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Abstract

In this paper, we introduce new classes of ideals, called S-prime ideals and S-maximal ideals, based on an A-closed
system S. The connection between these ideals and classical prime ideals is examined, and it is shown that every
S-prime ideal constitutes a specific type of prime ideal. Moreover, it is proven that any proper ideal disjoint from S is
contained in an S-prime ideal.

The behavior of S-prime ideals is further analyzed in the setting of quotient M V-algebras, and their properties under
isomorphisms are investigated. In the final part of the study, the complete A-closed system S is introduced, and a new
topology, called the S-spectral topology, is defined using S and the family of S-ideals. Several topological properties of
this space, including the Hausdorff, Ty, and 7T} separation axioms, are discussed.
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1 Introduction

MV -algebras were introduced by C. C. Chang in 1958 [, [5] as the algebraic counterpart of the Lukasiewicz infinite-
valued propositional logic. To keep the brevity of the paper, we direct the reader to [4 Bl [6, 21] for further results on
MYV -algebras. In particular, significant emphasis has been placed on the ideal theory of MV -algebras [6, [7, 12| [13].
Chang introduced the concept of a prime ideal in M V-algebras.

Prime ideals play a fundamental role in MV -algebras. It has been shown that every proper ideal can be expressed as
an intersection of prime ideals [21].

Bedrood et al. considered a generalization of prime ideals in MV -algebras. Specifically, they studied the property
of being prime with respect to another ideal and explored various conditions for these ideals [2]. In another paper,
Bedrood et al. introduced ideals based on minimal prime ideals and called them Z°-ideals. They examined these ideals
in various types of MV-algebras and provided a new classification of MV -algebras.[I]

A. H. Movahed et al. introduced 2-absorbing ideals, a type of prime ideal in MV-algebras. They explored the
relationships between 2-absorbing ideals and other types of ideals, such as prime ideals, obstinate ideals, primary ideals,
maximal ideals, and others [I7]. Also, A. H. Movahed et al. introduced new types of ideals based on maximal ideals,
and through their investigation, they presented properties concerning both maximal and prime ideals [16], [18].

As mentioned, over the years, a lot of research has been conducted on specific types of prime ideals, which emphasizes
their importance. In fact, they established a connection between algebra and topology using the Zariski topology.
Belluce et al. introduced the prime spectrum of an M V-algebra and studied the topological space on Spec(A) in [3].
They defined the Zariski topological space for MV-algebras, and the space of prime ideals with Zariski topology gives
a lot of information on the MV -algebra.

F. Forouzesh et al. introduced the spectral topology and quasi-spectral topology of proper prime A-ideals in M V-
modules and proved several properties of them [9]. Additionally, F. Forouzesh et al. introduced the inverse topology
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on the set of all minimal prime ideals in MV -algebras[10].

One interesting property of prime ideals in M V-algebras is that the complement of every prime ideal is a A-closed system
[21]. This feature establishes an important connection between prime ideals and A-closed systems in MV-algebras.
Based on this relationship between prime ideals and A-closed systems, we have decided to introduce new ideals that
are defined based on these properties. In this paper, we define S-prime ideals, which have a close relationship with
A-closed systems. These ideals possess unique properties that distinguish them from other ideals, and their study can
significantly contribute to a better understanding of the structure of MV-algebras. From now on, S denotes an A-closed
system and S denotes a complete A-closed system of A. (A complete A-closed system is an A-closed system in which
the infimum of all elements exists in it.) A proper ideal I that does not intersect with S is called an S-prime ideal,
if a and b are two elements of the MV-algebra A and a A b € I, then there exists an element s € S such that either
aNs€lorbAsel The set of all S-prime ideals is denoted by Specg(A). This definition shows that S-prime ideals
have distinct properties based on their relationship with A-closed systems and prime ideals.

Any prime ideal that does not intersect with the A-closed system S must be an S-prime ideal. However, we provide an
example of a non-prime ideal in M V-algebras for which there exists an A-closed system S that turns it into an S-prime
ideal. In addition, we define S-maximal ideals in MV -algebras and provide a necessary and sufficient condition for an
ideal to be an S-maximal ideal of A. In the following, it is proven that if the proper ideal I does not intersect with the
complete A-closed system S, then I is an S-prime ideal if and only if there exists s € S such that (I : s) is a prime ideal.
It is demonstrated that every proper ideal I is equivalent to the intersection of all S-prime ideals that contain (s] A T
for every s € S.

We show that if an element a of an MV -algebra A does not belong to the ideal I, then there exists an S-prime ideal
P containing I, and for some s € S, the element s A a does not belong to P. Based on the open and closed sets of the
spectral topology, we define the following sets for each subset X and each element a:

Vs(X) ={P € Specs(A) : (sjN X C P, for some s € S} and Us(X) = Specg(A) \ Vs(X).
Vs(a) = {P € Specs(A) : s A a € P, for some s € S} and Ug(a) = Specs(A) \ Vs(a).

It is shown that the set 7 = {Vs(I) : I € Id(A)} satisfies all the conditions of closed sets in the topology 7 on Specs(A),
and this topology is called the S-spectral topology. Moreover, we prove that the set I' = {Us(a) : a € A} is a basis for
the S-spectral topology on Specs(A). Finally, the conditions under which this topological space is compact, connected,
Hausdorff, Ty, and T} have been studied.

2 Preliminaries

In this section, we recollect some definitions and results, which will be used in what follows.

Definition 2.1. [ An MV -algebra is a structure (A, ®,*,0), where & is a binary operation, * is a unary operation,
and 0 is a constant such that the following azioms are satisfied for any x,y € A:

(MV1) (A,®,0) is an abelian monoid;

(MV2) (z*)* = x;

(MV3) 0" @z =0%;

(MV4) (z*@y) @y=(y dx) ®x.

Note that the abelian property of @ an MV-algebra follows from the remaining properties (Kolaiik); see [15].
From now on, A is an MV -algebra.
We denote 1 = 0*, and the operation ® is defined as follows:

rOy=(="oy")".

Moreover, we can define an order < in such a way, for any two elements z,y € A, z <y if and only if 2* ®y =1 if
and only if x ® y* = 0. This order is called natural order and makes A into a bounded distributive lattice such that

rVy=2® @ 0y)=yd(z0y*) and zAy=20@ " dy) =y0o (y" ®x).

We will say that A is an MV -chain if it is linearly ordered.
An element a of A is called a Boolean element, if a ® a = a and the collection of all Boolean elements is displayed with
B(A) and it is a Boolean algebra.
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Definition 2.2. Let A and B be two MV -algebras. A function h : A — B is called an MV -algebra homomorphism if
it satisfies the following conditions:

(hl) For every x,y € A, h(z ®y) = h(z) ® h(y);
(h2) For every xz € A, h(z*) = (h(x))*.

Lemma 2.3. [6] The following conditions hold for all x,y,z € A:

() Ife<y, thenz@z<y®zandzOz<yo®z,x Az<yAz.
2)ry<zdy,z20y<z,y,z<nr=z@rd® - Dzx,andz"=2x0z0 -0z <.

B)Ifr<yandz<t thenz®z<ydt.

4) 2Ny 2) < (@AY @(@AN2),zAN(X1D - Bay) < (xAx1) DB (xAxy), for all z1,...,z, € A; in particular
(mzx) A (ny) < mn(z Ay), for every m,n > 0.

(5) (oY )A(yoz*)=0.

