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Abstract

Fuzzy random variables combine the modeling of imprecision (fuzzy component) and unpredictability (caused by random
effects) into a single entity. Statistical samples of such units are widely used; therefore, their direct, numerically efficient
generation is necessary. Typically, these samples consist of triangular or trapezoidal fuzzy numbers. This paper presents
theoretical results and simulation algorithms for another useful family of fuzzy numbers, known as LR fuzzy numbers
with interval cores. Starting from a simulation perspective on piecewise linear LR fuzzy numbers with interval cores, we
consider their limiting behavior, which reveals some interesting properties and provides a numerically efficient algorithm
for simulating a sample consisting of such fuzzy values. As a result, we obtain a new perspective on how to introduce
random fuzzy intervals.

Keywords: Fuzzy number, fuzzy random variable, piecewise linear fuzzy number, simulations, fuzzy sample.

1 Introduction

Synthetically generated samples are essential tools for both real-life applications and more theoretically oriented goals
(e.g., checking the numerical properties of statistical tests for fuzzy data [I8]). Several generation of algorithms were
described in the literature, including high-dimensional real-valued problems [33] and more fuzzy approaches (see [6] 12}
17, 29]).

When generating random fuzzy numbers (FNs for short), one has to combine two different features of the data:
imprecision, modeled by fuzzy sets, and uncertainty, related to random phenomena and expressed by random variables.
In the literature, such objects are perceived from two basic viewpoints on fuzzy random values [8]: the ontic view by
Puri and Ralescu [31] or the epistemic view related to the approach of Kruse and Kwakernaak [23], 24].

These types of fuzzy numbers are commonly spotted in real-life applications (e.g., [32 B8] [36]). They are easy to
handle, but sometimes too restrictive for modeling imprecise outputs of the experiments. Since plenty of other shapes
of membership functions might be of interest [I4] 26], numerical methods for broader families of fuzzy numbers (e.g.,
piecewise FNs [7]) should be considered. Some attempts in this field were made in [6, 12} 29] [30].

In this paper, we build upon the considerations initiated in [29] and generalize the theoretical and simulation results
presented there for the case of LR fuzzy numbers with interval cores, referred to as LR fuzzy intervals. We present LR
fuzzy intervals from a simulation perspective, which enables their simple generation with the help of the introduced
numerical algorithms. Additionally, some theoretical properties of the LR fuzzy intervals are also discussed. It is worth
noting that this simulation-related introduction of LR fuzzy intervals sheds new light on the existing types of random
fuzzy numbers considered in the literature [8, 23] 24 [31]. Indeed, although these ideas are theoretically well-grounded,
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they can be too complex or even not applicable to real-life problems. A few examples of potential applications based
on real-life data are also presented to demonstrate the effectiveness of the proposed approach.

In our previous works [29] [30], we focused on LR fuzzy numbers with single-valued cores. Based on the theoretical
results and simulation algorithms from [29], the problem of probability calculations was numerically solved in [30].
However, those results can be generalized to the broader (and more interesting for the practitioners) family of LR
fuzzy numbers with the interval cores (LRFI for short). As demonstrated by examples based on real-life data [19, [37],
LRFIs are essential in modeling datasets and other practical applications. However, in most of the papers devoted to
simulations of fuzzy sets, triangular or trapezoidal random FNs are only considered. In some cases, such a limitation
may be enough [26] but not always [I4]. There are also other known simulation algorithms, but not intended for
LRFIs [3, 6]. Triangular and trapezoidal FNs are handy because we need only three or four real random numbers
to describe and generate them (one or two values for the borders of the core, and two additional values to set the
support). The non-linearity of the left and right arms of FNs (as in the case of LRFIs) clearly allows for more advanced
simulations if the respective algorithms are both theoretically grounded and easy to apply for practitioners. In this
paper, we propose a solution to this problem.

To obtain a new perspective on the generation of LRFIs, we begin with the simulation approach for piecewise LRFIs.
As it occurs, the limiting behavior of such a type of FNs, when the number of their knots tends to infinity, can be
expressed as the theorem describing the membership function of an LRFI in the context of the user-defined probability
distributions. In turn, based on this theoretical result, we can develop the practically-oriented algorithms to generate a
single LRFT or a whole 4id sample of such FNs. Hence, we combine both theoretical and practical views alternately for
LRFTs to justify the intuitively appealing simulation approach theoretically. Then, one can simulate LRFIs with various
shapes of their membership functions, while the probabilistic description of the so-generated samples is straightforward.

To further convince the user of the practical aspects of our approach, we also present two examples based on real-life
data. The first one is devoted to the classical dataset Iris [10]. We fuzzified information concerning the length of sepals
to obtain LRFIs described by the non-informative uniform and normal (hence, a very classical one) distributions. The
introduction of two fuzzification parameters enables us to combine the resulting imprecision with the dataset’s error, as
measured by the standard deviation. In the second example, the experts’ opinions concerning the quality of cheese [32]
are straightforwardly modeled using LRFIs, with fitting based on goodness-of-fit tests. The resulting models enable us
to generate, e.g., the next synthetic samples that are statistically “the same” as the initial dataset. Such samples are
helpful, e.g., in the bootstrap procedures [13], 15 17, [25].

