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Abstract

The modularity equation, viewed as a specialized form of restricted general associative equations, holds important
theoretical implications in fuzzy logic and fuzzy theory. In this work, we concentrate on examining the structural
properties of two bi-uninorms that satisfy the modularity equation.

Keywords: Modularity equation, aggregation function, bi-uninorm, T-uninorm.

1 Introduction

As part of the architecture of intelligent systems, information aggregation acts as a critical mechanism that integrates
data from multiple distributed sources, processes it through evaluation and fusion, and delivers comprehensive outputs
tailored to specific objectives. As a mathematical model for processing aggregated information, aggregation functions
are extensively employed in various domains, including image processing, statistical modeling, fuzzy logic and decision
analysis [2, B} [B]. The theory of aggregation functions has emerged as a significant methodology across numerous
disciplines. Notably, aggregation functions with an annihilator element demonstrate applicability not only in rational
decision-making problems, but also within the frameworks of aggregation functions defined over a bipolar scale [10].
In this framework, T-uninorms and S-uninorms form special classes of aggregation functions possessing an annihilator
element.

In practice, the selection of aggregation functions is determined by their semantic interpretation, formally charac-
terized through specific mathematical properties or functional equations. Among these, the associativity equation plays
a crucial role in multi-input information processing [I]. From a theoretical perspective, the modularity equation serves
as a generalized extension of the associativity equation, functioning as an essential element in fuzzy set theory [13].
Concurrently, modularity exhibits fundamental connections with distributivity[7, [I8], a property that is axiomatically
essential for fuzzy logical connectives.

Recently, many scholars have conducted extensive research on the modularity equation[4] [T4] [T6]. Qin [11] studied
the modularity condition for uninorm continuous in ]0, 1[ and nullnorm. E. Rak [I2] evaluated the modularity condition
for a particular class of 2-uninorms. Mas et al. [§] investigated the modularity equation in the context of t-operators
and uninorms belonging to the classes Upin and Umax. Su et al. [I3] studied the modularity equation involving two
uninorms: one drawn from a widely investigated family of uninorms, while the other represented an arbitrary uninorm
without extra axiomatic or structural constraints. Zhao and Liu [I7] examined the modularity for T-uninorms and
semi-t-operators. Li [6] studied the modularity condition for T-uninorm and S-uninorm and the modularity equation
between two T-uninorms or two S-uninorms, where one of its underlying uninorms belongs to Unmax (01 Unin )-

This paper is focused on investigating the modularity equation for bi-uninorms. As established in the literature, bi-
uninorms include the disjunctive uninorm and conjunctive uninorm, which represent specific subclasses of 2-uninorms.
However, existing research on the modularity equation for bi-uninorms has primarily focused on special classes, notably
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when the annihilator elements of two bi-uninorms coincide. Therefore, a comprehensive investigation of more general
scenarios is still necessary.

The paper follows the structure outlined below. Section [2| reviews essential definitions and foundational concepts
that will be utilized throughout this paper. Section |3| provides a detailed investigation of the modularity condition for
bi-uninorms. Finally, Section [4] closes the paper by summarizing our contributions and identifying opportunities for
further research.

2 Preliminaries

This section reviews fundamental notions and established results on aggregation functions, uninorms, and their known
classes, providing a concise reference for the developments that follow.

Definition 2.1. [2] A mapping A : [0,1]? — [0,1] is termed an aggregation function if it is increasing in each argument
and fulfills A(0,0) =0 and A(1,1) = 1.

Definition 2.2. [I5] An aggregation function U : [0,1]? — [0, 1] is referred to a uninorm if it is commutative, associative
and possesses a neutral element e € [0, 1].

A uninorm is a t-conorm when its neutral element e = 0, a t-norm when e = 1, while it is proper if e € 0, 1[.
The uninorm U behaves as a t-norm on [0, ¢]? and a t-conorm on [e, 1]2 if e € ]0, 1[, and remains within minimum and
maximum on

A(e) = [0,¢e[x]e,1]U]e, 1] x [0, e].

Denoted by U = (T, e, S) the class of all uninorms, T' denotes the underlying t-norm, e denotes the neutral element,
and S is the underlying t-conorm. Specifically, if U(1,0) = 0, the uninorm is referred to as conjunctive; whereas it is
disjunctive if U(1,0) = 1.

Definition 2.3. [9] An aggregation operator F : [0,1]> — [0,1] is identified as a bi-uninorm if it is associative,
commutative, and fulfills:

(i) F(0,-) and F(1,-) are discontinuous;

(i) there exists an annihilator element k € |0, 1], two idempotent elements eg, e1 €]0, 1], such that F(eq,-) and F(ey,-)
are continuous, F(eg,0) =0 and F(e,1) = 1.