Theorem 2.4. [21] For every element e in A; the following conditions are equivalent:
i) e € B(A);
i

Theorem 2.5. [21] Ife € B(A) andx € A, thene®z =eVz ande®z =eAz.

Definition 2.6. [4] An ideal of A is a nonempty subset I of A satisfying the following conditions:
(I)) Ifxel, yec A, andy <z, theny € I,

(I12) If x,y €I, thenx®y € I.

If I # A, then I is a proper ideal of A.

We denote by Id(A) the set of all ideals of A.

Remark 2.7. Let X C A. We denote by (X] the ideal generated by X, that is, the intersection of all ideals I such that
XClI

Lemma 2.8. [6] (1) If X C A is a nonempty set, then

X]={acAla<21B22® - Dy, for somen € N and xy,...,x, € X}. In particular, (a] = {z € A |z <
na, for some n € N}, for every a € A.

(2) If I and J are two ideals of A, then

INT=InJ, IvJ=(JUJ]={a€ A|a<x®xy for some x1 €I and x4 € J}.

(3) If a,b € A, then (a] N (b] = (a Ab] and (a] V (b] = (a @ b].
(4) If J is an ideal and {Iy}aer is a family of ideals, then J A ( \/ I,) = \/ (J A Iy).
ael ael

Definition 2.9. [I9] A proper ideal P of A is called a prime ideal of A if for all x,y € A, either x ® y* € P or
yoa* e P
We denote by Spec(A) the set of all prime ideals of an MV -algebra A.

Definition 2.10. [4] A proper ideal M of A is called a maximal ideal if there exists no other proper ideal J of A so
that M C J.
We denote by Max(A) the set of all maximal ideals of A.

Obviously, every maximal ideal is a prime ideal.

Proposition 2.11. [I9] Let P be a proper ideal of A. Then the following conditions are equivalent:
(1) P € Spec(4).

(2) A/P is totally ordered.

(3) If INJ C P, then either I C P or J C P, for all I1,J € Id(A).

(4) If Ny € P, then either v € P ory € P.

A nonempty subset S of an MV-algebra is called an A-closed system in A if 1 € S and it is closed under the
operation A.
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Theorem 2.12. [21] Let I be an ideal of A such that INS = (). Then there exists a prime ideal P of A such that I C P
and PNS = 0.

Definition 2.13. [I] Let X be a nonempty subset of A, and I be an ideal of A. Put
(I:X)={acA: anzel, forall xzeX}.
It is clear that (I : X) is an ideal and I C (I : X).

Definition 2.14. [I1] Let X be a nonempty subset of A. The set of all zero divisors of X is denoted by Z(X) and is
defined as follows:

Z(X)={a€A:xzNa=0, for somex € X\ {0}}.
Obviously, Z(X) C Z(A).
Definition 2.15. [] If I is an ideal of MV -algebra A and x,y € A, then we let
r~ry<s= (zo0y*)e(yoz*) el

The congruence class of x with respect to ~p will be denoted by x/1, i.e. x/I = {y € A: x ~1 y}; one can see that
x €1 if and only if x/I = 0/1.

We shall denote the quotient set A/ ~y by A/I. Since ~1 is a congruence on A, the MV -algebra operations on A/I
give by /I ® y/I .= (x ®y)/I and (z/I)* := x*/I are well defined. Hence the system (A/I,®,*,0/I) becomes an
MYV -algebra, called the quotient algebra of A by the ideal I. The assignment x — x/I defines a homomorphism hy from
A onto AJI; we remark that Ker(hy) = I. Clearly, if x,y € A, then x/I < y/I if and only if (x* @ y)/I = 1/1 if and
only if (x* Dy)* €I if and only if x © y* € I.

-

Theorem 2.16. [1] Suppose that I is an ideal and Py, Py, ..., P, are prime ideals of A, such that I C P, andn > 3.

=1

Then there exists P; such that I C P; and 1 <i<n.
Theorem 2.17. [21] Let I € Id(A). Then I = N{P € Spec(A) : I C P}.

Definition 2.18. [20] 1) A topological space X is called a Ty-space if for each distinct x1 and xo of X there exists an
open set U such that x1 € U and x5 ¢ U.

2) A topological space X is called a Ty-space if for each distinct x1 and xo of X there exist the open sets Uy and Us
such that x1 € U,z ¢ Uy, 21 ¢ Us and x2 € Us.

Note: For every subset X of the topological space, by X we mean the closure of X.

Theorem 2.19. [20] (1) A topological space X is a Ty-space if and only if {x} = {y} implies x =y, for all z,y € X.
(2) A topological space X is a Ty-space if and only if {z} = {z} for each z € X.

3 S-prime ideals in MV -algebras

In this section, the notions of S-prime ideals are introduced, and several equivalent definitions are given. Their rela-
tionship with prime ideals is examined, and these ideals are explored in some types of MV -algebras.

Definition 3.1. Let I be a proper ideal of A and S be an A-closed system of A such that I NS = (). The ideal I is
called an S-prime ideal if for any a,b € A with a Nb € I, there exists s € S such that sNa €1 or sANbe .
The set of all S-prime ideals is denoted by Specs(A).

Definition 3.2. The S- dimension of A is the supremum of the length of all chains of S-prime ideals, and it is denoted
by Dimg(A).

Example 3.3. (1) Let I3 = {0,1/2,1} and Iz = {0,1}. Consider the MV -algebra A = l3 X la with operations
(a,0) ® (¢,d) = (L,LH)A(a+c,b+d) = IA(a+c¢),1Ab+d) and (a,0)* = (1 —a,1 —b) as in [14]. Then
Id(A) = {I ={(0,0)}, J = {(0,0),(1/2,0),(1,0)}, K = {(0,0),(0,1)}, A}. Obviously, S1 = {(1/2,1),(1,1)} and
S2 = {(0,1),(1,1)} are two A-closed systems of A. The ideal I = {(0,0)} is not a prime ideal, nor is it an Si-prime
ideal, but it is an So-prime ideal.

(2) Let C ={0,¢,2¢,3¢c,...,1 —2¢,1—c,1} be the MV -algebra by the following operations:
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If £ = nc and y = me, then x @y := (m + n)c,
Ifr=1—-ncandy=1—mec, thenx ®dy:=1,
Ifr=ncandy=1—mcand m<n, thenxz@y:=1,
Ifr=ncandy=1—mec andn <m, then z®y:=1— (m —n)c,
Iftr=1—mcandy=nc and m <n, thenxz®y:=1,
Ifr=1—mcand y =nc andn <m, thenc®y:=1— (m —n)c,
If x = nc, then * := 1 — nc,

If t =1 — nc, then x* := nc.

The structure (C, @, *,0) is called the Chang MV -algebra [21].
Then it has three ideals: Iy = {0}, Iy = {0,¢,2¢,3c,...} and Iy = C.
Put S = {1,1 — c}. Obviously, Iy and I, are two S-prime ideals and Iy C I1. Then Dimg(A) = 1.

Proposition 3.4. (1) Every prime ideal that does not intersect S is an S-prime ideal.
(2) If Dimg(A) = 0, then every S-prime ideal is a prime ideal.

Proof. (1) It is clear.