The ready-to-use functions based on the algorithms introduced in this paper are also available as a part of our R
package FuzzySimRes [36].

This paper is organized as follows. In Sect. [2] some notions and definitions concerning fuzzy sets and random
variables are recalled. The simulation approach for the piecewise linear LR fuzzy intervals is described in Sect.
Theoretical results and the practically oriented algorithm for the limiting behavior of such fuzzy objects are considered
in Sect. [ together with the algorithm for the simulation of their whole sample. Then, some examples are presented in
Sect. [5 including fuzzifying the real-life data, and modeling a fuzzy sample based on experts’ opinions. Some additional
remarks concerning the comparison with other approaches and the numerical effectiveness of the introduced algorithms
are provided in Sect. [f] In Sect. [7] the conclusions are discussed.

2 Preliminaries

This section recalls some necessary definitions and notations concerning fuzzy numbers. A more exhaustive introduction
to this topic can be found, e.g., in [9]. Some notations related to the probability density function (pdf) and cumulative
distribution function (cdf) are also provided.

Definition 2.1. A fuzzy number (abbreviated further by FN) is an imprecise value characterized by a mapping
A:R—[0,1], called a membership function, such that its a-cut defined by

i {reR:A(x)>a} if ac(0,1],
S \d{z eR:A(z) >0} if a=0,

(1)

is a nonempty compact interval for each a € [0,1], where ¢l denotes the closure.

Easily seen, every FN is entirely described by its membership function fl(m) or, equivalently, by the family of a-cuts
{Aa}ae[0,1]~ Two of the a-cuts play a special role: the core (given by A = core(A)), which contains all values fully
compatible with the concept modeled by 121, and the support (i.e., Ay = supp(fl)), containing all values that are
compatible to some extent with A. Further on, a family of all fuzzy numbers will be denoted by F(R).
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Many shapes of membership functions for FNs were introduced in the literature. The most widely used type of FNs
is known as the LR fuzzy numbers (LRFNs) and is given by

0 if z<a,
L(;‘;j;l) if a <z <ag,
Alx) =41 if ay <z <as, (2)
R (544::3> if asz < x < ay,
0 if x> ay,

where L, R : [0,1] — [0, 1] are continuous and strictly increasing functions such that L(0) = R(0) =0, L(1) = R(1) = 1,

and aq,as,as3,aq € R, which satisfy a1 < as < ag < aq. If L and R are linear, we have
T —ap a4 — T
R(z) = 3)

(12—0117 (14—0,37

L(z) =

and we obtain the so-called trapezoidal fuzzy number. Moreover, if a; = az, we obtain a triangular fuzzy
number. Some authors relate the term LRFN only to FNs with a single-element core (i.e., as = a3 in ), and the
other case (i.e., when as # ag) is called fuzzy interval (LRFI). In the following, we use the abbreviations LRFN (for
the single-element core) and LRFI for all other cases to distinguish these two types of FNs properly.

FNs are widely used in the literature to model imprecise data. But the nature of some data might also be random,
so some approaches combine both the imprecision and randomness into a single entity, called random fuzzy sets (or
fuzzy random variables). The literature concerning random fuzzy sets is really abundant [2] [5] [13], [20] 22]. The ontic
view on fuzzy random variables in the Puri and Ralescu sense [31] or the epistemic view [23] 24], where we consider the
fuzzy objects modeling imperfectly perceived real-valued random variables, should be especially mentioned here.

Now, we introduce some notation concerning pdfs and cdfs. Let F'z be the cdf of some random variable Z, where f
is its pdf. Let us assume that supp(fz) = [0, ], where £ € RT U{+o00}. Then, for any y € (0, &), we have the truncated
pdf fz), given by

fz(z)

fzpy(®) = m1(0<1‘<y)7 (4)

where 1(.) is the indicator function, and Fy),, is its truncated cdf counterpart.
The empirical distribution function (edf) F, based on a random sample X = (X1,...,X,) is defined by

n

> I(Xi < a). (5)

i=1

Fo(z) =

where 1(.) is the indicator function. If X is a sample of #id random variables from the cdf F' then, by the strong law
of large numbers, for any fixed point x € R, we have F,(z) — F(z) a.s., as n — oo. Moreover, the Glivenko-Cantelli
theorem states that this convergence is uniform, i.e. sup,cg |[Fn(z) — F(x)| = 0 a.s., as n — oo (see [4, I1]). Thus, the
Glivenko-Cantelli theorem shows that based on independent observations of the random variable, one can approximate
its cdf arbitrarily close by the edf. This is why the Glivenko-Cantelli theorem is referred to as a fundamental theorem of
mathematical statistics. It is worth noting that several generalizations of the classical Glivenko-Cantelli theorem have
been proposed in the literature (cf. [4I], [43] [44]).