Below we present the structural characterization of bi-uninorms.

Theorem 2.4. [9] A function F : [0,1]2 — [0,1] is a bi-uninorm if and only if there exists k € ]0,1[, a conjunctive
L

uninorm U; whose neutral element is el_,f, and a disjunctive uninorm Uy is characterized by the neutral element <

satisfying
kUO (%a%) if ((E,y) € [ka]Qa
Fla,y) = k+ (1= k)0 (5,425) i (2,9) € k1% (1)
k otherwise.

Uy and U; are designated as the underlying uninorm. Furthermore, we denote by Z/lfwl = (Up, eg, k, e1,Uy) the class
of bi-uninorms characterized by an annihilator element & in conjunction with neutral the elements ey €]0, k[, e1 €]k, 1].
Fig. 1] illustrates the structural framework of bi-uninorms as outlined in Theorem

Definition 2.5. [9] An aggregation operator F : [0,1]> — [0,1] is identified as a T-uninorm if it is associative,
commutative, and fulfills:

(i) F'(1,-) is continuous whereas F(0,-) is discontinuous;

(i) there exists an annihilator element k € 10,1], F(e,-) is continuous, F(e,0) = 0, and e € ]0,1[ denotes the
idempotent element.

The T-uninorm would be a disjunctive uninorm when its annihilator element k = 1, and its neutral element is e. We
call a T-uninorm proper when k €]0, 1[. The theorem below delivers a comprehensive characterization of the structural
properties of T-uninorm.
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Figure 1: The characterization of bi-uninorms given by Theorem [2.4]

Theorem 2.6. [9] A function F :[0,1]?> — [0,1] is a T-uninorm if and only if there exists some k € ]0,1], e €]0,k[, a

e

disjunctive uninorm U characterized by the neutral element 7, and a t-norm T' satisfying

KU (5 %) if (2,y) € [0, K],
Fla,y) =3 k+ (=0T (325, 155) i (z.9) € 6,12, (2)
k otherwise.

A T-uninorm is constructed by designating the disjunctive uninorm U as its underlying uninorm, t-norm 7' as its
underlying t-norm. Additionally, we denote by UL, = (U, e, k, T) the class of T-uninorms characterized by an annihilator
element £ in conjunction with neutral element e E}O, E[.

As described in Theorem the characterization of T-uninorms is shown in Fig.

1
k T
k
€ U k
0 e k 1

Figure 2: The characterization of T-uninorms from Theorem

We begin by recalling the concept of modularity within the context of commutative binary operators.

Definition 2.7. [8] Suppose F,G are two commutative binary operations on [0,1]2. Then F is modular over G if for
any x,y,z € [0,1] with z < x, it holds

F(z, Gy, 2)) = G(F(z, y), 2). 3)
Below is a description of the modularity condition between commutative aggregation with an annihilator element:

Proposition 2.8. [6] Given two commutative aggregation operations F,G on [0,1]2, their annihilator elements are ki
and ko, respectively. If F and G satisfy the modularity condition, then ki < ko.
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3 The modularity condition between bi-uninorms

A detailed investigation of the modularity conditions for bi-uninorms is presented in this section.
We begin by establishing the fundamental relationship between the annihilator and neutral element of bi-uninorm.

Lemma 3.1. Let F = (Uy, eg, k,e1,Ur), G = (Uj, e, k', €1, Uq) be two bi-uninorms that satisfy the modularity condition,
then 0 < e < k < 1.

Proof. Consider F' and G fulfilling Eq. . If k < e, substituting y = z = 0,z = k in Eq. , one obtains
F(kv G(Ov O)) = F(ka O) =k, G(F(k,()), 0) = G(ka 0) =0,
which constitutes an irreconcilable contradiction. Then we can get 0 < e, < k < 1. O

Lemma 3.2. Suppose F' = (Uy, eo, k,e1,Ur), G = (Uj, ey, k', €}, Ul) are bi-uninorms that satisfy the modularity condi-
tion, then 0 < k' < ey < 1.