(2)Let P be an S-prime ideal. Then PN .S = (. It follows from Theorem that there exists ) € Spec(A) such that
QNS =0and PC Q. By part (1), we get Q is an S-prime ideal. It follows from the hypotheses that P = Q. So, P is
a prime ideal. O

In Example it can be seen that the converse of Proposition [3.4] is not necessarily true.
1
Example 3.5. Let Ly = {0, ok 1}. Consider MV -algebra A = L3 x L3 with this operations

(x,y) ® (2,t) = (min{l,x + z},min{l,y +t}) and (z,y)*=1-—2z,1—y).
The MV -algebra A has only four ideals:

I = {(an)}a-[2 = {(070)7 (07 %)7 (Oa 1)}31—3 = {(070)7 (%,0), (170)} and Iy = A.

11
Put S ={(1,1), (57 5)} It is clear that Iy and I3 are S-prime ideals, but Iy is not an S-prime ideal.

So, from this example, it can be concluded that the intersection of two S-prime ideals is not necessarily an S-prime
ideal, and also, an ideal contained in an S-prime ideal is not necessarily an S-prime ideal.

Proposition 3.6. Let I and J be two proper ideals of A.

(1) If I is an S-prime ideal and J NS # 0, then I NJ is an S-prime ideal of A.

(2) If I is a prime ideal such that INS =0, then (s]N I is an S-prime ideal, for every s € S.

(3) Let INS =0 and suppose there exists s € S such that (s) A I is a prime ideal. Then I is an S-prime ideal.

Proof. (1) Obviously, INJ)NS =0. Let x Ay € INJ where x,y € A. Hence z Ay € I we get there exists s € S such
that t As € I or y As € I. Now, we consider two cases:

Case 1: if s € J,thenzAse JoryAs e J HencexAseINJoryAseINJ Weget INJisan S-prime ideal of A.
Case 2: if s ¢ J. Since JN S # () then there exists t € JNS. Put s :=t A s, hence s € S. It follows that s Az e IN.J
ors A yelnd.

(2) It follows from Proposition [3.4] (1) that I is an S-prime ideal. Put J := (s], for every s € S. Obviously, J; NS # 0,
for every s € S. By part 1 of this proposition, we get J; NI is a S-prime ideal, for every s € S. Therefore (s] NI is an
S-prime ideal, for every s € S.

(3) By contrary, let a Ab € I, where a,b € Abut aAs ¢ I and bAs ¢ I, for every s € S. Obviously, (a Ab) As =
aA(bAs)eIn(s]. By hypotheses, a € IN(s] or bAs € IN(s]. We consider two cases:

Case 1: if a € IN(s], then a € I. Hence a A s € I, which is a contradiction.

Case 2: if bAs € IN(s], then b A s € I, which is a contradiction.

We conclude there exists s € S such that a As € I and b A s € I. Therefore I is an S-prime ideal. O

Note: Obviously, if f : A — B be a homomorphism of MV -algebras and let S be a A-closed system of A, then
f(S) is a A-close system of B.

Theorem 3.7. Let f : A — B be a homomorphism of MV -algebras and let I be a f(S)-prime ideal of B. Then f~(I)
is an S-prime ideal of A.
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Proof. Let x € f~1(I)NS. Then f(x) € INf(S), which is a contradiction. Hence f~*(I)NS = 0. Now, let zAy € f~1(I),
where z,y € A. Then f(xAy) = f(x)A f(y) € I. Hence, there exists a € f(5) such that aA f(z) € [ or aAf(y) € I. On
the other hand, there exists s € S such that a = f(s). We have f(s)A f(x) = f(sAz) € Tor f(s)Af(y) = f(sAy) € I.
It follows that s Ax € f~1(I) or s Ay € f~1(I). Therefore, f~1(I) is an S-prime ideal of A. O

Proposition 3.8. Let I and J be two ideals of A such that I C J. Then J is an S-prime ideal if and only if J/I is an
S/I-prime ideal of A/I, where S/I :={s/I:s € S}.

Proof. Obviously, JNS = if and only if J/IT N S/T = 0.

Let (a/I)A(b/I) = (aAb)/I € J/I. Then a Ab € J. Hence, there exists s € S such that sAa € J or sAb € J. We have
s/INa/l=(sNa)l € J/Iors/INb/I=(sAb)/IeJ/I.

The converse is easy. O

Proposition 3.9. Let I be a proper ideal of A.

(1) If INS =0, then there exists P € Specs(A) such that I C P.

(2) If a € A\ I, then there exists P € Specg(A) such that I C P and for some s € S;s Na ¢ P.
(3) I =n{P € Specs(A) : (s NI C P, Vse S}.

Proof. (1) It follows from Theorem and Proposition

(2) Put S = {1,a}. It follows from part (1). Also, s :=1 hence 1 Aa=a ¢ P.

(3) Put Q = N{P € Specs(A) : (s] NI C P, Vs € S}. Since 1 € S, it is clear that I C Q. Now, let z € Q but = ¢ I.
Then by part (2), there exists Q € Specg(A) such that I C @ and s Az ¢ @, for some s € S. It follows from I C Q
that (s] AT C I C Q, for every s € S. Hence  C @ thus, 2 € . We obtain z A s € @, for every s € S, which is a
contradiction. So © C I. Therefore, I = N{P € Specg(A): (s]ANI C P, Vs € S}. O

Definition 3.10. A proper ideal I that does not intersect with S is called an S-maximal ideal if, for any ideal J such
that I C J, it holds that either J NS # 0 or there exists an element s € S such that (s] A J C I.

Example 3.11. Let Iy = {0,1/3,2/3,1} and lo = {0,1}. Consider the MV -algebra A = 1y X lo with operations
(a,0) ® (¢,d) = (L) A(a+c,b+d) = IA(a+c¢),1Ab+d) and (a,0)* = (1 —a,1 —b) as in [14]. Then
Id(A) = {I, = {(0,0)}, I; = {(0,0),(0,1)}, I = {(0,0),(1/3,0),(2/3,0),(1,0)}, Is = A}. Now, consider the subset
S =1{(1/3,0),(1,1)}. Since L, NS =0, it is clear that I; is an S-mazimal ideal of A.

Theorem 3.12. The ideal M is an S—mazimal if and only if for each a ¢ M there exists s € S such that s Na € M
or (M V (a]) NS # 0.

Proof. Let M be an S—maximal and a ¢ M. Obviously, M C M V (a]. Then (M V (a]) NS # @ or there exists s € S
such that (s] A (M V (a]) C M.

If (M V (a]) NS # @, then the proof is complete.

Now, let there exist s € S such that (s] A (M V (a]) € M. Then it follows Lemma

Hence s Aa € M.

Conversely, on contrary. Let M is not an S-maximal ideal. Then there exists Q € Id(A) such that M C Q,QNS =10
and (s]NQ ¢ M, for all s € S. Then there exists = of A such that z € ()N Q and = ¢ M. Hence there exists n € N
such that < ns and = € Q. By hypothesis, there exists s € S such that s Az € M or (M V (z]) NS # 0.

Let (M V (z]) NS # 0. On the other hand (M V (z]) NS C (Q V (z]) N S, then (Q V (z]) NS # (). Hence there exists
te(QV(z])NS. We get t € S and there exists m € N and ¢ € @ such that ¢t < ¢ ®mz. It follows that ¢t € QN .S, which
is a contradiction.

If z As€ M. Since x =z Ans < n(z As), we obtain x € M, which is a contradiction.