By , each edf is a step function. However, since functions L(.) and R(.) in should be continuous, one may
also consider the edf’s linear interpolation (iedf) given by

F,(z) =wk, (@) + L+ w)F, (z41)), for zu) <o <2341, (6)
where (1, ..., 2,y denote the observed vector for order statistics from the sample realization x = (z1,...,2,) and w
stands for the weight defined by
T — ‘T(i)
w=—".
T(i+1) = T(0)
It can be shown that
0 if < T(0)>
Fn(x): %_FW% if Z(i)<$<$(i+1), ’iZO,l,...,n—l, (7)
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3 Simulation approach for piecewise LRFIs

In the following, we generalize the approach considered in [29] to the broader case of LRFIs, obtaining new results in
this setting.

When the synthetic fuzzy datasets are necessary, e.g., to conduct some numerical experiments, trapezoidal FNs are
usually generated using five independent random variables O, C', C", S!, S™, where O is a random variable corresponding
to the “true” population distribution (known as the original when the epistemic view is considered), while C!, C" create
the core, and S!, 8" are used for modeling its support (see, e.g., [I5, 16, 17, 8, [35]). More precisely, to obtain a
trapezoidal FN given by a foursome [ay, as, a3, a4], we calculate

a=0-58-C" a=0-C" a3=0+C", ay=0+C"+8", (8)

where the respective random values are generated using probability distributions (pdfs) specified by the user, i.e.,
O~ fo,C' ~ fou,C" ~ for, St ~ fqi, and S” ~ fgr.

But this procedure can be easily extended for a k-knot piecewise linear fuzzy number [T}, [7] with the interval core
(piecewise LRFI for short). The respective approach is written in pseudocode as Algorithm |1l Now, we describe it in
more detail. We start from the “original” using a random draw from fo to obtain a new piecewise LRFIs X () Next,
we add the respective left and right increments of the core (i.e., two random values generated from fci, for), and the
left and right spreads of support of X %) (i.e., two random values from fqi, fgr). In this way, we obtain two intervals

core (f((k)) = [O —-CcLo+ CTL (9)

supp (X)) = [0 = €' = §",0+ C" + 5. (10)

Algorithm 1 Simulation of a piecewise LRFI
Require: The number of knots & > 0, random probability densities fo, for, fcr, fst, fsr.
Ensure: The membership function of X®).

Generate O ~ fo,C' ~ f1,C" ~ f1,S" ~ fq, 5" ~ for.

Generate 1, ..., [ u fst)st

Sort Iy, ..., I, in nondecreasing order I(yy, ..., l(x)-

for j =1to k do

 Calculate the left-hand knots (LT

iid
Generate 71,...,7% ~ fgr|sr
Sort 71, ..., 7, in nondecreasing order 71y, ..., 7(k)-

for j =1to k do

~ Calculate the right-hand knots (12).

Create the left arm of X by connecting o — ¢, knots (1)), and o — ¢! — s' with a piecewise linear function.
Create the right arm of X (%) by connecting o + c", knot7 and 0+ ¢" + s” with a piecewise linear function.

Suppose that s!, s” are the realizations of the above-mentioned random values for the spreads S!, S”. Similarly, we
have the realizations o, ¢!, ¢” for O,C', C", respectively.

In the second step, we generate k knots for the left and right arms of X %) using the respective truncated pdfs fst)st
and fgr|s-. More precisely, k iid random values [y, ... [ from fgq are drawn and sorted in nondecreasing order.

Hence, we have a sequence [(1) < ... <) which provides the following knots required for the left arm of X (k)

1 .
<0_Cl_l(k—i+l)7 k‘F1> , 1= 17"'ak' (11)

Similarly, we generate iid random values 1, ..., 7% from fgr -, and order them in a nondecreasing way into r(y), ..., 7(x),
so they form the knots of the right arm for X *)

<0+cr+r(i),kil>, i=1,... k. (12)

In the last step, we obtain the desired membership function of X %) by connecting these knots with piecewise linear
functions. As it is seen, the generated piecewise LRFT can be directly characterized by the previously mentioned pdfs
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and the number of knots k, so we can simply write

X(k):[vafClafCT7fSlvar](k)' (13)
Now, we illustrate the procedure discussed above with the following example.

Example 3.1. Our goal is to generate a random fuzzy interval X®) = [N(1,2),U(0,1),U(0, 1),Exp(3),Exp(3)](2),
where N(u, o) stands for the normal distribution with the mean p and standard deviation o, Exp(\) — the exponential
distribution with the intensity A, and U(0,1) — the uniform distribution on the unit interval [0,1]. Then, we construct
this random fuzzy interval during the following steps (see Fig. for the final result).

Assume that in the first step we independently generate o = 1.717,c! = 0.11,¢" = 0.41, s' = 0.057, 5" = 0.186 using
the respective pdfs. Hence, O ~ N(1,2),C' ~ U(0,1), and so on. This way, we obtain the core Z*), which is equal to
[1.717 — 0.11,1.717 + 0.41] = [1.607,2.127], and the support [1.717 — 0.11 — 0.057,1.717 4+ 0.41 4+ 0.186] = [1.55,2.313].

