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Abstract

This study introduces and investigates the concepts of deferred Norlund statistical Riemann integrability and statistical
deferred Norlund Riemann summability for double sequences of fuzzy number-valued functions of two variables. An
inclusion result is first established to clarify the relationship between these newly proposed notions in the bivariate
setting. Building on this framework, new fuzzy Korovkin-type approximation theorems are developed using the four
fundamental algebraic test functions 1, x, y and x2 + 3?2 under the proposed means. To highlight the applicability of the
results, an example is provided involving a fuzzy positive linear operator associated with bivariate Bernstein polynomials.
Furthermore, the convergence behavior of these operators is illustrated graphically with the aid of MATLAB.

Keywords: Double sequence of fuzzy number-valued functions, double Riemann integrals, Deferred Norlund mean,
Bivariate Bernstein polynomials, Korovkin-type theorems.

1 Introduction

The study of convergence in double sequence spaces plays a central role in real and functional analysis and has gained
considerable importance due to its applications in approximation theory and fuzzy analysis. A major advancement in
this direction is the notion of statistical convergence, which generalizes classical convergence. Originally introduced for
single sequences by Fast [7] and Steinhaus [29], statistical convergence was later extended to double sequences and has
since become an active area of research. Its flexibility and applicability have led to numerous extensions and variants,
particularly in summability theory and approximation theory.

Statistical convergence and its generalizations have been investigated in various functional settings. Alotaibi and
Mursaleen [2] studied statistical convergence in random paranormed spaces, while Belen and Mohiuddine [3] introduced
generalized weighted statistical convergence. The interaction between summability theory and fuzzy analysis was
explored by Choudhary et al. [5] through Tauberian theorems for double sequences of fuzzy numbers via the De La
Vallée Poussin mean. In approximation theory, Jena and Paikray [I0] applied statistical probability convergence to
Korovkin-type theorems. Further extensions involving deferred summability methods were proposed by Jena et al. [I1],
who studied statistical convergence of random variables via deferred Cesaro means, and by Jena et al. [I3], who obtained
Tauberian results for Cesaro summable double sequences of fuzzy numbers. The concept of generalized deferred Cesaro
equi-statistical convergence and its application to approximation theorems was developed by Parida et al. [24].
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Parallel developments have taken place in fuzzy analysis, particularly for fuzzy-valued functions. Dutta et al. [0]
introduced statistical deferred Cesaro summability, which serves as a useful generalization of classical summability
methods. Statistical convergence in measure for double sequences of fuzzy-valued functions was studied by Hazarika
et al. [§], while new notions of continuity in fuzzy normed spaces were introduced by Hazarika and Mohiuddine
[09]. Mohiuddine et al. [I8] investigated weighted statistical convergence of fuzzy sequences via difference operators
and established fuzzy approximation theorems. Generalized statistically convergent fuzzy sequences were studied by
Mursaleen et al. [19], and deferred statistical A-convergence of fuzzy sequences was examined by Nayak et al. [20].
Relatively equi-statistical fuzzy approximation theorems were obtained by Paikray et al. [22]. The foundational
structure of fuzzy number spaces, which underlies these developments, was established by Wu and Ma [15], [16] [3T].

The classical Korovkin approximation theorem [I4] provides a powerful criterion for the convergence of sequences of
positive linear operators on spaces of continuous functions. While originally formulated for single-variable real-valued
functions, it was later extended to functions of two variables by enlarging the test function set. The incorporation of
summability methods such as statistical convergence, Nérlund summability, and their deferred variants has significantly
weakened the convergence requirements in Korovkin-type theorems. In this direction, Srivastava et al. [27] 28] developed
several Korovkin-type approximation results based on deferred summability methods, including double sequences.

More recently, attention has focused on fuzzy approximation theorems for functions of single and double variables
under advanced summability frameworks. Parida et al. [25] introduced statistical deferred weighted Riemann summabil-
ity and established fuzzy approximation results. A deferred Norlund summability approach to Korovkin-type theorems
was proposed by Parida et al. [23]. Statistical gauge integrable functions and their applications to Korovkin-type
approximation theorems were studied by Jena et al. [I2]. Furthermore, Mahapatra et al. [I7] investigated fuzzy
approximation theorems for functions of two variables via statistical deferred Norlund summability and Riemann inte-
grability. These results highlight the deep interplay between fuzzy analysis, double sequences, and deferred summability
methods, forming the foundation of the present study.

Motivated essentially by the above investigation and studies, we introduce the concepts of deferred Norlund statistical
Riemann integrability and statistical deferred Norlund Riemann summability for double sequences of fuzzy number-
valued functions of two variables. First, we establish an inclusion theorem to highlight the relationship between these
novel and valuable concepts in the bivariate setting. Building upon these foundational ideas, we develop new versions
of fuzzy Korovkin-type theorems utilizing the standard algebraic test functions 1, z, ¥ and 22 + y2, under our proposed
means. Finally, to demonstrate the practical significance of our results, we provide an example involving a fuzzy positive
linear operator associated with bivariate Bernstein polynomials. Furthermore, we employ MATLAB to illustrate the
convergence behavior of these operators graphically.