Therefore M is an S—maximal ideal. O

Proposition 3.13. FEvery S-mazimal ideal is an S-prime ideal.
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Proof. Suppose that P is an S-maximal ideal and a A b € P where a,b € A. On contrary, let s Aa ¢ P and s Ab ¢ P,
for every s € S. Then P C PV (a] and P C PV (b]. By hypotheses, either (P V (a]) NS # 0 or (s] A (P V (a]) C P, for
some s € S. Also, we have either (P V (b]) NS # @ or (s] A (P V (b]) C P, for some s € S. Now, let (s] A (P V (a]) C P
and let z € (s] A (a]. Then z € (s] and = € (a] V P, so x € P. Hence, (s] A (a] = (s Aa] C P. We get s Aa € P, which is a
contradiction. Hence, (P V (a]) NS # (. Similarly, it can be proven that (P V (b]) NS # @. Then there exist s1,s2 € S
such that s; < p; ® nia and sy < Py @ noa, for some py,ps € P and ny,ne € N. It follows that

s1 A s2 < (p1 @ nia) A (p2 @ naa)
< ((p1 ®n1a) Ap2) @ ((p1 ® n1a) A nab)
< (p1 Ap2) ® (p2 Ania) ® (p1 Anga) ®nina(a D).

Hence, s1 A s € P, which is a contradiction. Therefore, there exists s € S such that sAa € PorsAbe P. O

Example 3.14. Let *R be a nonprincipal ultrapower of the field of the real numbers with natural order and € be a

positive infinitesimal element of *R. Let €2 = ¢ -¢,...,e" = ¢ -¢-...-g(n — times), where - is the usual product in the

field *R; then € > 0 for any i € N and €' < &7, fori > j.

The unit interval *[0,1] C* R 4s an MV -algebra with the operations: x ®y = min{l,x + y}, 2* =1 —x. Let N be the

ordered set of positive natural numbers. For every n € N, let E,, be the subalgebra of *[0,1] generated by {e,€?,...,e"}

and E be the subalgebra U E,, generated by {e,€%,....e",...} [B]. The ideals of E are {0}, (¢], ..., (¢']..., where i € N
neN

and ('] C (&7], for any i > j. Obviously, S = {1,e} is a A-closed system and ('], for every i > 2 is an S-prime ideal.

It is claimed that (3] is not an S-mazimal ideal. To demonstrate this, we need to consider the two ideals (¢] and (£%],

since (€3] C (¢] and (€3] C (£?] :

(1) For (g], we have (] NS # 0. Also (] N (3] = (¢?].

(2) For (£%], we have (£2]NS = 0. Also, (1] N (%] = (2] € (€*] and (e] N (%] = (2] £ (7).

Therefore, (€3] is an S-prime ideal but is not an S-maximal ideal.

In this example, Dimg(A) = oo.

Remark 3.15. e Obuviously, every mazximal ideal that does not intersect S is an S-mazimal ideal.
o If M is a maximal ideal and S-prime ideal, then M is an S-mazimal ideal.

We want to demonstrate in the following example that the infimum of all elements of a A-closed system may either
exist or not exist within it. An A-closed system in which the infimum of all its elements exists within it is called a
complete A-closed system and is denoted by the symbol S.

Example 3.16. (1) Let A = (]0,1],0,®, *) be the standard MV -algebra. It is clear that S = (0, 1] is an A-closed system
of A and /\s:O but 0 ¢ S.

seS
(2) Let A be the power set of N, denoted by P(N). Define @ and * as follows:

X®Y:=XUY and X*:=N\X, VX,Y € P(N).

Obviously, A = (P(N),U, x,0,N) is an MV -algebra and it is even a Boolean algebra. Put X,, = {1,n} for every n € N.
It is clear that S = {X1, ..., X, ... }nen s a complete A-closed system and /\ X; ={1}.
ieN

Proposition 3.17. Let P be an S-prime ideal. Then there exists sp € S such that (P :s) C (P : sp), for each s € S.

Proof. Put sp = /\ s. Obviously, sp € S. Now, let € (P : s), then A s € P. We get that there exists o € S such
seS
that tAa € Por s ANa € P. As PNS =), we obtain z A € P. It follows that x A sp € P, hence z € (P : sp). O

Note: (P : sp) is called the maximal element of {(P : s)}scs.

Proposition 3.18. Assume that I is an ideal that does not intersect with S. Then the following statements are equiv-
alent:

(1) I is an S-prime ideal of A.

(2) (I :s) is a prime ideal of A, for some s € S.
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Proof. 1 = 2) By part 5 of Lemma we get (z @ y*) A (y ©@a*) =0, for every z,y € A. On the other hand, 0 € I
hence, (x © y*) A (y © 2*) € I, for every x,y € A. It follows from the hypothesis that there exists s;, € S such that

(xOY*)A\syy € Lor (yOT*)Asyy € I, for every z,y € A. Put s; = /\ s. Obviously (x©@y*)Asy € Tor (y©z*)Asy € I.
seS

Hence x ©y* € (I : sy) or y©a* € (I : sg) for every z,y € A.
Now, by Definition it suffices for us to prove that (I : sy) is a proper ideal. On contrary, let (I : s;) = A. Then
1€ (I:s5), hence 1 A sy € I. Tt follows that s; € I implies that s; € I NS hence I NS # @, which is a contradiction.
Thus (I : sp) is a proper ideal.
2= 1) Let a,b € A such that a A b € I. By hypothesis, there exists s € S such that (I : s) is a prime ideal. Obviously,
sA(anb)eIthenanbe (I:s). wegeta€ ([:s)orbe(I:s)hencearselorbAsel. By hypothesis, INS=10
hence I is an S-prime ideal of A.

O

S A S
Theorem 3.19. Let P be an ideal of A such that P does not intersect S and define = {% :s €S} IfZ(F)mF = (),

then P is an S-prime ideal if and only if P is a prime ideal.

Proof. Let P is an S-prime ideal. We claim (P :s) =P, for all s € S. Obviously, P C (P : s), for all s € S. Now, let

se€Sandzx € (P s). Then x A s € P. Hence ﬁ/\f ﬁ On the other hand P NS = @) and Z(P)ﬂ%:(ﬂ, we get
> 0 d — % Thus = € P, hence (P :s) C P. We have P = (P : s), for every s € S. It follows from Proposition
|3¢_1§| that P i 1s a prime ideal.

The converse is clear. O

Theorem 3.20. Let I be an ideal of A such that IN'S = (). Then the following statements are equivalent:
(1) I is an S-prime ideal.
(2) If J and K are two ideals of A such that JOAK C I, then (sjNJ C T or (sjN K C I for some s € S.

Proof. 1 = 2) Let I be an S-prime ideal and let J and K be two ideals of A such that J N K C I but for every t € S
we have (f]N.J ¢ I and (] K ¢ 1. 1t follows from Proposition [3.18| that there exists s € S such that (I : s) is a prime
ideal of A Also, by hypothes1s we obtain (s] N J ¢ I and (s] N K ¢ I. Hence there exist z € (sjNJ and y € (s] N K
such that « ¢ I and y ¢ I. Then there exist m7 n € N such that < ns and y < ms. We get x Ay € I N J implies that
x Ay €l Hence x ANyAs e Jthusx Ay € (I :s). It follows that x € (I : s) ory € (I : s) we obtain x As € I or
y A s € I. Without loss of generality, let © A s € I. Then n(z A s) € I. On the other hand = x Ans < n(x A s) implies
that x € I, which is a contradiction.

2= 1) Let aAb € I. Then (a Ab] C I. It follows from Lemma [2.8(3) that (a] N (b] C I. By hypothesis, there exists
s € S such that (s]N(a] C T or (s]N(b] CI. We have sha€lorsAbel. O

n

Theorem 3.21. Let Specs(A) be a finite set with n elements, where n > 1 and let I be a proper ideal of A. If I C U P,

then there exist s € S and P; € Specs(A) such that (s] A1 C P;.