In the second step, we generate k = 2 random wvalues for the left and right-hand knots, using Exp(3) distribution
truncated to the intervals [O,sl = 0.057] and [0,s" = 0.186], respectively. Suppose that for the left arm we obtain
1 = 0.028 and lz = 0.017, so we have l(1y = 0.017, (o) = 0.028. Then, by , the respective knots can be calculated as
(1.579, 0.333), (1.607 — 0.017 = 1.59, 0.667). Similarly, suppose that for the right arm we obtain r1 = 0.052 and ro =
0.156, so r(;y = 0.052 and 72y = 0.156. Now, by , we recetve the following knots: (2.283, 0.333),(2.179, 0.667).

Finally, the membership function of &*) is determined by connecting knots with the core and support using the
piecewise linear functions (see Figure .

1.0

0.8

0.6

0.4

0.2

0.0
|

T T T T
1.6 1.8 2.0 2.2

Figure 1: The membership function of Z(*) in Example

4 Limiting behavior of random fuzzy intervals and sample generation

From the theoretical point of view, one may be interested in the limiting behavior of the k-knot piecewise LRFIs when
k — oo (see [29] for the results concerning LRFNs). Suppose, for instance, that we are interested in the generation
of Xh) = [N(0,1),U(0,1),U(0,1),U(0,2), Exp(1)]*®) for the increasing number of knots k. After fixing the core and
support, we can observe that the left and right arms converge to reliability functions (of the truncated uniform and
exponential cdf, respectively) when k — oo (see Figure . This result follows directly from the following theorem.
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Figure 2: Limiting behavior of X*) = [N(0,1),U(0,1),U(0,1),U(0,2), Exp(1)]*) as a function of k.

Theorem 4.1. Let X¥) = [fo, fer, fcmei,fSr](k) be a k-knot piecewise LRFI. Then for any fived x, X&) converges
in probability to the random fuzzy number X (x) as k — oo, where X (x) has the following membership function

0 if <0-C'-8,
1 — Fgi (0 —C' — ) if O-C'—S<z<0-C,
X(z)=11 if O-C'<z<0+C", (14)
1= Fsrjer(x = (O+C7)) if O+C"<x<O+C"+ 85",
0 if ©>0+C"+5".

Proof. For any fixed number of knots k, a membership function of X*) is given by

0 if z<0-C'- 9
1—F, ., (0-C—z) if O-C'=8<z<0-C!
X®(z)={1 if O-Cl'<z<0+C" (15)
1—Fp oz —(04C7) if O4+C"<z<O+CT"+5",
0 if 2>0+C" 465",

where Fh,. is the iedf based on the sample Iy, ...,l;, and l:ﬁn,m,rk its counterpart for rq,...,7; (see Algorithm .

ol
If X = (Xi,...,X,) is a sample from the cdf Fy, then as we know, the iedf F),(z) converges in probability to F(z) for
any fixed . For the considered X®) we have the iedf }V?ll ,,,,, 1, for Iy, ..., I, and iedf ﬁ’rl r, for ri, ..., 7y, respectively.
Then, by the Theorem of Large Numbers, we obtain limy_, s, F‘h,-u,lk (t) = Fg g (t) and limg o ﬁn,mm (t) = Fgris (1)
for any fixed ¢t with probability one. Therefore, X (k)(x) converges in probability to the random fuzzy number X (z) for
any fixed = as k — oo, which proves the theorem. O

,,,,,

By Theorem the limit random fuzzy number X can be briefly described as follows
X =(0,cm,Ct 8t ST, (16)
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Its membership function can be expressed according to , i.e., a formula typical for LRFN. But, on the other
hand, it is also given by a few random values that appear in . Therefore, we obtain a quite new object, which
can be called a random LR fuzzy interval (random LRFI for short). Moreover, consequently, Theorem can be
rewritten as a simulation procedure generating random LRFTs, as shown in Algorithm

Algorithm 2 Simulation of random LRFI
Require: Probability density functions fo, for, for, fsi, fsr-
Ensure: A membership function of Z.
Generate independently O ~ fo,C! ~ fci, C" ~ for, St~ fq, ST ~ for.
Create the truncated cdfs Fgi|¢ and Fgr|s- based on the truncated densities fgi o and fgr|sr.
Create the shape functions L(z) = 1— Fgijg(0—c' — ) foro—c! — ¢! <z <o—c!, and R(z) = 1— Fgr|gr(x — (0+¢"))
foro+c" <zx<o+c +5s".
Following determine a membership function of # based on o, ¢!, c", s!,s", and L(z), R(z).

Please note that a LRFN is defined by four focal points, a1, as, as, as, representing the borders of the core and support
(as in ), but following our simulation procedure (given by Algorithm , five random variables O,C!, C™, 8!, S™ are
used to generate this LRFN instead. There is no contradiction in this, however, as it is consistent with the previously
mentioned epistemic view on fuzzy random variables (with the original O) and simulation approaches used in the
literature [I5], 16} 17 18] B35].