2 Preliminaries

Let £ = {7 :R? — [0,1]} denote the set of functions that satisfy the following conditions:
(i) Normality: There exists (¢, so) € R? such that v(to, so) = 1,
(ii) Fuzzy Convexity: « is a fuzzy convex function on R?,
(iii) Upper Semi-Continuity: « is upper semi-continuous on R?,
)

(iv) Compact Support: The set

]° = {(t, s) € R? such that ~(¢,s) > O} ,

is compact.

A function v € & satisfying these properties is called a fuzzy number of two variables, and € represents the fuzzy number
space in two dimensions.

Let v € &, and define
% ={(t,s) € R? 1 4(t,5) 2 A},

which represents a nonempty, closed, and bounded subset of R? (i.e., a compact set) for A € [0, 1].
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Let us now review some fundamental properties of fuzzy numbers of two variables.

Let 74, 82 € R? denote the lower and upper bounds of the A-level sets of 7,3 € £, where A € [0,1] and k € R.
Then for v, 3 : R? — [0, 1], we have:

(i) Addition:

(7+ﬁ)($,y) = sup min{v(tlth)ﬂ 5(81782)}7
(z,y)=(t1+s1, ta+s2)

for (z,y) € R?.

(ii) Scalar Multiplication:

Ealls
eSS
~—
—
E
N
o
=

ky(a,y) = ~(
(iii) Zero Scalar Multiplication:

(ilf,y) - (ala (12),

_ 1
0y(z,y) =0, wh a(z,y) =
(@y) where - a(z,y) { 0 (otherwise).

(iv) A-Cut of Sum:
v+ 81" = A+ 181% = [v2 + B2, 2 + B,
where the addition is interpreted in R2.

(v) A-Cut of Scalar Multiplication:
(vi) Order Relation:

The metric D is defined as

D:ExE—RT,
given by

D(y,8) = sup max {2 = 821, |24 - B }.
0SAZ1

Note that the metric space (£, D) is complete (see [31]).

Let D*(f,j) denote the distance between the fuzzy number-valued functions f,§ : [a,b] X [¢,d] — & defined as
follows:

D(Fa) = s swp max{IFA08) — 32 (0 o)l 1P s) — (e )
(¢,s)€la,b]x[c,d] 0SAZ1

Pringsheim [26] was the first to systematically study the convergence of double sequences in 1900. A double se-
quence (Upm,,) is said to converge (or P-convergent) to a limit ¢ if, for every e > 0, there exist integers mg,no € N
such that the inequality |um, , —£| < € holds whenever m = mg and n 2 ng. This property is denoted by P lim uy, , = £.

Likewise, (um,n) is bounded, if there exists a constant K > 0 such that |u,, ,| < K for all m,n € N. It is worth
noting that, unlike the case of single sequences, P-convergence of a double sequence does not necessarily imply bounded-
ness. Moreover, (U, ) is said to be non-increasing in the Pringsheim sense, if it satisfies the conditions wm11,n < Umn
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and Up nt1 S U, for all m,n € N.
We now recall the notion of statistical convergence of double sequences.

Let 3* € N x N, and define
3:1’71 = {(57() : f g m, C é n, (§7<) € 3*}
The natural density d(J*) of J* is given by
@) = dm S

m,n—oo  MN

where p is a real and finite number, and |J;, ,,| represents the cardinality of J;, ,,.

A double sequence {uy, n} is said to be statistically convergent to a fuzzy number ¢ if, for every e > 0, the set
Ji={(m,n) e NX N: D(tpn, ) = €},
has a natural density of zero (see [21]). This implies that, for each ¢ > 0,

437 = tm Bl

m,n— o0 mn

=0.

We express this as

stat??  lim  D(upn, ) = 0.

m,n— oo
Let [a,b] x [c,d] C R%. For each (m,n) € N x N, there exists a fuzzy number-valued function
Gmon 6, 0] X [c,d] — €E.

As a result, {gm n}m.nen constitutes a double sequence of fuzzy number-valued functions defined on [a, b] x [c, d].

The Riemann sum for a double sequence (g, ) of fuzzy number-valued functions associated with a tagged partition
P of the rectangle [a,b] X [c,d] is defined as

m n
5(GmniP) =D > Gij(ti ;) A; Ay,
i=1 j=1
where (t;,s;) is the tags corresponding to the subrectangle [x;_1,z;] X [y;—1,y;], and
Axr; =x; —xi—1, Ay; =y; —yj-1.
Next, we define the concept of Riemann integrability for a double sequence of fuzzy number-valued functions defined

on the rectangle [a,b] x [¢,d] C R?.

A double sequence (Gm,n)m,nen of fuzzy number-valued functions is said to be Riemann integrable to a fuzzy number-
valued function g on the rectangle [a, b] x [c, d] if, for every e > 0, there exists o > 0 such that for any tagged partition
P of [a,b] X [¢,d] with |P| < o, the following inequality holds:

D(5(Gmn; P).§) < €.

We now present the definition of statistical convergence for Riemann integrable double sequences of fuzzy number-
valued functions defined on the rectangle [a, b] X [c, d].