Proof. 1t follows from Proposition [3.18] m that there exists s; € S such that (P; : s;) is a prime ideal, for every P; €

Specs(A). On the other hand I C U P; C U . Now, by Theorem [2.16{ we get that there exists j such that
i=1 =1

1<j<nandIC(P;:s;). Hence s; Aa € P;, for every a € I. It is a claim that (s;] AT C P;.

Let € (s;] AI. Then x € I and there exists m € N such that z < ms;. Hence x A ms; = z. On the other hand,

z=aAms; <m(zAs;)thus ¢ € P;. Hence (s;) AT C Pj. O

4 Topology by complete A-closed system on MV -algebras

In this section, we will consider a complete A-closed system S of A and the S-spectral topology based on S-prime ideals.
In the following, we use S to represent a complete A-closed system and S to represent an A-closed system. The open
and closed sets of this topology will be determined, and their properties will be examined. A basis for the topology
will also be identified. Furthermore, key topological properties such as compactness, connectedness, and others will be
studied in this topology.
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Definition 4.1. Let X be a subset of A and a € A. Define
Vs(X) ={P € Specg(A) : (s|N X C P, for somese€ S} and Ug(X)= Specs(A)\ Vs(X).
Vs(a) = {P € Specs(A) : sha € P, for somese€ S} and Ug(a) = Specs(A)\ Vs(a).

Obviously, if S = {1} and I,J € Id(A), then Vg(I) = V(I) and Ug(a) = U(a) where V(I) and U(a) respectively,
are a closed subset and a basic element in the topology of the spectral topology on Spec(A).

Lemma 4.2. Let I and J be two subsets of A and a € A. Then

(1) If I C J, Then Vg(J) C Vs(I).

) Vs(I) € Vs(InJ).

) If I and J are two ideals, then Vs(INJ) = Vs(I)U Vg(J).

) Vs(A )—9 and Vs ({0}) = Specs(A).

) Vs(a) = Vs((a ])

) [ Pc(

PeVs(a)

(7) Assume that I is an ideal. Then Vs(I) =0 if and only if INS # 0.
(8) Assume that T is a family of ideals of A. Then Vg( \/ 1,) C ﬂ Vs(I,

ael ael

Proof. (1) Let P € Vg(J). Then P € Specs(A) and (s] AT C P for some s € S. On the other hand, I C J hence
(s)NI C(s]N.J. We get P e Vg(I).
(2) It is clear from part (1).
(3) Let P € Vs(INJ). Then P € Specs(A) and (s] AIAJ C P for some s € S. It follows from Theorem [3.20] that there
exists s € S such that (s]AJ C Por (s]AICPor (s ] A (s] € P. Then we have three cases:
Case 1: If (s'] A (s] C P, then (s A s'] C P. Hence, s A s € P, which is a contradiction.
Case 2: if (s ] AJ C P, then P € Vg(J). Hence, P € Vs(I) U Vg(J).
Case 3: if (s | AT C P, then P € Vs(I). Hence, P € Vg(I) U Vg(J).
Thus Vs(INJ) C Vg(I)UVs(J). Also, by part (2), we get Vs(I)UVs(J) C Vs(INJ). Therefore Vs(I)UVs(J) = Vs(INJ).
(4) It is clear.
(5) It is clear from Lemma [2.8]
(6) Obviously, {P € Specs(A) :sNa€ P, Vs S} C{P € Specg(A):sNae€ P, Ise€ S}
Hence N{P € Specs(A):shae€ P, Is€ S} CN{P € Specs(A) :sNa€ P, Vse S}.
Then ﬂ P Cn{P € Specs(A):sNa€ P, ¥s€ S} On the other hand
PeVs(a)

(2
3
(4
(5
(

6

{P € Specs(A):shae P, Vse€ S} ={P € Specs(A): (s]A(a] =(sNha] C P, Vse S}

It follows from Proposition [3.9[ (3) that ﬂ P C (a

PeVs(a)
(7) Let Vg(I) = 0 and I NS = (. It follows from Theorem that there exists P € Spec(A) such that I C P and
PNS =10. We obtain P € Specs(A) and (s] AI C I C P, for every s € S. Thus P € Vg(I), which is a contradiction.
Conversely, let T NS # () and there exists the ideal P such that P € Vg(I). It follows that there exists s € S such
that (s] A I C P. Also, we have that there exists s € I NS. Obviously, s As € P hence s A s € SN P, which is a
contradiction.

(8) Let P € VS(\/ I,). Then P € Specg(A) and ( \/ I, C P, for some s € S. On the other hand (s] A I, C
acl’ acl’
A \/ I, hence (s] A1, C P, for every « € T. Then P € Vg(I,), for every a € T'. Thus P € ﬂ Vs(Iy). We get
ael acl
S(\/ 1) € () V(L. 0
acl acl

Lemma 4.3. The following holds for any a,b € A and for any subsets I and J of A.
(1) If Us(a) C Us(b), then (| P < (b] N (al.
PeVs(a)
(2) Us(A) = Specs(A) and Ug({0}) = 0.
(3) If a < b, then Us(a) C Ug(b).
(4) Us(a) NUg(b) = Ug(a A b).
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USEG) @] Us(b) = Us(a \Y b).

(5)
(6) Us(a®b) =Ug(a) UUs(b).
(7) Us((a]) = Us(a).
(8) If I C J, then Us(I) C Us(J).
(9) If I and J are two ideals of A, then Us(IANJ)=Ugs(I)NUg(J).
(10) If I and J are two ideals of A, then Us(IV J) =Ug(I)UUgs(J).
Proof. (1) Let Us(a) C Ug(b). Then Vg(b) C Vs(a). Hence m P C ﬂ P. By Lemma 6)7 it follows that
PGVs(a) PGVs(b)
ﬂ P C (b] and subsequently, by applying Lemma |4.2(6) once again, it follows that ﬂ P C (b N (a).
PeVs(a) PeVs(a)

(2) Tt is clear.

(3) Let P € Ug(a). Then P € Specs(A) and s Aa ¢ P, for all s € S. On the other hand, s Aa < sAb, thus s Ab ¢ P.

Hence P € Ug(b). Therefore Ug(a) C Ug(b).

(4) Let P € Us(a) NUs(b) and let P ¢ Us(a Ab). Then P € Specs(A) and there exists x € S such that (a Ab) Az € P.

Then a A (b A x) € P. It follows that there exists y € S such that a Ay € P or bA (x Ay) € P, which, based on the

hypothesis, is a contradiction.

Now, let P € Ug(a Ab) but P ¢ Ug(a) NUg(b). Without loss of generality, we can assume that there exists z € S such

that a Az € P. Then b A a Az € P, which is a contradiction.

Therefore, Ugs(a) NUg(b) = Ug(a A D).

(5) Let P € Ug(a) UUg(b) and P ¢ Ug(a V b). Then there exists s € S such that s A (a Vb) € P. On the other

hand s A (aVb) = (sAha)V (sAb). Hence, s ANa € P and s Ab € P, which is a contradiction. It follows that

Us(a) UUg(b) C Ug(a V b). Similarly, it can be proven that Ug(a V b) C Ug(a) U Ug(b).