Since fuzzy random values are essential in many scientific applications, a simple, theoretically justified method for
generating them is strongly required. Based on Theorem and Algorithm [2| we can simulate the whole 7id sample
of random LRFIs (or simply the fuzzy random sample). We will precede the presentation of the procedure of interest
(see Algorithm [3]) with the following definition.

Definition 4.2. Let X; = (0;,CL,Cr, St ST) be an LRFI for each i =1,...,n, such that:
1. O4,...,0, are identically distributed random variables (rvs),
2. C{, e CTIL are identically distributed ruvs,

3. CT,...,Cr are identically distributed rvs,
4. St 8!

v, are identically distributed ruvs,

5. 57,...,S) are identically distributed ruvs,
6. All the above-mentioned rvs are mutually independent.

Then, we say that these random LRFIs Xi,...,X, form a fuzzy sample of random intervals (of iid observations).
Moreover, if

7. O; ~ fo, Ct ~ feu, CT ~ for, St~ fo and ST ~ fsr, where fo, fou, for, fsi, fsr stand for some pdfs,

we say that X1, ..., X, is a fuzzy sample of random intervals from [fo, fcts fery fsis fsr]-

Algorithm 3 Simulation of a fuzzy sample of random intervals

Require: A sample size n and probability density functions fo, fou, for, fsi, fsr.
Ensure: The membership functions of a fuzzy sample of random intervals Z1, ..., Z,.
fori=1tondo
L Following Algorithm [2 generate a LRFI Z; = (o;, ct, ¢l st sT).
Add this Z; to the sample z.
Return x = (21, ..., Zx).

Example 4.3. A simple example of the sample of size n =3 from [N(0,1),U(0,1),U(0,1),U(0,2), Exp(1)] generated
with Algom'thm@ can be found in Figure@, In this case, we have X1 = (O1,Ct,CT, 8L, ST), Xo = (02, C%,C5, Sy, 1), X3 =
(03,CL,C5, 8L, ST, where:

1. 01,042,035 is an iid sample from N(0,1),
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2. CL,CL, CL and CF,C5,C% are iid samples from U(0,1),
3. S, 8L, 8L is an iid sample from U(0,2),
4. 87,855, S% is an iid sample from Exp(1),

5. All these samples are mutually independent.

1.0

0.6
1

0.4

0.2

Figure 3: A random sample of size n = 3 generated from [N(0,1),U(0,1),U(0,1),U(0, 2), Exp(1)].

To assist users, the simulation procedure related to Algorithm is also available in the R package FuzzySimRes [30].
Other real-life examples are presented in Sect. [5]

5 Practical applications and implementations in examples

This section presents examples of applications of the ideas and results discussed above.

5.1 Data fuzzification

Sometimes the available experimental data are crisp (real-valued), although it is known that measurements are inherently
imprecise, e.g., due to the inaccuracy of measuring instruments. In such a situation, some form of distortion must be
imposed on the available observations to obtain a mathematical model that more accurately reflects reality. This
distortion is intended to model the measurement imprecision. It can be achieved by transforming crisp data into fuzzy
numbers, which is known as fuzzification. Sometimes, fuzzification is forced even for precise data, to test the robustness
of the considered procedures to deviations from the ideal model or to simulate complex operating conditions of machines,
ete. (see, e.g., [21].

Let us briefly consider the following toy example to illustrate the mathematical procedure behind this. Let us use
a variable Sepal. Length (i.e., the length of sepals) from the famous dataset Iris [10], containing information about 150
flowers of three species of iris. From the entire dataset, samples of the Setosa species were used in our example to assess
data homogeneity. The crisp values of the length of sepals were treated as the originals (i.e., the values corresponding
to the random variable O in ) We applied goodness-of-fit tests to the aforementioned observations. We found that
they can be modeled using the normal distribution with the mean fio = 5.006 and standard deviation 6o = 0.3525. In
such a case, the p-value of the Shapiro-Wilk goodness-of-fit equals 0.4595, and for the Cramer-von Mises achieves even
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0.7431. Moreover, the idea that the length of sepals is normally distributed is intuitively appealing. Other pdfs (e.g.,
the Weibull one) gave lower p-values.

Then we perform a straightforward fuzzification procedure based on the uniform distribution, since it is uninforma-
tive, and the estimated standard deviation 6o, which can be related to the measurement error. To be more specific, we
assume that X = [N (5.006, 0.3525), U(0, 0.3525-p), U (0, 0.3525-p), U(0, 0.3525-¢), U (0, 0.3525-¢)], where p and ¢ serve
as “fuzziness factors” joining the estimated standard deviation with the width of the intervals of the applied uniform
distributions, respectively. The resulting fuzzy model describing the sepal length for the Setosa species can be used to
generate new fuzzy samples. Examples of so-generated values with the help of Algorithm |3| for various choices of p, ¢
can be found in Figure [4]

o ] o
S ( S
=) ©
S S
©o | ©o _| H
o o i
< < i
o o i
~ | ~ '.‘r'
o o )V
o | o |
o o
T T T T T T T T T T T T T
46 48 5.0 52 54 56 538 46 48 5.0 52 54 56
(a) p=¢g=0.1 (b) p=0.1,¢=0.5
T — o T L
bt S
© =e]
S S
© | © |
o o
< < |
o o
N o
S 8
o | o |
o o
T T T T T T T T T T T T
46 48 5.0 52 5.4 56 46 48 5.0 52 5.4 56
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Figure 4: Examples of samples of size n = 4 elements generated for the fuzzified data based on the Sepal. Length variable
(see [10]).