A double sequence (Gm,n)m,nen Of fuzzy number-valued functions is said to be statistically Riemann integrable to a
fuzzy number-valued function g on the rectangle [a,b] x [c, d] if, for every € > 0 and for each (¢, s) € [a,b] X [c, d], there
exists a threshold o, > 0 such that for any tagged partition P of [a,b] X [c, d] satisfying |P| < o, the set

Je={(mn) e NxN : D(é(gmm;?.?),g) = €},
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has natural density zero. In other words, for every e > 0,

d3*) = tim Bemnl_ g

m,n—o0 mn

This condition is expressed as

stati, Hm  D(8(Fm,n;P),g) = 0.

m,n— 0o

The following example illustrates that every Riemann integrable double sequence of fuzzy number-valued functions
is also statistically Riemann integrable. However, the reverse implication does not necessarily hold.

Example 2.1. If (§mn)mnen is Riemann integrable to a fuzzy number g on [0, 1] x [0, 1], then it is statistically Riemann
integrable to g; however, there exists a statistically Riemann integrable double sequence which is not Riemann integrable.

By Riemann integrability, for every e > 0 there exists o > 0 such that for every tagged partition P of [0,1] x [0,1]
with |P| < oc and for all (m,n),

D(a(gm,n;ﬁ),g) <e.

Hence the exceptional index set is empty and thus has natural density 0. Therefore statistical Riemann integrability holds.

Let a denote the crisp fuzzy number at a € R, i.e.,

_ 1, z=a,
a(x) = :
0, otherwise.
Define a double sequence {Gm ntmnen on [0,1] x [0,1] by
1, if m and n are perfect squares,

Gmn(2,y) =
0, otherwise.

Let S = {(m,n) € N> : m = a? n = (2 for some o, 3 € N}. Since the set of squares has natural density 0 in N, it
follows that S has natural density 0 in N2.

For any tagged partition P of [0,1] x [0,1], the double Riemann sum satisfies

. 1-ZAxiij:1, if (m,n) € S,
8(Gm,n; P) = ij

0, if (m,n) &5,
because on [0,1] x [0,1] we have 3, ; Az; Ay; = 1.

Taking g = 0, we get
D(8(gm,ni P), §) = {

Hence, for any 0 < e < 1/2, the exceptional set
3t ={(m,n) € N*: D(6(Gm,n; P),0) Z &},

is exactly S, which has natural density 0. Therefore {Gm.n} is statistically Riemann integrable to 0.

However, the sequence is not Riemann integrable to 0, because for every tagged partition P of [0,1] x [0,1] we have
D((S(gm,n;?), 0) =1 for infinitely many (m,n) € S,

so no o, can make the inequality hold for all indices (m,n).

This proves that statistical Riemann integrability does not imply Riemann integrability wn the two-variable double-
sequence setting.
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3 Statistical Riemann integrability with deferred Norlund mean
Let (¢m.n) and (¢,.,) be double sequences in Z9F x Z°* such that ¢y, n < @m.n and limy, p— 00 @m.n = +00. Moreover,
let (pm.n) be a double sequence of non-negative real numbers, where

Pm,n Pm,n

Pm,n - § E p@m,,n_uvﬂom,.n_’/

H=Pm nt+lv=¢m n+1

The deferred Norlund summability mean for the Riemann sum of a double sequence of fuzzy number-valued functions,
0(Gm.n; P), with respect to a tagged partition P of [a, ] X [c,d], is defined as

1 Pm,n Pm,n

P, Z Z Pomn—X omn—r 5(§>\,N;,P)- (1)

" A=¢m n+1 Kl:¢m,,n+1

N((s(gm,n; P)) =

We introduce the notions of statistical Riemann integrability and statistical Riemann summability for a double
sequence of fuzzy number-valued functions based on the deferred Noérlund mean.

Definition 3.1. Let (¢mn) and (¢mn) be double sequences in Z°T x Z°F, and let (pm.n) be a double sequence of
non-negative real numbers. A double sequence (Gm n)mnen of fuzzy number-valued functions of two variables is said to
be deferred Norlund statistically Riemann integrable (DNFR2E.) to a fuzzy number-valued function § on [a,b] x [c, d] if,
for every € > 0, there exists o, > 0 such that for any tagged partition P of [a,b] X [c,d] satisfying |P| < oe, the set

{(Z,]) 11,7 é Pm,n and Di.j D((S(gz N )7 ) = 6}

has zero double natural density. That is, for each € > 0,

lim |{(7/7.7) : Za] § Pm,n and Di,j D<6(g1]7 )a ) €}|

m,n— 00 Pm n
)

=0.

This condition is expressed as _
DNFR?D, im _D(3(gm.n; P),9) = 0.