Proof. Provide that F' and G meet the conditions of Eq. . Ife; <K, taking z = k',y =z =1 in Eq. , one can get
F(1,G(1L,K)) =F(1,k) =1,G(F(1,1),k) = G(L k) = ¥,
thereby establishing a desired contradiction. Then we obtain that 0 < k' < ey < 1. O

According to the definition of bi-uninorm, we have 0 < eg < k < e; < 1 and 0 < ¢, < k' < ¢} < 1. Based
on Lemmas m and and considering the relationship between k and k’, we start our work with the case that
O<ey<k<k <e <1

Lemma 3.3. Let F = (Uy, eg, k,e1,Ur), G = (Uj, e, k', €4, U7 be two bi-uninorms that satisfy the modularity condition,
suppose 0 < e, < k < k' < ey <1, then the subsequent conditions hold:

(i) there exists a T-uninorm F' characterized by the idempotent element % and annihilator element %; a conjunctive

’ ’
uninorm Uy possessing neutral element ell:kk/ ; a disjunctive uninorm U} whose neutral element is Z—? and a

conjunctive uninorm U] which is characterized by the neutral element % satisfying

KF (1) if (z,y) € [0,k
r— ’ 7]@,
F(:E7y) = K + (1 - kl)Uz (17:'7 ? k’) if ($7y) € [k/’ 1]2a (4)
min(z,) i (2,) € [k K] x (K, 1] U [k,1] x [k, k'),
k otherwise,
KOG (%) o i@y e 0RT
Glay) = K+ -MUf (55 458) if (@) € W) (5)
K otherwise.

(ii) F’ is modular over U].
(iii) Us is modular over Uj.

Proof. Consider F' and G fulfill Eq. (3. Assume e < k <k’ < e;.
(i) Consider z € [k, k'] and = € [k’, 1] subject to the constraint z < z. By setting y = ¢, in Eq. , one obtains

F(x,G(ey, 2)) = F(z,2) = G(k, z) = G(F(x,¢e), 2),

taking « = e, we can get G(k,z) = F(e1,2) = z, implies F(z,z) = z. Consequently, one obtains V(z,y) € [k, k'] x
[k',1] U [K,1] x [k, k], F(z,y) = min(x, y) since F is commutative. Therefore, we can get F'(k', k') = k'.
Consider F’,Us : [0,1]?> — [0, 1] defined by

F(Kx,ky)

Fl(z,y) = T
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FE + (1 — k), & + (1 — K)y) — k'
1—-k ’

Ua(z,y) =
Then F’ is a T-uninorm with idempotent element % and annihilator element %, U, is a conjunctive uninorm charac-

terized by the neutral element ell__kk,/ .

Bringing all the above discussions together, we can see that F' and G admit the explicit representations given in
and , respectively.

(ii) Given any z,y, z € [0, k'] satisfying z < z, due to F is modular over G, one implies that F’ exhibits modularity
over U} .

(iii) Similar to Lemma 3 (ii), the modularity condition between F' and G implies that Us is modular over U;. O

Fig. 3] illustrates the structural forms of F' and G as established by Lemma [3.3]

1 1
eq k min | Uz e K U]
K K
min

k k

F Us K
€ k €}

0 ef k kK e 1 0 ey k E e 1

Figure 3: The characterization of F' and G from Lemma [3.3

From Lemma to investigate the modularity condition between bi-uninorms, we should study the modularity
condition between T-uninorm and uninorm. First let us present some results that were proved in [6].

Proposition 3.4. [6] Suppose F = (Uy,e1,k1,T1) is T-uninorm and U = (T, e2,S2) is uninorm, then
(i) U is not modular over F.
(ii) U is a disjunctive uninorm if F is modular over U.

Similar to Lemmas and we provide a detailed characterization between the annihilator of T-uninorm and
the neutral element of uninorm in what follows.

Lemma 3.5. Let F = (Uy,e1,k1,T1) be a T-uninorm and U = (Ts, eq,S2) be a uninorm, if F and U satisfy the
modularity condition, then 0 < ex < ky < 1.

According to the definition of T-uninorm, we have 0 < e; < k; < 1. Based on Lemma we start our work with
the case where 0 < es < k1 < 1.

Theorem 3.6. Let F = (Uy, ey, k1, T1) be a T-uninorm and U = (Ty, e, S2) be an uninorm, suppose 0 < es < ky < 1,
then F is modular over U if and only if the following conditions hold:

(i) there exists a disjunctive uninorm U’ possessing a neutral element Z—? satisfying
klUl (;%7 kll) lf (1’,y) € [07 k1}27

F(z,y) = min(x,y) if (,y) € [k1, 1%, ©)
kq otherwise,

A T : 2
Uy = WU (E8) i @) € 0k, -
x,y) otherwise.



132 K. Zhang

(ii) Uy is modular over U'.

