontinuity of t-(co)norms.

In the forthcoming work, we continue to further discuss the distributivity for uninorms over noncontinuous t-
(co)norms.
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