Definition 3.2. Let (¢m.n) and (¢m.n) be double sequences in Z°T x Z°F, and let (pm.n) be a double sequence of
non-negative real numbers. A double sequence (Gm n)mnen of fuzzy number-valued functions is said to be statistically
deferred Norlund Riemann summable (statiRpgr) to a fuzzy number-valued function § on the rectangle la,b] x [c,d] if,
for every € > 0, there ezists o > 0 such that for any tagged partition P of [a, b] X [c, d] with mesh size |77| < o, the set

{(m.n) eN?:m,n <k and DN (5(Gmn; P)),9) 2 €},
has natural density zero in N2.
That is, for every e > 0,

. |{(m,n) :m,n <k and DIN(8(Gmn; P)), ) = e}|
lim =0
k—oc0 /{jQ

We denote this as

statRpr  1im DN (8(Gmm; P)),§) = 0.
m,n— o0
Every double sequence of fuzzy number-valued functions of two variables that is deferred Norlund statistically
Riemann integrable is also statistically deferred Norlund Riemann summable. However, the reverse implication does
not necessarily hold.

Theorem 3.3. Let (¢m.n) and (¢m,n) be double sequences in Z°T x Z°F, and let (pm,n) be a double sequence of non-
negative real numbers. If a double sequence (Gm.n)m.nen Of fuzzy number-valued functions of two variables is deferred
Nérlund statistically Riemann integrable to a fuzzy number-valued function § on [a,b] X [c,d], then it is also statistically
deferred Norlund Riemann summable to the same fuzzy number-valued function g on [a,b] X [c,d]. However, the reverse
implication does not necessarily hold.
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Proof. Suppose the double sequence (G n)m nen is deferred Norlund statistically Riemann integrable to a fuzzy number-
valued function § on [a,b] X [¢,d]. Then, according to Definition we obtain the following result:

o HEm €0 S Prn and peDOGnPLDZ

m,n—00 Pon

Now, consider the following sets:

Le = {(5777) : (537]) § PTYL,n and pan((s(g&,naP)ag) i 6}7

and

LE={Emn) (&) S Pnn and  peyD(6(Gen; P),g) < €}

We then have

Pm,n Pm,n

Z Z Piorsm— o) D(0(Gx10: P). )
¢

D(N (8 i P)).3) = -

Pon.n A=¢m n+1 p=m n+1
1 Pm,n Pm,n )
S P Z Pwm,nf(x,u)p(ﬂﬁx,m7’)@’)
mn >\:¢m,,n+1 /L:¢7n,n+1
1 ©m,n ©m,n
+ P Z Z D(ptpm,nf()\,p,)gag)
T A=+ 1 p=@m n+1
1 Pm,n )
s P Z Py — (A1) D(d(ﬁx,mp)vé)
TN u=rm 1
(&mELe
1 Pm,n )
+ P Z pwm,nf(k,u)D(5(§A,M§P)vg)
m7n>\7/»¢=¢m,,n,+1
(&mecLs
Pm,n Pm,n
+ 19| P Z Z Pprn—() — 1
mn /\:¢7n,71+1 U:(an,n"Fl
1 1
< L|+——|Lf=0.
= me,7n| €| Pm,n| €|

This implies that
DN (3(Gm,ni P)), ) < €.

Therefore, the double sequence of fuzzy number-valued functions (gm,,,) is statistically deferred Nérlund Riemann
summable to the fuzzy number-valued function g on the rectangle [a,b] x [c, d]. O

Since the converse statement does not always hold, the following example demonstrates that a double sequence
of fuzzy number-valued functions that is statistically deferred Noérlund Riemann summable is not necessarily deferred
Noérlund statistically Riemann integrable on [a,b] x [c, d].

Example 3.4. Fizx the rectangle [a,b] x [c,d] and let 0 and 1 denote the crisp fuzzy numbers at 0 and 1, respectively.
Define a double sequence of fuzzy number-valued functions by

. 1, ifmeBandn € B,
gm,n(may) ==

. (m,n €N, (z,y) € [a,8] x [c,d]),
0, otherwise,

where B C N is chosen as follows. Partition N into contiguous blocks I, = {Ny,...,N,. + L, — 1}, r € N, with Ny =1,
N,41 = N, + L., and lengths

Lyp—y =, Lo =7* (r €N).
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Set B :=J,>; Ior—1, i.e. B is the union of the short (odd-indexed) blocks. Thus the complement B° is the union of the
long (even-indexed) blocks whose lengths dominate:

BOLK o g

while each odd block Is._1 is fully occupied.

Let p;, ; = 1 and, for each index (m,n) belonging to a block J x J (with J = I, for some s), define the deferred
Norlund window by

Gmpn =minJ — 1, Om,n = max J,

so that

Pm,n Pm,n

Ppn= 1=|J)? = L2,
, Z Z || s

p=bm n+tlv=¢m n+1

and the mean

N (5(Gm,n; P)) =

Pl Z 6(@)\7”;75),

m’nA,HGJ
is the un-weighted average of the Riemann sums over the square indexr window J X J.
(A) If (m,n) € I, x I, (a long block), then the averaging window is J = I3, and, by construction, gx, = 0 for all
(A, k) € J x J. Hence
NG P) =0, D(N(O(GmniP)),0) =0.
The set of indices (m,n) that lie in such long blocks has natural density 1 in N2 because Lo, > Lo,_1 and

‘(I2r X I2r) N ([LK] X [LK])’

K2 dominates as K — oo.

Therefore, for every e > 0, the set

v

{(m, n) : D(N(§(§m,n7 P)), 6)

e},
has double natural density 0. That is, (Gm.n) is stat3Rpg -summable to 0 on [a,b] x [c,d].