Proof. (=) Suppose F' and G fulfill Eq. . Assume 0 < ey < k1 < 1, from Proposition one can get that U is
disjunctive.

(i) Setting y = 1,2z € [0,1],z € [k1,1], z < x in Eq. (3], one implies
U(z,z) =U(F(z,1),2) = F(z,U(1,2)) = F(z,1) = x

Consequently, due to U is commutative, we deduce V(x,y) € [0,1] x [k1,1] U [k1,1] x [0,1], U(z,y) = max(x, y).
Given z,x € [k1, 1] where z < z. Substituting y = k; into Eq. , we imply

F(z,2) = F(z,U(k1,2)) =U(F(x,k1),2) =U(k1,2) = 2. ==

Therefore, Since F' is commutative, we have V(z,y) € [k1, 1%, F(z,y) = min(x,y).
Consider U’ : [0,1] — [0,1] defined by

U(kiz, k1y)
/ _
U ('m?y) - kl .

Then U’ is a disjunctive uninorm and Z—Q is the neutral element. Summing up, it follows that F' and U have the

formula (6) and (7)), respectively, then Ttem (i) holds.

(ii) Consider z,y,z € [0,k;1] subject to the constraint z < x, we can see that U; is modular over U’ since the
modularity condition between F and G, i.e., Item (ii) holds.

(<) Conversely, assuming that F' and U exhibit the forms outlined in @ and , respectively, the following cases
must be taken into consideration.
Let y € [0, k1], z < z.

(1) If z,2 € [0, k1], we deduce F(z,U(y,z)) = U(F(x,y), z) because Uy is modularity over U’ .

(2) If z € [0,k1], z € [k1,1], one can obtain that U(y,z) < U(ki, k1) = k1 since U is increasing, we consequently
obtain the equalities F(z,U(y, z)) = k1 = U(k1,2) = U(F(x,y), 2).

(3) If z,x € [k, 1], then F(z,U(y,2)) = F(z,2) = 2z =U(k1,2) = U(F(x,y), 2).
Let y € [k1,1], z < @.
(4) If z,z € [0, k1], we obtain F(z,U(y, z)) = F(z,y) = k1 = U(k1, 2) = U(F(x,y), 2).

(5) If x € [k1,1], z € [0, k1], we have k; = F(k1,k1) < F(z,y) because of the monotonicity of F, which implies that
F(x,U(y,2)) = F(x,y) = max(F(z,y), z) = U(F(2,y),2).

(6) If z,x € [k1,1], one implies that F(z,y)|, 12 = min(z,y), U(x,y)|k, 12 = maz(z,y). Based on [§], we obtain
F(z,U(y, 2)) = U(F(z,y), 2). O

The configurations of F' and U described in Theorem [3.6 are illustrated in Fig. [4]

1 1
k1 min max
k1 kl
€9 U1 kl €9 U/
0 €9 ]Cl 1 0 €9 k1 1

Figure 4: The characterization of F' and U from Theorem
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Example 3.7. Let F' = (Uy,e1,k1,T1) be a T-uninorm and U = (Ts, ea,S2) be an uninorm, assume ki = %, e1 = %,

ey = i, and the structures of ' and U are given by:

dzy if (z,y) €0, %}2,
_ ) 3 if (x,y) € [0,2] x [3,1] U [3,1] x [0, 3],
F@Y =9 faa@,y) i (oy) € [0, x]1 40151 x [0, 4],
min(x,y) otherwise,
4y if (z,y) €0, %]2,
U(z,y) = min(z,y) if (z,y) €0, 1[x[3. 3] U [1, 3] x [0, 5[,

max(z,y) otherwise.

It follows from a routine calculation that F' is modular over U.

We have known the necessary condition for two bi-uninorms that satisfy the modularity equation as stated in
Lemma |3.3] From Theorem it has been established the structures of T-uninorm and uninorm that satisfy the
modularity equation. The subsequent result will be induced.

Theorem 3.8. Let F = (Uy, eq, k,e1,Ur) and G = (U, e, k', €}, U]) be two bi-uninorms, suppose 0 < e, < k < k' <
e1 < 1, then F' is modular over G if and only if the following conditions hold:

(i) there exists a disjunctive uninorm Uy characterized by the neutral element 5 ; a conjunctive uninorm Uy possessing

elfkr

’
neutral element -

’
; a disjunctive uninorm Ul which is characterized by the neutral element %0 and a conjunctive

uninorm U possessing neutral element % satisfying
kUo (£, %) if (z,y) € [0,k]?,
/ oy z—k' y—k' : /112
F(z,y) = K+ (1—k)Us (l—k” 1—k’> if (z,y) € [k 71] ) (8)
min(z, y) if (z,y) € [k, K] x [k, 1] U [k, 1] ¥ [k, K],
k otherwise,
UG (%) if (2,y) € [0, K],
/ _oangr ((z=k y—Fk . /112
G(x,y) — k" + (1 k )Ul (17;@/7 1,]9/) if ({L‘7y) € [k 71] ) (9)
max(z,y) if (x,y) € [0,k'] x [k, k'] U [k, k'] x [0,K],
K otherwise.