Please note that the exact values of p and ¢ should be selected by the user based on ones criteria. The parameter p
influences the width of the core, while ¢ — the width of the support. These parameters “transform” the known variability
of the sample (measured by the estimated standard deviation) to the overall “fuzziness” of the obtained FN. Hence,
they can be easily used without additional information about measurement imprecision, the lack of experts’ knowledge,
or other sources of ”fuzzification”. In the considered case, we applied relatively low or moderate values p = 0.1,0.5 and
g = 0.1,0.5 to show how they influence the simulated sample (see Fig. . As expected, the lower values of p led to
tighter cores, while for ¢, to narrowing the supports, respectively. The practitioner can easily determine other values of
these parameters based on their knowledge. For example, one can “translate” the widely used idea of the one/two/three
sigma rule (also applied during the construction of Shewhart’s control charts) to p =1 and ¢ = 1. Then the maximum
radius of the core would be equal to the estimated standard deviation, and that of the support, to double this value.
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5.2 Fuzzy data modeling

Let’s consider one more example, this time using a dataset of imprecise opinions from three experts regarding the
quality of Gamonedo cheese, as described and analyzed in [32]. This dataset consists of trapezoidal FNs and can also
be found in the R package FuzzySimRes [36].

We modeled the shape of a random LRFI using only the first expert’s opinions to assess the sample’s homo-
geneity. No additional information concerning the originals of FNs was available for this dataset. Therefore, we use
the midpoints of the cores (i.e., %) of FNs from the initial sample to obtain a respective pdf fo modeling the
originals O. In the same manner, we calculated radii of the cores (i.e., ag — “2'2"“3) to model foi and for (therefore
they are given by the same pdf), and left and right increases of the supports (i.e., the differences as — a; and a4 — a3)
to estimate fq: and fgr, respectively.

During the selection of the best candidates for the above-mentioned pdfs, we tried to optimize two factors simulta-
neously: the complexity of the considered pdf (i.e., the more “standard” and “simple” pdf, the better) and the p-value
of the goodness-of-fit test (the bigger p-value, the better). Hence, we examined rather “classical” probability distribu-
tions (such as the normal, gamma, and Weibull distributions) and applied the Cramer-von Mises goodness-of-fit test
(from the R package goftest) to them. The parameters of each pdf were estimated with the help of the R package
EnvStats [28]. It turned out that the normal and gamma distributions fit our dataset quite well. Please note that
these pdfs are widely used in many real-life problems to model data, and the selection of the normal distribution as the
model of originals (i.e., the “source” of the expert’s opinions) is quite convincing and also visible in the respective Q-Q
plot (see Fig. [B)). The selected pdfs, their parameters, and p-values can be found in Table [1} where I'(«,0) denotes
the gamma distribution with the shape and scale parameters o« and 6, respectively. Other results are available upon
reasonable request.

Quantiles of midpoints

Quantiles of N(66.175,13.60974)

Figure 5: Q-Q plot for the pdf N(66.175,13.61) fitted to midpoints related to the expert’s opinions about cheese quality.

Table 1: Distributions, estimators of their parameters, and p-values for the Cramer-von Mises tests regarding opinions
of the first expert about cheese quality.

Variable | Distribution Parameters p-value
O N(p,0) w=066.175,0 = 13.61 0.7941
ct,or I'(c, 0) a=9477,0 =0.322  0.2281
St N(u,0) p=>54750=2.864  0.0607
S” N(u,0) u=4.250 = 3.036 0.1613

As a result, we concluded that the opinions of the first expert about the cheese quality can be satisfactorily modeled
using the following LRFI

X = [N(66.175,13.61),T(9.477,0.322), T(9.477,0.322), N (5.475, 2.864), N (4.25, 3.036)],

and such a model was positively verified by means of the Cramer-von Mises goodness-of-fit test at a significance level
of 0.05.
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6 Discussion and remarks

We now present additional remarks concerning the introduced approach and the considered algorithms.

6.1 Comparison with other approaches

Several other simulation approaches for FNs were also introduced in the literature. Let’s start from the resampling
methods when the initial sample is resampled to give the bootstrapped sample, which is the same (in the case of the
classical, Efron’s bootstrap) [I3], 28] or at least “similar” (in some manner) [15, [I7] to the starting one. However, for
these nonparametric algorithms, the initial sample, or at least some general characteristics (such as the width and
ambiguity of the respective FNs), is necessary. On the contrary, the approaches introduced in this paper are strictly
parametric, where the selected pdf plays a crucial role in generating the output sample.