(B) Fiz any tagged partition P of [a,b] x [¢,d]. For (A, k) € Ia,_1 X In,_1 (a short block), we have gy . = 1, hence

8@niP)=1 and D(8(Grx;P),0) = 1.

Now take any (m,n) € Izy—1 X Is.—1 and note that Py, = L3,_, = r?. Among the indices (&,n) with £,n < Py,
there are at least |Iop—1 X Iop—1| = L3,_y =1 pairs for which D(6(ge.n; P),0) = 1. Consequently,

[ V)

{(€m &1 Pan, DO(eni P),0) 2 3}
Pm,n

1\,
w3
™)

:]_7

for all such (m,n). Hence the exceptional set in the definition of DNFRStIZt has (limsup) density bounded away from 0,
so DNFR2L -integrability to 0 fails.

Combining (A) and (B), we have constructed a double sequence (§m,n) which is statistically deferred Nérlund Rie-
mann summable to 0 but not deferred Norlund statistically Riemann integrable on [a,b] x [c,d].

We now present the geometrical and computational analysis of Example given below. The Figure |1 shows the
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0.9
1 0.8

0.7

0.6

Figure 1: g = 1g(m)1p(n) (short blocks only)

raw values of the constructed double sequence

1, meB,neB,
gm,n = (m7 n e N)
0, otherwise,

from above mentioned Example[3.])

The islands of height 1 correspond ezxactly to regions where both indices lie in short (odd) blocks. These islands appear
sparsely and shrink in relative size as m,n grow, since the long (even) blocks dominate. Thus, the Figure (1| illustrates
the local presence of 1 values but also their asymptotic insignificance. The Figure@ depicts the deferred Nérlund mean

Figure 2: DNFR mean: 1 on short diagonal blocks, 0 on long diagonal blocks, not a number elsewhere

N (5(Fm,n; P)),

where the averaging window is the square J x J determined by the block containing (m,n).

If J is a long (even) block, then Gy, = 0, and the mean equals 0. If J is a short (odd) block, then Gy, = 1, and the
mean equals 1. Thus, the Figure@ shows solid plateaus: height 0 on long diagonal blocks and height 1 on short diagonal
blocks. This illustrates why (Gm.n) is DNFR-summable to 0: the long blocks dominate in density, even though the short
blocks persist.

The Figure[3 illustrates the normalized count

|(BN[1,m]) x (BN[L,n])|

)

mn
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0.9

Figure 3: Cumulative double density of B x B (vanishes as m,n — o)

the double natural density of the set Bx B. The surface decreases toward 0 as m,n — 0o, confirming that the contribution
of short blocks vanishes asymptotically. Hence, the exceptional set where G, = 1 has double natural density zero.

4 Fuzzy Korovkin-type theorems

Let g : [a,b] X [¢,d] — & be a fuzzy number-valued function. We define § as continuous at a point (¢q, so) € [a, b] X [c, d]
if, for every e > 0, there exists 6 > 0 such that whenever (¢;,s;) — (o, 0) and

D((tza 5])7 (t07 50)) < 67
it follows that
D(g(tla Sj)a g(t(), SO)) < €.
Furthermore, if § satisfies this condition at every (¢, s) € [a,b] X [c,d], then it is said to be fuzzy continuous over the

entire rectangle [a,b] X [c, d].

Let Cz([a,b] x [, d]) represent the set of all continuous fuzzy number-valued functions defined over the rectangle
[a,b] X [c,d].

Now, suppose £ : Cr([a,b] X [¢,d]) — Cr([a,b] X [¢,d]) is a fuzzy linear operator. This means that for any scalars
A1, A2 € R and functions g1, g2 € Cr([a,b] X [c,d]), the operator satisfies the following linearity condition:
LM OG A O g2z, y) =M ©L(G152,9) & A2 © £(g23 2, ),

where @ denotes the addition of fuzzy numbers, while ® represents the scalar multiplication of a fuzzy number.
Furthermore, we say that £ is a positive fuzzy linear operator if it satisfies the condition

gl(xay) = gQ(xay) = Q(gl;xvy) = £(§2;x7y)a

for all g1, G2 € Cz([a,b] X [c,d]) and (z,y) € [a,b] X [c,d], where < denotes the fuzzy ordering.

Theorem 4.1. Let (¢; ;) and (p; ;) € Z°T x Z°F, and let £; ; : Cc([a,b] X [c,d]) — Cc([a,b] X [c,d]) ((i,7) € N?) be a
double sequence of fuzzy number-valued positive linear operators. Moreover, let {£f7j}(i7j)€N2 represent the corresponding
double sequence of positive linear operators mapping from C([a,b] X [c,d]) into itself, with the relationship

{Lij(@o )} = €552 2,9), (2)

holding for all (z,y) € [a,b] x [c¢,d], A € [0,1], and (i,5) € N2. Then, for g € Cc(la,b] x [¢,d]), the following equivalence
holds:

DNFRStht z}gnoo D* (217](§,x,y),§(ﬂc,y)) =0, (3)
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if and only if

DNFRZZ, Jim D (& ,(L;2,y),1) =0,
DNFRZY, Jim D (L5 (w5 m,y),2) =0,
2D
DNFRstat }gnocp (‘2’ i,j y,x y ) =0,
DNFR2Z, lim D (&5 ,( i (2® + y*2,9),2° + y°) = 0.