(6) Let P € Us(a®b). Then P € Specs(A) and s A (a ®b) ¢ P, for every s € S. On the other hand s A (a @) <

(s Aa) @ (s A b), we obtain (s Aa) @ (s Ab) ¢ P. Now, we consider four cases:

Case 1: if (sAa) € Pand (s Ab) € P, then (s Aa)® (s Ab) € P, which is a contradiction.

Case 2: 1f (sNha)¢ Pand (sAb) € P, then P € Us(a) UUs(b).

Case 3: if (sAa) € Pand (sAb) ¢ P, then P € Ug(a) UUg(b).

Case 4: if (sAa) ¢ P and (s A\b) ¢ P, then P € Ug(a) UUg(b).

Hence Us(a ®b) CUg(a) UUs(D).

It follows from a Vb < a @b, parts 3 and 5 that Ug(a) U Us(b) C Us(a @ b).

Therefore Ug(a) UUg(b) = Us(a @ b).

(7) It is clear from Lemma [2.8]

(8) Tt is clear.

(9) By part 8, we get Us(I A J) C Us(I) NUg(J). Let P 6 Us(I) N Us(J) but P ¢ Us(I A J). Then there exists

s € S such that (s] AT AJ C P. It follows from Theorem [3.20| that there exists s € S such that (s] A (s]AT C P
r (s]AJ C P. Hence (sAs]AIC Por(s]AJC P Wthh is a contradiction. Thus Us(I) NUs(J) C Us(I A J).

Therefore Ug(I) NUg(J) = Us(I A J).

(10) By part 8, we get Us(I)UUsg(J) C Ug(IV.J). Let P € Us(IV.J) but P ¢ Ug(I)UUg(J). Then there exist s,s € S

such that (s] AT C P and (s'] A J C P. It follows from Lemma part (3) that (s As]AIC Pand (sAs|AJCP,

where s A s € S. We get (s As']A(IV.J)C P, which is a contradiction. Hence Ug(I' v J) C Us(I) UUg(J). Therefore

Us(IVJ)=Ug(I)UUg(J). O

Note: In the following sections of the paper, the results are examined in the context of a complete A-closed system.

Lemma 4.4. Assume that T is a family of ideals of A. Then ﬂ Vs(Io) C Vi( \/ 1,)
acl acl

roof. Let € s(Ly). en I° € Vs(ly), tor every o € 1. Hence 17 € Specs and there exists s, € S such that
Proof. Let P Vs(I,). Then P € Vg(1,), f I'. H PeSs A d th i S such th

acl
(sa] NI, C P, for every a € I'. Obviously, s, Az € P, for every « € I,. Thus I, C (P : s,), for every a € I'. It follows

from Proposition that there exists s € S such that I, C (P : s4) C (P : s) for every a € I'. Hence I, C (P : s) for
every a € I' implies that \/ I, C(P:s)and (s]AI, C P for every a € I'. Thus \/ ((s] A I,) C P. It follows from

ael ael
Lemma 4) that (s] A (\/ (1)) C P.
acl
\/ I, C( . Now, we want to show that ( \/ I,) CP Let y € ( \/ I,). Then there exists n € N such

acl a€cl’ ael
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that y < ns. Hence y = y Ans < n(y As). On the other hand y € \/ I, we obtain y A s € P. Thus n(y A s) € P. Then
ael
y € P. Tt follows that (s] A (\/ 1) € P. Hence P € V5(\/ I.). We have (] Va(Ia) € V5(\/ Ia). O
ael ael ael ael

Corollary 4.5. Assume that ' is a family of ideals of A. Then ﬂ Vs(In) = Vis( \/ I,)
ael ael

Proof. 1t is clear from part 8 of Lemma [£.2] and Lemma [£.4] O

Remark 4.6. By Lemmal[{.9 and Corollary[{.5, it is clear that the set 7 = {Vs(I) : I € Id(A)} satisfies all conditions
of closed sets for the topology T on Specs(A). This topology is said to be an S-spectral topology. Thus any open set of
Specs(A) has the form Us(I) = Specs(A) \ Vs(I), for any ideal I of A.

Theorem 4.7. The set T' = {Us(a) : a € A} is a basis for S-spectral topology on Specs(A).

Proof. Let P € Us(I). Then P € Specs(A) and I A (s] € P, for every s € S. It follows from P € Specs(A) and
Proposition [3.17] that there ex1sts sp € S such that (P : s) (P :sp), for every s € S.

On the other hand, I A (sp] € P, thus there exists the subset A = {z; : ; € A} of A such that z; € I A (sp] and
x; ¢ P. We want to show that Us(I U Us(z;).

;€A

Since z; € I A (s'], hence z; € I and there exists n; € N such that x; < n;sp. It follows that z; = x; A (njsp) <
n;(z; A sp). We claim that z; ¢ (P : sp). Let ; € (P : sp). Then z; A sp € P, we get n;(x; Asp) € P. Hence z; € P,
which is a contradiction. Then z; ¢ (P sP) We obtain x; ¢ (P : s), for every s € S. Thus z; A s ¢ P, for every s € S.

It follows that P € Us(x;). Then Us(I) € | Us(z;).
T;EA
Let @ € U Us(xj). Then there exists j € J such that @ € Us(z;). Hence z; A s ¢ Q, for all s € S. It follows from
;€A

Lemma that (z;] A (s] = (zj As] € Q. On the other hand z; € I, then I A (s] ¢ Q. We obtain @ € Us(I). Thus

U Us(zy) € Us(D).
T;EA

Therefore U Us(z;) = Us(I). O
T;EA

Note: Let f be an injective function from A to B. It is clear that for every X and Y in A, the following holds
FXNY)=f(X)n f(Y).

Theorem 4.8. Let A; and Ay be two complete MV -algebras and let f : Ay — As be an injective map. The map
Y 1 Specy(s)(Az) — Specs(Ar) is defined by ¥(Q) = F7HQ), for every Q € Specys)(Az). This map is continuous.

Proof. The map v is clearly well-defined. Now, let I be an ideal of A;. Then

THVs(I)) = {Q € Specy(s)(A2) : fH(Q) € Vs( )}
(

(A2) :
={Q € Specys)(A2) : (S| AT C f7HQ) for some s € S}
={Q € Specys)(A2) = f((s] A ) C Q for some s € S}
={Q € Specys)(A2) : f((s]) A f(I) € Q for some s € S}
= Vi) (f(1)).
Therefore, v is continuous. O

Next, we present some simple properties of ideals that are needed to prove the topological properties.

Lemma 4.9. Let I and J be two ideals of A and z,y € A.
Ifx N1 C J, then () AT C J.
I:(z]) C({:x).
ff]/\( JA(L:y) (2] AT
Ay AT : y) (z] AL
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Proof. (1) Let & € (x]AI. Then a € I and there exists n € N such that o < nz. On the other hand, o = aAnz < n(aAz).
By hypothesis, we get a € J.

(2) Let @ € (I : (2]). Then a A (] CI. Hence a Az € I. We get v € (I : z).

(3) Let a € (z]A(Y]A(I : y). Then « € (], aAy € I and, there exists n € N such that o < ny. Hence a = aAny < n(aAy).
We obtain o € I. Thus a € (] A L.

(4) It is clear by (3) and Lemma (3).