(i) Uy is modular over U .
(iii) Us is modular over U7.

Proof. (=) Let F and G fulfill Eq. (3). Assume e < k <k’ < e;. From Lemma and Theorem we deduce that
F and G possess the explicit forms given by and (9), respectively, i.e., Item (i), Item (ii), and Item (iii) holds.
(<) Conversely, when F' and G exhibit the forms outlined in and @, respectively, the subsequent cases must
be analyzed.
Let y € [0, k], z < .

(1) If z,2 € [0, k], then the modularity condition of Uy and U[ yields that F(z,G(y, 2)) = G(F(z,y), 2).

(2) Suppose z € [0,k], = € [k, 1]. Since G is non-decreasing in each argument we have k = G(k, k) > G(y, z), thus we
obtain the equalities F(z,G(y, z)) = k = G(k,z) = G(F(z,y), 2).

(3) If z € [k, k'], x € [k, 1], then F(x,G(y,2)) = F(z,2) = z = G(k,z) = G(F(x,y), 2).
(4) If z,x € [K',1], then F(z,G(y,2)) = F(x, k') =k = G(k,z) = G(F(x,y), 2).

Let y € [k, k'] and z < x.
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(5) If z,z € [0, k], we obtain that F(z,G(y, z)) = F(x,y) =k = G(k,z) = G(F(z,y), 2).

(6) If z € [0,k], = € [k, k], then because F is increasing, we obtain k < F(z,y) < k/, consequently F(x,G(y,z)) =
F(z,y) = G(F(z,y),2).

(7) If z € [O’k]v MS [k/71]a we get F(x,G(y,z)) = F(mvy) =Yy= G(y,z) = G(F(x,y),z)

(8) If z,x € [k, k'], one deduces F'(x,)|k,x2 = min(z,y) and G(x,y)| x> = max(z,y), according to [§] this yields
F(z,G(y,2)) = G(F(x,y),2).

(9) Suppose z € [k, k'], x € [k',1]. Since G is increasing, it follows that k < G(y,2) < k’. Consequently, we obtain
F(z,G(y,2)) = G(y,2z) = G(F(x,y), 2).

(10) If z,x € [k, 1], then we obtain F(z,G(y, z)) = F(z,k') = k' = G(y, 2) = G(F(x,y), 2).
Let y € [K',1], z < @.
(11) If z,z € [0, k], we can get F(z,G(y,2)) = F(x, k') =k = G(k,2) = G(F(z,y), 2).
(12) If x € [k, k'], z € [0, k'], then it follows that F(x,G(y,2)) = F(z, k') =z = G(z,2) = G(F(z,y), 2).

(13) Suppose z € [K',1], and z € [0,k']. Since F is increasing, it follows that ¥’ = F(k’, k') < F(z,y). Cosequently,
F(z,G(y,z2)) = F(x, k') = K = G(F(z,y), 2).

(14) Since U; is modular over Uj, it follows for all z, z € [k, 1], we have F(z,G(y, z)) = G(F(z,y), ).

Remark 3.9. Theorem[3.8§ presents the structural forms of bi-uninorms that satisfy the modularity condition.

(i) Theorem 11 [12] presented the modularity condition for some subclasses of 2-uninorms (which cover bi-uninorms),
and the author investigated the case where the annihilator elements of two 2-uninorms are equal. Based on
Theorem 10 [12], the underlying uninorm of 2-uninorms in Theorem 11 belongs to Umin and Upmax. In this paper,
Theorem [3.§ presents the case where the annihilator elements of two bi-uninorms satisfy 0 < k < k' < 1, and the
underlying uninorm of the bi-uninorm is given without any further assumptions.

(ii) A detailed characterization of the modularity condition for uninorms is given in [13].

The configurations of F' and G from Theorem [3.8| are illustrated in Fig.