Two simulation methods were also introduced in [I2]. The first concerns simulations in the separable Hilbert space.
As noted by its authors, this approach is troublesome due to the existing discontinuities in the simulated fuzzy values,
the limited resemblance of the output to the referential triangular fuzzy set, and the complex method of conducting
simulations, among other issues. Then, it is not a practically oriented algorithm. The second approach, where a very
special step-function-type approximates an FN, is more useful. Still, some necessary calculations (e.g., using the fixed
expectation, computing some coefficients) and theoretical considerations (about the “generator” and “basis” of an FN)
are still necessary. Our approach is based on the limiting behavior as stated by Theorem and using the desired pdfs
that describe the generated FN. Therefore, our method is more practically oriented and intuitive, as discussed in more
detail in [29].

Other approaches are strictly related to some specific types of FNs. Because triangular and trapezoidal FNs are
very important families of FNs, several papers describe the respective algorithms for simulating them or demonstrate
their applications. Usually, an rv, which plays the role of the original for the constructed FN, is generated during the
first step [I7, [I8]. Next, additional rvs are drawn to form the core and support of the simulated FN. Hence, we are
close to the epistemic view for FNs [23] [24]. Simulation approaches for a few special families of FNs (e.g., characterized
by the so-called S-, Z-, and m—curves) were presented in [6]. Another method was discussed in [3], where the simulated
beta-type FN is a result of the Bayesian inference based on a two-stage sampling scheme. Additional details concerning
these algorithms can also be found in [29).

However, in this paper, we proposed a different approach based on the theoretical results proved here for LRFIs,
which directly lead to the respective simulation procedures. In contrast to the previously mentioned generation methods
for some specific types of FNs, we developed algorithms for LRFIs. And LRFIs form a broader family when compared
with triangular or trapezoidal FNs, or can have completely different membership functions than beta-type or some
other kinds of FNs [3] [6].

As previously mentioned, this paper presents a generalization of the work started in [29] and then continued in [30].
Contrary to previous works, we establish the theoretical foundations and then discuss the simulation algorithms for
LRFTIs, which are, of course, a broader family of FNs compared to LR fuzzy numbers with single-valued cores. It is
tempting to ask why use more complex families instead of the widely known triangular or trapezoidal FNs. In some
real-life applications, the left and/or right arms of FNs can not be described by simple, single linear functions (see,

g., [19]). For example, in [34], the approximated ruin probabilities for various kinds of insurance portfolios obtained
with MC simulations are FNs with strictly non-linear left and right arms. Their simple approximation using linear
functions (resulting in triangular FNs) would lead to the loss of knowledge and information necessary to the insurer.
Similar results (i.e., “true” LRFIs, which can not be reduced to a “simpler” form of trapezoidal FNs without the
loss of information) in the context of the maintenance problems and cost estimation for water delivery systems were
obtained in [37]. Furthermore, the difference between LRFN with the single-valued cores and their counterparts with
interval-valued cores (i.e., LRFIs) is also significant. As we know, the core of FN is related to all values fully compatible
with the modeled concept. Hence, the interval-valued core provides us with additional information compared to the
single-valued one.

6.2 Selection of density functions

Due to all issues mentioned in Sect. the choice of the pdfs describing an LRFI is very important for the user.
The pdf fo in Algorithms [I] and [2] can be treated as the probability distribution responsible for the random placement
of the original (when the epistemic view for random FNs is considered). Then, this pdf models the “true but unknown”
random variable masked by the imprecise output.

The pdfs foi and for are related to the left C' and right C™ increases of the core. Hence, they are responsible for
the random width of this core. The user should select them to properly model values fully compatible with the concept
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given by the obtained LRFI. For example, when f-: and for are the same, then we have “unbiased” output for the
core, i.e., both C' and C” are modeled in the same way. On the contrary, when foi and for are given by different
distributions, the interplay between the original and whole core is “biased” (i.e., C* and C" can lead to statistically
different results). Then, e.g., the expected value for O can’t be approximated by the middle of the core, and outputs
for the epistemic bootstrap procedure are biased [I7].

The left S! and right S” increases of the support are generated according to fgi and fg-, respectively. These pdfs are
responsible for two things: the additional width of the support (i.e., the difference in the width between the support and
core) and the shape of the functions L(.) and R(.) in . In particular, this second point is critical because many FNs’
families differ in the shapes of their membership functions. It is easily seen that if we apply some uniform distributions
as the pdfs fgqi, fgr, we get a trapezoidal FN as the output. Moreover, when fg: and fgr are not the same, then the
respective shapes of L(.) and R(.) clearly differ, which can also be related to some “biased” information (as in the
above-mentioned case of the core).

Examples of the pdfs influence on the obtained membership functions can be found in Fig. |§| and |7} where 3(a,b)
denotes the beta distribution with the shape parameters a,b. The black dot within the core indicates the generated
value for O.
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Figure 6: Examples of LRFIs modeled by X = [N(0,1),U(0,1),Exp(1),U(0,2), N(1,4)].
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6.3 Numerical complexity of the algorithms

Obtaining a single piecewise LRFI with Algorithm [1| requires: generation of 2k + 5 rvs using the (pseudo)random
number generators for the selected probability distributions (where five rvs are simulated from the non-truncated, and
the rest from the truncated pdfs), sorting two vectors consisting of k elements each, and performing simple arithmetic



Sitmulation and limiting behavior of random fuzzy intervals 13

operations related to connecting the obtained knots with piecewise linear functions. Of course, all the respective k + 2
a-cuts should be stored in the memory, which corresponds to 2(k + 2) real numbers.