(5) Let a € (I : ). Then a Ax € I. On the other hand I C (I : z), hence aAz € (I : x). Thus a € ((I : x) : ). We have
(I:z)C((I:z):x).Now,letae ((I:x):x). ThenaAx € (I:x), hence a ANz Az € I. Weobtain a Az € I implies
that @ € (I : ). Thus ((I : z) : ) C (I : z). Therefore (I : z) = (({ : z) : z). O

Proposition 4.10. Let Y C Specs(A). Then'Y = Vg( ﬂ (P:sp)).
pey

Proof. By Proposition for every P € Y there exists sp € S such that (P : sp) is the maximal element of
{(P: 5)}ses. Now, if P € Y. Obviously, ﬂ (P:sp) C (P : spr). It follows that spr A ( m (P:sp)) C P. By Lemma
pey Pey
1), we obtain (sp/] A ( m (P :sp)) C P. This gives P' € Vi( ﬂ (P:sp)). We get Y C Vg( ﬂ (P : sp)). Hence
Pey Pey Pey
Y C Vg( ﬂ (P : sp)). We aim to show that Vg( ﬂ (P : sp)) is the smallest closed set containing Y. Now, let there
pey pey
exist the ideal I such that Y C Vg(I). For this purpose, it must be shown that Vg( ﬂ (P:sp)) CVs(I).
Pey
Let P € Y. It follows from Y C Vg(I) that there exists s € S such that (s] AT C P. Heence IC(P:(s))C(P:s)C (P
sp), for every P € Y. We obtain I C ﬂ (P : sp). It follows from Lemmapart ) that Vg( ﬂ P :sp)) CWs(I )
Pey Pey
Therefore Y = Vg( ﬂ (P:sp)). O
Pey

Theorem 4.11. Let P,Q € Specs(A). Then the following statements hold:
( ) Vs(P) = Vs((P : 5)), for all s € S.

(2) {P} =Vs(P).
(3) {P} ={Q} if and only if there exists s € S such that (P :s) = (Q : s).

Proof. (1) Since P C (P:s), by Lemma 2| (1), we obtain Vg((P : s)) C Vs(P), for all s € S.

Now, let P € V5(P). Then there exists s € S such that (s ] AP C P'. It follows from Lemma [4.9(4) that (s As] A (P :
s)C (s]APCP  forallseS. Hence P' € V5((P : s)), for all s € S. Thus Vs(P) C Vs((P : 5)), for all s € S. Therefore
Vs(P) = Vs((P :s)), for all s € S.

(2) From part 1 of this theorem and Proposition it follows. -

(3) It follows from (1) and (2) that if there exists s € S such that (P :s) = (Q : s), then {P} = {Q}.

Conversely, let {P} = {Q}. Tt follows from (2) that Vs(P) = V5(Q). On the other hand P € Vi(P), hence there exists
s1 € S such that (s1]AQ C P. So @ C (P : (s1]) and it follows from Lemma[f.9|that @ C (P : (s1]) C (P : s1). Then by
Proposition [3.17, @ € (P : s1) C (P : sp). Similarly, from Lemma [1.9] and Proposition it follows that there exist
s9 and s such that P C (Q : (s2]) C(Q : s@). Now, put s =spAsgandlet z € (Q:s). ThenzAs=xAspAsg€Q
hence zAspAsg € (P:sp). Thus z AspAsgAsp € Pimplies that € (P : s). Therefore (Q : s) C (P : s). Similarly,
it can be shown that (P :s) C (@ : s). Hence there exists s € S such that (P :s) = (Q : s). O

Proposition 4.12. Assume that e € B(A). Then the following statements hold:

(1) Vs((e]) = Specs(A) \ Vs((e*]).

(2) Us(e) is clopen.

(3) If Specs(A) is a connected space, then either (e] NS # 0 or (s ® e*] NS # 0, for some s € S.

Proof. Let P € Vg((e]). Then P € Specs(A) and (s1] A (e] C P for some s; € S. We want to show that P ¢ Vg((e*]).
By the contrary, let P € Vg((e*]). Then P € Specs(A) and (s2] A (€] C P for some s € S. Put s = s1 A sa. It follows
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that (s] A (e] = (s1] A (s2] A (€] C (s1] A (e] € P and (s] A (€*] = (s1] A (s2] A (€*] C (s2] A (e*] € P. Hence

which is a contradiction. So Vs((e]) C Specs(A) \ Vs((e*]). Now, let P € Specs(A) \ Vs((e*]). Then P € Specs(A) and
(s] A (e*] € P, for all s € S. It follows that s A e* ¢ P, for all s € S. On the other hand 0 = e A * € P hence there exit
s € Ssuch that s Ae € P. Then (s'] A (¢] € P. We obtain P € Vi((e]) thus Spees(A) \ Vs((e*]) € Vs((e]). Therefore
Vs((e]) = Specs(A) \ Vs((e*]), for every e € B(A).

(2) Tt is clear from part (1).

(3) Let e € B(A). We claim that Vs((e]) N Vs((s ® €*]) = 0 and Vs((e]) U Vs((s @ €*]) = Specs(A) for some s € S.

First, let P € Vs((e ])ﬂVg((S@@ ]) Then there exist s1, s2 € S such that (s1] A (e } € Pand (s2] A (s@e ] € P. Now, put
s =51 Asy. Thuss Aee Pand s /\(s@e ) € P. By Theorem we obtain s As <s A(eVs)=s /\(e@( ©s) <
(s Ne)® (s A(s@e*)). Hence s As € P, which is a contradiction. Thus Vs((e]) N Vs((s ® e*]) = 0. Also, it follows
from Lemma [£.2] and Theorems 2.5 and 2.4] that

Vs(e) UVs(s @) = Vs((e]) U Vs((s @ €”])

=Vs((eJn(s©e)

=Vs((en(s@eM)))

= Vs((en (s Ae)))

= V&(0)

= Specs(A).
Hence Ug(e) U Us(s ® e*) = Specs(A) and Us(e) N Us(s © e*) = (. By hypothesis, we get either Ug(e) = Specs(A )
or Us(s ® e*) = Specs(A). Then Vs(e) = 0 or Vs(s ® e*) = 0. Tt follows Lemma (7) that either (e] NS # 0 o
(s ®e*]NS # P, for some s € S. D

Proposition 4.13. Let X be a compact open subset of Specs(A). Then there exists a € A such that X = Us(a).

Proof. Since X is an open subset of Specs(A) we obtain that there exists a subset B of A such that X = U Us(b)
beB

Hence there exists C = {b; : b; € B,1 <1i < n} such that X = U Us(b;). Put a = \/ b;, then it follows from Lemma,
i=1 i=1
[4.3] that X = Us(a). O

Example 4.14. Let A = [0,1]* be an MV -algebra ultrapower of [0,1] with the infinities €. Let S = {1,s} and s = €.
Obviously, S is a N-closed system. Take X = {1, 5} Note that in A, which is a chain, every ideal is prime, so the zero
ideal is an S-prime ideal. Obuviously, Vs(X) = {{0}} and Vs((X]) = 0.

Note: e It follows from Lemma[4.2] (1) that Vs((X]) C Vs(X), for every subset X of A.
e The subset X is called down-set, if x € X and y € A such that y < z, then y € X.

Lemma 4.15. Let X be a down-set of A. Then Vg((X]) = Vs(X).

Proof. By the previous note, it suffices to prove that Vg(X) C Vs((X]).