,J‘)OO
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4
)

(4)
()
(6)
(7)

7

Proof. Let § € Cc([a,b] x [c,d]), (x,y) € [a,b] x [¢,d] and A € [0,1]. Since g (z,y) € C([a,b] x [c,d]), for each & > 0,

there exists 6 > 0 such that

194 (u,v) — g4 (x,9)| < &, whenever
Vu—z)2+@w—y)? <5 (¥ (z,y),(u,0) € [a,b] x [c,d]).

Next, since g is fuzzy bounded, we have
92 (@, y)] S ME - ((z,y) € [a,8] x [c,d]).
Clearly, it follows that
19 (u,0) = gh(z,y)| S 2ME - ((2,9), (u.0) € [a,0] % [e,d]).

Let us choose
0((u,v), (x,9)) = (u—2)* + (v — y)*.

Then,
A

~ - 2M
|gi(u7v) - gi(xa y)| <e+ Ti 0((”70)7 (:Cay))v
which yields

A
= 2 (w01 09)) < ) — 2o 0) < & e ((0,0), (0,1).

Now the operator £7 ; is linear and monotone. Thus, by applying the operator £} (1 z,y) in @[) we get

A
1, () (e = Z0((w ) (00) ) < 21, @20 0) - 82000 0.0)

A

< £,529) (= + 2 0((w ) (00)).

Since (z,y) is fixed, the term g} (x,y) is a constant number. We thus obtain

oML i
—e & (L,y) = =5 815(0m,y) < £5(Fhi 0 y) — 3 (2.9) £ (L y)
2MA
<ef (L y)+72i£;j(0;x,y).

)

Also, we know that

£, y) - gh(w,y) = |2, e ) - 3h @, y) €, (L )| + 5d @) [ (e y) - 1]

Using and , we get
+

. ) . oMY,
L (gimy) — 9i(zy) <e & (Liz,y) + sz Cig(0m,y) + 52 Yz, y) (€5, (12, y) — 1]

(13)
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Now, we compute £7 ;(0;z,y) as follows:

£ (0z,y) = £ v((ufx)z + (v —y)?, z,y)
=£7; (u x,y) — 2z L} (uacy)—I—xS* (1,z,y)
+£7; (v xy)—2y£ (vxy)—i—yS ;(Lz,y)
=[£]; (u?, z,y) — ]—23:[2* (uzy)—x}—l—x[ﬂu(lx(y)—l}
+127, (0% 2, y) — y°] = 2y[L] (v, 2, y) =yl + 92185 (L2 y) — 1],

Using , we then obtain
£ (G, y) — g (z,y) <e £ (La,y)
2@;@ {[E;’k,j(UQ +o?a,y) —a® 4+ y?] - 22[L]  (u, 2, y) — 2]
22[25, (L 2,y) = 1] = 2[€5 (0, 2,y) — 9] + (£, (L 2,) — 11}
+ 34 (@, 9) (€5 (L2, y) - 1].

+

Since € > 0 is arbitrary, we can write

2MA K2
|27 (g, y) — §i(w,y)|§s+(s+ (5 +Mi)

4MAh<}£

SHHERNE 1\

+

(z,y) —:U|+|£ ))—y’)

2/\/1
Ml

(lensw? +v* <x,y>>—x2+y2|)7

where h = max{|al, |b],|c|}.
Consequently, setting

2MA h?

o M,

A A
HE(e) = max(a + AM:sh 2Mi> ,

5 7 42

we obtain the compact bound

€55 @diwy) — b (wy)| S e+ M) (
—|—|£ (z,y) —x|—|—’£ x,y)) — y|

+185; (u +0% (2,y) = (2° +y )!~

L5 5(L; (2, y) —1| (14)

Now it follows from the identity analogous to that

D*(£:,(9),9) = sup  D(L7 (g (2,9)), g(x, )
(z,y)€a,b] X [c,d]

= sup sup max{[€5,(3% (@.y) — @), |20 (@) — 3 ()| -
(z,y)€la,b] X [c,d] A€[0,1]
Combining this with (14) and taking suprema over (x,y) and A yields an estlmate of D*(£:,(9),g) in terms of the
sup-norm errors of the operators on the test functions 1, x,y,x? 4+ y2. Considering (14) with the last equality, one can
easily write

D*(£;(9),5) S sup e+ M) ( sup [ €7 ;(1; (z,y) — 1
(z,y)€la,b] x[c,d] (z,y)€la,b] X [c,d]

+ sup |25 (u; (2,y) — x| + sup |€5 ;5 (vs (2,9) — v
(@.y)€la.b]x[c,d] (@.y)€lab]x[c,d]

+ sup

£ (u + v ($7y))_332+y2| J
(z,y)€la,b] X [c,d]
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where
M(e) = sup max{MA"(e), Mi(e)}.
A€[0,1]
Therefore,
ptpi,j—XD*(Slﬂj(g)v.@) é Py j—x sup €+ H(E) Pei j—x sup |’8 ,](1 (1‘ y - 1‘
(z,y)€la,b]x[c,d] (z,y)€la,b] x[c,d]
+ptpi,j—>\ sup |2;k,j(u7 (I,y)) 7SC|