1 1
e Uz e K Uy
K k K
min
max

k k

k;/
€0 Uo k €0 Uy

0 €f k kK e 1 0 ey k E e 1

Figure 5: The characterization of F' and G from Theorem

Example 3.10. Let F' = (Ug,eo, k,e1,U1) and G = (U}, e, k', €}, Up) be two bi-uninorms. Assume e = %, eg = %,
k= %’ L = %’ e = %7 e = %, and the structures of F' and G are given by:
max(x +y — i,o) if (x,y) € [0, é]z) )
F(x,y) = : if (z,9) € [0, §] g ﬁ’gl] U1[%3’ 1] [Oé%L 5 3 3 5
) maz(z,y) if (l"y)e[o,g]x}z’g]U]z,g} X[O,g] [g,l]x]171]u]171]x[§a1]7

min(zx,y) otherwise,
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Tlnax(x—&—y—i,()) ii Ex,y;G%O,%ﬁ P
. 5 if (z,y) €1(0,5] x|5,1] U |5,1] x|0,5
GlE9) =9 fin(e,y) if (29) € [0, L[x[3 1] U (52 x 0, UL, 3[x[2,1] U [5,1] x 1, 3],
max(z,y) otherwise.

Then F' is modular over G.
Proof. Let y € [0, é], z < x.
(1) Suppose z € [0, 1], then 0 < G(y, 2) < é.

o If 2 € [0, §], then we have F(z,G(y,z)) = G(F(z,y), z) since F = G.

o If z € [1, 1], then F(z,G(y,2)) = min(z,G(y, 2)) = G(y, 2) = G(F(z,y), 2).

o If w € [§, 2], then F(x,G(y,2)) = maz(z,G(y,2)) =z = G(z,2) = G(F(z,y), 2).
o Ifx € [%, 1], then F(z,G(y,2)) = % = G(%,z) = G(F(z,y), 2).

(2) Suppose z € [§, 1], then G(y,z) = y.

o If v € [, 5], then F(z,G(y,2)) = F(z,y) =y = G(y,2) = G(F(z,y), 2)
o Ifz e [% %]7 then F(z,G(y, z)) = F(z,y) =z = G(z, 2) = G(F(,y), 2).
o If w € [2,1], then F(z,G(y,2)) = F(z,y) = 2 = G(2,2) = G(F(z,y),2)

(3) Suppose z € [, %], then G(y, z) =

o If w €[4, 23] then F(z,G(y,2)) = F(z,2) =x
o Ifze [%, 1], then F(z,G(y,2)) = F(x,z) = % = G(%,z) = G(F(z,y),2).

(4) Suppose z € [2, 1], then G(y,z) = z
o 12 € 2,1, then F(z,G(y,2)) = F(z,2) = 2 = G(3,2) = G(F(w,y), 2).
(5) Suppose z,z € [5,1], then F(z,G(y, 2)) = F(z,3) = 5 = G(§,2) = G(F(,y), 2).

(1) Suppose z € [0, %], then G(y, z) = z.

o If z € [0, 1], then F(z,G(y,2)) = F(x,2) = G(z,2) = G(F(z,y), 2).

o Ifz €[4, 1], then £ < F(xz,y) < ;. Consequently, we obtain the chain of equalities F(z, G(y, 2)) = F(z,z) =
z=min(F(z,y),2) = G(F(z,y),2).

o Ifw €[4, 2] then F(2,G(y,2)) = F(z,2) =%

o If z € [2,1], then F(z,G(y,2)) = F(z,2) = 2 =G(2,2) = G(F(z,y), 2).

(2) Suppose z € [1, 1], then we have ¢+ < G(y,2) < 1.
J, ¢

o If x €[4, 1], then F(z, YL 12 = min(z,y) and G(z,y)|1 12 = maz(z,y). According to [8] one can get
F(z,G(y, 2)) = G(F(z,y), 2).
o If z €[4, 2], then F(z,G(y,2)) = maz(z,G(y,2)) =z = G(z,2) = G(F(z,y), 2).

o Tt e [2,1], then Flz,G(y,2) = 2 = G(2,2) = G(Flx.y), 2).

11
81

(3) Suppose z € [§, 3], then G(y,z) = z

o If w €[4, 2], then F(2,G(y,2)) = F(z,2) =%
o If z € [2,1], then F(z,G(y,2)) = F(z,2) = 3 =G(3,2) = G(F(z,y), 2).

(4) Suppose z € [3, 3], then G(y,z) = =.
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(1) Suppose z € [0, 1], then G(y,z) = y.

o If z €[0,1], then F(2,G(y,2)) = F(z,y) =y = G(y,2) = G(F(z,y), 2).
[+, 2], then we have + < F(z,y) < 2. Consequently, we obtain the chain of equalities F(z,G(y, 2)) =
F(z,y) = max(F(z,y),2) = G(F(z,y),2).
o Ifx € [%, 1], then F(z,G(y,2)) = F(x,y) = % = G(%z) = G(F(z,y),2).