Let P € Vg(X). Then there exists s € S such that (s]NX C P. We claim that (s]A(X] C P. Now, let a € (s]A(X]. Then
a<nsand a <1 ®...Hx,, for some m;n € Nand z; € X. Hence a« < nsA(x1®...0xm) < (nsAz1) D...® (NSAZy,).
Obviously, ns A z; < x; for every 1 < i < m. We have ns A x; € X so ns A x; € (X]. On the other hand ns A x; € (s]
implies that ns A x; € (s]N X. Hence ns A z; € P, for every 1 <i < m. we get o € P. Hence P € Vg((X]). O

Theorem 4.16. Let V5(X) = V5((X]), for every subset X of A. Then the following sentences hold:
(1) Specs(A) is a compact topological space.
(2) Specs(A) is a connected topological space.
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Proof. (1) Assume that X = {a; : a; € A} and Specs(A) = U Us(a;), which is an open cover of Specs(A). It follows
a; €EX
from Lemma [4.2] that

Specs(A) = | (Specs(A) \ Vs(ai)) = Specs(A) \ () Vs(ai)
a; €EX a; €X

= Specs(A) \ Va( | (a:)) = Spees(4) \ Vs(X)

a; €X

= Specs(A) \ Vs((X]).

Hence Vs((X]) = 0. It follows from Lemma [4.2| that (X]N'S # @. Then there exists s € S and a;,, ..., a;, € X such that
s < a, ®...®a;,. Put Y = {a;,,...,a;, }. We obtain SN (Y] = 0. By Lemma [£.2] we get V5((Y]) # 0. On the other

k k
hand, § = V5((Y]) = W&(Y) = VS(U(aij) =
Jj=1 J

Vs(as,). Hence
1

k

k
Specs(4) = Spees(4) \ (] Va(ai,) = [ Us(as,).

Therefore Specs(A) is a compact topological space.

(2) Let I and J be two ideals of A such that Vs(I) U Vs(J) = Specs(A) and Vs(I) N Vs(J) = 0. By Lemma [£.2] we get
Vs(INJ) = Specs(A) and V(I U J) = 0. Again, by using Lemma [1.2] we have (IUJ) NS #0. So (INS)U(JNS) #0
hence INS # @ or JNS # 0. It follows from Lemma [£.2)that Vs(I) = 0 or Vs(J) = (). Therefore Specs(A) is a connected
topological space. O

Theorem 4.17. Specs(A) is a To-space if and only if every S-prime ideal is a prime ideal of A.

Proof. Let Specs(A) be a Ty-space and let P be an S-prime ideal. Then by Proposition there exists s € S such
that (P : s) is a prime ideal. By Lemma [1.9(5), we have (P : s) = ((P : s) : s). It follows from Theorem [4.11] that
{P} ={(P :s)}. By Theorem [2.19, we obtain that P = (P : s). Hence P is a prime ideal of A.

Conversely, suppose that every S-prime ideal is a prime ideal. Let P; and P, be two S-prime ideal such that P; # P
and {P;} = {P}. By Theorem we get (Py :s) = (P : s) for some s € S. It follows from Py NS = P, NS = that
s¢ PPUPyand Py = (P, :s)=(Py:s) =P, By Theorem we obtain Specg(A) is a Ty-space. O

Theorem 4.18. The following statements are equivalent:

(1) Specs(A) is a Ty-space.

(2) Every S-prime ideal is a prime ideal and a mazimal element of the set T'= {I € Spec(A): INS = (}.
(3) Dimg(A) = 0.

Proof. 1 =>2) Let P be an S-prime ideal. It follows from Proposition [3.18| that there exists s € S such that (P : s) is a
prime ideal. Also, by Theorems and we get {P} = {P} =Vs(P).

Obviously, (P:s)NS=0 and (] AP C P C (P:s). Then (P:s) € Vs(P) ={P} = {P}. Hence (P :s) = P thus P is
a prime ideal. Now, we want to show that P is a maximal element of I'. By contrary, let Q) be a prime ideal such that
P CQand QNS =(. Hence (s] AP C Q, for every s € S. We obtain Q € Vs(P) = {P} = {P}. Thus P = Q. Therefore
P is a maximal element of T

2= 3) It is clear.

3 = 1) By hypothesis and Proposition e get every S-prime ideal is a prime ideal. Let P be a prime ideal. We
want to show that {P} = {P}. Let Q € {P}. It follows from Theorem that @ € Vg(P). Then there exists s € S
such that (s] AP C Q. Hence P C (Q : s5). On the other hand, since @ is a prime ideal, we get @ = (Q : 5), thus P C Q.
By hypothesis, we obtain P = Q). Hence @ € {P}, so {P} C {P}. Obviously, {P} C {P}. Thus {P} = {P}. It follows
from Theorem that Specs(A) is a Ti-space. O

Theorem 4.19. (1) If the zero ideal is an S-prime ideal but not an S-maximal ideal, then Specs(A) is not a Hausdorff
space.
(2) If the zero ideal is an S-mazimal ideal, then Specs(A) is a Ty -space.

Proof. By the contrary, let Specs(A) be a Hausdorff space. Then Specg(A) is a Ty-space. It follows from Theorem
that Dimg(A) = 0. We claim that the zero ideal is an S-maximal ideal. Let @ be an ideal of A. We consider two cases:
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Case 1: if Q N'S # @, then the zero ideal is an S-maximal ideal.

Case 2: if QNS = (), then by Theorem there exists P € Spec(A) such that PNS = () and @ C P. Thus P is
an S-prime ideal. Obviously, {0} C P implies that P = {0}(since Dimg(A) = 0). Hence @ = {0} and (s] A @ = {0},
for every s € S. We have the zero ideal is an S-maximal ideal, which is a contradiction. Therefore Specs(A) is not a
Hausdorff space.

2) By hypothesis Dimg(A) = 0. It follows from Theorem that Specs(A) is a Ti-space. O

5 Conclusion and future work

The concept of an S-prime ideal has been introduced for every proper ideal of an MV -algebra, with the set of all S-prime
ideals are denoted as Specs(A). The study of these ideals has led to the conclusion that any prime ideal disjoint from
the A-closed system S is an S-prime ideal. An example has illustrated that the intersection of two S-prime ideals is not
necessarily an S-prime ideal. Furthermore, it has been proven that if an ideal J contains at least one element from S,
the intersection of J with any S-prime ideal is also an S-prime ideal. We have also demonstrated that the intersection
of all prime ideals containing a proper ideal I is equivalent to the intersection of S-prime ideals that, for each s € S,
contain I A (s]. This equivalence has implied that every proper ideal is expressible as an intersection of S-prime ideals.
Finally, the study of S-prime ideals under the isomorphism of an MV-algebra f has led to the conclusion that the
inverse image of any f(S)-prime ideal is an S-prime ideal. In addition, we have defined S-maximal ideals and proven
that every S-maximal ideal is an S-prime ideal. Also, an equivalent definition for S-maximal ideals has also been
provided.
Using the results from the study of S-prime ideals and the definitions of the sets Vg(I) and Ug(I) for every ideal I,
we have proved that the set 7 = {Vs(I) : I € Id(A)} forms a topology on Specs(A), with the set I' = {Us(a) : a € A}
serving as a basis for this topology. This topology has been referred to as the S-spectral topology for the complete
A-closed system S. It has been proven that the S-spectral topology on Specs(A) is a Tp-space if and only if the sets
Specs(A) and Spec(A) are equivalent. It has been concluded that every open and compact subset is equivalent to one
of the basic open sets. Finally, it has been proven that Specs(A) is a Tj-space if and only if Dimg(A) = 0.

S-prime ideals have exhibited features similar to those of prime ideals. By examining these features, we aim to
define S-minimal ideals and explore the inverse topology on the set of all S-minimal ideals in M V-algebras.
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