(z,y)€la,b] X [c,d]

+ P, n sup|€5 (v (x,y) —y|
(z,9)€la,b]x[e,d]

+Dpi-n sup[L7(w? + 0% (2, y)) - 2 +92\>- (15)
(z,y)€Ela, b]><[cd

Next, for given x > 0, choose € > 0 such that

Poi j—A sup € < K.
(z,y)€la,b] x[c,d]

Then, we can write
92] T,y;€ ’{ { ] (szQj) and p%i,j*)\p* (Ez,j(?])vg) ; 51}| ’

and

)

@r,z-,j@,y;e):'{<i7j>:<z’7j><(a,@j> and p%,j_m(sz,j<gr<x,y>>7gr<x,y>)>§:7;f}
+

where r =0, 1, 2, 3.

From , it follows that

3
z]mya gz rzgxya
r=0

Thus, we fairly have

94,5 (=, y; )|l [Or,i5(z, y; )|
ol o5 [Onsraal

PO, £Q, 16)

Hence, based on Definition (adapted to the two-variable case) and the assumptions outlined for the implications
in equations —, the right-hand side of approaches zero as i,j — 0o0. Therefore, we obtain the following result

fim 1@yl oo g
1,]—00 ’LQ]
As a result, the implication in equation holds true in the two-variable case. O]

Theorem 4.2. Let (¢; ;) and (p; ;) € Z°T x Z°F be double sequences, and let
iy : Cellab] x [e,d]) — Ce([a,b] x [e,d])  ((i,5) € N?),

be a double sequence of fuzzy number-valued positive linear operators. Also, let {E;j}(i,j)el\@ be the corresponding double
sequence of positive linear operators from C([a,b] X [c,d]) into itself satisfying the compatibility condition

{2 9)}E = L5, 2,), (17)
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for all (z,y) € [a,b] x [¢,d], A € [0,1], and (i,5) € N2. Then for every g € Cr([a,b] x [c,d]) the following equivalence
holds:

DNFRE, lm D (8, (3i2.1).3(a.4)) = 0. (18)

if and only if
19
20

(19)
(20)
(21)
(22)
Proof. In a similar manner to the proof of Theorem Theorem can be established. Therefore, we omit the
detailed steps of the proof in the case of double sequences. O

Based on Theorem we provide an example of a double sequence of positive linear operators that does not
align with the statistical version of the deferred Norlund Riemann integrable double sequence of fuzzy number-valued
functions (as outlined in Theorem , but instead works effectively with Theorem M From this, we conclude that
Theorem represents a significant extension of the statistical Norlund Riemann integrable double sequence of fuzzy
number-valued functions presented in Theorem

We now introduce the bivariate operator defined by

0 0
w1(1 4+ w1 D7) + wa(l + we Do) <D1 = e D, = 8@) ) (23)

which can be viewed as the natural extension of the univariate operator

w(1+w@D) (D - d‘;) 7

that was previously employed by Al-Salam [I] and more recently by Viskov and Srivastava [30]. In the two-variable case,
this operator acts on functions f(wy,ws) in such a way that it preserves the structural properties of the single-variable
operator while introducing interactions between the two coordinate directions through the differential operators D, and
D5. This provides a more general framework for studying double sequences of positive linear operators in the fuzzy
number-valued setting.

Example 4.3. Let j € C([0,1]?) and k,l € N. The bivariate Bernstein polynomial [4] is defined as:

Bii(g;u,v) = i ig(i, %) (l;) (i) (1 —u) (1 —v)"=7,  (u,v € [0,1]). (24)

Based on the double sequence (§,,0) introduced in E':mmple we define the following positive linear operator:
2:_;,0(.@; u, U) = [1 + gg,o] uv (1 + UDu)(l + UDU) %Q,U(g; u, U), (25)

where D,, = % and D, = 8%.

1. Constant function 1:
2;0(1; U, v) = [1 4 §p,0) u0. (26)
2. Linear functions u and v:

£Z,U(u; u,v) = [1+ §p,0) uv (1 + ) (27)

£ c(vyu,v) =1+ o0 uv (14 v). (28)

[
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3. Quadratic function u? + v?:

v

3
227U(u2 +v3u,0) = [1+ §o.0) [uQ (2 - ?u)v + uv? (2 - ;)} . (29)
Consequently, we have the bivariate analogues of the statistical limits:

statDNFR hm D(L, 30

StatDNFR hm £ 31

D(L,
statDNFR hrn D

(L (30)
(£5,0(u; (31)
(£, (v;u,v),v) =0, (32)
statDNFR hm D(L, (u + 0% u,v), u? + v?) = 0. (33)
That is, the sequence £ ,(g;u,v) satisfies the bivariate conditions analogous to @) . Therefore, by the bivariate
extension of Theorem@ we have

statzD%FR , }}Lnoo D*(L,6(g;u,v), g(u,v)) =0. (34)

The double sequence (o.0) of fuzzy number-valued functions is statistically deferred Nérlund Riemann summable
but not deferred Nérlund statistically Riemann integrable. Thus, the bivariate operators defined above fulfill the
conditions of Theorem [.4 but do not satisfy the criteria for the statistical version of the deferred Norlund Riemann
integrable sequence of fuzzy number-valued functions as in Theorem [{.1].