Modern sorting algorithms are high-speed and achieve even a linear time complexity of O(n), where n is the number
of the sorted elements [42]. The answer to the question concerning the numerical complexity of rvs generation is not
so precise. In the case of “classical” pdfs (such as the normal or exponential distributions), fast and precise algorithms
are well known [33]. But for more complex probability distributions, some sophisticated methods like the Metropolis-
Hastings algorithm may be necessary. Moreover, generating rvs from the truncated pdfs is essentially for Algorithm
and can be more troublesome than from their non-truncated counterparts (see, e.g., [39]). However, we usually need
to simulate rvs from the intervals close to zero (as given by (4))), not from the more demanding left/right tail of the
respective pdf [33].

In turn, Algorithm [2requires the generation of only five rvs from the selected non-truncated pdfs, but the calculation
of two truncated cdfs is also necessary. These cdfs may be troublesome for more complex probability distributions, as
they involve the calculation of normalizing constants and additional numerical integration [33]. The obtained shape
functions L(z) and R(z) should also be stored correctly in memory, apart from the two intervals for the core and
support of the generated random LRFI.

Then, it seems that Algorithmcan sometimes be faster than its counterpart for piecewise LRFIs (i.e., Algorithm.
However, please note that they have slightly different goals. If the user wishes to obtain a piecewise LRFI (because
such an FN is required in the considered problem), one will choose Algorithm despite the possibly faster Algorithm
A random LRFT is a “limiting case” of a piecewise LRFI for k — oo as stated by Theorem but incorporation of
linear parts between the consecutive knots (instead of “smooth function” based on the respective cdf) can be helpful
in some cases [1].

To check the numerical effectiveness of the proposed algorithms in a more detailed way, we applied the R pack-
age microbenchmark [27] to analyze timings for the function SimulateSample from the R package FuzzySimRes [36].
We generated samples of size 100 consisting of piecewise LRFIs with £ = 10,100,500 knots and “limit” LRFIs using
pdfs for the model developed in Sect. As expected, Algorithm [2] was the fastest one because of the lack of sorting
and fewer calls of the (pseudo)random generator (see Fig. . The number of knots k increased the obtained timings
visibly.
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1

log(time) [t]

5e+02
1

5e+01
|

|
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Figure 8: Simulation timings (in milliseconds) for the samples of size 100 modeled in Sect. with £ = 10,100, 500
knots and for the “limit” case.
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7 Conclusion

This paper proposes a significant generalization of the approach considered in [29] to random fuzzy intervals, i.e., LR
fuzzy numbers with interval cores (LRFIs). Instead of LR fuzzy numbers with the single-valued cores (as in [29] [30]),
we focus on a more general family of FNs encountered in real-life problems [I9] B7]. Using intervals instead of single
values for the cores enables us to incorporate more complex shapes of FNs.

We began with considerations of piecewise LRFIs and then proved some theoretical results about their limit behavior
(as the number of their knots tends to infinity). In turn, these results led to algorithms enabling the direct generation of
random samples containing imprecise observations modeled with LRFIs. As stated by the mentioned theorem, LRFIs
can be viewed as a limit of the k-knot piecewise linear FNs, establishing an interesting link to epistemic fuzzy random
variables. Our findings joined both theoretical (arising from the theorem and definitions) and practically oriented
(related to the introduced algorithms) results for the interesting family of FNs — LRFIs. In this way, we significantly
broadened the family of membership functions for FNs, which can, e.g., be generated to receive synthetic statistical
samples or used to model real-life datasets. Such samples are required in many situations, such as simulation studies in
various theoretical fields and real-life studies [3| [I3], 17, 25]. Modeling various concepts with the help of LRFTIs is also
a significant practical problem [40]. Till now, the triangular or trapezoidal FNs have been mainly used in such cases,
but considerations limited only to linear membership functions may cause unexpected problems [I4]. To strengthen
our reasoning, we also presented and discussed two examples of LRFIs applications based on real-life data. The first
one concerned the fuzzified real-valued (“crisp”) dataset, which can be described using LRFIs. In the second example,
we applied goodness-of-fit tests to model the fuzzy dataset using LRFIs. As mentioned, such models can be used to
generate synthetic random samples that are helpful for various statistical inference problems. Therefore, the proposed
new simulation algorithms with grounded theoretical foundations offer significant novelty for future applications of FNs.

Of course, LRFIs are not the only family of FNs that can help solve real-life problems. Therefore, it would be
interesting to consider the generalization of the considered theoretical results and simulation approaches to other fuzzy
sets, including those related to different non-linear shapes of membership functions (like beta-type FNs) or even more
complex objects (e.g., the interval valued FNs [3§]).
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