(2) Suppose z € [+, 2], then we have < G(y,2) < 2.
o If € [§,2], then F(x, MIENEIE
Pz, Gy, 7)) = G(F(.y). ) Since

o If z € [2,1], then F(z,G(y,2)) = 2 = G(%z) = G(F(z,y), 2).

> = maz(z,y). Consequently, we have

’1le
Q

(3) Suppose z € [2,3]. Then G(y,z) = z.
o If x € [2,1], then F(z,G(y,2)) = F(z,2) = 2= G(3$,2) = G(F(z,y), 2).
(4) Suppose z,z € [3,1], then F(z,G(y,2)) = F(z, %) = 3 = G(2,2) = G(F(z,y), 2).
Let y € [2,3], z < @.
(1) Suppose z € [0, 2]. Then G(y,2) =y.

o If z €[0,2], then F(z,G(y,2)) = F(z,y) = 2 =G(2,2) = G(F(z,y),2).

o If x € [2, 3], then we have 2 < F(x,y) < 3. Therefore, we establish the equalities F(z,G(y, 2)) = F(z,y) =
max(F(x,y),z) = G(F(z,y), 2).

o Ifw € [5,1], then F(z,G(y,2)) = F(z,y) =y = Gy, 2) = G(F(z,y), ).
(2) Suppose z € [%, 1]. Then we have % <G(y,z) <

o If x € [, 1], then F(z, Yz 12 = min(z,y

[
F(z,Gly, 2)) = G(F(x,y), 2
o If 2 € [3,1], then F(z,G(y, 2)) = min(z,G(y, 2)) = G(y, z) = G(F(x,y), 2).

(3) Suppose z,z € [3,1]. Then F(z,G(y,2)) = F(x, 3) = 5 = G(y, 2) = G(F(2,y), 2).

3, and G(z,y)[(z 172 = max(z,y). According to [8] one can get
Y,z

(1) Suppose z € [0, 3]. Then G(y,z) = 3

o If z € [0, 3], then z € [0, 3]. Therefore, we establish the equalities F(z,G(y,2)) = F(z,3) = 3 = G(3,2) =
G(F(z,y), 2).
o Ifw € [2, 3], then F(z,G(y,2)) = F(z,%) =2 = G(z,2) = G(F(2,y), 2).

Y
5 y:2) 2

. If z € [,1], then we have ; < F(xz,y) < 1. Therefore, we establish the equalities F(z,G(y,2)) = F(z, %) =
F

1],
G(F(z,y), 7).
(2) Suppose z € [%, g] Then we hav % <G(y,z) < %.

o Ifz e [2,§] then F(z, )|[
G(F(z,y),z) since F = G.

o Ifx e [%, 1], then F(z,G(y, 2)) = min(z, G(y, 2)) = G(y, 2) = G(F(z,y), 2).

G(y,2)) = F(z,y) =y = Gy, 2) = G(F(z,y), 2).

12 = min(z,y) and G(z,y)[(1 32 = min(z,y). Therefore, we have F(z, G(y, 2)) =

15
278

oofen

1
2

G(
(3) Suppose z,z € [3,1]. Then F(z,

Let y € [2,3], z < a.
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(1) Suppose z,z € [0, 2]. Then F(z,G(y,2)) = F(z,3) = 2 = G(2,2) = G(F(x,y), 2).
(2) Suppose z € [2,1]. Then F(z,y) = .

o If z €[0,1], then F(z,G(y,2)) = F(x,1) = 2 = G(xz,2) = G(F(x,y), 2).
(3) Suppose z € [3,2]. Then F(z,y) = =.

1
2
o If z € [0, 3], then F(z,G(y, 2)

)=F(z,3) =1 =G(z,2) = G(F(z,y),2)
o If z €[5, 2], then F(z,G(y,2)) = F(z,2) = 2 = G(z,2) = G(F(z,y),2)
(4) Suppose x € [2,3]. Then we have 3 < F(z,y) < 3
o If z €10,1], then F(z,G(y,2)) = F(z,%) = 1 = G(F(z,y), 2).
o If z € [4,3], then F(z,G(y,2)) = F(z,2) = 2 = min(F(z,y), 2) = G(F(z,y), 2).
o If z € [3,3], then F(x, Yz 312 = min(z,y) and G(z,y)|s 32 = maz(z,y). According to [8] one can get
( (y )):G(F(.T, Y), )

,1]. Then F(z,y) = x.

e If 2 €0, %], then F(z,G(y,2)) = F(z, %) = % =G(z,2) = G(F(z,y), 2).