We now describe the convergence role of each bivariate positive linear operator associated with the test functions
{1, u,v,u? +v%} in the fuzzy DNFR framework. Throughout, D (resp. D*) denotes the fuzzy metric used for point-wise
(resp. operator-level) comparison, and stat-DNFR abbreviates statistically deferred Norlund—Riemann summability.

Figure 4: Operator on Constant Function £ (1;u,v)

The Figure 4] convergence on the constant function verifies the operator’s mormalization and mass preservation.
In the Korovkin scheme, reproducing constants is indispensable since it anchors the approzimation scale in the fuzzy
metric. Under the assumed stat-DNFR behavior of (§,.0), we have

2D : * . —
statHiER Q)ngoo D(L5 ,(L;u,v),1) =0,

which ensures that the operator family does not introduce systematic bias. Boundary effects such as uv = 0 on the azes
are compensated statistically via the deferred Norlund averaging.

The Figure [J] convergence on u guarantees first-order fidelity along the u-direction. Together with constants, this
forms a necessary condition for barycentric consistency in the fuzzy sense. The stat-DNFR limit

D . *
statB3Rrr Q’(171m D(L} ,(usu,v),u) =0,

hde el
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L(v;u,v)

Figure 6: Convergence Behavior of the Operator £ , (v;u,v)

ensures that any perturbations due to g, vanish statistically, yielding asymptotic linear reproduction in u.
Analogous to the u-case, the Figure [6] convergence on v establishes first-order fidelity along the v-direction. This,
with constants and u, forms the minimal set controlling linear behavior in both coordinates. The stat-DNFR convergence

2D : * . —
statHaEr g}‘lgloo D(L5 ,(viu,v),v) =0,

ensures that no persistent directional bias remains under fuzzy DNFR summation.

The Figure [7 quadratic test governs second-order fidelity and measures the operator’s responsiveness to curvature.
The vanishing terms % and 2 represent the variance corrections typical of Bernstein-type operators. As 9,0 — 00,
these terms disappear statistically, yielding

stat?Rpg  lim D(L; - (W +v%u,v),u* +0%) =0,
0,0—00 ’

Thus, curvature fidelity is established in the fuzzy metric.

Since the operators are positive and linear, and the stat-DNFR limits hold for the bivariate Korovkin set {1, u, v, u?+
v?}, the bivariate Korovkin theorem in the fuzzy DNFR setting implies

statZD%FR ligl D*(L,.6(g;u,v),§(u,v)) =0, forall §e C([0, 1]2).
0,0 —00

Thus, constants ensure normalization, linears guarantee first-order fidelity in v and v, quadratic terms control second-
order (curvature) fidelity. Together, these confirm the fuzzy stat-DNFR convergence of the operator sequence on

C([0,1]2).
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Figure 7: Convergence Behavior of the Operator £Z7g(u2 + 2 u,v)

5 Conclusion

In this final section, we emphasize the practical significance and theoretical advantages of Theorem in compari-
son with Theorem as well as its improvements upon classical fuzzy Korovkin-type approximation results in the
bivariate setting. While Theorem establishes convergence criteria based on statistical deferred Norlund Riemann
integrability, Theorem [£.2] introduces statistical deferred Norlund Riemann summability as a broader and more flexible
framework. This generalization allows for a wider class of fuzzy-number-valued functions of two variables, represented
through double sequences, to be approximated effectively, even in situations where classical summability methods fail
to ensure convergence.

Consider the double sequence (§y,5)o,0en Of functions mentioned in Example Moreover, assume that (§,,,) is
statistically deferred Norlund Riemann summable, so that we have the following limit

statiRpr  lim D(6(Jo0;:P),0) on [0,1] x [0,1].
0,0—00

Then, we obtain

stat%%FR lign D(S* (Gu;u,v), gy(u,v)) =0, (»=0,1,2,3), (35)
0,0—00

0,0
where the bivariate test functions are given by
do(u,v) =1, g1(u,v) =u, Go(u,v) =0, §gs(u,v)=1u>+ v
Thus, by Theorem we immediately deduce that

Stat%%FR o (1;-13100 D* (SQ,U(g; u, U)? g(u7 U)) =0. (36)

The double sequence (g, ) of fuzzy number-valued functions is statistically deferred Norlund Riemann summable,
but it is neither deferred Norlund statistically Riemann integrable nor classically Riemann integrable. Consequently,
our fuzzy Korovkin-type approximation result in Theorem holds for the bivariate operators defined in equation ,
while both the classical and statistical versions of the deferred Nérlund Riemann integrable double sequence of fuzzy
number-valued functions do not apply to these operators.

From this, we conclude that Theorem serves as a significant extension of both Theorem and the classical
Korovkin-type approximation theorem [I4] to the setting of fuzzy bivariate approximation with double sequences.
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