° Isz[% %] then F(x,G(y,2)) = F(x,z) = 2z = G(zx,2) = G(F(z,vy), 2).

o If z € [2,2], then we have 2 < G(y,z) < 2. Consequently, we obtain the chain of equalities F(z,G(y, 2)) =
maz(z, Gy, z)) =z = G(z,2) = G(F(x,y),2)

e Ifz € [ 1], then F(z,G(y,2)) = F(z,2) =z = G(z,2) = G(F(z,y), 2).

Let y € [2,1], z < z.

(1) Suppose z,z € [0, 2]. Then F(z,G(y,2)) = F(z,3) = 2 = G(3,2) = G(F(z,y), 2).

(2) Suppose z € [2,1]. Then F(z,y) = z.

3
8’
o If 2 €[0,1], then F(z,G(y,2)) = F(z,3) =2 = G(z,2) = G(F(z,y), 2).
(3) Suppose z € (3, 2]. Then F(z,y) = =.
o If z €0, %] then F(z,G(y,2)) = F(z, %) = % =G(x,2) = G(F(z,y), 2).
o If z €[5, 2], then F(z,G(y,2)) = F(z,2) =z

(4) Suppose z € [2,3]. Then F(z,y) =y.
1
2

o If 2 € [0, 3], then F(z,G(y,2)) = F(z, 3) = § = Gy, 2) = G(F(z,y), 2)
o If z €[4, 3], then F(z,G(y,2)) = F(x,2) = 2= G(y,2) = G(F(z,y),2
o If 2 € [g %] then F(x,G(y, 2)) = F(x,y) =y = G(y,2) = G(F(z,y), 2)

=
=
@]
B
2
@
g
<
|
IA
3
8
N

(5) Suppose z € [2,1 1 ) <1
o If z € [0,3], then F(z,G(y,2)) = F(z,%) = 3 = G(F(z,y), 2).
o If z € [3, 3], then F(z,G(y, 2)) = F(z,2) = 2 = min(F(z, y) z) = G(F(z,y), 2).
o If z € [2,3], then F(x,G(y,2)) = F(z,y) = max(F(z,y),z) = G(F(z,y), 2).
o Ifz € [3,1], then F(x,y)|jz 12 = maz(z,y) and G(z, y)|(2 1> = max(z,y). Therefore, we have F'(z, G(y, z)) =
G(F(z,y),z) since F = G. O

Remark 3.11. Theorem|3.8, characterizes the structures of bi-uninorms satisfying the modularity condition. Therefore,
we present Example , in which we construct uninorms satisfying the modularity condition:

e Since Uy and U] are disjunctive uninorms, their structures are constructed according to Theorem 11 in [13)].

e Since Uy and U are conjunctive uninorms, their structures are constructed according to Theorem 15 in [13].
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4 Conclusions

This paper investigate the modularity condition for a pair of bi-uninorms. Our results were derived by analyzing
the modularity equation involving T-uninorms and uninorms. Future work will extend this study by investigating
modularity conditions for bi-uninorms and other associative aggregation operators.

A The proof of Proposition
Proof. Suppose that F' and G satisfy Eq. . Let k1 > ko, substituting x = k1, z = ko in Eq. , then we have
ki = F(ky,k2) = F(k1, Gy, k2)) = G(F(k1,y), k2) = G(k1, k2) = ko,

which is a contradiction. Thus k1 < ks. O

B The proof of Proposition (3.4
Proof. (i) Let U and F satisfy Eq. Substituting z € [k1,1],2 =y = 1 in Eq. (3)). Substituting
U(laF(LZ)) = U(LZ) =z = F(laz) = F(U(la 1)32))7

suppose a = max(ky,ez), then U(1,a) > U(1,e3) = 1. Given that of a > k1, we have U(1,a) = a, which implies
a = 1. Then we obtain k&1 = 1 or e5 = 1, which immediately yields a contradiction. Consequently, U is not
modular over F.

(ii) Assume that U is conjunctive. Then U(0,1) =0, U(0,z) = 0, for all x € [0,1]. Now let = € [kq, 1], substituting
z =0,y =11in Eq. , yields

0=U(x,0) =U(F(z,1),0)) = F(z,U(1,0)) = F(z,0) = kq,

this leads to a contradiction. Therefore, U is disjunctive. O
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